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Abstract

Streaming sketching algorithms are data-processing algorithms for the
summarization of an input data stream under memory and computational
constraints. Their input is a long or potentially unbounded sequence of
items that can be parsed a single (or a limited number of times), and the
objective is to construct a concise summary of the data –a sketch– which
can be later used to approximate a quantity of interest. In this work, we
focus on streaming matrix sketching methods: the input is a sequence of
vectors which can be regarded as the rows of a large matrix. We briefly
survey matrix sketching methods for generating various kinds of sketches.
We will mostly focus on the problem of approximating the principal sub-
space of a large matrix under the streaming model and we will describe
the state-of-the-art ’Frequent Directions’ method of Liberty, and extensions
to the distributed setting. We will further review very recent extensions of
this work to monitoring the principal subspace of a stream over a sliding-
time window. Here, the objective is to maintain a sketch that approximates
the desired quantity for the most recent segment of the input. We will con-
clude with a novel result on the distributed construction of sketches for the
sliding window model and future directions.
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Chapter 1

Introduction

Data Summarization is a key data mining concept which involves tech-
niques for finding a compact description of a large dataset. Large datasets
are often represented by large matrices. Such datasets are found in large
image analysis, where each row of a matrix may correspond to one im-
age and contain either raw pixels or derived feaure values, in information
retrieval, where textual data in the bag-of-words model is also represented
by a matrix whose rows correspond to documents and in many others large
scale machine learning applications where matrices contain feature vectors.
While matrix approximation and decomposition has been studied in nu-
merical linear algebra for many decades, these methods often require more
space and time than is feasible for very large scale settings, and also often
worry about more precision than is required.

The last decade has witnessed an explosion of work in matrix sketch-
ing, where a large matrix A is approximated with a concisely representable
matrix B, referred to as sketch, which preserves most of the properties of
A. This small space constraint is critical when the full data set cannot fit
in memory or disk. Much of the expensive computation can then be per-
formed on the smaller matrix, thereby accelerating the solution for the orig-
inal problem. Although there is a significant load of work in matrix sketch-
ing in recent years, we can categorize this work in three basic approaches,
random projection, column subset selection or row sampling and hashing. We
will briefly refer to these methods in the next section. Their comparison is
not straightforward since their objectives vary.

The task of approximating a matrix A becomes much more challenging
when it comes to the streaming model case. The streaming model, i.e. the
computational model in which only one pass of data is required, is very
attractive since the sketch can be constructed immediately upon the arrival
of data. This work highlights the recent advances in algorithms for matrix
sketching on either centralized or distributed data. Initially, we will focus
on Edo Liberty’s Frequent Directions streaming method presented in [3],
which deals with the problem of approximating the principal subspace of
a large matrix under the streaming model. Using this as a building block
we will later consider the case of distributed model in which the data is
distributed over a number of sites and we aim to approximate a summary
of these at the coordinator. In this context we will revise the work of Mina
Ghasami et al. [5] that deals with the distributed case employing Frequent
Directions sketches.

In the following, we will present a recent work [6] concerning the prob-
lem of maintaining sketches over a stream sliding window using limited
space. The authors present a framework that converts streaming mergeable
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sketches, such as Frequent Directions [3], to sliding window sketches. We
will conclude with a novel result on the distributed construction of sketches
for the sliding window model.
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Chapter 2

Matrix Sketching

2.1 Matrix Sketching and the Stream Data Model

Many data mining algorithms assume that we are mining a database. That
is, that we can have access to all our data whenever we want it. The problem
of mining data becomes more challenging in the case where data arrives in
a stream or streams, i.e., an unbounded sequence of data items, and if it not
processed immediately or stored, then it is lost forever. Moreover, we shall
assume that the data arrives so rapidly it is not feasible to store it all in a
database, and then interact with them at the time of query. A very common
approach to answer queries on streams is to maintain a summary of the
stream. This summary may concern all data seen so far, or as we will see
in Chapter 4, a sliding window of the stream. A sliding window can be the
most recent n elements of a stream, or it can be all the elements that arrived
within the last t time units, e.g., one day.

Through out this work we will consider the row update streaming model,
where the stream is an ordered sequence of time-stamped rows, i.e., the
whole stream can be represented by a dynamic large matrix with a con-
stantly growing number of rows. In this work, we will revise several meth-
ods and models that aim to built a small summary of this large streaming
matrix, i.e., deal with the matrix sketching problem under the streaming
model assumption.

2.2 Matrix Sketching Approaches

Random Projection Random Projection method is widely used for low-
rank approximation [[14]],[[15]],[[16]]. Random Projection method projects
data points from a high dimensional space to a much lower dimensional
space by using a random matrix S ∈ Rl×d, such that Bℓ×n = Sℓ×nAn×d. The
idea of random mapping comes from Johnson-Lindenstrauss (JL) lemma
[13]. Intuitively, the JL lemma says that if you choose a random subspace
of the original space and project the points onto it, the pairwise distances
between points will probably be preserved. Random Projection method can
be easily computed in a streaming fashion requiring at most O(ℓd) space
and O(ℓd) operations per row update.

Row Sampling or Column Subset Selection Sampling methods select a
subset of important rows (or columns) of the original matrix, often ran-
domly with respect to a well-defined probability distribution. Row sam-
pling methods vary in the way they define notion of importance. A simple
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streaming solution to the problem is obtained by sampling rows with prob-
ability proportional to their l2 norm requiringO(ℓd) space andO(ℓ) update
running time.

2.3 Frequent Directions

In [3] Edo Liberty discovers the strong relationship between matrix sketch-
ing and frequent items. Based on the well known frequent items algorithm
of Misra and Gries [1], he proposes a simple and deterministic streaming
method for approximating a large matrix A with a concisely representable
matrix B such that

BTB ≈ ATA.

For intuition purposes we will shortly describe the frequent items prob-
lem, as well as the simple and deterministic algorithm proposed by Misra
and Gries [1].

