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Abstract

This work distributively solves the problems of user association and resource alloca-
tion in wireless networks. Distributed methods dispense the computational burden
across the terminals/base stations of a network and are usually preferred over cen-
tralized methods, in which computing is done at a central location. First, the belief
propagation (BP) algorithm is utilized for joint time and frequency allocation in
wireless sensor networks; BP is inherently distributed, due to its message passing
nature. In this work, the convergence of BP for the resource allocation problem is
re-visited from a control-theory approach; performance evaluation is also provided
for two methods, namely restarting and perturbed BP. Next, the problem of energy
efficient user association in the downlink of heterogeneous networks is solved in a
distributed, inference-based manner. The problem is first expressed as a linear pro-
gram (LP). Max product BP is a distributed, message passing algorithm which can
be utilized to obtain the solution of the LP, under certain conditions. Considering
the loopy nature of the established graphical model, it is important that convergence
and correctness of the max product algorithm is guaranteed. Therefore, the prob-
lem is relaxed, fixing the number of users per base station and the number of active
base stations; then it is proved that max product BP converges with arbitrary ini-
tialization to the solution of the LP, in a finite number of iterations. Complexity is
also reduced and expressed as a function of the number of active base stations and
serving users. Finally, numerical results compare the performance of the proposed
distributed algorithm with state-of-the-art. The results show that the proposed ap-
proach offers higher geometric mean of energy efficiency compared to previous work,
without sacrificing spectral efficiency.

Thesis Supervisor: Professor Aggelos Bletsas
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Chapter 1

Introduction

Belief propagation (BP) is an inference algorithm which utilizes a distributed protocol,
due to its message-passing nature. Distributed protocols allow only the communica-
tion between neighboring nodes; this dispenses the computational burden across all
terminals (or base stations) of the network. On the other hand, in centralized pro-
tocols, a central node collects information from each link of the network, and then
solves the problem. This increases considerably the computational cost and intro-
duces latency. In this work, two challenging and fundamental problems in Wireless
Networks are solved distributively, using the BP algorithm. Considering the loopy
nature of the established graphs, the convergence and correctness of BP for solving

these problems is also thoroughly studied.

Figure 1.1: Schemes for distributed (a) and centralized (b) computing,.

1.1 Thesis Contribution

The contribution of this thesis for the problem of time and frequency allocation in

wireless sensor networks (WSN) is summarized in the following bullets:

e The convergence of BP for this problem is re-visited from a control-theory per-

spective.
e Perturbed BP is utilized as a distributed solver.

e Computer simulations compare the performance of two distributed solvers,

namely Perturbed BP and restarting method.
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Finally, for the problem of energy efficient user association in the downlink of Wireless

Heterogeneous Networks, the contribution of this thesis is outlined by:

e Energy efficient user association is relaxed and expressed as a Linear Program,

which is then solved distributively with max-product BP over base stations.
e BP convergence and correctness guarantees are offered.

e Computation complexity is analyzed and reduced, with careful precomputa-

tions.

e Numerical results compare the performance of the proposed algorithm to state-
of-the-art.

1.2 Thesis Outline

The thesis is organized as follows: in Chapter [2, the convergence of BP for the prob-
lem of inference-based joint time and frequency allocation in wireless sensor networks
is re-visited from a control theory perspective. Additionally, the performance of
two inference-based algorithms, namely perturbed belief propagation and restarting
method, is evaluated. Chapter 3 describes the proposed algorithm for energy effi-
cient user association in the downlink of heterogeneous networks. Chapter 4| offers
numerical results for the algorithm of Chapter |3/ and compares its performance with
state-of-the-art. Thesis is concluded at Chapter 5|, in which ideas for future work are

also provided.
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Chapter 2

Time and Frequency Allocation in

Wireless Sensor Networks

Resource allocation in wireless networks, i.e., assigning time and frequency slots over
specific terminals under spatio-temporal constraints, is a fundamental and challeng-
ing problem, due to the limited availability of resources [1]. Existing work in Wireless
Sensor Network (WSN) resource allocation includes centralized [1; 2; 3], as well as
distributed protocols [4; 5; 6; 7; 8]. The problem of resource allocation in WSN can be
formulated as a Constraint Satisfaction Problem (CSP). Belief Propagation/message
passing (inference) algorithms have been proposed for CSP, since they are inherently
amenable to distributed implementation. In this chapter, the problem of resource al-
location is first revisited from a control theory perspective. First, BP is described as a
dynamical system and then, the feasibility of analyzing its stability is discussed. How-
ever, it was found that such approach results in a prohibitively high computational
cost.

The performance of two heuristic methods for the convergence of BP to a valid
(i.e., constraint-satisfying) fixed point is also compared. The first method periodi-
cally checks whether the constraints are satisfied locally and restarts specific messages,
when the local constraints (encoded in corresponding factors) are not satisfied. The
second method stochastically perturbs Belief Propagation, using Gibbs sampling. The
methods are evaluated, based on how often they fail to converge to a valid allocation,
coined as outage probability. Numerical results demonstrate that, as the maximum
number of iterations increase, both methods decrease the outage probability. How-

ever, the restarting method offers faster convergence to a valid CSP solution.

2.1 Problem Formulation

Assume M time slots and K orthogonal frequency channels are available for a WSN,
which consists of N half-duplex radio terminals. Each terminal transmits one packet

at a given time slot m € M = {1,2,..., M}, on a specific frequency channel k €
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Figure 2.1: Scheme showing the routing (solid lines) and interference (dotted lines)
links of a network of N =5 sensors.

