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Abstract

This thesis investigates the application of hybrid quantum-classical algorithms to solve

Job Shop Scheduling Problems (JSSP), a class of NP-hard combinatorial optimization

problems. The work begins by introducing the foundational principles of quantum me-

chanics and quantum computing, highlighting their unique characteristics that hold the

potential to revolutionize computational paradigms.

Then, teleportation is presented to demonstrate how these quantum properties can

be harnessed in practice in real quantum algorithms. The study then explores the use

of Quadratic Unconstrained Binary Optimization (QUBO) as a framework for represent-

ing and solving combinatorial optimization problems using both classical and quantum

computational resources.

State-of-the-art quantum approaches, such as the Quantum Approximate Optimiza-

tion Algorithm (QAOA) and the Variational Quantum Eigensolver (VQE)�implemented

with a Hardware-E�cient Ansatz (HEA)�are discussed in depth. These algorithms are

tested on benchmark problems including Max-Cut and Subset Sum, establishing a foun-

dation for their application to more complex scheduling problems.

A particular instance of the JSSP is then formulated mathematically, with all nec-

essary constraints rigorously de�ned. This formulation is translated into a QUBO-

compatible representation to enable its execution on quantum backends. Initial exper-

iments using QAOA and HEA are conducted on small problem instances to assess the

correctness and feasibility of the proposed formulation.

Recognizing the limitations of current quantum hardware�particularly when scal-

ing beyond toy problems�the thesis introduces qubit-e�cient encoding schemes as a

strategy to address scalability challenges inherent in conventional quantum approaches.

These schemes are evaluated using standard problems such as Subset Sum before being

applied to a scaled-up version of the JSSP, approaching instances that resemble real-world

scheduling tasks.

Finally, real quantum hardware accessed via cloud platforms is used to run selected

problem instances, providing insight into the behavior of the algorithms under realistic

noise conditions. The �ndings suggest that while solving multi-constraint combinatorial
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problems with compact QUBO formulations remains challenging, the continued evolution

of quantum hardware o�ers promising potential. This work contributes to the advance-

ment of quantum computing techniques for addressing complex scheduling problems and

lays the groundwork for future research in this domain.
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Chapter 1

Introduction

A never-ending quest

Since the dawn of civilization, humans�driven by curiosity and innovation�have

engaged in a relentless pursuit of progress. In the era of the Technological Revolution, this

pursuit has become one of humanity's primary objectives. Over the past four centuries,

technological advancement has accelerated dramatically: from the use of the abacus in

ancient times to the development of modern central processing units (CPUs) capable of

executing millions of computations in mere fractions of a second.

A key observation fueling this rapid growth is Moore's Law, formulated by Gordon

Moore in 1965, which states that the number of transistors on a microchip doubles ap-

proximately every two years [4]. This exponential growth in computational power has

been accompanied by a corresponding decrease in transistor size. However, as transistor

dimensions approach the nanometer scale, classical physics begins to break down. At

such scales, quantum mechanical e�ects�including quantum decoherence and tunnel-

ing�begin to dominate, introducing probabilistic behavior and undermining the deter-

ministic operation of classical transistors.

In response to these physical limitations, quantum computing emerged as a promising

alternative. The foundational idea was introduced by Richard Feynman in 1981 [5], who

proposed that quantum systems could simulate other quantum systems more e�ciently

than classical computers. This concept was later formalized by David Deutsch in 1985

[6], who developed the notion of a universal quantum computer.

Unlike classical computers, which process bits in de�nite states (0 or 1), quantum com-

puters utilize quantum bits (qubits) that can exist in superpositions of states. Leverag-

ing phenomena such as superposition and entanglement, quantum computers can explore

multiple computational paths simultaneously, potentially o�ering exponential speed-ups

for speci�c classes of problems.
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The long-term goal of the �eld is to achieve quantum supremacy�the point at which

quantum computers can solve certain computational problems more e�ciently than any

known classical algorithm. This milestone was reportedly reached by Google in 2019

[7], demonstrating that quantum machines may soon tackle real-world NP-hard problems

previously deemed intractable for classical systems.

Figure 1.1: Moore's law plateau.

Quantum computing breakthroughs

After Richard Feynman and David Deutsch's innovative ideas, which pioneered

the basis of quantum computing more breakthroughs were made in the �eld of quantum

mechanics. First of the was in 1985, a Deutsch's formulation of a universal quantum com-

puter, capable of performing any computation achievable by a classical computer but with

exponentially greater e�ciency for certain problems. Then the �rst practical algorithm

breakthrough came in 1994 when Peter Shor developed Shor's algorithm, which showed

that quantum computers could factorize large integers exponentially faster than classical

methods, threatening modern encryption systems. Lastly around the same time Lov

Grover introduced an algorithm which provided quadratic speedup for unstructured

search problems. All those quantum breakthroughs transitioned quantum computing

from a theoretical fantasy,to a �eld of immense practical, scienti�c and computational

potential

Quantum technology a�ecting optimization
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Optimization is an extremely highly active of research in both classical and quantum

engineering. Optimization is de�ned as the way of �nding the best solution, minimiz-

ing a function, choosing from every possible input the function can take. Quantum

computing excels at calculating every outcome simultaneously and also at �nding the

outcome producing the minimum energy, a fact that can be translated as "minimizing a

function". There are several �elds that quantum optimization can come into play. For

transportation, the most e�cient routes can be computed quickly solving combinatorial

problems exponentially faster than classical computers. In �nance, portfolio optimization

can be done, improving investment strategies. Lastly, scheduling optimization problems,

a sector that we aim to tackle in this thesis, can be solved, �nding the optimal solution

exponentially faster than classical computers.

All these applications and optimization algorithms may in theory work but quantum

hardware cannot tackle real-world large-scale problems yet, because it is in really early

stages yet.
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Chapter 2

Background in Quantum Computing

This chapter presents the theoretical background necessary to understand the foun-

dational concepts of quantum computing, with a particular focus on quantum opti-

mization. It begins by introducing the fundamental unit of quantum information�the

qubit�including a detailed examination of its mathematical formulation and physical

interpretation. The Bloch sphere will be employed as a visual and conceptual tool to

represent the state of a single qubit, highlighting the di�erences between classical bits

and quantum states.

Following the de�nition of a qubit, the chapter will explore quantum operations, also

known as quantum gates. Both single-qubit and two-qubit gates will be analyzed, with an

emphasis on their matrix representations and circuit-level implementations. This section

will provide essential examples such as the Pauli gates, Hadamard gate, and controlled-

NOT (CNOT) gate, which serve as building blocks for more complex quantum circuits.

The chapter concludes with a discussion of quantum entanglement�one of the most

intriguing and non-classical phenomena in quantum mechanics. To illustrate its signi�-

cance and practical applications, the Quantum Teleportation Protocol will be examined.

This protocol not only demonstrates the power of entanglement but also exempli�es the

principles underlying quantum information transfer.

2.1 Qubit De�nition

2.1.1 What is a Qubit?

Qubit is the quantum analogous for the bit in classical computing. Classical bit can only

take two values 0 or 1. Qubit, being the fundamental unit in quantum computing, can

take a combination of values between 0 and 1 called a superposition of states. After

a measurement is performed quantum state collapses in one of the two states, but pre-

13



2.1. QUBIT DEFINITION

measurement quantum wave behavior properties lead to a probabilistic model from which

we can derive interesting results.

2.1.2 Mathematical Notation

The most widely used notation to represent qubit states and operations between one or

more qubits is Dirac notation which was introduced by Paul Dirac in 1920s. A di�erent

name for Dirac notation is Braket notation. Ket represents a vector |ψ⟩ =

[
a

b

]
and bra

represents its conjugate transpose |ψ⟩† = ⟨ψ| =
[
a, b

]
.

The inner product of a bra and a ket is denoted as ⟨ψ|ϕ⟩ and equals a scalar value.

The inner product of two same vectors equals one because they are parallel to each other.

The simplest and most accurate mathematical tool to represent qubits is Hilbert space

denoted as H. The Hilbert space is a high-dimensional space used to describe systems

with one or more qubits. The simplest Hilbert space is for one qubit and consist of two

orthonormal vectors

|0⟩ =

[
1

0

]
and |1⟩ =

[
0

1

]

that form the basis state of the space.

The di�erence from classical computing is that in quantum computing a qubit can be

in both states simultaneously with some probability. This property is called superposition

and it is denoted as

|ψ⟩ = α |0⟩+ β |1⟩.

As described earlier the superposition collapses to just one state after the measurement

either |0⟩ or |1⟩. The α and β denote the root of the probability of the qubit to collapse

for each state, respectively.

So if a superposition is described as∑n
i=0 ci |ψi⟩ then

∑n
i=0 c

2
i = 1.

For one qubit we can represent superposition in a circle. Knowing the state the qubit

is, operations can be performed to change the state of the qubit, meaning changing the

probability of it collapsing in a state after measurement.

14



2.1. QUBIT DEFINITION

Figure 2.1: Representation of Hilbert space for one qubit. The �gure above shows a qubit

that has a 64% chance of being measured 0 and a 36% chance of being measured 1.

In the above �gure if we take a measurement of the qubit the probability of it being

at state P(|1⟩) = 0.36 when the complementary probability is P(|0⟩) = 0.64.

2.1.3 Linear Algebra Concepts Needed

Hermitian Conjugate

The Hermitian conjugate denoted as (†) is the transpose of the complex conjugate of a

matrix, so for a matrix M

M † = (M∗)T

If the dagger of a matrix is equal to the matrix itself then the matrix is called Hermitian

operator or self-adjoint operator.

M † =M

Eigenvalues and Eigenvectors

M |vi⟩ = λi |vi⟩

In the formula above M denotes a matrix and |vi⟩ ∀ i ∈ N are the eigenvectors with

the corresponding eigenvalues being λi. The number of the eigenvectors and eigenvalues

is found by the dimensions of the matrix. If M ∈ Cnxn then eigenvalues are n and unique

15



2.1. QUBIT DEFINITION

eigenvalues are at most n. To �nd those eigenvalues one must solve the "characteristic

equation" → det(M − λI) = 0.

Commutator

Let A,B ∈ Cnxn then their commutator is:

[A,B] = AB −BA

if the commutator is equal to zero then the two operators commute and vital properties

can be derived.

Unitary Operator

Let U ∈ Cnxn then U is a unitary operator if

U †U = UU † = I

An important property of a unitary operator is that it can be rewritten as

U = eiH where H is a Hermitian operator.

Projective Operator

Let P ∈ Cnxn be an operator. For it to be called projective then :

P 2 = P and P = P †

Projective operators are mutually orthogonal and their summation gives the identity

matrix. Their purpose is to act on a state space and projecting it onto a subspace.

For P =

[
1 0

0 0

]
if we act on |ψ⟩ =

[
α

β

]
we get :

P |ψ⟩ =

[
α

0

]
= α |0⟩

which is the projection of |ψ⟩ in the basis |0⟩.
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2.1. QUBIT DEFINITION

Tensor Product

Tensor product is a mathematical operation between two vectors or matrices.

Let A ∈ Cnxm and B ∈ Cixj then their tensor product is denoted as:

A⊗B =


a11B a12B · · · a1mB

a21B a22B · · · a2mB
...

...
. . .

...

an1B an2B · · · anmB

 ∈ Cni×jm

where akl denotes the element of A in the k-th row and the l-th column and B denotes

the B matrix.

Tensor products in quantum computing are really helpful, their properties let us create

state spaces with more than one qubit and represent accurately in a mathematical way.

2.1.4 Bloch Sphere Representation

Qubits and in general particles like photons can have both a wave-like behavior and a

particle-like behavior, this is called wave-particle duality. Before measuring a qubit its

behavior is given by a wave function but after the measurement this behavior collapses

and the particle is measured in a certain state. The measurement is done on the spin of

the particle. To better represent the spin of a qubit/particle in a 3D space Bloch sphere

is used.

Bloch Sphere is a geometric visualization of a quantum state as a point in a sphere.

The north and south pole of the sphere represent |1⟩ and |0⟩ and the equator represents

an equal superposition of the two.

Because of the states representing spins states are also denoted as:

|0⟩ = |↓⟩ =

[
1

0

]
and |1⟩ = |↑⟩ =

[
0

1

]

Another notation for |0⟩ = |z−⟩ because it is in the z-axis looking downwards in the

Bloch sphere. |1⟩ is represented as |z+⟩.
To better understand the Bloch representation we rewrite the qubit's superposition

as:

|ψ⟩ = cos(θ2) |0⟩ + ϵiϕ θ2 |1⟩
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2.2. SINGLE QUBIT GATES

Figure 2.2: Bloch sphere. We can notice that |ψ⟩ can be measured in three di�erent

orthonormal basis.