2.3.1 Frequent Items

Consider a set of d distinct items and a stream of n item appearances a1, . . . an.
Clearly, each distinct item may appear more than once in the stream. The
problem of finding those items with frequency higher than a fraction ϵ of
the total count n is known as Frequent Items Problem. A naive way to
solve this problem is by maintaining d counters, one for each distinct item,
but this would lead to Θ(n) space. The Frequent Items Problem dates back
to 1980s and has received a very simple and elegant solution by Misra and
Gries.

Misra and Gries (MG) algorithm instead of searching for the exact item
frequencies fj , uses O(ℓ) space with ℓ ≪ n and produces approximate fre-
quencies f̂j , such that |fj − f̂j | ≤ n/ℓ. Thus, instead of keeping n counters,
MG algorithm keeps ℓ counters. The algorithm relies on a simple process of
repeatedly "deleting" ℓ distinct items of a stream of n items, until less than
ℓ distinct items remain.

So, let us consider that we have a bag of n items drawn from a bounded
set of d distinct items. The operation of deleting ℓ distinct elements can be
performed at most n/ℓ times, since at the n/ℓth round there will remain
nmodl < l items. Lets assume that the process terminates after the tth
round, i.e., after the t th round l distinc items remain. At the end of this
process, each item has been deleted at most t times, since in each round we
delete distinct items. Therefore, |fj − f̂j | ≤ t ≤ n/ℓ, ∀j = 1, . . . , d. Clearly,
each item that does not appear in the final trimmed stream cannot have
original frequency greater than n/ℓ.

More precisely, the algorithm works as follows. The algorithm is initial-
ized with ℓ zero valued counters. Upon the first arrival of an item j, one
of the counters is allocated to the item j and is set to one. Upon each new
arrival of an item i, three cases can occur. If there is already a counter al-
located to item i then its count is increased by one. Else, if there is some
zero valued counter, then it is allocated to the new item i and is set to one.
Otherwise, if no empty counter exists, all counters are decremented by one
and the new item is discarded.
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Recall that Frequent Items problem’s goal is to calculate some approxi-
mate frequencies f̂j of fj , such that

∀j ∈ [d] |fj − f̂j | ≤ ϵn (2.1)

where ϵ ∈ [0, 1], n is the total count of items and [d] = {1, . . . , d}.
Liberty’s work relies on the similarity of matrix sketching with the fre-

quent items problem. His matrix sketching method proposed in [3] is a
modified version of MG algorithm, where items are substituted with sin-
gular vector, the weights of items with singular values and the "deletion"
step with a "shrinking" step utilizing singular value decomposition (svd).

The matrix approximation problem studied by Liberty receives n rows
of a large matrix A ∈ Rn×d and maintains a smaller matrix B ∈ Rℓ×d with
ℓ≪ n, such that

∀x ∈ Rd, ∥x∥ = 1
∣∣∥Ax∥2 − ∥Bx∥2

∣∣ ≤ 2∥A∥2F/ℓ︸ ︷︷ ︸
ϵ∥A∥2F

. (2.2)

To illustrate the similarity between the matrix sketching and the fre-
quency approximation problem let us consider the restricted case where
the rows of An×d are indicated vectors, i.e., each row ai ∈ {e1, . . . , ed},
where ej = (0, . . . , 0, 1, 0, . . . , 0). If we consider matrix A as a stream of
rows, then each row - item is a d-dimensional vector drawn from a bounded
domain of d vectors e1, . . . , ed. Let fj denote the frequency, i.e. number of
appearances, of item ej in the matrix A. Then, fj can be easily calculated by
fj = ∥Ae⊤j ∥2. A good approximation matrix B can be obtained by finding a
matrix that guarantees that f̂j = ∥Be⊤j ∥2 is a good approximation of fj . Re-
call that A has n rows and each row is a unit vector and, therefore ∥A∥2F = 1.
From the above, |fj − f̂j | ≤ ϵn is equivalent to

∣∣∥Ax∥2 − ∥Bx∥2
∣∣ ≤ ϵ∥A∥2F.

2.3.2 Frequent Directions

Intuition

The intuition of Frequent Directions(FD) method is surprisingly similar to
the idea behind Frequent Items(FI) method. FI method periodically de-
creases ℓ different counters by the same amount. Similarly, FD method
"shrinks" ℓ orthogonal vectors by the same amount. Thereby, just as FI
method, that uses ℓ ≥ 1/ϵ counters, reveals each item with frequency higher
than ϵn, FD method uncovers each unit vector, i.e. direction, x for which
∥Ax∥2 ≥ ϵ∥A∥22.

Algorithm

The algorithm begins by initializing a zero valued matrix Bℓ×d. Input ma-
trix A is received in a streaming fashion, i.e. one row after the other. Upon
each arrival, the new row is inserted to a zero valued row of matrix B. If
no such a row exists, then the algorithm proceeds by running a "shrinking"
process. During the "shrinking" process, we initially calculate the singular
value decomposition of matrix B = UΣVT , where Σ = diag([σ1, σ2, . . . , σl])
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Algorithm 1 Frequent Directions [3]

input : ℓ ∈ N, A ∈ Rn×d

output B ∈ Rℓ×d

1: B← 0ℓ×d { Initialize all-zero sketch. }
2: for i = 1, . . . , n do
3: Copy Ai (ith row of A) into a zero row of B.
4: if B nas no zero valued row then
5: [U,Σ,V]← SVD(B) {Compute SVD; diag(Σ) contains the

singular values in descending order.}
6: δ ← Σ2

ℓ/2,ℓ/2

7: Σ̂←
√

max (Σ2 − δIℓ)

8: B← Σ̂V⊤ {Upbdate B. Half the rows are zero valued.}
9: end if

10: end for

with σ1 ≥ σ2 ≥ . . . ≥ σl ≥ 0. Considering the singular vectors vi as items
and the corresponding singular values σi as their weights we proceed by
decreasing each weight, i.e. singular value, by roughly the same amount,
just as FI method decreases all counters by the same amount. After this step
at least half of the rows of sketch are all zero. The process is repeated for
each new arrival.