K2{1,2,...,K}. Let us also define the set of all terminals by /' = {1,..., N} and
Ny, the set of all terminals, excluding the sink. The latter is the destination of all
packets and operates only in receiver mode. A sensor i will be an actual interferer of

the link (7, j) between two sensors, if the following condition holds:

Pilhi|*
i = , <0, 2.1
Yi—j 032-+Pi’|hi’,j|2 (2.1)

where P, is the power of transmitter 7, h; ; is the instantaneous channel gain coefficient

between transmitter ¢« and receiver j incorporating both large and small scale fading,

O'JQ» is the thermal noise power at receiver j, and 6 is a threshold parameter that

depends on the sensitivity of each receiver.

2.2 Factor Graph Model

A factor graph is a bipartite graph with vertices that are either variable or factor

nodes. Let us define the random binary variables as s®  where i € M, m € M

and k € K. The binary variables sﬁ’?l
(F)

channel k. Likewise, when s

are called scheduling variables, meaning that if

= 1, the terminal 7 is scheduled to transmit a packet at time slot m, on frequency
(k)

2,m

S

= 0, no transmission occurs for the terminal 7 on the
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Figure 2.2: A factor graph for the Wireless Sensor Network of N = 5 terminals as
depicted in Fig. . The selected number of time and frequency slots is K = M = 2.
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specified frequency and time slot. The set of all factor nodes is given by [9]:

N—1)(2M+1)+M
{gJ}Szl ) ) :{{fim}(i,m)eNva
{Bim} e, ar (22)

{tikien, }-

The factors denoted by f;,, impose the routing constraints (so that information
reaches the sink), where i € N and m € M. The interference constraints are imposed
by the set of factors h;,,, where i € M\, and m € M. Lastly, factors t; enforce the
transmission constraints, where i € M. Thus, the total number of factors is equal
to NM+(N—-1)M+ (N —-1) = (N —1)(2M + 1) + M. Each factor node is a bi-
nary function, which outputs one if the corresponding constraint is satisfied and zero

otherwise. A factor graph scheme for the small wireless sensor network of Fig. is
depicted in Fig.

2.3 Belief Propagation

Graphical models compactly represent a joint distribution as a product of factors. For
the factor graph model of Section 2.2], the corresponding joint probability is calculated
by:

Pr(s)oc (I #is)) - (TT (T himse))) - (TT fimlsn)).  (23)

ieN\s meM eN\s ieN

which should be equal to 1. The variables s, sp,,.,sy,, denote the neighbors of
tiy him, fim factor, respectively. To obtain a variable assignment that is satisfiable (i.e.,
constraint-satisfying), the Belief Propagation algorithm is utilized. BP is an iterative
inference procedure in which the neighboring nodes of a graph send messages to each
other for computing the marginals of the underlying joint distribution. In a factor
graph, BP messages are grouped into two categories: variable-to-factor and factor-to
(k)

variables, where v € {1,...,(N — 1)M K}, since the sink terminal cannot transmit

variable. Let us first define a vector denoted by x, which consists of all z, = s
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on any slot. The BP messages exchanged in such graph are given by:

mz(fri'u('r’v) - C(n) X

J—v
2.4
> fetrx) TT nido) 2
xy:y€0(J)\v y€O(J)\v

mffi,](:cv) = aﬁ%x

H mI—>v ‘(L'U (25)

Ted(w)\J

which describe the factor-to-variable messages and variable-to-factor messages at iter-
ation n, respectively. The notation J(-) indicates the set of neighbors for the factor or
variable inside the parenthesis, while the quantity P,(z,) refers to the prior probability
of the variable xv, where P,(z, = 0) = ¢, and P,(z, = 1) = 1 — ¢,. The normaliza-
tion factors C" HJ and CJ%U guarantee that me)J(xv =0)+ mffij( =1)=1and

m(J_)w(xU =0)+ m(J_)w(xv = 1) = 1, respectively. The BP messages are initialized in

the following manner:

mq(jl:;))@v =0)=1- mf]j?)(xv =1) = qu, (2.6)
n=0 n=0
m((]—w)(xv = O) m,(]—w)( Ty = 1) =0, (2'7)

with g, ~ U[0, 1], where the notation [0, 1] denotes the continuous uniform distri-
bution over the (closed) interval [0, 1]. The estimated marginals for a variable x, at

iteration n, are given by:

(1™ (z,) = P,(x,) H mj_m (2.8)
Iea($v)

Finally, given Eq. (2.8)), we compute the random variable decisions by performing

hard decision on the estimated marginals:

— f(x=0) < fu(x =1). (2.9)

Due to the loopy nature of the factor graphs that encode the specific WSN resource
allocation problem, the convergence and correctness of the BP messages is not guar-
anteed and thus, the estimated marginals in Eq. (2.8)) are not always accurate. There-

fore, we seek for methods to guarantee BP convergence and correctness.
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2.4 Belief Propagation: A Control Theory
Approach

2.4.1 Discrete Time Map

A discrete time map is defined by an n-dimensional state vector x € R™ and a function
F : R" — R™ Note that F is a composition of n functions f; : R® — R. We will

denote the value of the state vector at time n by x", so that
x" = F(x™). (2.10)

A discrete time map is further said to be non-linear if some (or all) functions f;(z;)
are nonlinear. For creating a discrete time map for BP, the messages of the current
iteration are expressed as a function of the previous iteration. For exposition purposes,
the variable to factor messages are denoted by the ¢;,, while the variable to factor
are denoted by rj,. For the same purpose, the normalization factors C’ff}) and C’F,:?
are denoted by afj}) and 51()"]), respectively. Therefore, the messages of Egs.(2.4)-(2.5)

are re-expressed by:

45, (2,) = af)x

) {g(:vv;xy) IT 1)(%)}’ (2.11)

yed(J)\v yed(J)\v

rfﬁ) ($U) ﬁ.]v
) T ). (2.12)

Ied(v)\J

Substituting Eq. (2.11) into Eq. (2.12)), gives:

r(x,) = BV P, { [T ox

1€8(v)\J

Z {g(ZL‘U;Xy) H T’g U@y)}}-

yed(I)\v yed(I)\v

(2.13)

Additionally, for each edge (v,J) € E of the graph, the following equations must be
satisfied:
¢5) (@ = 0) + 5 (z, = 1) = 1, (2.14)
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r (@, =0) + 1 (2, = 1) = 1. (2.15)

v

Therefore, the mapping induced by BP for a single edge (v,J) € E is described by

the following four equations:

(2, = 0) = §?Pu<xuzo>x{ [T ox
Ied(w)\J

(2.16)
n—1
Z {g (zy = 05xy) H r}y )($y)}}a
yE€O(I)\v y€O(I)\v
Tf]?@ﬂ =1)= ff?Pv(xv =1) x { H O‘%)X
1€8(v)\J (2.17)
n—1
Z {g(xv:1§xy) H Tgy )(xy)}},
yed(I)\v yed(I)\v
n n—1
Oé((]v) Z g ('IW = O;Xy) H T((]y )(‘Ty)—i_
y€a(J)\v y€(J)\v
(2.18)
n n—1
af) D gl,=1x) [[ o5 @) =1,
yed(J)\v yeI(J)\v
r @z, =0)+rM(@, =1) =1 (2.19)
Ju v Jou v ) .

where Eq. (2.18) is calculated from substituting Eq. (2.11) into Eq. (2.14). The set
of equations in (2.16)-(2.19) defined for all (v,J) € E, describes the (non-linear)

mapping induced by BP, which is denoted by:

£ — BP (), oM gy, (2.20)

2.4.2 Fixed Points

The fixed points of a dynamical system are crucial for the understanding of how the
latter responds and evolves over time, given initial conditions. A fixed point x* of a

mapping F is a state vector that maps to itself, so that:

x* = F(x"). (2.21)



2.5. Belief Propagation: A Heuristic Approach 18

Therefore, for the mapping induced by BP, the fixed points satisfy the following
equation:

r* = BP(r", a", B%). (2.22)

A discrete time system does not necessarily converge to a fixed point of the cor-
responding discrete time map; such fixed points are called unstable. On the other
hand, the system is guaranteed to convergd'| to the stable fixed points, which satisfy
the following condition:

p(I(FE)) < 1, (2.23)

where p (J(F(x*))) is the spectral radius of the Jacobian matrix J of the discrete
time map F(-), calculated at the fixed point x*.

2.4.3 Solving the Fixed Point Equations

The fixed points of the BP discrete time map are given by solving the equation system
that is induced by:

r* = BP(r",a",B%) <= 1" - BP(r",a",8") = 0. (2.24)

The corresponding system of fixed point equations consists of 4|F| equations, as
defined in Egs. (2.16)-(2.19) V(v, J) € E. The PhD thesis in [10] studied extensively
the stability of BP; it was found that the solver in the hom4-ps3 toolbox [11] is
the most appropriate solver for the fixed points equations of BP. The complexity of
this solver lies on the number of solution sets (i.e. root count). Tighter bounds on
the number of solution sets can be provided if the corresponding equation system is
sparse. The challenge for the stability analysis of BP lies in solving the fixed point
equations of the Belief Propagation system; it was found that the computational cost
of solving the equations of this specific problem formulation is prohibitively high. The
computation of the Jacobian matrix and its spectral radius is also non-trivial as the
size of the factor graph grows. Therefore, for this problem formulation, the stability

analysis of BP is not feasible due to the high underlying computation cost.

2.5 Belief Propagation: A Heuristic Approach

It is important to highlight that stability (i.e. convergence) does not imply cor-

rectness; Belief Propagation may converge to a fixed point that does not satisfy all

1On the condition of appropriate initialization.



2.5. Belief Propagation: A Heuristic Approach 19

problem constraints. Considering the prohibitively high computational cost of the
stability analysis of Section resorting to heuristic methods may be the only solu-
tion for guarantying BP’s convergence to a fixed point that satisfies the underlying
CSP.

2.5.1 Restarting Method

A method called restarting [9] solves the WSN CSP with a low outage probability
(i.e., probability of convergence to a non-valid solution), when compared to standard
Belief Propagation. The restarting method includes a periodic check of the factor
functions output, given the random variable decisions. More specifically, every N;,serm
iterations, the priors of the random variables connected to unsatisfied factors are
(randomly) re-initialized, therefore resulting in restarting the messages that are a
function of these variables. For convergence acceleration, damping is performed on
the BP messages. The restarting method, as described in Algorithm [2.5.1], terminates

after a given number of iterations, denoted by T},45.

Connections to Control Theory

In this context, we should mention that the Restarting method has strong connections
to already existing, control theory techniques for system stabilization to a (specific)
fixed point [12; 13]. The re-initialization of the priors can be seen as an intentionally
added perturbation to the discrete-time system that describes the BP messages [10],
as in [13]. Alternatively, the periodic satisfiability check can be seen as a test for
the occurrence of the event that triggers the re-adjustment of the input (i.e., prior

probabilities) of the same system, as in [12].