2.2 Single Qubit Gates

The fundamental way of performing operations in quantum computing are qubit gates,a

fact that de�nes their importance to quantum mechanics. For an matrix operator to be

considered a gate, the matrix must be unitary.

The process is done by multiplying the unitary matrix with the qubit, and the result

is some sort of rotation in the Bloch sphere. After the multiplication its important to

note that the rotated qubit keeps its norm intact and that by acting on the rotated qubit

with the inverse of the matrix we reverse the process.

If U |ψ⟩ = |ϕ⟩ then U † |ϕ⟩ = |ψ⟩

In quantum mechanics there are gates that are well-known and crucial for the �eld.

The most well-known gates are the Pauli gates named after Wolfgang Pauli. These gates

are represented by Hermitian matrices and work as follows:

� Identity matrix
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2.2. SINGLE QUBIT GATES

Identity matrix is the �rst Pauli matrix denoted as I and when acting on a qubit

it does no rotation.

I |0⟩ = |0⟩ and I |1⟩ = |1⟩

Figure 2.3: Identity gate representation.

� Pauli X

Pauli-X or σx �ips the state between |0⟩ and |1⟩.
It is represented as:

X = σx =

[
0 1

1 0

]

Figure 2.4: Pauli-X gate representation.

� Pauli Y

Pauli-Y or σy applies a bit-�ip and a phase-�ip to the qubit. It is represented as:

X = σx =

[
0 −i
i 0

]

and when acting on |0⟩ or |1⟩ it works as follows:

Y |0⟩ = i |1⟩ and Y |1⟩ = −i |0⟩

Figure 2.5: Pauli-Y gate representation.
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2.2. SINGLE QUBIT GATES

� Pauli Z

Pauli-Z or σz applies a phase-�ip on |1⟩ but leaves |0⟩ intact. This is rotating a

qubit around z-axis. It is represented as:

X = σx =

[
1 0

0 −1

]

and when acting on |0⟩ or |1⟩ it works as follows:

Z |0⟩ = |0⟩ and Z |1⟩ = − |1⟩

Figure 2.6: Pauli-Z gate representation.

� Hadamard Gate

A very important gate is Hadamard gate. Its very important feature is that it takes

|0⟩ and |1⟩ and when acting on them it creates an equal superposition with a phase

di�erence. It is represented as:

H = 1√
2

[
1 1

1 −1

]

and when acting on the basis states it produces:

H |0⟩ = 1√
2
|0⟩+ 1√

2
|1⟩

and

H |1⟩ = 1√
2
|0⟩ − 1√

2
|1⟩

Figure 2.7: Hadamard gate representation.
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2.3. TWO QUBIT GATES

� Rotation gates

Lastly there are gates that rotate qubits around x,y and z axis based on an angle

θ.

Every matrix Rx, Ry, Rz makes a rotation around the corresponding axis and their

matrix representation is as follows:

Rx(θ) = e
−iθX

2 =

[
cos θ

2
−i sin θ

2

−i sin θ
2

cos θ
2

]

Ry(θ) = e
−iθY

2 =

[
cos θ

2
− sin θ

2

− sin θ
2

cos θ
2

]

Rz(θ) = e
−iθZ

2 =

[
e−i

θ
2 0

0 ei
θ
2

]

2.3 Two Qubit Gates

Two qubit gates can be created by using the tensor product of single qubit gates. This

way also multi-qubit gates can be created using the same principle. Two-qubit gates can

be classi�ed in local and non-local gates.

� Local Operators

Local operators are the ones that can be factorized in a tensor-product of single-

qubit gates. For example having the two-qubit gate:

X ⊗ Z |00⟩ = X |0⟩ ⊗ Z |0⟩ = |0⟩ ⊗ |1⟩ = |01⟩

We see that gate can be factorized and that single-qubit gates act on each qubit

separately.

� Non-local Operators

Non-local operators are two-qubit gates that involve both qubit in the operation.

This process creates entanglement between the two qubits, a principle that has

crucial properties for quantum mechanics leading to computational speed-ups in

quantum algorithms. It is important to note that those non-local operators cannot

be factorized.

Unon−local ̸= U1 ⊗ U2
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2.4. QUANTUM ENTANGLEMENT

One of the most crucial non-local operators is the Controlled Not gate or CNOT.

The CNOT acts on two qubits, the �rst qubit works as the control qubit and the

second as the target qubit. If the control qubit is |0⟩ then the target qubit stays

intact, else the target qubit changes its state.

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


CNOT gate can also be expressed as:

CNOT = P0 ⊗ I + P1 ⊗X =

[
I 0

0 X

]

where P0 = |0⟩ ⟨0| and P1 = |1⟩ ⟨1|

2.4 Quantum Entanglement

Entanglement is one of the most interesting and counter-intuitive quantum phenomena.

This process makes two qubits correlated in a way that their state cannot be described

independently of the other. The distance between them does not a�ect this connection

or the speed that the information is transferred, a fact that de�es laws of physics as we

know them. After measuring one of the qubits the other's state is instantly determined

cause of the entanglement.

The easiest and most common way of creating entanglement is using a CNOT gate

on two qubits where the �rst is on a superposition. This quantum circuit is one of the

well-known Bell states and can be describes as:

|Φ+⟩ = CNOT(H ⊗ I) |00⟩ = CNOT( 1√
2
|00⟩+ 1√

2
|10⟩) →

|Φ+⟩ = 1√
2
|00⟩+ 1√

2
|11⟩

The other three Bell states are denoted as follows:

|Φ−⟩ = 1√
2
|00⟩ − 1√

2
|11⟩

|Ψ+⟩ = 1√
2
|01⟩+ 1√

2
|10⟩

|Ψ−⟩ = 1√
2
|01⟩ − 1√

2
|10⟩
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2.5. HAMILTONIAN DEFINITION

Entanglement helps quantum algorithms tackle with problems in a more e�cient way.

This is achieved because entanglement helps quantum system to process and explore

multiple quantum states simultaneously so crucial speed-ups can achieved in certain al-

gorithms. Entanglement enables the teleportation of quantum information in an instant

which helps creating more e�cient communication systems and also improve classical en-

cryption. Lastly, dependencies between variables can be better represented as entangled

qubits leading to faster results.

2.5 Hamiltonian De�nition

In quantum mechanics the Hamiltonian of a quantum system is a mathematical operator

that represents the total energy of the system. The Hamiltonian plays a vital role in

Schrodinger's equation.

� Time Independent Schrodinger's equation

The Hamiltonian denoted as Ĥ acts on a quantum state |ψ⟩ and returns the energy

of the levels of a system. Energy plays the role of the eigenvalue of the system.

Ĥ |ψ⟩ = E |ψ⟩

� Time Dependent Schrodinger's equation

This equation describes how the quantum system(quantum state |ψ⟩) evolves over
time.

ih̄d|ψ(t)⟩
dt

= Ĥ |ψ(t)⟩

As Hamiltonian is a metric of energy it mainly consists of the kinetic and potential

energy of the quantum system.

2.6 Teleportation

For this really important algorithm that indicates how important quantum entanglement

is we will introduce Alice and Bob. The concept of the algorithm is to transfer the qubit

|ψ⟩ from Alice to Bob.

To do that the circuit bellow is created and will be further analyzed.
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2.6. TELEPORTATION

Figure 2.8: Teleportation circuit.

First of all a Bell state is created by Alice and Bob and entanglement between them

is established. Alice and Bob are at |00⟩ state before entanglement.

CNOT(H⊗ I) |00⟩ = 1√
2
|00⟩+ 1√

2
|11⟩.

After entanglement between Alice and Bob are established they are transferred to

di�erent parts of the world.

For the operations to be made easier we represent |ψ⟩ = a |0⟩+ b |1⟩.
The whole system becomes:

1√
2
(a |000⟩+ a |011⟩+ b |100⟩+ b |111⟩)

Now Alice performs a non-local operation with the qubit to be teleported, so a CNOT

with Alice as the target qubit is applied.

The system becomes:

1√
2
(a |000⟩+ a |011⟩+ b |110⟩+ b |101⟩)

Then a Hadamard gate is applied to the �rst qubit or the qubit to be teleported and

the whole system becomes:

|Ψ⟩ = 1
2
(a |000⟩+ a |100⟩+ a |011⟩+ a |111⟩+ b |010⟩ − b |110⟩+ b |001⟩ − b |101⟩)

If we do the right groupings we can see in an easier way the outcomes that can be

produced.

|Ψ⟩ = 1
2
(|00⟩ (a |0⟩+ b |1⟩) + |01⟩ (a |1⟩+ b |0⟩) + |10⟩ (a |0⟩ − b |1⟩) + |11⟩ (a |1⟩ − b |0⟩))

24



2.6. TELEPORTATION

So it can be easily concluded that if we measure Alice's qubits then Bob's qubit will

collapse in one of those four states.

If Alice's qubits are measured at |00⟩ then the teleportation is done and Bob has the

right qubit. The probability of it happening is 0.25. Nevertheless, if Alice's qubits have

a di�erent measurements then local operations can be done to Bobs qubit so he gets the

right outcome. Bellow there is a table of the operations that must be made according to

Alice's outcome.

Figure 2.9: Bob operations according to Alice's outcome.

This algorithm shows us what quantum mechanics can achieve through properties like

quantum entanglement. The teleportation algorithm's protocol is called LOCCSE. The

starting letters denote "local operation", because after entanglement we can produce the

qubit to be teleport just with local operations."Classical Communication" is needed be-

cause after Alice's measurement the outcome of the measurement must be communicated

classically so Bob gets the right result. Lastly "shared entanglement" is the most obvious

part of the protocol as Alice and Bob have performed a non-local operation and they are

entangled.
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Chapter 3

Classical to Hybrid Optimization

In this chapter, we explore the intersection between mathematical models from physics

and classical computing, with a particular emphasis on their relevance to quantum com-

puting and hybrid optimization techniques. We begin by examining the Ising Model, a

well-established physical model used to describe magnetic interactions in statistical me-

chanics. This model, originally developed to understand ferromagnetism, has since found

profound applications in computational contexts due to its ability to encode binary opti-

mization problems.

Parallel to this, we introduce the Quadratic Unconstrained Binary Optimization

(QUBO) model, which is widely employed in classical combinatorial optimization. QUBO

formulations express a broad range of NP-hard problems in a uni�ed mathematical struc-

ture, making them a central focus in both classical and quantum optimization research.

By analyzing the structural similarities between the Ising Model and QUBO, we demon-

strate how these equivalences enable a natural mapping of classical problems onto quan-

tum frameworks. This mapping plays a critical role in positioning QUBO as a quantum-

friendly representation, especially within hybrid quantum-classical algorithms.

Following this theoretical groundwork, we review several fundamental quantum prop-

erties�such as the adiabatic theorem, and quantum tunneling�that contribute to the

theoretical advantage of quantum computing over its classical counterpart. These phe-

nomena enable quantum algorithms to explore solution spaces more e�ciently and to

perform certain computational tasks with reduced complexity.

To bring theory into practice, the chapter proceeds to implement and evaluate two

prominent hybrid quantum algorithms: the Quantum Approximate Optimization Algo-

rithm (QAOA) and the Variational Quantum Eigensolver (VQE). Both are variational

algorithms that leverage classical optimization techniques to guide quantum state evo-

lution. In our implementation, we adopt a Hardware-E�cient Ansatz (HEA), which is

designed to be compatible with the constraints of near-term quantum hardware (also
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known as Noisy Intermediate-Scale Quantum, or NISQ, devices).

These algorithms are tested on two benchmark combinatorial optimization problems

like Subset Sum and Max-Cut, illustrating their performance, convergence behavior, and

sensitivity to quantum circuit depth and parameter selection. Through these experiments,

we aim to highlight both the potential and current limitations of hybrid quantum-classical

approaches in solving real-world optimization problems.

Classical optimization is a wide and open research �eld with problems in �nance,

scheduling , materials science and even �nding the best route in combinatorial problems.

In general, optimization is about �nding and minimizing/ maximizing the value of the

problem's cost function, sometimes under certain constraints.

Quantum optimization is an open �eld of immense potential and computational power.

There are two main ways to perform quantum optimization, one of them is quantum

annealing and the other one is a circuit-based optimization.