Mergeability

One of the most useful properties of the FD sketch is mergeability (see Def.
1).

Def. 1 (Mergeable Matrix Sketch). Let κ be a matrix sketching algorithm that
given a matrix A and a parameter ϵ produces a matrix B ← κ(A, ϵ) such that
size(B) ≤ ℓ and err(A,B) ≤ ϵ; here, size(B) represents an arbitrarily defined
measure of the size of B, and err(A,B) represents an arbitrary function that mea-
sures the error of using B as a surrogate of A. The sketching algorithm κ is merge-
able iff there exists a merging algorithm AMERGE(·, ·) such that: for any n1 × d
matrix A1 and n2×d matrix A2 with corresponding sketches B1 ← κ(A1, ϵ) and
B2 ← κ(A2, ϵ), the merging algorithm produces a matrix B← AMERGE(B1,B2)
such that size(B) ≤ ℓ and err(A,B) ≤ ϵ, where A is the (n1 + n2) × d matrix
formed by vertically stacking the rows of A1 and A2.

Lemma 2.3.1 ([3]). The sketch produced by Frequent Directions (Alg. 1) is merge-
able. Spefically, let A = [A⊤

1 ,A
⊤
2 ]

⊤ be any n×d with rows arbitrarily partitioned
into two submatrices A1 and A2 and let B1 and B2 be the FD sketches (computed
by Alg. 1) on A1 and A2, respectively, with parameter ℓ. By the guarantees of FD,
∥A⊤

1 A1 − B⊤
1 B1∥ ≤ 2

ℓ∥A1∥2F and ∥A⊤
2 A2 − B⊤

2 B2∥ ≤ 2
ℓ∥A2∥2F. Let C be the

FD sketch of B = [B⊤
1 ,B

⊤
2 ]

⊤. Then,

∥A⊤A−C⊤C∥ ≤ 2

ℓ
∥A∥2F.

Proof. The proof is given in Section 2.2 of [3].

Given mergeability, parallelization is trivial. A matrix can be partitioned
to disjoint segments across many machines. In this setting, each machine
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can independently compute a sketch of the local matrix; these sketches can
afterwards be combined in an arbitrary order to produce a sketch of the
total matrix.

Space, Accuracy and Running Time

The algorithm uses O(ℓd) space and its error ϵ decays proportionally to
1/ℓ. Other sketching approaches like random projection, row sampling and
hashing produce convergence rates proportional to 1/ℓ.

The singular value decomposition of an ℓ by d matrix requires O(dℓ2).
The worst case update time of FD method comes from the SVD compu-
tation and it is therefore O(dℓ2). After the SVD computation half of the
sketches rows are nullified, that means that the SVD computation takes
place every at least ℓ/2 rows. When the algorithm does not compute SVD,
the insertion of row in the sketch takes O(d) time. Therefore, the algorithm
has an amortized update time of O(dℓ). Frequent Directions method out-
performs its competitors in accuracy, but not in running time. For further
analysis the reader is referred to [3].
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Chapter 3

Matrix Sketching on
Distributed Data

In the majority of data-management tasks today, data is collected over a
wide area, and at a constantly accelerating pace. The physical distribution
of data among multiple remote sites in conjunction with the communica-
tion constraints of the underlying network makes aggregation of data in
a single site and centralized processing not a viable option. The need for
processing queries over collections of remote data streams made distributed
streaming model [10] popular in recent years. The problem of tracking and
approximating streaming data matrices becomes more challenging when
data are distributed across multiple remoted sites. In this context we re-
view the recent work of Ghashami et al. [5] who consider the problem of
continuous matrix approximation in the distributed streaming model.

3.1 Continuous Matrix Approximation

Ghashami et al. consider the problem where each site observes a disjoint
subset of rows of large matrix A in a streaming fashion, i.e. row after row,
and all sites must collaborate to continuously maintain a smaller matrix B
that approximates A (within specified error bounds).

3.1.1 Notation and Preliminaries

In the distributed model studied we consider m distributed sites {S1, . . . , Sm}
and a coordinator site C. Each site has a two-way communication with the
coordinator. Let tc denote the current time and A = (a1, . . . ,an) ∈ Rn×d the
stream of rows seen by the union of all m sites so far. We assume row-wise
partition of data, which means that at each time step any item aj ∈ Rd ap-
pears at exactly one of the sites; and therefore we can denote the set of items
site Si processes as stream Ai ⊂ A, where

∩m
i=1Ai = ∅ and

∪m
i=1Ai = A.

Each row item is associated with a weight; we define the weight to be the
squared l2 norm of the row, i.e. wn = ||an||2. We assume that the squared
norm of every row is bounded by a value β.

The objective is to maintain a much smaller matrix B ∈ Rl×d as an ap-
proximation to A ∈ Rn×d such that for any unit vector x ∈ Rd×1 we can
ensure that, ∣∣||Ax||2 − ||Bx||2

∣∣ ≤ ϵ||A||2F .
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The above expression is equivalent to

||ATA−BTB||2 ≤ ϵ||A||2F .

Their goal is to succeed such an approximation and at the same time
minimize the total communication between C and all sites S1, . . . , Sm. To
achieve this, they exploit the mergeability of Frequent Direction [3] sketches
by maintaining on each site Si, a sketch Bi as an approximation to local
stream Ai, and occasionally send it to C. Due to the mergeability of FD
sketch, C can maintain a sketch B and merge each received sketch Bi to B
without increasing the approximation error. Based on this idea the authors
design two different distributed matrix tracking protocols utilizing the FD
streaming method.

3.1.2 Matrix Tracking Protocol 1

Description

Each site Si maintains a sketch matrix Bi ∈ R2l×d of the rows seen so far at
the site and not sent to the coordinator. The rows of Ai seen by site Si and
not yet sent to the coordinator are denoted by Ci; i.e. , Ci ⊂ Ai and Bi =
sketch(Ci). Moreover, each site maintains two counters, Fi = ||Ci||2F and
F̂ , an ϵ-approximation of ||A||2F . The coordinator maintains also a sketch
matrix B that approximates A, and F̂ approximating ||A||2F .