2.5.2 Perturbed Belief Propagation

The second method, called Perturbed Belief Propagation [14], originally established
in [15], smoothly interpolates two well-known inference procedures; it starts as BP

and ends as a Gibbs sampler:
mig < v -misr+ (1 —7)-0(z; — ), (2.25)

where §(-) is the Dirac function and v € [0,1]. The Gibbs sampler updates each
sample z; by sampling from:
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Algorithm 2.5.1: Restarting method

Data: CSP factor graph, number of maximum iterations T}z, Ninterm
damping factor «
Result: variable assignment x*
1 initialize the messages and priors;
2 fort =1 to T,,,, do

3 for each variable x; do

4 calculate mﬁzi,w € 0(I) using Eq. (2.4));
5 damping;: mgt)% =a- mg’:ll) +(1—a)- mgil,
6 end

7 for each variable x; do

8 calculate mEZI,V[ € 0(i) using Eq. (2.5);
9 calculate [i;(z;) using Eq. (2.8));

10 end

11 if mod (¢, Nipterm) == 0 then

12 if CSP unsatisfied then

13 for each unsatisfied factor J do

14 for each z, € 9(J) do

15 ‘ restart m;t:}),v.f € Jd(y)

16 end

17 end

18 end

19 end

20 end

21 return x*;
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The parameter v smoothly increases from 0 to 1, stochastically biasing the BP mes-
sages towards the current estimate of marginals. Since the procedure is inherently
stochastic, if the CSP is satisfiable, re-application of perturbed BP to the problem
(i.e., as described in Algorithm , may provide a valid solutionﬂ.

Algorithm 2.5.2: Perturbed BP method
Data: CSP factor graph, number of iterations T’
Result: variable assignment x*

1 initialize the messages and priors;

2 7+ 0;

s fort=1t0 T do

4 for each variable x; do

5 calculate m(fl}i,‘v’i € 0(I) using Eq. (2.4));
6 end

7 for each variable x; do

8 calculate m{” VI € 9(i) using Eq. (2.5);
9 calculate /)Z(t) (x;) using Eq. (2.8);

10 sample &; ~ ,&Et) (z5);

11 m{;  y-ml 4 (1 —9) - 0w, 2.);

12 end

13 Y=Y+ ﬁ;
14 end

15 return: x*;

2.6 Simulation Results

For the simulation results, we will use two different networks, whose routing connec-
tivity is depicted in Figs. The number of available frequency channels/slots
is set to K = 2 and the number of available time slots is set to M = 4. For the
9-terminal WSN, the SINR threshold 6 is set to 3 and 9 dB, while for the 35-terminal
WSN it is set to 8 dB. Regarding the restarting method, the N, parameter is set
to 5 and 8, for the small and large network topology, respectively, while the damping
factor is set to o = 0.3. For perturbed BP, the number of iterations is set to T" = 10 at
the starting attempt, which was increased by a factor of 2 in case of failure (i.e., un-

satisfying assignment x*). This is repeated until the cumulative number of iterations

20ther variations of perturbed BP were also examined (e.g., incorporating local re-
initialization /restarting of messages or message contradiction check as in [15]), but failed to provide
better algorithm performance.
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Figure 2.3: Connectivity for a wireless sensor network of N = 9 sensors.

exceeds a predetermined value, denoted by T},.., or until a satisfiable assignment x*
is found. We evaluate the performance of the restarting and perturbed methods by
calculating the outage probability, i.e., the probability of a method providing a non-
valid solution for a given maximum number of BP iterations. The maximum number
of iterations is set to Tpu.: = {30, 70,150,310} so that Perturbed BP completes at
most 2,3,4 and 5 attempts, respectively. The results in Fig. and Fig. 2.7 were
obtained by averaging over 10 and 500 Monte Carlo experiments, respectively.

These results demonstrate that, as the maximum number of iterations increases,
both methods decrease the probability of outage. Additionally, both methods pro-
vide higher outage probability for the 35-terminal network, when compared to the
9-terminal network results. This can be explained by the higher problem complexity
of the 35-terminal resource allocation problem, caused by large number of terminals
and limited number of resources. Regarding the performance comparison of the two
methods, it can be seen that perturbed BP is outperformed by the restarting method,
regardless of the network size. As it can be seen clearly in Fig. 2.7, the restarting
method offers lower outage probability for a given T,,,. value, when compared to
Perturbed BP.
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Figure 2.4: Connectivity for a wireless sensor network of N = 35 sensors.
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Chapter 3

Energy Efficient User Association
in Wireless Heterogeneous
Networks

The rapid growth of data traffic, driven by a new generation of wireless devices con-
tributes to global energy consumption. Thus, recent research has focused on the
optimization of the energy efficiency (EE) towards environmental and economic sus-
tainability. In next generation heterogeneous networks, small cells are overlaid with
macro cells; user association (to micro or macro base stations) algorithms optimize
the EE of a cellular network (e.g., [16] and references therein).

Offering distributed solutions to wireless communication problems has been mainly
attacked with game theory techniques (e.g., work in [16]). In the past years, it has
been realized that inference techniques, such as belief propagation (BP), based on
message passing over probabilistic graphical models, can offer (distributed or central-
ized) solutions to certain classes of challenging optimization problems [17].

The main difficulty is to guarantee convergence to a valid solution, when the
employed graphical model is loopy. For example, BP can solve combinatorial opti-
mization problems, including maximum weight matching [18]. Sufficient conditions
for the convergence and correctness of BP for general linear program (LP) formula-
tions were recently provided [19]. BP is presumably a better choice than centralized
LP solvers, considering that no central authority is needed and solution can be offered
through structured message passing. Energy efficient user association with inference
techniques has been also offered in [20]. However, no theoretical guarantees for con-
vergence were offered, despite the loopy nature of the employed graphical model.