The �rst one takes advantage of the adiabatic theorem of quantum mechanics and

evolves the quantum system in a way that it stays on its "ground state". The ground

state is the energy state of the system with the minimum energy, so with the right prob-

lem formulation it is also the minimization of the cost function. Nevertheless, quantum

annealers are limited to the optimization problems they can solve due to their hardware

construction.

The second approach, which is the one we will use on this thesis too, is circuit-based

optimization. This approach use problem speci�c or universal circuits to calculate the cost

function of a certain problem faster than a classical computer. Then this cost function is

optimized by a classical computer. This process is done iteratively until the best solution

is found. Circuit-based approaches can perform universal operations, so they can tackle

a large number of optimization problems. Nevertheless, the problem is that there are

limitations considering the problem's size as there are upper-bounds that can achieve

stable results.

In this thesis the optimization problems we will deal with are binary optimization

problems. Variables take values of zero or one, and the goal of the optimization algo-

rithm is to �nd the optimal bit-string of the variables that minimize the cost function.

Those combinatorial binary optimization problems are considered to be NP-Hard, mean-

ing classical computers cannot solve them if the size of the problem is su�ciently large.

Classical optimization has come with solutions as approximation algorithms or heuristics

that �nd near optimal solutions but even then scalability is not on their side, so quantum

algorithms come into play.
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3.1. QUBO PROBLEMS

3.1 QUBO Problems

Combinatorial Optimization is an active research area pursued by research communities.

These problems are about making yes or no choices in a large set of decisions and then

yielding an objective function value. QUBO which stand for Quadratic Unconstrained

Binary Optimization is a model that �ts combinatorial optimization exceptionally for a

large amount of problems. Also, QUBO models can be easily translated to Ising models

which plays a prominent role in physics. Some of the problems that are easily solved

when modeled like QUBO are the max-cut and the subset-sum problem that we will also

deal with in this thesis.

QUBO problems are combinatorial optimization problems where variables can take

only binary values. The goal is to form a binary vector called bitstring to minimize

a quadratic function. The bitstring that minimizes the cost function is called optimal

bitstring and is denoted as x∗.

The mathematical notation behind x∗ is:

x∗ = argmin
x

C(x) = xTQx

where C(x) is the value of the cost function and Q is the QUBO matrix,

with Q ⊆ Cn×n where n is the length of the vector x.

To further analyze the cost function we do some mathematical calculations.

We get:

C(x) =
∑

(i,j),i ̸=j qijxixj +
∑

i qiixi

where i, j ≤ n and qij being the element of Q in the i-th row and j-th column.

This holds true because the values on the diagonal are equal to their roots due to

their binary de�nition.

x2i = xi

if x2i = 0, then xi = 0

if x2i = 1, then xi = 1.
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3.1. QUBO PROBLEMS

It can be noticed that QUBO's complexity grows exponentially, because for n variables

the solution to be examined are 2n. The standard procedure of �nding a solution are exact

solvers like Branch and Bound but it can be easily concluded that exact search methods

will fail for signi�cantly large problems. This need of solving bigger problems has created

approximate algorithms that �nd close-to-optimal solutions such as CPLEX, Gurobi and

SCIP. Also heuristics and metaheuristics such as Simulated annealing and Path Relinking

have been created and produce better results for bigger problems.

Lastly we will explain what the term Unconstrained means. The original problem

may have constraints, but those constraints are included to the cost function multiplied

by a su�ciently big penalty.

Figure 3.1: Table of some known penalties.

To better grasp the idea of penalties lets say we want to minimize a cost function

C(x1, x2) but also there is a constraint of x1 ≤ x2.

minx1,x2C(x1, x2)

s.t x1 ≤ x2

is equal to:

minx1,x2C(x1, x2) + P (x1 + x1x2)

where P is a su�ciently large number.
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3.2. ISING MODEL

3.2 Ising Model

The Ising model is a mathematical model in physics that was originally created from

Ernst Ising to understand phase shifts in a system of interacting spins on a lattice.

The Ising model consists of spins that interact only with their nearest neighbor on a

lattice and take only discrete values of -1 or 1. To describe the energy of the Ising model

we use the Hamiltonian which is given as:

Hising =
∑

i

∑
j Jijsisj +

∑
i hisi

In the Hamiltonian above si represents the spin in the i-th position, hi represents an

external magnetic �eld a�ecting spin i. Jij is the interaction strength between neighboring

spins. There are two types of interaction.

� Ferromagnetic Interaction

In this type of interaction J < 0 and the spins tend to align with each other,

meaning having the same direction.

� Antiferromagnetic Interaction

In this type of interaction J > 0 and the spins tend to have an opposite direction.

� No Interaction

If J = 0 then there is no interaction between the spins.

Figure 3.2: Spins on a lattice representation.

The last thing we must do is converting the classical Hamiltonian of the Ising model

to the quantum one. To do that we have to substitute the variables that take values -1

or 1 with an operator that has those as eigenvalues. This operator is Pauli-Z. So:

Classical:
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3.3. FROM QUBO TO ISING

Hising =
∑

i

∑
j Jijsisj +

∑
i hisi

Quantum counterpart:

Hisingquantum =
∑

i

∑
j JijZi ⊗ Zj +

∑
i hiZi

where Zi is Pauli-Z gate acting on i-th qubit.

This modeling of the system has many applications in energy minimization. It rep-

resents complex systems through binary variables and can be manipulated so that an

energy minimization can be achieved through speci�c spin con�guration. We can see

there is a profound analogy to optimization problems and to QUBO models through easy

modi�cations.

3.3 From QUBO to Ising

With the help of the Ising model real-world problems can be translated into a framework

of binary variables and interaction. This makes the translation of optimization problems

to Ising really easy.

It is easily noticeable why Ising model is of interest to us as it also has direct similarity

to QUBO. So, by mapping an Ising to a QUBO problem or vice-versa we can solve

optimization problems by leveraging laws of physics.

For the mapping translation it is evident that the di�erence between QUBO and Ising

problems is that the �rst one has variables xi that takes values equal to either 0 or 1 but

the second one has variables si that takes values either -1 or 1.

So to transform them we make the transformation below:

xi =
1+si
2

So by substituting this to the cost function of a QUBO we get:

C(s) = 1+si
2
Qij

1+sj
2

C(s) = 1
4
(
∑

i,j Qijsisj + 2
∑

i

∑
j Qijsi +

∑
i,j Qij +

∑
iQii)

In the equation above we have an o�set that we do not mind subtracting because

when we search for the optimal solution adding a scalar to the cost function will make

no di�erence. So the Hamiltonian becomes:
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3.4. ADIABATICITY AND QUANTUM ANNEALING

C(s) = 1
4
(
∑

i,j Qij + 2
∑

iQij) where Jij =
Qij
4

and hi =
∑

j Qij

2

3.4 Adiabaticity and Quantum Annealing

Adiabatic Theorem

A physical system remains in its instantaneous eigenstate if a given perturbation is

acting slowly enough and if there is a gap between the eigenvalue and the rest of the

Hamiltonian spectrum.

This theorem states that if we start from the ground state of a known Hamiltonian

H0(0) at t=0 and we evolve the system slowly enough through time to end up in the

problem speci�c Hamiltonian H1(t) when t = t, then the energy of the system will stay

on the ground state so the optimization problem will be minimized. To summarize,the

time-dependent Hamiltonian becomes :

H(t) = (1− t
t
)H0 +

t
t
H1

where t is the total time of the evolution.

The unitary evolution operator for the above Hamiltonian is:

U = e−i
Ht
h̄

Figure 3.3: Ground state and �rst excited state of a Hamiltonian.

In the �gure above we can see the ground state and the �rst excited state of a Hamilto-

nian. Quantum annealers must evolve the system slowly enough so that the Hamiltonian
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does not jump from the ground state to the excited state. The total time is a func-

tion inversely proportional to the minimum energy gap, denoted as ∆min. Speci�cally,

T = O( 1
∆2

min
)

Quantum tunneling

Another principle of quantum annealers that has been proven to be extremely ben-

e�cial for quantum optimization is quantum tunneling. According to this principle, a

system of particles can traverse through energy barriers, a fact that seems impossible

in classical physics. This principle of just phasing through energy barriers without the

need of a thermal jump makes one of the greatest obstacles of optimization disappear.

The system cannot be stuck in local minima with quantum tunneling so �nding a global

minimum of the Hamiltonian is easier compared to classical optimization algorithms.

Figure 3.4: Quantum tunneling, a property of phasing through a thermal jump.

Quantum annealers can easily and naturally �nd the optimal solution in optimization

problems but with the current hardware they have enough downsides. Annealers are

really vulnerable to noise and thus their scalability is a problem. Also the connectivity

is an issue for the qubits, it is really hard to represent fully connected graphs even for

small scales.

3.5 Hybrid Quantum-Classical Optimization

Quantum annealers faced hardware limitations, such as limited connectivity and scalabil-

ity, prompting the exploration of alternative quantum computing paradigms. Variational

Quantum Algorithms (VQAs) emerged as a prominent approach�not solely to address
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3.5. HYBRID QUANTUM-CLASSICAL OPTIMIZATION

hardware constraints�but primarily because they rely on parameterized quantum cir-

cuits, which are optimized through classical feedback loops. This hybrid structure en-

ables the solution of complex optimization problems on noisy intermediate-scale quantum

(NISQ) devices.

The hybrid nature of the algorithms is because of their need to use both quantum

and classical computational power. Depending on the problem the quantum part of the

algorithm (e.g circuit, ansatz) can vary. The big picture is that a parameterized quantum

circuit is used to compute a cost function, then a classical optimizer is optimizing the

parameters to produce the optimal solution.

Figure 3.5: Big picture of a VQA.

First step of the algorithm is to de�ne a cost function C, which is the problem's

function to be minimized. Then a quantum circuit called ansatz acts on a starting state

|ψ0⟩ and produces an outcome based on the parameter θ.

If we denote the ansatz as an oracle, which is a parameterized unitary operator Û(θ) then

the outcome is:

|ψ⟩ = Û(θ) |ψ0⟩

After that, the cost function is computed as:

C(θ) = ⟨ψ(θ)|H |ψ(θ)⟩

This cost function is fed to the classical optimizer, which tries to minimize its value

through the change of the angle θ. After a certain amount of iterations when the termi-

nation criteria are met we are left with the optimal angle θ∗ which minimizes the cost

function and returns the desired state |ψ∗⟩.

|ψ∗⟩ = Û(θ∗) |ψ0⟩
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Lastly we measure state |ψ∗⟩ and if its the optimal state we get the optimal bitstring

x∗ with a big probability. State can also be expressed as:

|ψ⟩ =
∑

i ai |xi⟩

where |xi⟩ is the bitstring and a2i is the corresponding probability.

So to take the right solution of this superposition |a∗|2 must be close to 1.

The classical optimizers used to optimize the angles for VQAs can be both gradient-

free and gradient-based optimizers. There are several optimizers that have been speci�-

cally fabricated to optimize VQAs. Nevertheless, NP-Hardness of the problems are not

eliminated, so optimizing the angle parameters is still considered to be an NP-Hard prob-

lem for classical optimizers.

3.6 Algorithms

Below two commonly used hybrid quantum-classical approximate algorithms are pre-

sented and then used to solve two well-known problems, the Max-Cut and Subset-Sum

problem.

3.6.1 Quantum Approximate Optimization Algorithm

QAOA or Quantum Approximate Optimization Algorithm is a hybrid algorithm designed

to solve combinatorial optimization problems. QAOA works like a quantum annealer to

solve QUBO problems taking advantage of the Trotterization theorem [8]. The di�erence

from VQAs is that there is a set of parameters γ, β and the ansatz is fabricated according

to the problem.

The trotterization theorem allows us to break down the exponential of the sum of

non-communicating Hamiltonians to grasp how QAOA mimics quantum annealers.

Quantum annealing Unitary operator:

|ψ(t)⟩ = eit(A(t)H0+B(t)H1) |ψ0⟩

Using the trotterization theorem we get:

|ψ(t)⟩ = eitA(t)H0eitB(t)H1 |ψ0⟩
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Now it is visible that if we replace tA(t) and tB(t) with the parameters γ and β we

get the Hamiltonian of the QAOA:

|ψ(γ, β)⟩ =
∏P

p=1 e
−iβpH0e−iγpH1 |ψ0⟩

where p is the the number of ansatz's repetitions which is called depth.

Figure 3.6: Multi-layer QAOA with depth=p

In the �gure above Cost function is given by:

C(|ψ⟩) = ⟨ψ|HC |ψ⟩

and the problem is said to be maximization which is equal to the minimization of cost

function multiplied with -1.

The two Hamiltonians applied above have certain names and uses.