B1 F1 F̂

· · ·

Bm Fm F̂

A B

C

B F̂

FIGURE 3.1: Distributed setting.

The algorithm runs in epoch. At the beginning, each site sends the first
item received, to the coordinator for initialization of B and F̂ . Therefore, the
received rows will be inserted in B and F̂ will be initialized with the sum of
weights, l2 norms, associated with each received row. After initialization,
coordinator broadcasts F̂ to all sites and the first epoch begins. In each
epoch, each site Si runs the FD with error parameter ϵ′ = ϵ/2 on local stream
Ai, and keeps updating Bi and Fi. Once the threshold (ϵ/2m)F̂ is exceeded,
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it sends Bi and Fi to C.
Once a new sketch Bi arrives at C, the coordinator runs FD on the rows

of the received sketch and merge its rows into its local sketch B. The coor-
dinator maintains also the sum of the received weights from all sites into a
temporary variable ∆. Once ∆ reaches a threshold ϵ′F̂ , coordinator updates
and broadcasts F̂ to all sites.

Algorithm 2 P1: Deterministic Matrix Tracking (at Si)

1: for (an, wn) in round j do
2: Update Bi ← FDϵ′(Bi,an); and Fi+ = ||an||2.
3: if (Fi ≥ τ = (ϵ/2m)F̂ ) then
4: Send (Bi, Fi) to coordinator; make Bi, Fi empty.
5: end if
6: end for

Algorithm 3 P1: Deterministic Matrix Tracking (at C)

1: On input (Bi, Fi):
2: Update sketch B←Mergeϵ′(B,Bi) and ∆+ = Fi.
3: if (∆/F̂ > ϵ/2) then
4: Update F̂ ← F̂ +∆, reset and broadcast F̂ to all sites.
5: end if

Space and Communication

An epoch ends when coordinator finds out ∆ > (ϵ/2)F̂ . Since each Fi ≥
τ = (ϵ/2m)F̂ , in each epoch at most m messages are sent to C. Before end-
ing an epoch, C broadcasts the new value of F̂ to all sites (+m one word
messages). Overall, in each epoch at most md/ϵ′ words are communicated.
Thereby, the total communication is given by

O

 m︸︷︷︸
messages/epoch

1

ϵ
d︸︷︷︸

sketch size / message

1

ϵ
log(βN)︸ ︷︷ ︸

number of epochs

 = O

(
md

1

ϵ2
log(βN)

)
.

For further space, communication, and error analysis the reader is re-
ferred to [5].

3.1.3 Matrix Tracking Protocol 2

The first protocol proposed a protocol with a communication bound pro-
portional to 1/ϵ2 due to the fact that the site transmits the whole sketch
of size O(d/ϵ) in each message. To reduce communications costs, one can
install "local filters" to all sites to allow them to only "push" significants up-
dates to the coordinator; of course, these distributed local filters would have
to be safe, in the sense that, they should guarantee the overall error bound
for the global query. By the same token, the authors propose a second proto-
col that reduces communication cost by transmitting only "large directions"
of a sketch, instead of the full sketch. To succeed this one can compute the
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singular vector decomposition of the sketch matrix [U,ΣV] = svd(B) and
transmit only those singular vectors v = V:,j with singular value σj greater
than a threshold.

Description

All sites and coordinator maintain the same data structures as before. At
the beginning F̂ is set to zero and is broadcasted to all sites. When site Sj

receives a new row, it calls algorithm 4 which basically transmits ||Bx||2
in direction x when when it is greater than a threshold provided by the
coordinator.At each new arrival the site also update the value of Fi and
transmits it to the coordinator if it is higher that a threshold τ . Thereby, each
site transmits two kind of messages, scalar messages Fi or vector messages
σjvj .

Once the coordinator receives a scalar message it updates F̂ and, after
m such messages it broadcasts F̂ to all sites. When a vector message arrives
at the coordinator, it is merges to the local sketch B.

Algorithm 4 P2: Deterministic Matrix Tracking (at Sj)

1: Fj+ = ||ai||2
2: if (Fj ≥ τ = (ϵ/m)F̂ ) then
3: Send Fj to coordinator; set Fj = 0.
4: Set Bj ← [Bj ;ai]
5: [U,Σ,V] = svd(Bj)
6: end if

7: for (vl, σl) such that σ2
l ≥

ϵ

m
F̂ do

8: Send σlvl to coordinator; set σl = 0.
9: end for

10: Bj = UΣVT

Algorithm 5 P2: Deterministic Matrix Tracking (at C)

1: On scalar message Fj from site Sj

2: F̂+ = Fj and #msg+ = 1.
3: if (#msg ≥ m) then
4: Set #msg = 0 and broadcast F̂ to all sites.
5: end if
6: On a vector message σv: append B← [B;σv]
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Chapter 4

Sliding Window Matrix
Sketching

4.1 The Logarithmic Method

In this section, we revise the Logarithmic Method (LM) of [6], a framework
for converting a (mergeable; see Def. 2) streaming matrix sketch method
into a sliding window matrix sketching method. The framework is inspired
by the idea of Exponential Histograms [7] for monitoring simple statistics –
such as number of true bits in a streaming sequence– over a sliding window.
Using a streaming matrix sketching method as a black box, LM maintains
a variable collection –referred to as a histogram– of streaming sketches cor-
responding to different segments of the input sequence. The LM histogram
is continuously updated with the insertion of new sketches for the most re-
cent samples and the retirement of sketches associated with older samples.
At any point in time, the structure can produce a matrix sketch that answers
a query for the most recent samples within an allowed window of time.

