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Abstract

This work aims to provide an approach to the macroscopic modeling and sim-

ulation of pedestrian flow, coupled with contagion spreading, for a numerical

investigation of the effect of certain macro-control measures on epidemic trans-

port dynamics. Numerical approximations are considered for the coupled model

along with numerical tests and results. In particular, we investigate the effect

of employment of different, epidemics transport control measures in real time.

Such simulations of disease spreading in a moving crowd can potentially pro-

vide valuable information about the risks of infection in relevant situations and

support the design of systematic intervention/control measures.

Keywords: Crowd Flow, Epidemics Spreading, Macroscopic Models,

Numerical Solution

1. Introduction

The ramifications of epidemics spreading in the economy [1] and physi-

cal/mental health [2] highlight the need for accurate prediction of epidemic

spread. One way to achieve this is by modeling the dynamics of epidemic spread-

ing. Due to the complexity of the detailed description of epidemic spreading
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when accounting for individual-to-individual interactions, see, for example, [3],

macroscopic models may be utilized to describe epidemics spreading dynamics,

particularly in cases of large crowds/spaces, see, for example, [4]. Although such

models capture epidemic spreading dynamics on a macroscopic scale, they may

not capture the transporting behavior of epidemics, which is, in fact, the main,

macroscopic phenomenon in epidemic spreading dynamics, emerging from peo-

ple transport. Furthermore, there are at least four potential macroscopic ways

of control of epidemic spreading in closed spaces, namely via manipulation of

the air-flow rate and direction, see, e.g., [5], or via real-time manipulation of the

maximum speed of and average distances between pedestrians (through recom-

mendations or other means), see, for example, [6, 7, 8, 9], or via incorporating in

the crowd masked/vaccinated individuals. For these two reasons, in the present

work, we perform numerical tests to study the epidemics transport dynamics,

under the effect of various ventilation air-flow rates/directions, for various val-

ues of the maximum pedestrians’ speed and of their average distances, and in

the presence of masked/vaccinated individuals, utilizing a Partial Differential

Equation (PDE) model that accounts for crowd flow and epidemics spreading

dynamics, as well as for the effect of ventilation.

Macroscopic modeling of coupled crowd motion and epidemic spreading dy-

namics is relatively unexplored. Here, we provide a model that may be useful

in situations where crowds occupy confined spaces, where a disease may easily

spread, such as, e.g., measles, influenza, or COVID-19. In particular, we uti-

lize a PDE model consisting of three components: a component that describes

crowd flow dynamics in two-dimensional (2D) spaces, a component that de-

scribes epidemics spreading, essentially, being a macroscopic version of a SEISV-

type model, and a component that describes the effect of aerosol dynamics to

spreading, in particular, describing the effect of ventilation induced air-flow.

The model we present here can be viewed as a modified version of the model

considered in [10], in that we use a less complex crowd flow model (modified from

[6] and [11]) and use potential theory to compute the ventilation induced air-

flow field, besides also incorporating transport dynamics for masked/vaccinated
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individuals. Works in [12], [13], and [14] also present relevant PDE models1,

consisting of a crowd flow dynamics component and an epidemics spreading

component with a different type of infection coefficient. Our work can be also

viewed as relevant to papers that consider macroscopic models of people mobil-

ity (via describing the respective traffic flow dynamics) and epidemics spreading

dynamics, such as, e.g., [15, 16, 17, 18, 19, 20, 21]. Although these works are

relevant, they describe the coupled people flow - epidemics spreading process on

a higher, macroscopic level (e.g., on the level of a country or a city), not con-

sidering the crowd movements in closed spaces. Therefore, here we employ an

integrated model that considers the interactions between pedestrian movements

and disease transmission dynamics in closed spaces, enabling the assessment of

how crowd dynamics influence disease spreading in relevant scenarios.

In the present paper, we perform numerical tests employing the proposed

PDE model. In particular, we employ a second-order, accurate finite-volume-

based numerical scheme to simultaneously solve on a 2D domain the three com-

ponents of the model, namely, the crowd flow, epidemics spreading, and aerosol

dynamics models; while employing a finite-difference scheme for numerically

solving a 2D Laplace equation to obtain a simplified velocity field (based on

potential theory), corresponding to the operation of the ventilation system. Im-

plementing these numerical schemes, we categorize the tests performed in three

different types as follows. In the first, we consider people moving towards a

single exit, together with accounting for variable ventilation rates, different air-

flow directions, different maximum speed and pressure coefficients, as well as

accounting for the presence of masked/vaccinated individuals. In the second, we

perform similar tests, but in comparison with the first type of tests, we consider

two exits. In the third, we account for a larger space and a larger number of

total individuals moving towards an exit.