� Cost Hamiltonian

The cost Hamiltonian is a problem speci�c Hamiltonian designed according to the

optimization problem. So, for di�erent problems cost Hamiltonian and the corre-

sponding circuit called ansatz may vary.

Having Hising as our cost function we can implement the ansatz.

Hising =
∑

i

∑
j Jijsisj +

∑
i hisi

which using operators is:

Hisingquantum =
∑

i

∑
j JijZi ⊗ Zj +

∑
i hiZi
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So for interactions between pairs of qubits an RZZ(θ) gate is used to represent an

entangling gate that acts on two qubit to ensure correlation and it is de�ned as:

RZZ(θ) = e−iθZi⊗Zj

where θ = 2γpJij

For the diagonal elements of the Ising/QUBO matrix or the
∑

i hiZi we have single-

qubit rotation around z-axis with just Rz gates.

Figure 3.7: RZZ

gate.

Figure 3.8: Single

rotation RZ gate.

� Mixing Hamiltonian

The mixing Hamiltonian is not problem speci�c so it a certain con�guration of

quantum gates for every problem. This con�guration ensures exploration through

the solution space. It consists of single-qubit gates that act to every qubit and are

rotations around x-axis.

HM =
∑

iXi

So the unitary operation applied is:

UM = e−iβ
∑

iXi

which is a rotation around x-axis for all qubits simultaneously.

The existence of the mixing Hamiltonian ensures that QAOA will balance explo-

ration and exploitation to solve the combinatorial problem.
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3.6.2 Hardware E�cient Ansatz

Hardware E�cient ansatz was created to give solution in cases where Quantum Approxi-

mate Optimization Algorithms are lacking. QAOA have problem speci�c ansatzes that in

a lot of case are not compatible with the quantum hardware. Also , in QAOA instances

deep circuits are needed for exact solutions to be produced, a fact that makes the circuits

susceptible to noise and decoherence as noise is analogous to circuit deepness.

So Hardware E�cient ansatz is a more generic type of circuit that is not problem

speci�c and it is designed to to be compatible with current quantum hardware. To

capture correlation and single-qubit operations, Hardware e�cient ansatz is tailored with

alternating single-qubit gates and gates that create entanglement.

Hardware e�cient ansatz works exactly like QAOA. Cost function is calculated and

then classical optimization is giving a better solution for the circuit's parameter θ. Typ-

ically, HEA consist of single rotation gates around y-axis and a CNOT or CZ entangling

gates alternating n times where n is the amount of layers.

Figure 3.9: Hardware E�cient ansatz �rst full layer and second layer's single rotation

gates with N qubits.

For complex scenarios more layers can be added to increase expressibility of the al-
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gorithm and produce better solution. There is an optimal point in choosing the number

or layers, beyond this point the deepness of the circuit becomes too large. This leads to

the unitary transformations to become highly random and approach a uniform distribu-

tion. Gradient of the cost function this way becomes exponentially small as the depth

increases, so it is di�cult for the algorithm to optimize its solution. This phenomenon is

called Barren plateus .

3.7 Application of Quantum Algorithms in Speci�c Prob-

lems

3.7.1 Max-Cut and Subset Sum

� Max-Cut Problem

One of the most common optimization problems that can be easily expressed as

QUBO are Max-Cut problems. Max-Cut is the division of a graph into to sub-

graphs. The essence of the problem is trying maximizing the number of edges that

are involved in the cut.

To formulate the problem we give values to the nodes of the graph. If i-th node

belongs to the sub-graph A then xi = 0, else xi = 1.

So, if xi and xj belongs to di�erent groups then the edge between them must be

add to the cut.

39



3.7. APPLICATION OF QUANTUM ALGORITHMS IN SPECIFIC
PROBLEMS

Figure 3.10: A random graph and its Max-Cut.

Formulation of the cost function:

The function: f(x) = xi(1− xj) + xj(1− xi)

takes values of 1 if the nodes belong to di�erent sides of the cut.

So:

maximizex C(x) =
∑

⟨i|j⟩ xi + xj − 2xixj

s.t xi ∈ {0, 1} ∀ i.

It is clear what with this formulation if xi and xj belong to di�erent sub-graphs

then their edge is added to the cut and the cost function is increased by one. So if

every edge has the same weight then if we maximize the cost function we maximize

the edges that are in the cut.

We can also notice that this problem can be expressed directly by a QUBO matrix.

The quadratic terms are the non-diagonal elements and the non-quadratic terms

can be squared and represented by the diagonal elements of the matrix.

� Subset Sum Problem

In the Subset Sum problem we have a vector a and a scalar value S. The goal of the

algorithm is to �nd a subset of the elements of a that are as close to S as possible.

To accomplish that we can multiply a with a binary vector x that takes values 0,1.

After that we subtract S and the value closest to zero is the optimal value, so the

40



3.7. APPLICATION OF QUANTUM ALGORITHMS IN SPECIFIC
PROBLEMS

bitstring x producing that value is the optimal bitstring.

So cost function is :

C(x) = aTx− S

To make this cost function optimizable we square it so it has an optimal point.

So the �nal problem becomes:

minimizexC(x) = (aTx− S)2

s.t xi ∈ {0, 1} ∀ i.

Below we shall see a Max-Cut and a Subset sum example to better grasp the concept

of VQAs for those problems but also for combinatorial optimization problems in general.

3.7.2 Max-Cut using QAOA and HE Ansatz

In this section we use the two di�erent algorithms to work on a the Max-Cut problem.

We delve deeper into the algorithms solution by manipulating circuit's deepness to �nd

better solution in non-exploding times.

Lastly we try to tailor a problem with a solution that can be easily validated, so we

can check algorithms accuracy and convergence.

So the graph created is the following:
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Figure 3.11: A 5-node graph with a simple and visible solution.

In this graph we see that the visible solution is the one that 1,4 or 2,3 in the same

sub-graph and leaves the rest together.

QAOA testing

� One layer.

With one layer in the problem speci�c quantum circuit we get:

Figure 3.12: Ansatz for QAOA and Max-Cut with 5 nodes.

It can be notice that entangling gates have been used only where edges exist. For
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example, nodes 1 and 4 do not have an edge connecting them so q0 and q3 repre-

senting those nodes do not have an entangling gate.

And the corresponding results are:

Figure 3.13: QAOA converges fast after 40 iterations in the optimal point. Using such a

shallow circuit with only 1-Layer and a small amount of total gates makes our algorithm

�nd the optimal solution with some probability but not fully converging to the optimal

solution with close to total accuracy.

� Five layers.

For �ve layers, the one-layer circuit is repeated �ve times and the results are depicted

below:

Figure 3.14: Probabilities of the measurements are distributed on the optimal solutions

in a better way, and that is why cost function has a value close to 5 when Max-Cut is 5.

10 experiments are conducted and we can see that the best one is really close to optimal.
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Theoretically, with a in�nite layer QAOA circuit we can reach the optimal point

with certainty when the problem can be depicted by a partially or fully connected

graph.

� Twenty layers.

If we create a 20-layer circuit we can imagine that there is a big computational

scaling and that run-time of the algorithm becomes non-e�cient for a small problem

like that. Nevertheless, the accuracy of the solution becomes really good making

non-optimal solutions almost disappear.

To conclude QAOA produces better solutions when the number of layers becomes

larger until the Barren plateaus are reached. Run-times explode for even small amounts

of qubits when large numbers of layers are used. So, for this problem we can see that

both algorithms reach a "ground truth" solution but the 5-layered one is su�cient not

to say better.

Hardware E�cient ansatz.

� One layer.

Hardware E�cient Ansatz does not encourage exploration. So we can see that after

�nding an optimal solution it stays on that solution without exploring more. This

can make the solution stack in local minima easier.
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Figure 3.15: It is noticeable that the cost function converges fast. The optimal solutions

are found with just one layer and all other solutions have zero probability of being mea-

sured in a noiseless simulation.

We do not need to do any more experiments with Hardware E�cient Ansatz, the

solution provided by one-layer is su�cient.

3.7.3 Subset Sum using QAOA and HE Ansatz

For the Subset-Sum problem we will also tailor a problem so the best solution is visible.

a =



2

1

2

1

1

1


and scalar S = 8 , So |x∗⟩ = |111111⟩

QAOA testing

� One Layer QAOA
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Figure 3.16: Distribution indicates that optimal solution is found with a big probability

and that the cost function converges.

� Five layer QAOA

Figure 3.17: Distribution indicates that optimal solution is found with a big probability

but smaller than the one-layer and that the cost function converges.

The fact that less layers produce a better result can be for several reasons.

� Problem is a simple one so adding complexity through more layers may over-

complicate a rather simple problem.

� Initialization is done randomly and solution depends on that. Nevertheless,

ten experiments are done to mitigate randomness but, it still exists.
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� For a simple problem that the optimal solution can be found with one layer,

adding complexity with more layers creates more noise so the solution can

become actually worse.

� When adding more layers, the optimization parameters are more so the clas-

sical optimizer may �nd it more di�cult to explore the parameter space and

provide the optimal set of parameters.

Hardware E�cient Ansatz.

In VQA using HEA the algorithm does not encourage exploration. If the a minimum

is found the algorithm is prone to stack in this minimum. Subset Sum is a rather easy

problem with an easy to navigate landscape. This makes HEA working extremely fast

providing the best solution almost instantly in scenarios like that.

One Layer HEA.

Figure 3.18: Distribution indicates that almost always the optimal solution is found even

with one layer and that the cost function almost instantly converges to the optimal value

of the cost function.

47



Chapter 4

Quantum Optimization in Scheduling

Problems

In this chapter, we present the core contribution of this thesis, which focuses on apply-

ing quantum algorithms to complex scheduling problems. We begin by introducing the

general class of scheduling problems, which play a central role in a wide range of indus-

trial and operational contexts. These problems involve the allocation of limited resources

over time to perform a set of tasks, often under strict constraints and with the objective

of optimizing performance metrics such as total completion time, lateness, or resource

utilization.

Among the various types of scheduling problems, we concentrate on a particularly

challenging subclass known as the Job-Shop Scheduling Problem (JSSP). JSSP encom-

passes a broad family of optimization problems in which multiple jobs, each composed

of a sequence of operations, must be scheduled on a set of machines. Each operation is

constrained to a speci�c machine and must follow a prede�ned order. Due to the combina-

torial explosion of possible schedules, JSSP is widely recognized as an NP-hard problem,

and as such, remains computationally intractable for large instances when approached

using classical methods alone.

To investigate the potential of quantum computing in this domain, we construct and

study a manufacturing scheduling problem that falls within the JSSP framework. This

problem models a realistic industrial scenario in which various tasks must be scheduled

e�ciently across multiple machines, re�ecting both precedence constraints and machine

availability.

The remainder of the chapter is dedicated to exploring how quantum algorithms�speci�cally,

those designed for optimization such as QAOA�can be employed to address this manu-

facturing scheduling problem. We translate the problem into a form suitable for quantum

computation, typically through a QUBO (Quadratic Unconstrained Binary Optimization)
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formulation, which facilitates implementation on current quantum hardware or simula-

tors.

Through this investigation, we aim to assess both the computational complexity and

the solvability of various problem instances. By evaluating the performance of quantum

algorithms on di�erent scales and con�gurations, we explore the feasibility of extending

quantum approaches to real-world scheduling challenges and large-scale data environ-

ments. This serves as a critical step toward understanding the limitations and capabili-

ties of near-term quantum devices in solving practically relevant industrial optimization

problems.

4.1 Scheduling Problems

Scheduling is used in a broad number of instances to allocate resources with the ultimate

goal of minimizing the total time or resources a certain procedure requires. The instances

scheduling problems can be used, is in hospitals to allocate nurses or doctors to shifts,

in computers, to allocate CPU resources to di�erent tasks, or even to how to allocate

runways in an airport to deal with takeo�s and landings.

Generally a scheduling problem can be described as follows:

� Jobs: There is a set of Jobs that must be completed.

� Tasks: A Job consists of certain Tasks that must be done in certain order.

� Resources: To �nish the set of Tasks and in that way complete a Job requirement

there is a �nite set of resources that can be used.

A scheduling's problem goal is to allocate tasks to resources without violating the

constraints introduced in an optimal way. The optimality is decided by some measure

performance, typically the total time needed.

In general, there is a big amount of categories that a scheduling problem can fall into.

This is decided by the characteristics of the scheduling problem, for example there can be

deterministic scheduling or uncertain scheduling. Our problem falls under the umbrella of

JSSP which are multiple machines scheduling problems. The fact that multiple machines

exist and a Job does not undergo the same sequence of machines to be produced provides

�exibility but also complexity(bigger amount of variables).