Here, we consider the LM framework in the context of monitoring the
principal subspace of an input stream of vectors over a sliding time win-
dow. Consider an input stream S which is a sequence of time-stamped
d-dimensional vectors at represented as the rows of an n× d matrix A, and
let W be the maximum width of the monitored time window. The objective
is to maintain a relatively small amount of information such that such that
at any time t and given a query window of width w, we are able to generate
an ℓ× d matrix B such that

∥A⊤
(t−w,t)A(t−w,t) −B⊤B∥ ≤ ϵ∥A(t−w,t)∥2F, (4.1)

Here, A(t−w,t) denotes the submatrix of A corresponding to the vectors
(stream samples) that arrived within the time window (t − w, t]. The er-
ror function is referred to as the covariance error between A(t−w,t) and B and
is denoted by

cov-err(A(t−w,t),B)≜∥A⊤
(t−w,t)A(t−w,t) −B⊤B∥.

Dividing by the squared Frobenious norm of the input in the correspond-
ing window, ∥A(t−w,t)∥2F, yields the relative covariance error. The parame-
ters W, ℓ and ϵ are design-parameters that affect the accuracy of the output
sketch, as well as the computational and memory requirements of the LM
structure and can be dependent on each other: for example, we will later
use Frequent Directions [3] (FD) as the black-box streaming matrix sketch-
ing method, and the parameter ℓ which determines the number of rows of
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the matrix sketch will be a function of the accuracy parameter ϵ.
In the sequel, we describe the LM framework in the context of approx-

imating the recent input vectors with a sketch that approximately mini-
mizes the relative covariance error. As explained, the LM framework uti-
lizes a streaming matrix sketching method (oblivious to the sliding win-
dow requirement). In our context, we will focus on the Frequent Direc-
tions [3] (FD) streaming matrix sketching method for approximating the
principal subspace of the input stream. However, we will keep the sub-
sequent description more general, requiring that the black-box streaming
matrix sketching method satisfies certain assumptions. As we will show,
the FD method satisfies those assumptions.

Def. 2 (Mergeable Matrix Sketch). Let κ be a matrix sketching algorithm that
given a matrix A and a parameter ϵ produces a matrix B ← κ(A, ϵ) such that
size(B) ≤ ℓ and err(A,B) ≤ ϵ; here, size(B) represents an arbitrarily defined
measure of the size of B, and err(A,B) represents an arbitrary function that mea-
sures the error of using B as a surrogate of A. The sketching algorithm κ is merge-
able iff there exists a merging algorithm AMERGE(·, ·) such that: for any n1 × d
matrix A1 and n2×d matrix A2 with corresponding sketches B1 ← κ(A1, ϵ) and
B2 ← κ(A2, ϵ), the merging algorithm produces a matrix B← AMERGE(B1,B2)
such that size(B) ≤ ℓ and err(A,B) ≤ ϵ, where A is the (n1 + n2) × d matrix
formed by vertically stacking the rows of A1 and A2.

Assumption 1. We assume that the black-box streaming matrix sketching method
used by the LM framework is mergeable.

4.1.1 The LM Histogram

The LM method generates and maintains a dynamic structure, referred to
as the histogram. In a high-level, the histogram is a collection of blocks. Each
block B is associated with a non-overlapping segment of the input stream
specified by a starting and an ending timestamp. It can be thought of as a
tuple with four attributes: 1. a starting time, tstart, 2. an ending time, tend,
3. an ℓ × d matrix sketch, and 4. a block size. Let A(tstart,tend) denote the
matrix whose rows are the stream samples that arrived within the specified
time window. The matrix sketch B of block B is associated with that part of
the input and generated according to a streaming algorithm in a way that
satisfies the same guarantee as 4.1 in the specified window, that is,

∥A⊤
(tstart,tend)

A(tstart,tend) −B⊤B∥ ≤ c · ϵ · ∥A(tstart,tend)∥
2
F, (4.2)

for some constant c and ϵ > 0. We will subsequently formalize this state-
ment (see Lemma 4.1.2). Finally, the size attribute of block B is equal to the
squared Frobenious norm of the corresponding input, i.e., ∥A(tstart,tend)∥

2
F.

Blocks are organized into levels, labeled 1 to L. Each level is a list of up
to b blocks, where b is a design parameter and will be later set to Θ(1/ϵ).
Therefore, the LM histogram should be alternatively thought of as a list of
lists of blocks. Levels with smaller labels contain more recent blocks, that
is, all blocks in level i correspond to more recent input samples than those
of level i + 1. Within a level, blocks are sorted based on their timestamps
with the most recent block occupying the right-most position.

Finally, to assist the description, we divide the life-cycle of the block
into three stages. When a new block is initialized, it is referred to as the
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active block. At any point in time, the LM structure maintains a single ac-
tive block. The active block is not part of the histogram. When a new active
block is generated its starting time is initialized at the current time-stamp
(which is equal to the ending time of the most recent block in the LM his-
togram), its size is initialized to zero and its sketch to the all-zero ℓ× d ma-
trix. The active block is associated with the most recent samples of the in-
put stream and more specifically all samples that have arrived after ts. The
blocks contained in the LM histogram are inactive. Finally, as explained, the
histogram is used to monitor a sliding time window of maximum width W .
At time t, if the ending time of a block is less than t−W , i.e., if the time win-
dow covered by a block no longer overlaps with the monitored window,
then that block has expired.

4.1.2 Updating the LM histogram

The steps to update the LM histogram when a new time-stamped vector
arrives are outlined in Alg. 6.

Update the active block When a new stream sample at ∈ R1×d arrives
at time t, it is inserted in the active block B⋆. More precisely, the sketch of
the active block is updated according to the black-box streaming algorithm.
The size of the active block is also incremented by an amount equal to the
ℓ2-norm of the input sample.

If the size of the active block exceeds ℓ, then the active block is rendered
inactive: its ending time is set to t and the block is appended Level 1 of the
LM histogram. All blocks in the LM histogram are considered inactive.

Finally, a new active block is initialized with starting time t, zero size,
and an all-zero matrix sketch.