In this chapter, the problem of Energy efficient user association is relaxed and
expressed as a Linear Program, which is then solved distributively with max-product
BP over BSs. BP convergence and correctness guarantees are offered and the com-
putation complexity is analyzed and reduced, with careful precomputations. Finally,

the performance of the proposed algorithm is compared with state-of-the-art.



3.1. System Model 26

Figure 3.1: Scheme of a small, two-tier Heterogeneous Network. A MBS (Macro Base
Station) is located in the center of the cell, while a number of mBS (micro Base
Stations) are arranged within the cell. User Equipments (UEs) within the Macrocell
coverage area associate to a BS.

3.1 System Model

A two-tier heterogeneous network is considered, consisting of B—1 micro base stations
(mBS) and one macro base station (MBS), all indexed by set I = {1,..., B}. Users
are located inside the coverage area of the macro-cell and they are denoted by set
A = {1,...,N}. Given spectrum sharing in practice, the achievable rate for the

downlink between user o« € A and BS i € I follows:

1 ihiapi
Ria=— log, | 1+ — , (3.1)
i 02+ ) ujhia Py
JEINi

where m; denotes the number of users served by base station (BS) i € I; average
noise and transmit power are denoted by o2, P;, respectively; each binary variable
u; for i € I, indicates whether BS i is active, i.e., transmitting (u; = 1) or in sleep
mode, i.e., not transmitting (u; = 0). The channel between user and BS is modeled

according to Rayleigh distribution, as follows:

e [ do \”
Nio = |gi,a’2 Fd% (m) , (3.2)
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where g; , denotes the small-scale fading coefficient and follows a circularly symmetric
complex Gaussian with unit variance, i.e., gio ~ CN(0,1), 5 is the path-loss expo-
nent, distance between BS ¢ and user equipment (UE) « is denoted by D, ,, reference
distance dj is set to 1m and A. denotes the carrier wavelength.

Energy efficiency (EE) of a heterogeneous network is measured in bits/Hz/Joule

and is given as follows [20]:

_ Throughput [bits/second/Hz]
T~ Power Expenditure [Joule/second]

Rz’a Lo
= Laca Fia Tia. (3.4)
Po(v,uy)

(3.3)

el

where variable z;, denotes association (z;, = 0) or no association (z;, = 1) of user «

to BS i; total power expenditure of the network is modeled as follows:
Pa”(v,ul):(v—1)~(P}”—FP:;)%—ul-(PqM—i—P(f\g), (35)

where v = Zf;l u; indicates the total number of active (transmitting) base stations,
while u; denotes the state (active or not) of the macro BS. The transmission and
operation power for the mBS are denoted by Pr' and PJ}, respectively, while for the
MBS, the corresponding quantities are given by PM and Poj\g .

It is noted that energy efficiency, as formulated in Eq. [20], is a nonlinear
function of the user association variables {z;,}, due to binary variables {u;}, denom-

inator parameter v, as well as term 1/m; at the downlink rates per active BS.

3.2 Problem Relaxation and Re-Formulation

Assume that binary variables {u;} and parameters {m;} are set (with a specific
methodology, offered below). In that way, v = Zf;l w; and Py (v, uq) are also set; let

x the user association vector and w the corresponding weight vector, given as follows:

X:[.TH...ZL’lN...xBl...IBN]TG{0,1}BN, (36)

W:[wn...wlN...wBl...wBN]TEROBiV. (3.7)
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Given {u;}, {m;}, it is easy to see that maximization of energy efficiency 1 in Eq. (3.4)

can be relaxed to a linear programming (LP) problem, described as follows:

X" =arg maxw’ - x = arg max E E Wie * Tia
X X

icel acA
s.t. C1: Zzia =m;, Viel, (3.8)
acA
C2: me =1, VaeA,
el

where C1 sets the traffic load of each BS ¢ € I to m; users, while C2 states that each

user o € A is served by exactly one BS. The weights w;, for each (i,«) are given by:

Ria'Pa ) -1 f i>07
wm:{ afv,un)™" i m (3.9)

0 otherwise.

The weight parameters u;, v, m; Vi € I are set considering a sleep/on-off technique

for the BS power modes and a uniformly distributed traffic load, described below:

3.2.1 Sleep mode/on-off Technique

The energy efficiency of the LP solution x* is strongly connected to the BS power
states u; and corresponding number of active BS v, which are given as input to the
LP, due to the weights definition in Eq. . A number of £ = B — v BSs are put
into sleeping (non-transmitting) mode. The selection of inactive BS is based only on

channel state criteria. Specifically, the set Z of active BSs is obtained as follows:

I:[—{mgmmk(hl~n/wr>}, (3.10)

b P,
Vi =) Via = e Viel, (3.11)
3 (et )

acA acA

where argmin,(-) returns the set of indices corresponding to the k lowest values of
the input vector. Distributed calculation of the maximum in a set is feasible and

examples have been reported in the literature [21]. The BS power states u; are then

| ifieT
w={ Heed (3.12)

calculated by:

0 otherwise.
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3.2.2 BS Traffic Load

The traffic load is uniformly distributed to the transmitting/active BS. Therefore,

the number of serving users m; Vi € I is given by:

N +v ifu, =1,
0 otherwise,

where + denotes the integer division. The remaining network traffic is given by
the modulo of N/v and is also re-distributed to the active BSs, by performing the

operation m; = m; + 1 for each BS, until ) .., m; = N i.e., all users are served.