This manufacturing problem is a special case of scheduling problem. Special and

really speci�c constraints are introduced as task ordering, inactivity windows, need-by-

date and even campaigning. Those constraints are introduced to make the problem �t in
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real world applications where certain products must be created on speci�c deadlines or

where manufacturing lines do not work without periods of inactivity.

4.2 The Manufacturing Production Scheduling Prob-

lem

4.2.1 Problem Introduction

The big picture of the manufacturing problem is how tasks that belong to jobs can be

assigned to machines, without violating any constraints so a certain number of jobs is

completed in the minimum possible time. This problem is considered to JSSP which

is a NP-Hard problem. Nevertheless, the mathematical formulation and how it can be

converted into a QUBO are of signi�cant importance. Having this QUBO formulation

and even tackling toy problems can set the grounds for bigger real life problems when

the hardware is ready.

Undoubtedly, the manufacturing problem is a struggle for every production factory

that wants to maximize its e�ciency and its reward in a certain amount of time, utilizing

every machine at its maximum and respecting inactivity windows like vacations and

weekends for its employees.

4.2.2 Introducing the Disjunctive QUBO Model

Problem de�nition disjunctive model is used.

JSS problem is de�ned as a problem of N Jobs and a �nite set of machines M. For

convenience we refer to the problem as n × m problem. For each job a vector that

represents the order of J job through the machines is given. This vector
[
σJ1 , . . . , σJm

]
indicates the operations (tasks) of job J. For each set of job i and machine j, we are given

an non-negative integer pi,j which represents the time needed for the i-th job to �nish at

j-th machine. There is also a constraint that each machine can process at most one job

at a time and once a job starts on a machine it must �nish without interruption. The

�nal objective is to �nd a schedule that minimizes the makespan of a set of Jobs in a

�nite set of Machines.
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Figure 4.1: The �rst �gure shows the ordering of the operations of each Job and in which

machine each operation can be assigned. In the second �gure we see a potential schedule

that satisfy the constraints and has a certain makespan.

Model Formulation

The following Mixed Integer problem is based on Manne. First of all we present the

decision variables:

Starting time:

xij = c, c ∈ N
for j-th job in i-th machine

Precedence:

zijk =

1, if job j precedes job k on machine i

0, otherwise

So the complete disjunctive model:

� min Cmax Optimization is done over the total makespan, so the objective is to

minimize the starting time + operating time of the last job.

� Constraints

� xij ≥ 0

which states that the starting timestep of each job must be bigger than zero.
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� xσj
h,j

≥ xσj
h−1,j

+ pσj
h−1,j

which is called the precedence constraints. And states that if two opera-

tions are from the same job, if operationh precedes operationh−1 then, starting

time + operating time of operationh−1 must be smaller than starting time of

operationh. This way operations are done in the right order.

� xij ≥ xik + pik − V zijk

which is constraint that ensures that if job k precedes job i, and they are

processed in the same machine no collision will happen. The last term indicates

that if j precedes k then z variable which is a switch subtracts V, a su�ciently

large value, so the inequality is always ful�lled.

� xik ≥ xij + pij − V (1− zijk)

this constraint is "symmetric" to the one above ensuring the other case.

� Cmax ≥ xσj
m,j

+ pσj
m,j

which ensures that the total makespan is bigger than the last jobs starting

time + operation time.

� zijk ∈ {0, 1}

which states that z can only take binary �ag values.

To conclude we can understand that there is a direct correlation of the disjunctive

model and our problem. So we can create our formulation on the disjunctive model

formulation. The di�erence between MIP and QUBO is that the �rst model has integers

as inputs and the later one has only binary variables as inputs. Nevertheless, we can

create an encoding to make integer → binary.

4.2.3 Mathematical Formulation

To start with the problem we introduce a variable that represents the starting time of

every task of a certain job. This variable will be denoted as SJi with i representing the

task and J representing the Jobs.
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After dividing the total time into timesteps we observe that if for example i-th task

starts at timestep 3 then:

SJi = 3

Now, we make this integer representation binary, because the problem we solve is a

binary optimization problem so:

SJi = 11

Finally a matrix is created that represents the starting time of each task and that it

should be optimized. This matrix has a size of:

#tasks× log(#timesteps) .

Then the variable Xi,m is introduced.

Xi,j =

1, if task i operates on machine j

0, otherwise

So a matrix X is created that has a size of:

#tasks×#machines.

Then a di�erent set of variables is needed called sequencing variables.

Yi,j =

1, if task i precedes task j

0, otherwise

So a matrix Y is created that has a size of:

#tasks×#tasks.

Lastly a set of variables is used to handle inactivity windows.

Zi,l =

1, if task i starts before inactivity window l

0, if task i starts after inactivity window l

So a matrix Y is created that has a size of:
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#tasks×#inactivitywindows.

To create the input variables that will have a one-to-one correlations with the qubits

we use as input we must �atten, into a vector, all those matrices and then create a

single vector with all those variables. In essence, those sizes above represent a worst-case

scenario of scalability and do not correspond in real scaling.

Figure 4.2: From the matrices created to represent the scheduling problem to qubits used

as input for the quantum hardware.

Parameters

To have a good representation of the problem we introduce some parameters that will

help us create the constraints of the problem in an accurate way.

� pJ
i : Processing time of task i of job J.

� bJ
i : Brand of task i job J. If two tasks i,j have a di�erent brand and they are

executed on the same machine one after the other then a cleaning time of the

machine is introduced.

� bJ
i
∗
: Brand of task i job J. If two tasks i,j have same brand but di�erent strength

key(sub-bran measurement) and they are executed on the same machine one after

the other then a cleaning time of the machine is introduced.

� δjk: which is a �ag if task j and k belong to di�erent brands.

� δ∗jk: which is a �ag if task j and k belong to same brands but have a di�erent

strength key (sub-brand measurement).

� urm: which indicates the capacity the machine works. If urm = 0.9 then process

time takes a total of pJi (2− urm).
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� DJ: which indicates a date that job J must be completed.

� M: is a su�ciently large value to activate or deactivate inequality constraints.

� [mm,s,mm,e]: represents the starting time and ending time of a maintenance window

for machine m.

� tc: time required for cleaning if two tasks belong to di�erent brand.

� t∗c: time required for cleaning if two tasks belong to di�erent strength key.

The binary optimization problem is described as follows:

Minimize Cmax

Cmax ≥ SJi + pJi (2− urm)−M(1−Xi,m) ∀i. (4.1)

SJk ≥ SJi + pJi (2− urm)−M(1−Xi,m) ∀ i, k ∈ j, ∀ j ∈ J (4.2)∑
m

Xi,m = 1 ∀i (4.3)

Dj ≥ Sji + pji (2− urm)−M(1−Xi,m) ∀ i, j. (4.4)

SJk ≥ SJi + pJi (2− urm) + δi,ktc + (1− δi,k)δ
∗
i,kt

∗
c

−M(1− Yi,k)−M(2−Xi,m −Xk,m) ∀ i ̸= k. (4.5)

SJi ≥ SJk + pJk (2− urm) + δi,ktc + (1− δi,k)δ
∗
i,kt

∗
c

−M(1− Yi,k)−M(2−Xi,m −Xk,m) ∀ i ̸= k. (4.6)

SJi + pJi (2− urm) ≤ mm,s +M(1−Xi,m) +M(1− Zi,l) ∀i, l (4.7)

SJi ≥ mm,e −M(1−Xi,m)−MZi,l ∀ i, l (4.8)

In the following lines we will try to delve deeper into the inequality constraints:

� Makespan Constraint (4.1)

This constraint ensures that every task is �nished before the makespan time. This

�ag for the machine indicates that this inequality holds only for the machine m, so

we can use the proper utilization rate.

� Task Order Constraint (4.2)

This constraint is about tasks precedence, so they follow the right order. Last term

plays the same role as before.
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� Single Machine Assignment Constraint (4.3)

Constraint is about every task running at exactly one machine.

� Need by Date Constraint (4.4)

Above constraint ensures that if there is a need for a certain Job to be completed

by a certain timestep it will be ful�lled.

� No Overlapping/Campaigning Constraint (4.5) (4.6)

This ensures that if task i starts before task k it will be �nished �rst before k's

initialization and vice-versa. The terms with the deltas apply cleaning times if

needed, term with Y ensures precedence and last term ensures that tasks should

run at the same machine.

� Maintenance/Holiday Constraint (4.7) (4.8)

Last two constraints ensure that a task will end before an inactivity window and

will start after the inactivity window's ending time. The terms using X variables

ensure the machine is right and the last terms check if the task should start after

or before an inactivity window.

Augmented Lagrangian Method

To handle all this inequalities the intuition behind it is to make them equalities. To

do that a slack variable is added to every inequality and the constraint is si ≥ 0.

So, if we have a constraint:

s.t aTi x− bi ≤ 0

then we convert it to equality:

aTi x− bi + si = 0 with si ≥ 0

This way of handling inequalities uses slack variables as additional input variables,

a fact that makes slack variables really ine�cient for quantum computing because the

qubits we can use are up to 20.

To handle this problem another method is introduced called Augmented Lagrangian

method. To handle the constraint we try to minimize the cost function plus a penalized

second-order Taylor approximation of the constraints. If a constraint is violated then the

penalty of this particular constraint is increased and the optimization is done again.
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Figure 4.3: Snippet of pseudo-code of Augmented Lagrangian method.

Using this method is like using the Newton method for the constraints to reach the

feasible set in less time using less variables.

4.2.4 Algorithmic Approach

To construct the problem we create the QUBO function for every term of our uncon-

strained cost function and then add them all together in a general QUBO model this

model is then optimized, and the optimal bitstring produced is decoded and translated

into a gantt graph of the initial problem.

To visualize the problem better we use graphs of the toy example:

Figure 4.4: A toy example of 4 tasks and 2 di�erent Jobs. Tasks of di�erent jobs are

denoted with a di�erent color.

We can also visualize some of the constraints in this example like task-ordering:
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Figure 4.5: Ordering is denoted by the indices of the Tasks so ID 1 must be �nished prior

to the start of ID 2.

In the above picture we can also visualize no overlapping constraint as we can see that

for a task to start the one running before should be �nished. Also a possible inactivity

window can be illustrated as follows:

Figure 4.6: A possible inactivity window and how it would be handled by the optimization

algorithm.

Lastly to visualize how a bitstring is produced and decoded there is a bitstring illus-

trated and analyzed below:

Figure 4.7: The outline of qubits representing our classical variables.

In he bitstring above:

� Cmax: Cmax indicates the total time the production will take. For example, if

Cmax = 11 then total time will be four timesteps.
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� Si: This set of variables corresponds to the starting time of the i-th task. For

example, if S1 = 00 then the �rst task will start at timestep zero.

� Xi,m: This is a binary variable denoting if machine m is used by the i-th task or

not.

� Zi,l: If the value of this variable is equal to one this means that the i-th variable

has �nished before the inactivity window denoted by l.

� Yi,j: Those are tuples that denote that a pair of tasks is used by the same machine,

so there is a potential of overlapping and con�ict.

QAOA approach

To implement this problem we started by creating small examples to ensure that ev-

ery constraint can be satis�ed. The two main constraints that come to play in every

scheduling optimization problem of that category is the order constraint problem and the

no overlapping/ campaigning constraint. The other limitations are too problem speci�c

and help us construct a real world problem but on a research level validation of those

constraints is crucial.

Task order constraint

To start evaluating task order constraint we created a really simple example with two

tasks, one machine and one job. This simple example alone consists of 8 qubit when the

maximum number of qubits is around 25-30.

Using QAOA we created di�erent depth circuit to see the minimum depth circuit that

can tackle with the problem. Di�erent experiments were conducted using from 1 up to

20 layers.

There is proof of convergence for QAOA algorithms when circuit depth goes to in�nity

but for problems that can be well represented by undirected graphs.

� 1-Layer QAOA

The cost function of the problem is depicted bellow. Convergence does happen but

the problem is not expressed in the best way possible so the value that it converges

to is not the optimal.
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Figure 4.8: Cost function of 1-Layer QAOA using 8 qubits. The value it converges is sub-

optimal, the depth of the circuit is not enough to capture the complexity of the problem.

The Gantt chart produced by the solution is depicted bellow. Here we can notice

that the solution is not only sub-optimal but it is not even in the feasible set,

meaning that the solution is not satis�ed.

Figure 4.9: Gantt chart produced.The solution of the 1-Layer QAOA is not in the feasible

set because task ordering constraint is violated.
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� 12-Layer QAOA

With 12 layers we can again see that the cost function does reach convergence.