Merge blocks if necessary As blocks are gradually inserted into level 1 of
the histogram, the number of blocks in the first level will eventually exceed
its maximum length b. At that point, the two oldest (right-most) blocks of
the level are merged into a single block which is subsequently appended to
the second level. The new block covers the entire time window covered
by the two former blocks and its size is the sum of the two individual sizes.
Finally, its sketch is generating by merging the sketches of those two blocks.

Observe that based on the above description, all blocks in level 1 of
the histogram have a size between ℓ and 2ℓ, while based on the merging
process, blocks at level i have size between 2i−1ℓ and 2iℓ.

Remove expired blocks Finally, as new blocks are inserted in the LM his-
togram, its size could grow indefinitely. However, as time elapses, some
blocks become irrelevant for the monitored window. If W is the maximum
duration of the monitored time window, then when the ending time of a
block is less than t−W that block becomes irrelevant and can be safely re-
moved from the histogram. Therefore, each time the histogram is updated,
we can assume that we perform a clean-up step during which we remove
all expired blocks.
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Algorithm 6 LM-Update (Logarithmic Method Update) [6]

input : Current LM histogram L { List of lists of blocks. }
A tuple (at, t) with a vector at ∈ R1×d and time-stamp t.

output Updated LM histogram L.
1: Remove all blocks B in L for which B.te < t−W { Clean up. }
2: B⋆.tend ← t { Update end time of active block. }
3: B⋆.size← B⋆.size + ∥at∥22 { Update size of active block. }
4: B⋆.sketch← SketchUpdate(B⋆.sketch, at) { Update sketch of active

block (using the black-box algorithm). }
5: if B⋆.size ≥ ℓ then
6: L[1].appendLeft(B⋆) { Append active block to left of level 1. }
7: B⋆ ← NewBlock() { Initialize new active block. }
8: B⋆.tstart ← t
9: B⋆.tend ← t

10: B⋆.size← 0
11: B⋆.sketch← SketchInit()
12: end if
13: i← 1
14: while L[i].length > b do
15: B1 ← L[i].popRight() { Get and remove the oldest (right-most) block

of level i, }
16: B2 ← L[i].popRight() { as well as the second oldest block. }
17: B ← NewBlock()
18: B.tstart ← B1.tstart
19: B.tend ← B2.tend
20: B.sketch← SketchMerge(B1.sketch,B2.sketch)
21: B.size← B1.size + B2.size
22: L[i+ 1].appendLeft(B) { Append new block to (the left of) the next

level. }
23: end while
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4.1.3 Configuration and Guarantees

In the sequel, we describe the guarantees of the LM framework. Those
guarantees are contigent upon the choice of the configuration parameters
(b, ℓ, ϵ,W ). Here, we re-state the main result of [6] using their parameter
configuration. Before that, we state one more assumption on the streaming
matrix sketching method which is used as a black box.

Assumption 2. The mergeable streaming matrix sketching method used as a black
box by the LM framework must take a parameter accuracy parameters ϵ ≥ 0 and ℓ
such that given an input A ∈ Rn×d can generate a sketch B ∈ Rℓ×d such that

∥A⊤A−B⊤B∥ ≤ ϵ∥A∥2F.

Theorem 1 (Theorem 6.1 [6]). We assume access to a mergeable streaming ma-
trix sketching method used as a black box satisfies assumptions 1 and 2, configured
with accuracy parameter ϵ/8 and ℓ. Then for b = 8/ϵ the LM histogram can
generate a matrix sketch that works on time-based sliding window and achieves
maximum relative covariance error ϵ for a given window W .

The next lemma states that in fact a similar guarantee applies to the
sketch of each block of the histogram with respect to the corresponding
segment of the input stream. The Lemma is useful in the proof of 1, but
will also be useful for us in the sequel, when we describe the distributed
construction of the LM histogram.

Lemma 4.1.2. Consider a block B in the histogram produced by the LM (with
b = 8/ϵ and black-box streaming matrix sketching method configured to achieve
covariance error upper bounded by ϵ/8), with starting time tstart, ending time tend
and sketch matrix B. Also, let A(tstart,tend) be the matrix formed by the input samples
that arrived in this time window, i.e., the rows of A(tstart,tend) are the row vectors at
for which t ∈ (tstart, tend). Then,

∥A⊤
(tstart,tend)

A(tstart,tend) −B⊤B∥ ≤ ϵ

8
∥A(tstart,tend)∥

2
F, (4.3)

Proof. If B is the active block, i.e., the block that maintains the sketch of
the most recent incoming rows of A, then tend is effectively the timestamp
of the most recent sample. The black-box streaming matrix sketching algo-
rithm produces the sketch of this block (with accuracy parameter ϵ/8) on all
samples that arrived after tstart and hence the lemma holds trivially by the
black-box guarantees of the streaming matrix sketching algorithm for each
time t. This is also true up to the point when the block becomes inactive,
and hence the lemma holds trivially for all blocks of level 1.

Assume the property holds for all blocks in level i. We will show that
it holds for all blocks in level i + 1. A block B in level i + 1 is generating
by merging two blocks of level i. Recall that merging two sketches is also
a black-box operation provided by the streaming matrix sketching method
of choice. Let B1 and B2 be the level-i blocks that are merged to generate
block B. Also, let (ts1, te1,B1, s1) and (ts2, te2,B2, s2) be the attributes of the
two blocks. The merged blocks are consecutive, which means that te1 = ts2.
The input samples associated by the new block are given by the concatena-
tion of the samples of the two former blocks. The desired guarantee holds
as a result of the mergeability of the black-box streaming matrix sketching
algorithm.
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4.2 Merging Multiple LM Histograms

In this section we consider a distributed construction of the LM histogram.
In particular, we consider a setting with m computational nodes, labeled
1, . . . ,m, with the ith node monitoring an individual input stream Si and
maintaining an LM Histogram LMH(i) with accuracy paramter ϵ. The m
streams are non-overlapping. Let S⊕ denote the stream formed by the
union of the m individual streams. The objective is to generating a sin-
gle LM Histogram LMH⊕ for S⊕ combining the partial histograms LMH(i),
i = 1, . . . ,m.