3.2.3 Variable Elimination

The association variables associated with inactive BSs always remain zero, i.e., x;, =
0,7 ¢ Z,V a.. Thus, discarding such variables will have no impact on the optimization

process. The user association variables are then re-defined as follows:
X = {XW c{0,1}" forieT ac A}. (3.14)
Likewise, the weights are given by:
w = {Wm eRY forieT,ac A}. (3.15)
Thus, the LP solution must satisfy the following:

X" € {xw e (0,1} fori € Z,a € A}. (3.16)

3.3 Graphical Model Formulation

The goal of this work is to offer a distributed solution (across the BSs) of the relaxed
problem in Eq. . Towards this goal, the graphical model (GM) formulation for the
LP of Eq. is offered subsequently. The binary association variables x = {x;, }"
are input to specific factor nodes that check the validity of the LP constraints in
Eq. and return 1 if the constraints are satisfied and 0 otherwise. Given two
constraints in Eq. , two kinds of factor nodes are constructed, denoted by F,

and H;, Vi € Z, YV a e A. These factors are called non-variable factors and their
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domain is given by:

domF, = {{x,-/a cB):i e I} — B, (3.17)

domH, = {{xm/ €B}:d € A} ~BY, (3.18)

where BY is a set containing all binary vectors of length N. The corresponding factor

functions are given below:

1, if me =1,

Fo(Xia) = icl (3.19)
0, otherwise,

1, if ina = my,

Hz(xz*) = acA (320)
0, otherwise.
Vectors x,, and x;, denote all variables associated with user a and active BS i,

respectively. The variable factor function 1, for each (i, «) is given by:

¢ia<xia) = eXP{wm xia}a (321)

where the weights w;, are defined in Section [3.2. By eliminating the variables and
factors associated with inactive BS, the size of the factor graph is reduced. As an
example, the factor graph for a heterogeneous network of B = 3 BSs - out of which
v = 2 are active - is depicted in Fig. [3.2] for a number of N = 4 users.

The joint probability distribution function, encoded by the factor graph that de-
scribes the LP of Eq. (3.8), is given below:

Pr(x) oc{ {H H wm(xm)} X

i€ acA (322)
{H Hi(xi*)} x {H Fa(x*a)}.

The maximum posterior probability (MAP) assignment for the probability distribu-
tion in Eq. (3.22)) is identical to the optimal solution x*:

x* = arg max Pr(x). (3.23)

X
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ey
T2y Ho:
BS 1 BS 2 BS 3

Figure 3.2: Factor graph model for a heterogeneous network with B = 3 BS and
N = 4 users. Here, the BS indexed by i = 2 is switched off (i.e. v = 2), thus factors
and variables of the specific BS are eliminated, which is depicted with dotted lines.

3.4 Proposed Loopy Max Product Algorithm

The MAP assignment of Eq. (3.23) can be distributively computed with the max-
product algorithm on the corresponding GM (factor graph). A more convenient

notation for the random variables in x (converted to z) and weights in w, is adopted:

z=[2,..., 280" € {0, 1}, (3.24)

w = [wl,...,wy,]" € RY", (3.25)

accordingly. The variable factor for each variable z,, n € {1,..., N - v}, is given by:
Vn(2,) = exp{w], 2, }. (3.26)

The factor functions are also re-labeled as:

gt = ({Hitiez, {Fa}azr }- (3.27)
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Denote by N, J the set of association variables and factors, respectively. The neigh-
borhood in the (bipartite) factor graph!| of association variable indexed by n €
{1,...,v- N} and factor indexed by J € {1,...,v + N} is defined as follows:

£ [J € J: variable z, is adjacent to factor g}, (3.28)

Nj £ {n € N: factor g; is adjacent to variable z,}. (3.29)

Given these definitions, the max-product messages exchanged in the factor graph, are
given below [19; 22]:

t+1
,u(J:n)(z =c¢) x max g;(zy,) H /”Ly—>J Zy)s (3.30)
ZNZn=C .
yEN\n
1
i) G =€) oculzn) [ (2 (3.31)
feT\J

where z,r, denotes the set of neighboring association variables of factor J and notation
a € B\ bmeans that a assumes all possible values of set B excluding b. The estimated

marginals at iteration ¢ are given by:

b0 (zn) = Un(za) [T 10 z0)- (3.32)

fe€In

The output at iteration ¢ is obtained by performing hard decision-making on the

estimated marginals:
20 =1if b9 (z, = 1) > bW (z, = 0) else 2!) =0, (3.33)

Vn e {l,...,N - v}; the estimates {zn } are stacked in vector s, which is the
estimate of the MAP solution x*. The message passing procedure, has converged at
iteration ¢ if there is no time step ¢ > ¢ such that s® # s(*)

Let by wpnq, the maximum weight of the LP weights {w;,} in Eq. (3.9). Addi-

tionally, p > 0 is a positive constant given by:

T . o T | *
oy TOETW X o, (3.34)

xeP\x*  ||x —x*[|;

where P is the polytope of all LP solutions. Given these definitions, the following

theorem offers convergence guarantees to the LP-optimal solution:

!Factor graphs are bipartite, i.e., variables connect to factors only and vice versa.
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Theorem 3.4.1. The inference algorithm of this work converges to the LP solution
m at most T = (“’m‘”” + 1) (N - v)%5 iterations.

p

Proof. Work in [19] establishes sufficient conditions for max-product convergence to
the solution of a LP. In the following lines, we re-write these conditions and prove their
satisfiability for the GM and LP formulations in Sections [3.2| and [3.3| respectively.

e Condition 1: The solution of the LP is integral and unique.
Uniqueness of solution can be guaranteed by adding sufficiently small inde-
pendent random noise n;, ~ N(0,1072 - wy,) to the weights wy, [18; 19]. The
solution of the LP from Section is by definition integral, i.e., x* € {0, 1}"°.