This time by seeing and analyzing the Gantt chart we see that we actually reach

the optimal solution of the problem.

Figure 4.10: Cost function for 12-Layer QAOA. More iterations are needed for the cost

function to converge but a better solution is produced.
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Figure 4.11: Gantt chart produced. The optimal solution that lies in the feasible set is

depicted.

� 20-Layer QAOA

It is observed that the algorithm converges again but as we see in the Gantt chart

the solution lays in the feasible set but is sub-optimal.
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Figure 4.12: Cost function for 20-Layer QAOA.In this cost function that correlations

between qubit are su�ciently expressed by the deepness of the circuit we can compare

with the 12-Layer one and we can observe we reach a worse solution.

Figure 4.13: Gantt chart produced.The solution is feasible but it is sub-optimal so a

timestep is not exploited as it should.

To conclude, the problem even with 20-Layers produce even sub-optimal solutions.

This can be due to several reasons. First of all, this problem speci�c ansatz that expresses
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really well problems that can be depicted by graphs does not express well this JSSP

problem even for simple instances. With QAOA there is no point in creating and trying

to solve bigger problems as we see that solutions are not optimal when time complexity

for 20-Layers is already big enough.

Hardware E�cient Ansatz Approach

In this section, we see how a generic ansatz like Hardware e�cient ansatz deals with the

problem. We also use the Augmented Lagrangian method so lagrangian multipliers are

updated iteratively when a constraint is not satis�ed.

Task order constraint

Same toy example is tackled here.

Figure 4.14: First Lagrange iteration. A constraint is violated here so the corresponding

qubits are penalized accordingly using a di�erent QUBO matrix.

First Lagrange iteration converges but the value is not feasible so another iteration is

performed to reach a solution that lays in the feasible set.
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Figure 4.15: Last Lagrangian iteration. Algorithm terminates, indicating a feasible solu-

tion has been found.

Figure 4.16: Gantt chart produced by the last iteration that both lays in the feasible set

and is optimal.

This experiment was run several times. Every time a feasible solution was produced

and most of the times the solution was also the optimal one. Time was minimal for this

problem so we can see that there is potential to scale it up. Also we can conclude that
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the formulation of the problem in general is in the right track as the algorithm looks and

�nds the right answer.

Task Order Constraint with Overlapping/Campaigning Constraint

For this toy example we used 3 tasks with 2 machines and 2 jobs, in a time window

of 4 timesteps. The total number of variables is 12 which corresponds to 12 qubits. This

is not considered a small problem for quantum computers.

The problem was run several times and in all of them the solution was in the feasible

set. This ensures that the formulation is good and simple problems are well expressed.

Figure 4.17: First iteration cost function. A feasible solution is not reached so more

iterations are needed.
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Figure 4.18: Last iteration cost function where all the constraints are met.

We see that cost functions converge but for example in the �rst iteration the solution

is not feasible. In those bigger problems we can �nd and stack in local minima or even

�nd global minimum but even then understand that it lays outside the feasible set.

Problem has a lot of hyper-parameters that can be sub optimally tuned and also QUBO

problems cannot tackle problems with too many constraints e�ciently when created to

also minimize the size of classical variables. Nevertheless, for this simple toy example

we reach every time a feasible solution so we reach the terminating condition for the

Lagrangian model as depicted in the gantt chart bellow.
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Figure 4.19: Gantt chart for 3-Layer HEA. A feasible solution has been reached but it is

sub-optimal.

Every constraint except inactivity window constraint.

In this section, an example is created to ensure that every constraint is satis�ed.

Inactivity window constraint is not included in the formulation cause with this variable

minimization approach it adds a lot of complexity to the algorithm and good solutions

cannot be captured.

For this example the total classical variables are 16. The total number of tasks is 4

with 2 machines, 2 jobs and a total number 4 timesteps. A 3-Layer HEA is used and we

also use a 20-Layer QAOA to depict that QAOA cannot capture good solutions.
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Figure 4.20: Cost function for QAOA and HEA.

Figure 4.21: A promising solutions has been reached. In a more complex scenario with 4

total constraint the optimal solution was met.

We can observe that the QAOA does not even converge when the HEA works well

for even a more complicated example. Algorithm was run multiple times and most of

them produced a ground truth result depicted in the above gantt chart. Nevertheless,
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scalability has its limits with classical hybrid approaches and we cannot tackle bigger

state spaces in logical time just yet.

In the next chapter a simpli�cation is made and with a qubit e�cient scheme, bigger

problems can be formulated with a non one-to-one mapping. Interesting results are

produced with hybrid algorithms that gives hope for quantum approaches in the future.

4.2.5 Result Validation

In the whole section we formulated a complex problem as QUBO, adding all the con-

straints of the problem in the cost function to be optimized. Then we used classical

quantum optimization approaches to tackle the problem and saw some promising results

for toy problems. In the next years with more qubits coming into play there may be ways

to solve bigger, close to real JSSP and take advantage of quantum mechanics special

properties to solve NP-Hard problems in even polynomial time.
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Chapter 5

Qubit E�cient Quantum Optimization

for Scheduling Problems

In the following chapter, we extend the theoretical foundations and problem formulations

developed earlier by focusing on practical implementations and experimental evaluations.

A central challenge in applying quantum algorithms to real-world optimization problems

lies in the limited number of qubits and high noise levels characteristic of current quantum

hardware. To address this constraint, we introduce a set of qubit-e�cient encoding

schemes aimed at representing problem instances more compactly, while preserving their

essential computational structure.

These encoding methods are designed to reduce the number of qubits required to

represent scheduling problems�particularly instances of the Job-Shop Scheduling Prob-

lem (JSSP)�without sacri�cing the expressiveness or correctness of the optimization

formulation in a severe way. Alongside these encoding schemes, we also apply problem

simpli�cations to reduce dimensionality, eliminate redundant constraints, and focus on

core substructures of the original problem. This dual approach allows us to signi�cantly

scale up the size of testable instances, targeting problem formulations with a larger num-

ber of variables than would otherwise be tractable on near-term quantum devices.

With these optimized formulations in place, we proceed to implement and solve a series

of problem instances using both quantum simulators and actual quantum hardware. The

hardware runs are performed on available quantum processors provided through cloud-

based platforms, o�ering valuable insight into the real-world performance and reliability

of current quantum technologies. These tests allow us to evaluate the impact of noise,

circuit depth, and device-speci�c limitations on solution quality.

Finally, we present and analyze the results of these experiments, focusing on key

performance indicators such as solution �delity, convergence behavior, runtime and of

course feasibility. Comparisons are made between di�erent encoding approaches. These
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results contribute to our broader objective: evaluating the practical viability of quantum

computing for industrial-scale optimization and understanding how quantum resources

can be leveraged most e�ectively in the presence of real-world constraints.

Next we will try analyze and delve into the material published by [9],[10]:

Tan, B., Lemonde, M.A., Thanasilp, S., Tangpanitanon, J. and Angelakis,D.G., 2021.

Qubit-e�cient encoding schemes for binary optimisation problems. Quantum, 5, p.454.

Ioannis D. Leonidas, Alexander Dukakis, Benjamin Tan, Dimitris G. Angelakis,2024.

Qubit e�cient quantum algorithms for the vehicle routing problem on quantum computers

of the NISQ era. Adv. Quantum Technol. 20, 2300309.

The ability of solving QUBO problems is a motivating fact that makes quantum

computing an open research �eld with great potential. Nevertheless, quantum hardware

is not su�ciently developed yet, so it is di�cult to tackle real world problems with big

inputs and data.

Quantum algorithms like QAOA and Harware E�cient ansatz use a one-to-one map-

ping between classical variables and qubits. This encoding is used to fully exploit quan-

tum hardware's properties like superposition and entanglement which better simulates

correlations between qubits. The limitations of today's quantum hardware though makes

scalability of those problems really small.

The paper analyzed in this chapter proposes solution to examine bigger state spaces

with the hardware provided. The already proposed and used one-too-one mapping is

referred as complete or full encoding. This full encoding takes every possible solution

and translates it in a quantum basis state |xi⟩, which leads in having a quantum state of

2nc basis states where nc is the number of classical variables.

So the quantum circuit and the optimization algorithms are producing a superposition

which is :

|ψ(θ)⟩ =
∑2nc

i=1 ai(θ) |xi⟩

This a(θ) represents a vector of the probabilities of every state of the 2nc possible

states. This quantum computing principal of testing multiple classical solutions simul-

taneously gives a computational advantage to quantum computing. Nevertheless, this

one-to-one mapping has a trade-o� of making the possible solutions and the Hilbert

space immensely large for a small amount of input variables. So in this chapter by
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introducing qubit-e�cient encoding we try to minimize the qubits needed for binary op-

timization problems. The idea behind the encoding is, instead of representing the entire

set of classical variables, we can divide the classical bitstring to subsets and use quantum

superposition to evaluate all the possible solutions of all possible subsets simultaneously,

to then compose a classical solution.

To put this idea in action �rstly we need to divide the nc classical variables into

R subgroups. We can encode each classical variable the way we want, meaning each

subgroup can have any number of binary variables and each classical binary variable can

be a part of many subgroups. For simplicity, in this chapter we will use disjoint subgroups

which have the same amount of variables on them. So we choose a number of variables

each subgroup will have and we denote it as na. To be able to access and enumerate the

di�erent subgroups we use also qubits called register qubits.

The number R of subgroup depends only to the number of classical variables and

to the number of the variables contained to each subgroup. To calculate R, we use the

simple formula :

R = nc

na

To denote each subgroup we use a number of qubits which is nr = ⌈log(R)⌉. If a

subgroup consists of just two binary variables then it will also have 2 ancilla qubits which

will denote the values of the variables.

To better understand the encoding:

Let there be 8 classical variables that are separated into 4 subgroups so there are 2 ancilla

qubits representing the values of the subgroup and 2 qubits representing the index of the

subgroup.

Then for example: |x⟩ = |0001⟩ = |00⟩ |01⟩ which indicates that the values of the second

subgroup are 00.

So the total qubits needed for this representation is:

nq = na + nr

And the quantum state that represents the encoding is :

|ψ(θ)⟩ =
∑R

r β(θ)(
∑2na

i=1 a
i
r(θ) |xia⟩)⊗ |r⟩.

where xia denotes the value of the ancilla for register r.
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5.1 Qubit E�cient Schemes explained

For this encoding scheme there are corner cases to consider. For example full or complete

encoding is when the number of ancillas is equal to the number of classical variables

na = nc. Another corner case is for ancilla qubits equal to 1. In this case, the maximum

minimization is done for qubits and the number of qubits used is:

nq = 1 + ⌈log(nc)⌉

In this corner case though, if there is a correlation between qubits it is not expressed

and handled in the quantum computation process. So, in this case we do not take ad-

vantage of the entanglement principle of quantum mechanics. This approach is called

minimal encoding, and the trade-o� presented is that it encodes e�ciently only statisti-

cally independent classical variables.

So, the idea is to increase the number of ancillas, and this way we can capture na-

body correlations between classical variables. These correlations make sure that if there

is dependency between classical variables it will be taken into consideration to �nally

produce the optimal bitstring. Concluding, we determine the number of ancilla qubits

depending on the classical dependency between variables reaching full encoding when

there is complete dependency.

Cost Function

The cost function for QUBO problems is :

C =
∑2nc

i=1 Pr(xi)xi
TQxi

Nevertheless, in this approach the cost function is straight forward because the xi

represents the whole bitstring |xi⟩, so the complete classical solution is depicted. On the

other hand to produce the cost function of a qubit e�cient scheme a di�erent process is

needed. A qubit e�cient formulation creates bitstrings that do not represent the whole

solution. To create a full solution you need to take one ancilla measurement from each

register and concatenate them into one.

So a solution like |xiα⟩ |r⟩ does not depict a full classical solution but a part of it. The

cost function of a qubit e�cient formulation is computed as follows:

Cθ =
∑

x Prθ(x)x
TQx

=
∑

x Prθ(x)
∑nc

i,j=1 xiQi,jxj

=
∑nc

i,j=1Qi,j

∑
{x|xi=xj=1} Prθ(x)
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=
∑nc

i,j=1Qi,jP
1,1
i,j (θ)(1− δi,j) +

∑nc

i=1Qi,iP
1
i (θ)

In those equations x represents the concatenation of the complete classical bitstring.