Generating the LM histogram for the combined stream is a non-trivial
task; the partial histograms LMH(i), i = 1, . . . ,m have potentially different
sizes (different number of levels and blocks) and their blocks cover different
time windows depending on the input stream at each node. It is hence a
challenging task to generate LMH⊕ using only information of the partial
histograms LMH(i), i = 1, . . . ,m.

In the sequel, we describe our approach for generating LMH⊕ from
the m histograms LMH(i), i = 1, . . . ,m. We assume that the coordinating
node receives the m individual histograms from the corresponding nodes,
but no access in the individual input streams. Our approach relies on us-
ing each LM histogram LMH(i) as a log based on which we generate a
pseudo-stream Si. We show that the pseudo-stream1 Si can in turn be
used to answer a query about the corresponding original stream Si, sim-
ilar to the histogram LMH(i). The advantage is that those pseudo-streams
can now be combined into a single pseudo-stream S

⊕ which can be used
to approximately answer queries for the original combined stream S⊕. Fi-
nally, the combined histogram LMH⊕ can be constructed by applying the
LM method on the combined pseudo-stream, introducing a small additive
error. Our analysis relies on mild assumptions on the streaming matrix
sketching method used as a black-box. We show that those assumptions
are in fact satisfied by the FD method.

4.2.1 The LM Merging Algorithm

The pseudo-stream as a sketch

Consider a single node and let S denote its input stream. The stream can be
represented by a matrix A: the rows of A correspond to the input stream
samples ordered according to their timestamps. Let LMH denote the cor-
responding LM histogram build on S. Given LMH, we can generate a
pseudo-stream S as follows. We sequentially process every block of the
histogram in reverse chronological order, i.e., starting with the oldest block.
Block B contains ℓ×d sketch. We generate ℓ stream samples: one sample for
each row of B. The samples can be arbitrarily timestamped with any time
within the range of the block. For simplicity assume that all samples are
timestamped with the starting time B.tstart. We repeat this procedure for all
blocks in the histogram, as well as the active block.

Similarly to the original stream, the pseudo-stream S itself can be rep-
resented by a matrix A. The number of rows A does not exceed Lbℓ.

1We use the term pseudo- to emphasize that this is an artificially generated stream.
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The following lemma establishes that A can be used to approximately
compute the principal subspace of A with a bounded relative covariance
error, similarly to the LM histogram itself.

Lemma 4.2.3. Consider an arbitrary query time tq within the maximum moni-
tored window, and let A≥tq denote the part of the input corresponding to the input
samples that arrived after tq. Similarly, define A≥tq as the submatrix of A corre-
sponding to samples whose timestamp is larger than tq. Then,

∥A⊤
≥tqA≥tq −A

⊤
≥tqA≥tq∥ ≤

5ϵ

8
∥A≥tq∥2F.

Proof. Recall that each row of A coincides with a row of a sketch of some
block in the LM histogram. In particular, for a given query time tq, the
submatrix A≥tq is exactly the vertical concatenation of the sketches of all
blocks whose starting time is equal or greater than tq.

Let Bq be the block of the LM histogram for which Bq.tstart ≤ tq ≤
Bq.tend. The matrix A≥tq contains only rows of sketches of more recent
blocks; it does not contain any of the rows of Bq.sketch. On the contrary,
A≥tq contains rows whose timestamp may fall in the range of Bq. Those
rows are not approximated at all by A≥tq . Hence, their contribution in
the total covariance error is equal to the sum of their ℓ2 norms, or equiv-
alently, the squared Frobenious norm ∥A(tq ,Bq .tend)∥

2
F The error due to this

factor is upper bounded by the size of the bucket that contains tq. But as [6]
show, the size of the largest block in the histogram is upper bounded by
ϵ∥A≥tq∥2F/2.

The remaining rows of A≥tq are being approximated by the correspond-
ing sketches of the blocks that are more recent than Bq. Since the LM his-
togram is generated based on the configuration of Thm. 1, we know by
Lemma 4.1.2 that the sketch of each block approximates the correspond-
ing segment of the input with relative covariance error ϵ/8. Finally, by the
decomposability property (Lemma 4.3.5) we know that this implies those
rows of A≥tq are approximated by A≥tq with a relative covariance error
upper bounded by ϵ/8.

Combining the two sources of error, we obtain the desired result.

Algorithm 7 LM-Unfold

input : LM Histogram L
output : (Pseudo-) Stream S

1: L← L.length
2: S ← Empty Stream
3: for l = L, . . . , 1 do
4: for each block B in L[l] (least to most recent) do
5: B← B.sketch {ℓ× d sketch associated with block B.}
6: for i = 1, . . . , ℓ do
7: S.append((Bi,:,B.tstart)) {Create tuple using ith row of sketch

and append to stream.}
8: end for
9: end for

10: end for
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Merging Pseudo Streams

Now, consider again the multiple node setting. Recall that S(i) is the input
stream of the ith node, and let A(i) be the ni×d matrix formed by vertically
stacking the ni samples in S(i). Further, S⊕ denotes the stream formed by
the union of the m individual streams and A⊕ the n × d matrix formed
by vertically stacking the n samples in S⊕, where n = n1 + . . . , nm. We
similarly define S

⊕ and A
⊕.

Lemma 4.2.4. For any given query time tq within the monitored time window, we
have

∥A⊕
≥tq

⊤
A⊕

≥tq
−A

⊕
≥tq

⊤
A

⊕
≥tq∥ ≤

5ϵ

8
∥A⊕

≥tq
∥2F.

Proof. The stream A⊕
≥tq

(and similarly A
⊕
≥tq ) can be decomposed into the m

streams A(i)
≥tq

(and A
(i)
≥tq , respectively). By Lemma 4.2.3, we have ∥A(i)

≥tq

⊤
A

(i)
≥tq
−

A
(i)
≥tq

⊤
A

(i)
≥tq∥ ≤

5ϵ
8 ∥A

(i)
≥tq
∥2F, for all i = 1, . . . ,m. Then the desired result fol-

lows by lemma 4.3.5.