e Condition 2: Fach variable of the graphical model is connected to at most two
non-variable factors.
Each variable z;, of the GM described by Eq. is connected to exactly two
non-variable factors (i.e., H; and F,). This is also clearly shown in Fig. [3.2]

e Condition 3: From [19, Lemma 3.3], all non-variable factor functions should

be expressed by:

1, if Ly <cl-zpn, < Uy

, , (3.35)
0, otherwise.

gJ(ZNJ) = {

where ¢ € {—1,1}N71 and Uy, L; € R.
Let by ¢j, = 1y and J; € {1,...,v} the indices for g;, € {H;};er factors. The
corresponding factor functions are given by Eq. (3.20)) and can be expressed as:

e T _
L, it cy -zn, =my,

g (ZNJ1> - { (336)

0, otherwise.

Let by cj, = 1,. The functions for factors g, where J, € {v+1,...,0v+ N},
are described by Eq. (3.19)) and can be expressed as:

L ifes, a, =1, (3.37)
0, otherwise.

97 (ZNJQ) = {

Finally, given the constants L;, = U;, = my, and L;, = Uy, = 1, the factor
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functions in Eqgs. (3.36)-(3.37) can be expressed as in Eq. (3.35):

1, if Ly, <ct . < Uy,
ng (Z/\/’J ) — 1 Jl — J1 ZNJI — Jl (338)
! 0, otherwise,
1, if L, <c& . <U
gJ2 (Z_/\/'] ) — Y 1 J2 — JQ ZNJ2 — J27 (339)
" 0, otherwise.

Therefore, max-product on the GM that encodes Eq. (3.22)) is guaranteed to converge
with arbitrary message initialization to the solution x* of the LP in Section [3.2, for
T < (% + 1> K iterations. From [19, Lemma 3.4], K is a constant no greater than

|2.5

|z|*°, where |z| = N - v is the number of variables. O

3.5 Computational Complexity

Max-product complexity is determined by the computational complexity of the factor
to variable messages in Eq. (3.30)), which is exponential on the node degree of the
corresponding factor J. Each factor {F,}Y_, neighbors to v variables and thus, the

complexity when computing a message associated with such factor follows [23]:
O(v-2Y). (3.40)

Likewise, for factors {H;}icz, the node degree is N and thus, the computation com-

plexity for a message associated with such factor is given by:
O(N -2M). (3.41)

Thus, the computational cost of max-product per iteration for a single message,

assuming that all messages are computed in parallel, is given by:
O(v-2°+ N -2MN). (3.42)

The computational cost of max-product can be reduced if only the valid variable con-
figurations (i.e., zy,, : gs(zy,) = 1) are considered for Eq. (3.30)). Valid configurations
give positive message values, while non-valid configurations (i.e., zy;, : gs(zn,) = 0)

always give zero. Therefore, discarding non-valid configurations has no effect on the
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maximization operation in Eq. (3.30). Let by:
Jie{l,...,v}, he{fv+1,...,u+ N}, (3.43)

the indices for gy € {H;}ier and g;, € {F,}Y_, factors, respectively. The valid

configurations for messages associated with g, factors are then given by:

Z5.m)(2) é{Z/\/Jl\n e BN L.

(3.44)
ng (Zle\TL)Zn - Z) = 1},
while for g, factors, the valid configurations are given by:
Z(JQ,n)(Z) é{Z/\[JQ\TL eBv L.
(3.45)

gJQ(ZNJ2\TL7Zn = 2) = 1}

From the definition of factors gz, = {F,}\_, in Eq. (3.19), each configuration in
Z(1,m) (2 = 0) contains only one digit that is equal to 1; thus, all valid configurations
are rows of the identity matrix of size v — 1. On the other hand, for Z, ,)(z = 1),
only a single configuration of zeros is valid. Thus, the number of valid configurations

for each factor Js is given by:
|Z(m(z=0)] + |z({,27n)(z =1)|=v—-1+1=0. (3.46)

From the definition of factors g, £ {H,};cz in Eq. (3.20), the valid configurations
of each Z(, (¢ = 0) and Z(,, (¢ = 1), are given by all different combinations of
N — 1 binary digits containing exactly mj and mj, — 1 ones, respectively. Thus, the

number of these configurations is described by the binomial coefficient:

|Z(nm (2= 0)| = (N - 1>, (3.47)

Zamtz=01= (") (3.48)

with 0 <m;, < N —1 for all J; € Z, due to the uniform base station traffic load. For
each edge (J,n), the set of valid assignments for Eq. (3.30) can be pre-computed and

stored efﬁcientlyﬂ Performing the maximization over valid configurations (instead

2e.g., by utilizing standard MATLAB functions such as nchoosek(-), bin2dec(-).
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Figure 3.3: Computational complexity of a single iteration of the proposed algorithm
as a function of the number of active BS v, for a different number of users N.

of all possible configuration) for all factors, the computational complexity of max-
product for a message per iteration, assuming parallel computation of all messages,

is reduced as follows:

N -1 N -1
C)(U?—FN-maIX( )+N-mazx( 1)), (3.49)
1€ m; 1€ m; —

which for N > 10 and 2 < v < 10 (and {m;}’s set as in this work) is bounded by:

O(N-I?Eazx (Nm_ 1)) (3.50)

Fig. plots the reduced computational complexity in Eq. of a single max-
product iteration, as a function of v and N. As expected, the computational com-
plexity increases with N, for given wv; this is the price to pay for the distributed
solution of the association problem by a network of BSs. For fixed N, complexity is

a non-increasing function of v.
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Chapter 4