The bitstring given xi and xj is equal to 1 is part of the subspace where those variables

take certain values with 2nc−2 possible solutions. P 1,1
i,j represents the probability of both

xi and xj being 1 where P
1
i represents xi being 1. This representation of the cost function

can be applied in various scenarios, and in every encoding scheme. Di�erent encoding

schemes result to di�erent translation and calculation of the probabilities above.

Minimal encoding scheme

The minimal encoding scheme is the simpler scenario of encoding that requires the

least amount of qubits for the same amount of classical variables. The approach of min-

imal encoding represents the corner case where, nα = 1 so every register group contains

only one binary variable. So the total number of the subgroups is R = log(nc) and the

total number of qubits needed is :

nq = 1 + ⌈log(nc)⌉

For the minimal encoding we can derive a formula to represent the quantum state as

follows:

|ψ(θ)⟩nα=1 =
∑nc

i=1 βi(θ)[ai(θ) |0⟩α + bi(θ) |1⟩α]⊗ |ϕi⟩r

In this formula |ϕi⟩r is the register group and the |0⟩α , |1⟩α is the value of the register
group (ancilla) multiplied with the corresponding probability according to measurements.

This particular encoding encapsulates each classical variable in a register group and

explores how it's value a�ects the cost function. The probability distribution:

Pr(x) =
∏nc

i=1 Pr(xi)

The above formula indicates that to �nd the probability of each bitstring we multiply

the probabilities of every register group having a speci�c value. The probability of xi

having a certain value like one is: Pr(xi = 1) = |βi(θ)|2 and the probability of it being

zero is the complementary: Pr(xi = 1) = |1− βi(θ)|2 = |αi(θ)|.

A simple example to understand the later formulation is having 4 classical variables. If

we use minimnal encoding we need 4 register groups to represent every classical variable,
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so the number of register qubits will be two. In this representation for example bitstring

|0⟩ |00⟩ represents the �rst group out of 4 and this group has a value of zero. So:

|ψ⟩na=1 =
1
2
(|0⟩α |00⟩r + |1⟩α |01⟩r + |0⟩α |10⟩r + |1⟩α |11⟩r)

represents the classical bitstring:

x =
[
0 1 0 1

]
In conclusion, minimal encoding does not allow us to capture correlations between

qubits which makes it's use limited. Also to capture all the possible ways a bitstring

can formulate we need at least 4 measurements, so we do not �nd possibilities for every

classical bitstring simultaneously.

To calculate the cost function for minimal encoding we use the formula above. Because

correlations cannot be captured, we consider variables independent, so the joint proba-

bility of two variables is just the product of the probabilities. So P 1,1
i,j is |βi(θ)|2|βj(θ)|2

when i ̸= j and , P 1
i is |βi(θ)|2|βi(θ)|2 when i = j.

To visualize the formula it becomes:

Cθ =
∑nc

i,j=1Qi,j|βi(θ)|2|βj(θ)|2(1− δi,j) +
∑nc

i=1Qi,i|βi(θ)|2|βi(θ)|2

n-Body Correlation

There can be included more that one ancilla qubits in a group. This indicates that

more qubits are needed in comparison to minimal encoding but some correlations between

variables can be captured. For simplicity we will explain a case with 2 ancilla qubits in

each register subgroup.

To measure an entire bitstring |ψ(θ)⟩ that corresponds to a full classical solution:

|ψ(θ)⟩na=2 =
∑

i,j∈P βij(θ)[aij |00⟩α + bij |01⟩α + cij |10⟩α + dij |11⟩α]⊗ |r⟩r

where P is the set of pairs i,j. The computation of probabilities on this encoding

is di�erent from the minimal encoding but the intuition is the same. So for example if

we want to calculate the probability of the i-th classical variable which lies on the r-th

register group.
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� If i-th variable is the �rst of the group:

Pr(xi = 1) = |ci(θ)|2 + |dj(θ)|2

� If i-th variable is the second ancilla of the group:

Pr(xi = 1) = |bi(θ)|2 + |dj(θ)|2

Now if we want to calculate probability of i ̸= j and Pr1,1i,j then:

� If they are on di�erent register groups:

Pr1,1i,j (θ) = Pr(xi = 1)Pr(xj = 1)

� If they are on the same register group:

Pr1,1i,j (θ) = |dr(θ)|2

The conclusion of the encoding schemes is that like every minimization in information

and connectivity in order to simplify a problem there exists an accuracy trade-o�. Like

every simpli�cation we can notice that in order to encapsulate bigger problems we create

formulations that do not capture correlations between every qubit. Intuitively we know

that this makes our solution less accurate and possibly sub-optimal. Nevertheless, for

speci�c problems that variables are almost independent qubit e�cient schemes can work

well and produce promising results. Qubit e�cient schemes though bridge the gap be-

tween classical and quantum scalability in variables with the current quantum hardware,

so they are a promising and interesting research area.

5.2 Qubit E�cient Formulation applied

5.2.1 Subset Sum Problem

To check the validity of our algorithm the �rst thing is to test it on simple examples. A

simpler problem than a JSSP is the subset sum. The goal of the algorithm is to choose

a subset of a vector a that is as close as it can to a scalar S.

So cost function is :

C(x) = aTx− S

To make this cost function optimizable we square it so it has an optimal point.

So the �nal problem becomes:
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minimizexC(x) = (aTx− S)2

s.t xi ∈ {0, 1} ∀ i.

First Experiment

Firstly, a small vector was created with 12 variables to check the quality of di�erent

encoding schemes compared with the full encoding. For every encoding 5 di�erent exper-

iments where conducted and both the mean and the variance of every cost function was

captured.

Figure 5.1: Cost function of 12 variables Subset Sum.

In the plot above we can see four di�erent encoding schemes. First of all the min-

imal encoding that uses one ancilla qubit, and in total for 12 variables it needs only 5

qubits.Then, a 3-ancilla scheme and a 5-ancilla scheme is used needing 5 and 7 qubits.

The last is the full encoding that captures correlations between all variables because the

qubits and the classical variables used have a one-to-one mapping. The other encodings

capture less correlations and dependencies.

Nevertheless, this problem is fairly easy and we can capture the best solution even

with minimal encoding as seen in the plot. It is easily observed though that the mean of

the experiments and the smoothness of the cost function is better when we capture more
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dependencies between qubits. Reaching the optimal points with minimal encoding seems

promising, but in the solution space the are several solutions that are global minima.

"Full Encoding limits" Experiment

The next experiment is a 20 variables experiment. This is the maximum amount of

qubits that we can reach with the full-encoding scheme in logical time on a normal laptop.

Again di�erent encodings are tested and evaluated.

Figure 5.2: Cost function for di�erent encodings on Subset sum.

It is easily noticeable here that in 5 experiments all encoding schemes reach the optimal

value but the reliability of encoding schemes with more ancillas is better. The variance

that we notice in minimal encoding starts to become an issue if we want to produce

optimal solutions consistently in every run.

50 variables Experiment

In this experiment we do not use full encoding any more and we use a 10-ancilla

encoding scheme.
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Figure 5.3: Cost function for Subset Sum with a 50 variable vector

As expected still minimal encoding has the biggest variance so single experiments

are less reliable, however even with 50 variables we are able to produce optimal or near-

optimal solutions even with minimal encoding. All the other encoding schemes seem to

work in a similar way having the same variance and mean solution. We would expect in

such a problem with fully dependent variables to produce slightly better solutions with

more ancillas, but maybe this is due to the vector being fairly easy.

Last Experiment.

In this experiments we pushed the variables to 100 classical variables. Four encoding

schemes where tested.
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Figure 5.4: Cost function for 100 variables.

The variance of all experiments is fairly big. We still capture the optimal solution in

all encoding schemes. For those experiments we project in a solution space which has

2100 possible solutions so maybe the variance is noticed in the experiments due to poor

exploration in the solution space. The total amount of measurements we use is 100,000

so some "instances" may never be explored which adds some randomness in the �nal

solution and some variance in the cost function between experiments.

The fact that minimal encoding in big experiments captures better solutions with less

variance is di�cult to explain and counter intuitive. More ancillas in a register means

that dependencies between classical variables are captured in the quantum circuit so we

have more information to work with. Nevertheless, the amount of measurements and

the poor exploration of the solution space and the complexity of the circuit in 10-ancilla

groups may introduce a hardness which is not suitable for a fairly easy combinatorial

problem as Subset-Sum. Reaching full-encoding and using the suitable measurements

though should yield the best solution for problems that can be represented from a fully

connected or a dense graph.

5.2.2 Manufacturing Production Scheduling Problem using Qubit

E�cient Schemes.

In the chapter before we explored how far we can get into scaling with the more "classical"

quantum approaches. However, it was visible that using the current quantum hardware

81



5.2. QUBIT EFFICIENT FORMULATION APPLIED

we could tackle only toy examples that do not correspond to real world problems. In this

chapter we are going to explore if by using qubit compression we can deal with problems

big enough to be translated into real world problems. We will then validate the results

to examine feasibility and convergence.

The output to be validated will be a Gantt graph with the schedule solution, a cost

function and a ratio of constraints satis�ed if the problem's solution is infeasible.

Problem simpli�cation

The mathematical formulation we created to deal with the exact problem at hand

has too many constraints and it is really complicated for a QUBO formulation. So, we

created a simpli�ed version of the problem with the only constraints being the overlap-

ping/campaigning constraint. For large problems those constraints are still a lot but we

will see how the algorithm react when putting more tasks and Jobs into play.

The simpli�cation made does not allow machine alternation, meaning that every task

can only be assigned to a certain machine. Also there are no inactivity windows or

vacation dates meaning that every timestep in the Horizon is a feasible starting and

ending time for each task. These simpli�cations capture a problem close to the one we

are solving but have less constraints and a smaller amount of variables because Xi,j and

Zi,j are missing. So the bitstring of the solution is modi�ed as follows:

Figure 5.5: Bitstring conversion after simpli�cation.

So we will start by increasing the tasks, the Jobs and the Horizon to reach an in�iction

point. The output will resemble the Gantt graph bellow and we will be able to conclude

if the solution is su�ciently good or not.
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Figure 5.6: Gantt chart.

To minimize the input string we will start by deciding how many ancilla qubits we

will use. Then the total amount of qubits will be determined to encode the amount of

starting variables. The amount of ancilla qubits should be determined in way to not

lose too much information from variable dependencies and also to not use an excessive

amount of qubits that the HEA cannot converge in logical amounts of time.

To validate the solutions we produce we had to come up with some kind of reliable

metric. To do that it is believed that the cost function alone is not a su�cient metric.

QUBO formulation adds all the constraints in the cost function penalizing the ones that

are violated with a big enough penalty. Nevertheless, in those multi-constraint problems

ful�lling one constraint may lead to violating another due to how cost function is formu-

lated. Even when �ne-tuning by trial and error is made in the hyper-parameters using

QUBO for JSSP is challenging so cost function as a metric is not enough in our opinion.

The �rst metric used is a simple feasibility metric that captured the ratio of con-

straints satis�ed.

Then using a Google-OR Tools algorithm we produce the optimal solution. This algo-

rithm is a MILP formulation that does not encapsulate the constraints in the cost function

but instead the constraints are used like a classical optimization problem. We feed this

optimal solution bitstring in a VQA circuit to produce the corresponding cost function

value of the QUBO and then compare the Gantt Chart produced by the Google-OR tools

with the quantum solutions.

First Experiments.

The �rst experiment conducted had 50 classical variables. Even this amount of vari-

ables cannot be tackled by "classical" quantum algorithms, so we used the encoding

schemes that allow as to bridge the scalability gap between classical and quantum ap-

83



5.2. QUBIT EFFICIENT FORMULATION APPLIED

proaches.The problem above corresponds to 12 tasks that belong to 4 Jobs and 4 ma-

chines.In those experiments we used di�erent encoding schemes like minimal encoding,3

and 5 ancilla qubits and also di�erent circuit depths like 3 or 4 layers that we noticed

produce the best results. As before the solution space our problem is projected into

has 250 possible solutions, so to explore the solution space we need a big amount of

measurements.

To visualize the circuits used for the experiments we produce a circuit for a 7 qubits

and 3 layers experiment:

Figure 5.7: HEA of 7 qubits from a starting total of 50 qubits and a total of 3-Layers.

To produce a solution as reliable as possible we used 300,000 measurements to both

su�ciently explore the solution space and to run the algorithm in logical time.

Figure 5.8: Cost function for di�erent encoding schemes. The problem consists of 50

classical variables and 47 constraints.
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In the above cost function we see some kind of convergence in all the encoding schemes

but there is big variance between the experiments. So, to have a better visualization of

the quality of each approach we will produce the Gantt chart of Google-OR tools and

compare it with the Gantt Chart produced by the encoding schemes.