Construct the LM Histogram of the combined pseudo-stream

We obtain the desired LM histogram LMH⊕ by applying the LM on the
combined pseudo stream S

⊕ (i.e., the rows of A).

4.2.2 Analysis of the Merging Algorithm

Before we proceed with the guarantees of our merging algorithm, we for-
mally state an assumption on the streaming matrix sketching method.

Assumption 3. The streaming matrix sketching method used as a black box, has
the following property: given an n×d input A it produces a sketch B with ∥B∥2F ≤
∥A∥2F. The same holds for a sketch B produced by the merging sketches of non-
overlapping parts of A.

Remark 4.2.1. This property is satisfied for the sketches generated by the FD
method.

Theorem 2. Consider m LM histograms LMH(i), i = 1, . . . ,m generated on m
non-overlapping streams S(i), i = 1, . . . ,m, respectively, with accuracy parameter
ϵ (parameter b = 8/ϵ, and streaming sketch size ℓ). Let LMH⊕ be the histogram
generated on the combined pseudo-stream S⊕ with accuracy parameter ϵ′. Then,
for any query tq, LMH⊕ returns an ℓ× d sketch C such that

∥A⊕
≥tq

⊤
A⊕

≥tq
−C⊤C∥ ≤

(
ϵ+ ϵ′

)
∥A⊕

≥tq
∥2F. (4.4)

Proof. Recall that the LM histogram LMH⊕ is constructed on the pseudo-
stream S

⊕. For any query tq in the valid time window, the joint histogram
(by construction) can produce an ℓ× d sketch C such that

∥A⊕
≥tq

⊤
A

⊕
≥tq −C⊤C∥ ≤ ϵ′∥A⊕

≥tq∥
2
F.



4.2. Merging Multiple LM Histograms 21

With respect to the original stream S⊕, we have

∥A⊕
≥tq

⊤
A⊕

≥tq
−C⊤C∥ = ∥A⊕

≥tq

⊤
A⊕

≥tq
−A

⊕
≥tq

⊤
A

⊕
≥tq +A

⊕
≥tq

⊤
A

⊕
≥tq −C⊤C∥

(4.5)

≤ ∥A⊕
≥tq

⊤
A⊕

≥tq
−A

⊕
≥tq

⊤
A

⊕
≥tq∥+ ∥A

⊕
≥tq

⊤
A

⊕
≥tq −C⊤C∥

(4.6)

≤ ϵ∥A⊕
≥tq
∥2F + ϵ′∥A⊕

≥tq∥
2
F, (4.7)

where the first inequality follows by the triangle inequality on the spectral
norm. It remains to show that ∥A⊕

≥tq∥
2
F ≤ ∥A

⊕
≥tq
∥2F. Note that the rows

of A
⊕
≥tq correspond to rows of the sketches of the m LM histograms. In

particular, the matrix contains exactly all sketches of all blocks in the m his-
tograms for which the starting time was at least equal to tq. The squared
Frobenious norm of each block sketch is upper bounded by the squared
Frobenious norm of the corresponding part of the input. The input corre-
sponding to those blocks is exactly the rows of A⊕

≥tq . It hence follows that

∥A⊕
≥tq∥

2
F ≤ ∥A

⊕
≥tq
∥2F. That concludes the proof of Theorem 2.
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4.3 Other

Lemma 4.3.5. Consider an n× d matrix A and an arbitrary partitioning of its n
rows into k sets S1, . . . , Sk, (i.e., ∪ki=1Si = [n] and Si ∩ Sj = ∅∀i, j ∈ [n], i ̸= j).
Let ASj denote the submatrix of A formed by the rows indexed by Sj , and Bj be
sketch of ASj with d columns (and an arbitrary number of rows) satisfying the
property that

∥A⊤
Sj
ASj −B⊤

j Bj∥ ≤ ϵ∥ASj∥2F, (4.8)

for some ϵ > 0, for j = 1, . . . , k. Finally, let B be the matrix formed by vertically
stacking Bj , j = 1, . . . , k. Then,

∥A⊤A−B⊤B∥ ≤ ϵ∥A∥2F. (4.9)

Proof. Observe that

A⊤A =
n∑

i=1

A⊤
i,:Ai,: =

k∑
j=1

∑
i∈Sj

A⊤
i,:Ai,: =

k∑
j=1

A⊤
Sj
ASj . (4.10)

Similarly, B⊤B =
∑k

j=1B
⊤
j Bj . Combining the above, we have

∥A⊤A−B⊤B∥ = ∥
k∑

j=1

A⊤
Sj
ASj −

k∑
j=1

B⊤
j Bj∥ = ∥

k∑
j=1

A⊤
Sj
ASj −B⊤

j Bj∥

(4.11)

≤
k∑

j=1

∥A⊤
Sj
ASj −B⊤

j Bj∥ ≤
k∑

j=1

ϵ∥ASj∥2F = ϵ∥A∥2F,

where the first inequality follows for the triangle inequality on the spectral
norm, and the second by the assumption in (4.8). This completes the proof.

4.4 Frequent Directions

Lemma 4.4.6. Let A ∈ Rn×d be the input of the FD Alg. 1, and B ∈ Rℓ×d be the
corresponding output. Then, ∥B∥2F ≤ ∥A∥2F.

Proof. It is shown in [3] (Claim 1) that 0 ⪰ B⊤B ⪰ A⊤A. In turn, ∀x ∈ Rd,
x⊤B⊤Bx−x⊤A⊤Ax ≤ 0. Applying the previous inequality for the vectors
of the standard basis and summing the inequalities, we have

0 ≥
d∑

i=1

e⊤i B
⊤Bei − e⊤i A

⊤Aei (4.12)

= Tr
(
B⊤B

)
− Tr

(
A⊤A

)
= ∥B∥2F − ∥A∥2F, (4.13)

which completes the proof.
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