Numerical Results

In this chapter, the energy efficiency (EE) of a two-tier heterogeneous network with
B = 10 BSs is compared to state-of-the-art distributed algorithms, with simulation
parameters offered in Table 4.1 Fig. |4.1| depicts the user association output of the
proposed approach for v = 8 active BSs and N = 20 users at random positions; the
simulated macro-cell has a diameter of R = 200m and users are randomly arranged
inside the cell, while the MBS is located in the center of the cell. Simulation results are
obtained by calculating the EE of different methods for 200 Monte Carlo experiments.
In each experiment, the position of users randomly changes, as well as the small scale
fading. For the proposed approach, the number of active BS v is randomly set for
each experiment. The performance of the proposed approach is then compared to
state-of-the-art algorithms, denoted by IE and SC. The IE algorithm [24] utilizes
a distributed protocol for the sub-gradient method with complexity O(BN). On
the other hand, SC [25] is a low-complexity, matrix-based EE algorithm. The SC
algorithm chooses the BS that has the greatest sum of the maximum achievable data
rate. Then, the chosen BS is turned on, and all UEs having connectivity with the
chosen BS are associated with it. This is repeated until all UEs are associated. The
EE geometric mean is shown in Fig. 4.2; the proposed method outperforms IE and
SC for N = {10, 15,20}. Figs. 4.3-4.5 clearly show that for a number of Monte Carlo

Table 4.1: Simulation parameters.

Description Value
Micro BS transmit power P7* 37.99 dBm
Macro BS transmit power Pp! 21.14 dBm
Macro BS operating power P, 56.62 W
Micro BS operating power P/ 6.80 W
Thermal noise power o2 -101 dBm
Bandwidth W 20 MHz
Carrier frequency F, 1.9 GHz
Path loss exponent (3 4
Maximum number of users at MBS max(m;) | 18
Maximum number of users at mBS max(m;) | 9
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Figure 4.1: Scheme depicting a result of the proposed user association algorithm for
N = 20 users, B = 10 available BS and v = 8 active BS.

experiments, the proposed approach converges very slowly to the optimal solution x*
and therefore, the median value of iterations is calculated. In Fig. [4.6, the median
of Max Product iterations is shown for N = {10,15,20}. Finally, Fig. shows the
median of max-product iterations vs N.

The EE empirical cumulative distribution (ECDF) function for N = {10, 15,20}
are demonstrated in Figs. Since the rightmost curve has always the best
performance, these results show that in general, the proposed approach offers higher
EE than the IE method. That is, only for low EEs (i.e., in Fig. for n < 0.07 bit-
s/Hz/Joule and in Fig. 4.9 for n < 0.1 bits/Hz/Joule), the IE method outperforms the
proposed approach. It is also observed that for all N, there is a region of EEs in which
SC outperforms the other two methods. Figs. however show the spectral
efficiency ECDF and demonstrate that SC provides low throughput. Figs. 4.10-4.12
also clearly show that IE outperforms the proposed method in terms of spectral effi-
ciency, for all N. This is probably due to the fair throughput allocation the specific

method promotes.
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Figure 4.2: Average Energy Efficiency for B = 10 BS and N = {10, 15,20} users.
The results for each N are obtained by calculating the geometric mean of 200 Monte

Carlo experiments.
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Figure 4.3: The number of iterations in each Monte Carlo experiment for the conver-
gence of Max Product for N = 10 users and B = 10 BS. The figures show that the
convergence of the Max Product algorithm for some Monte Carlo experiments is too
slow.
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Figure 4.4: The number of iterations in each Monte Carlo experiment for the conver-
gence of Max Product for N = 15 users and B = 10 BS. The figures show that the
convergence of the Max Product algorithm for some Monte Carlo experiments is too
slow.
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Figure 4.5: The number of iterations in each Monte Carlo experiment for the conver-
gence of Max Product for N = 20 users and B = 10 BS. The figures show that the
convergence of the Max Product algorithm for some Monte Carlo experiments is too
slow.
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Figure 4.11: Empirical CDF of Network Rate for B = 10 and N = 15.



Chapter 4. Numerical Results

46

08Ff { 7 1

0.7 ’ ]

== = Proposed Approach

— - |E

i
] v SC

Empirical CDF
o
(6]
™

0 I 1 r’ 1 1 1 1 1
0 10 20 30 40 50 60 70
Network Rate [bps/Hz]

Figure 4.12: Empirical CDF of Network Rate for B = 10 and N = 20.



47

Chapter 5
Conclusion

5.1 Conclusions

This work focuses on distributed, inference-based solvers for the problems of resource
allocation and user association in wireless networks. For the resource allocation prob-
lem, the belief propagation (BP) algorithm is utilized. First, the convergence of Belief
Propagation is re-visited from a control theory perspective; however, the resulting
complexity is too high. Next, two BP-based methods were evaluated; perturbed BP
and a method called restarting. The simulation results indicate that the restarting
method converges faster to a valid solution.

Finally, a relaxed formulation is established for the problem of energy efficient user
association in the downlink of heterogeneous networks. A distributed solver based on
max-product BP is provided; correctness and convergence guarantees are also offered.
The results for a small heterogeneous network indicate that the proposed approach
offers higher geometric mean of EE than state-of-the-art, while not sacrificing spectral
efficiency. The price for distributed - across the BSs - user association, based on

message passing (inference) is the increased computation per BS.

5.2 Future Work

As future work, the performance of the proposed user association algorithm should
be evaluated for a higher number of users; different network architectures could also

be tested. As a final note, NS-3 simulations could be provided.
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