� Minimal-Encoding

In the minimal encoding the total amount of qubits is 7. The Gantt Chart produced

has a ratio of 70% of constraints satis�ed with a total of 47 constraints and the

quality of the solution is not good as seen bellow:

Figure 5.9: Gantt Chart for minimal encoding with a ratio of satis�ed constraints reaching

70%.

� 3 ancilla qubits

The ratio of satis�ed constraints here is better with a total of 75% of constraints

satis�ed but we see that the tasks are stack to certain starting times. Its hard to

intuitively explain this fact, probably this is a local minima of the algorithm and

the solution is stack there. The quantum properties like quantum tunneling could

help in a di�erent landscape but with those penalties introduced in every unsatis�ed

constraint gives as a really noisy and non-smooth landscape which is really di�cult

to navigate.
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Figure 5.10: 3 ancilla qubit solution Gantt chart with a total of 75% ratio of satis�ed

constraints.

� 5 ancilla qubits

In this encoding scheme a total of 9 qubits is used and a total of 91% of constraints

is satis�ed and the tasks are more evenly spread in the Gantt Graph. It seems that

the solution is promising in this Gantt Graph, the solution is not random but kind

of sophisticated. The formulation is not ideal for such a number of constraints so

the quality of this solutions is deemed good.

Figure 5.11: 5 ancilla qubit solution Gantt chart with a ratio of around 91%.
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� 5 ancilla qubits 4-Layers used.

Making the depth of the circuit bigger does not make the solution better. The total

ratio of satis�ed constraints is 83% and we can notice from the Gantt Graph that

the solutions worse.

Figure 5.12: 4 Layer 5 ancilla Gantt chart reaching an 83% ratio of satis�ed constraints.

The fact that a worse cost function value produces a solution worse than a better

cost function value is counter intuitive. This is due to QUBO adding all the constraints

to the cost function. There are a lot of hyper parameters to be tuned to both minimize

the total time of the schedule and to satisfy all the constraints. The parameters are not

optimally tuned so solutions which push all the tasks at the start have a smaller cost

function even when violating some constraints. From the hyper-parameters used those

produce the most reliable solutions, so we kept on using them.

Medium Size experiments.

In this section an experiment with 100 classical variables is conducted. This corre-

sponds to 18 tasks,6 Jobs and 6 machines. Same experiments as above are done with 1,3

and 5 ancilla qubits. The Google-OR Tools solution produced for the above problem is

the one bellow:
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Figure 5.13: Google-OR Tools solution Gantt chart showing the optimal solution we

should get.

In this experiment we are already in higher spaces than quantum computing can

handle without qubit compression. Those problems start becoming di�cult for our QUBO

formulation and the solution becomes worse. We can see in the cost function that every

encoding converges to a di�erent value so we know for sure they are stack in local minima

and that even with enforcing constraints with big hyper-parameters we do not get to

feasible solutions.

� Minimal Encoding

For minimal encoding we use 1 ancilla qubit so the total amount of qubits is

nc = na + nr which is nc = 8. The total amount of measurements used for these

experiment are 600,000.
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Figure 5.14: Gantt Chart of the best experiment with minimal encoding

We can see that starting time of tasks is stuck to 1 or 5 prioritizing the minimization

of the starting time without caring about enforcing constraints even with high

hyper-parameters.

� 3 ancilla qubits

For 3-ancilla encoding the total number of qubits is nc = 8 and the total amount

of measurements used is 600,000.

Figure 5.15: Gantt chart for 3-ancilla encoding schemes.
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In this experiment, we notice that even if the cost function is reaching a higher

point of convergences it seems to capture some correlation between tasks and some

spreading of starting times is beginning to happen.

� 5 ancilla qubits

The 5-ancilla qubit encoding scheme consists in total of nc = 10 qubits. The amount

of measurements is the same and the Gantt chart is depicted bellow:

Figure 5.16: Gantt chart for 5-ancilla qubits encoding scheme reaching an 83% ratio of

satis�ed constraints.

The results seem to capture more of the constraints with a total ratio of satis�ed

constraints reaching 83%. Nevertheless, the result stacks to certain points of time.

� 4-Layers, 5 ancilla qubits.

This experiment took the most time as it consists of 10 total qubits but the amount

of entangling and single rotation gates is bigger due to circuit's bigger depth.
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Figure 5.17: Gantt Chart for the 4-Layered experiment.

Here we see the best result yet with a feasibility ratio of 86% reaching a solution

that tries to enforce the constraints.

Large Size Experiment.

In this experiment we try to capture the in�ection point. This is the point where

the quality of the solution starts becoming worse and worse. The measurements that

has to be done to capture better solutions and the amount of qubits that must be used,

makes the total runtime of the algorithm unrealistic. It shows that there is a gap between

both the scalability and the quality of solutions that must be bridged between classical

and quantum optimization yet. This is a logical outcome because quantum computing

is still evolving, nevertheless some promising results have been produced that quantum

computing may be able to tackle di�cult problems in the future.
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Figure 5.18: Cost function for 28 tasks problem. This experiment consists of 200 classical

variables and a total of around 200 constraints to be satis�ed.

� Minimal Encoding

The total measurements here where 1,000,0000 and the runtime was 10 minutes per

experiment even when the total number of qubits was only nc = 9.

Figure 5.19: Minimal encoding for 200 variables.
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� 3 ancilla qubits

In this experiment the total amount of qubits where nc = 10 making the total

runtime up to 1.5 hours. The same problem seems to appear where the minimiza-

tion of the cost function prioritizes the minimization of the total runtime without

capturing the constraints even when they are heavily penalized.

Figure 5.20: 3 ancilla qubits Gantt chart.

� 5 ancilla qubits

A bigger spreading in starting times is happening as before but the total ratio of

satis�ed constraints is 71% making the solution infeasible.
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Figure 5.21: 3-Layers 5 ancilla qubits Gantt chart.

� 4-Layers, 5 ancilla qubits.

Here we notice a total ratio of 75%. Task ordering constraint seems to be forced

but the overlapping constraint is lacking according to the violated constraints and

the Gantt Chart bellow.
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Figure 5.22: 4-Layered 5-ancilla encoding scheme gantt chart.

Even if some of the ratios for 5-ancilla qubits are acceptable 71%−75% we can notice

that this amount of constraints is not solvable from our formulation. QUBO formulation

seems to struggle solving multi-constraint problem both in theory and in practice. Trying

to force 200 constraints in a QUBO matrix using addition creates a huge and not-smooth

landscape for the cost function which makes the solution stack in local minima even with

quantum mechanics properties like quantum tunneling.

5.2.3 Execution on Cloud QPUs

To evaluate the solution we need to also use real QPUs and not only noiseless simulators.

So in this chapter we used some real QPUs from IBM Cloud like Fez, Marrakesh, Sher-

brooke, Strasbourg, Brussels and Aachen and compared those solutions produced with

the noiseless simulator ones.

Small Scale Experiment.

Due to IBM Cloud services being an expensive tool we were able to run only the last

iteration of the experiment. After that we took the simulator solution and we compared

it with the real QPUs experiments using a normalization. The tools used to compare

95



5.2. QUBIT EFFICIENT FORMULATION APPLIED

the cost functions is a Cumulative Distribution Function (CDF). In all the experiments

a 3-Layer, 5-ancilla circuit is used that seemed to produce the best results.

Figure 5.23: Small scale experiment CDF.

The quality of the solution is given by comparing how close is the CDF of the QPUs

to the simulator solution. The solution is normalized, so using more shots seems to be

further from the simulator solution but actually the simulator solutions with less shots is

worse.

Medium Scale Experiment.

The second experiment is the one having around 100 classical variables. For this one

we deemed that 10k shots would not be able to produce an acceptable solution so we

used only 100k shots and the results are presented bellow.
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Figure 5.24: Medium scale experiment CDF.

Large Scale Experiment.

The last experiment was the large scale one with around 200 classical variables and

200 constraints corresponding to 28 tasks. We were not able to produce good enough

solutions for this problem even on simulators. Nevertheless, this chapter is not about the

quality of the simulator solutions, its about testing how close to that solution we are able

to reach with quantum machines. So when algorithms reach optimality reliably so does

our quantum hardware. That being stated the real hardware solutions for this problem

were the ones bellow:

Figure 5.25: Large scale experiment CDF.
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It can be noticed that in the medium scale experiment the QPUs were able to produce

better results. This is due to having less qubits and less gates. Noise is more impact-full

with more gates especially 2-qubit ones because the probability of error becomes bigger.
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Chapter 6

Conclusion and Future Work

In this thesis, we investigated the potential of quantum computing for solving the Job

Shop Scheduling Problem (JSSP), one of the most challenging NP-hard combinatorial

optimization problems. The work comprised a full mathematical modeling of the JSSP,

its conversion into a quantum-suitable formulation, and the development and evaluation

of quantum algorithms tailored to this setting.

Initially, the JSSP was formulated as a Mixed-Integer Linear Program (MILP), incor-

porating all necessary inequality constraints. The disjunctive model, a widely accepted

approach in the literature for such scheduling problems, was employed due to its ability to

minimize the number of decision variables. However, since quantum algorithms natively

operate on binary variables, a transformation from the MILP formulation to a Quadratic

Unconstrained Binary Optimization (QUBO) model was performed. This conversion is

essential for compatibility with current quantum optimization techniques.

Following the construction of the QUBO model, several quantum algorithms were de-

veloped and tested, including Variational Quantum Algorithms (VQAs) and the Quantum

Approximate Optimization Algorithm (QAOA). These were initially validated using toy

models�small-scale problem instances solvable by hand�to ensure algorithmic correct-

ness. To enforce feasibility in the face of constraint violations, an Augmented Lagrangian

Method was incorporated. This method iteratively penalized constraint violations, al-

lowing the algorithms to explore feasible regions more e�ectively. Among the techniques

applied, VQAs demonstrated a higher success rate in achieving optimal or near-optimal

solutions in these toy examples.

Once validated, the algorithms were scaled to tackle larger problem instances in an

e�ort to approach real-world applicability. Due to current hardware limitations in quan-

tum computing�particularly with respect to the number of qubits and noise levels�a

qubit compression encoding scheme was implemented. This method trades o� some pre-
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cision for scalability by reducing the quantum resource requirements. Problems involving

up to 30 tasks were tested, yielding promising results, especially in instances with fewer

constraints. However, as the number of constraints increased, the performance of the

algorithms began to deteriorate, likely due to the di�culty in navigating the complex

feasible space de�ned in the QUBO format.

Despite these challenges, the entire modeling approach was consistently guided by the

principle of variable minimization, a critical factor given current hardware limitations.

It is anticipated that as quantum hardware evolves�both in terms of qubit count and

noise reduction�more complex formulations involving a larger number of variables can

be explored, potentially improving both accuracy and performance.

To assess the practicality of the proposed methods, experiments were also conducted

on real quantum hardware. The results obtained were encouraging: the solutions de-

rived from real quantum processors closely approximated those from classical simulators,

suggesting that noise, while present, did not critically impair solution quality. This rein-

forces the potential of quantum computing as a viable tool for tackling hard optimization

problems.

In conclusion, while classical methods struggle with the computational demands of

NP-hard problems like the JSSP, quantum computing o�ers a fundamentally di�erent

paradigm that may eventually scale more e�ectively. The results of this thesis serve

as a preliminary step toward understanding the capabilities and limitations of current

quantum approaches. Although scalability remains a signi�cant hurdle, techniques such

as qubit compression and advancements in quantum algorithm design have enabled us

to demonstrate meaningful progress. With ongoing developments in quantum hardware

and algorithmic strategies, future research can build on this work to further push the

boundaries of quantum optimization in complex scheduling problems.

Future work

There are several avenues for future exploration:

� Improved Constraint Handling: The Augmented Lagrangian method could be

enhanced with adaptive penalty updates or hybridized with classical post-processing

to better manage constraint satisfaction, because with this approach we notice that

the problem can diverge from the feasible set too.

� Alternative Encodings: There are some alternative encoding schemes like a

di�erent Two-Body encoding schemes that could provide better solutions.

� Incorporate more classical processing: Using some classical tools and incor-
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porating some classical pre-processing and post processing could help create better

solutions.

� Hybrid Quantum-Classical Methods: Further development of hybrid algo-

rithms combining classical solvers with quantum subroutines could enable solving

larger problem instances more e�ectively.

Ultimately, this work contributes to the growing body of evidence suggesting that

quantum computing, while still nascent, holds promise for addressing computationally

intractable problems in operations research and beyond.
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