Based on the results from the tests performed, we compare the various po-

1Although here we review only PDE macroscopic models, there exist microscopic models,
which describe coupled pedestrians-epidemics transport dynamics, accounting for movements
of individuals and individual-to-individual interactions, see, e.g., [15].
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tential macro control measures with respect to the resulting total number of

exposed individuals, which is considered as an index of spreading degree. In

particular, we study the effect of employment of macro control measures, which

may be implemented through real-time manipulation of i) ventilation rate and

direction, ii) maximum speed of pedestrians, and iii) average distances between

pedestrians, and through iv) incorporation in the crowd of masked or vacci-

nated individuals. In general, our findings indicate that the total number of

exposed individuals decreases with an increase in the ventilation rate, or when

people move against the direction of air-flow, or when the maximum speed of

individuals increases, or when the pressure coefficient increases (implying larger

average distances between individuals), or when masked/vaccinated individuals

are included in the crowd. However, the effect of increased pressure coefficient

is less significant when the flow capacity on the exit is large; while when the flow

capacity at the exit is low, further increasing the maximum speed may not be

beneficial for spreading. The exact quantification of the total number of indi-

viduals depends on the actual magnitudes of ventilation rate, maximum speed,

and pressure coefficients, as well as the number of masked/vaccinated individu-

als. Essentially, our results illustrate the possibility of utilizing the density (and

speed) profile in time/space in real time (i.e., to not only employing an average,

total number of people), to manipulate ventilation air-flow field in closed spaces

towards balancing epidemics spreading suppression and energy, as well as to

manipulate in a systematic manner, the average distances between individuals

and their maximum speed (via, e.g., recommendations from speakers), towards

epidemic spreading suppression.

The paper is organized as follows. We start in Section 2 presenting the cou-

pled crowd flow-epidemics spreading dynamics model. In Section 3 we present

the numerical schemes employed for solving the complete model. In Section

4 we present and interpret the simulation results obtained from the numerical

implementation of the model. We provide concluding remarks in Section 5.
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2. Coupled Modeling Equations

2.1. Crowd Flow Modeling

The model presented here is classified as a nonlinear, hyperbolic PDE sys-

tem (with source terms present). Second-order models in 2D use three-coupled

PDEs to describe crowd flow; the mass conservation and two equations that

resemble the momentum equations in fluid flow with a modification to the pres-

sure term to mimic crowd motion. In essence, we consider pedestrians as a

“thinking fluid”. The model considered here is known for its isotropic nature,

which is realistic assuming pedestrian motion is influenced from all directions.

This model stems from the well-known Payne-Whitam (PW) traffic flow model,

[22, 23], adapted to crowd dynamics [6, 11]. We present the model in conserva-

tion law form, which eases the application of proper numerical methods (e.g.,

finite volume ones). In general, we consider a 2D connected domain Ω ⊂ R2

corresponding to some walking facility, possibly equipped with some entrances

or exits. In this work, we do not consider the case of having some entrances,

thus the boundary of the domain ∂Ω = Γ0 ∪ Γw, where outflow boundaries are

denoted by Γ0 and the walls by Γw.

By denoting as x = (x, y) ∈ Ω the spatial variables and t > 0 the time,

we define as ρ(x, y, t) the pedestrian density (that has to stay non-negative and

bounded: 0 ≤ ρ(x, t) ≤ ρmax) and as u(x, t) and v(x, t) the x−component and

y−component of the velocity vector v, respectively. The model equations, along

with their initial conditions, can be written as

ρt +∇ · (ρv) = 0, (1)

(ρv)t +∇ · (ρv ⊗ v + P (ρ)) =
1

τ
ρ (V (ρ)~µ− v) ; (2)

ρ(x, 0) = ρ0(x), (3)

v(x, 0) = v0(x), (4)

where P (ρ) is an internal pressure function. In the momentum equations (2) the

relaxation source term drives v towards the desired speed V (ρ)~µ, where V (ρ) is
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an equilibrium speed-density relation, ~µ is the desired direction vector, and τ is

a relaxation time.

For the speed-density relation we implement the following relation

V (ρ) = umaxe
−α(ρ/ρmax)2 , (5)

where α > 0 is a constant, umax is the free-flow velocity, and V (ρmax) ≈ 0 with

ρmax being the congestion density at which the motion is hardly possible. The

critical density, where the pedestrian flow is at a maximum, is given by ρcr =

ρmax/
√

2α. We note here that other equilibrium speed-density relations can

also be implemented. For the internal pressure function we choose P (ρ) = ρC2
0 ,

with C2
0 being constant representing, an anticipation factor.

With regard to the desired direction of motion ~µ, under the assumptions

that pedestrians route choice is based on the shortest path to a destination and

the avoidance of high density regions, following [24, 25, 26, 10, 12], we define

a potential field Φ that describes the instantaneous travel cost to a destination

with ∇Φ = [Φx,Φy]T, and set

~µ = − ∇Φ

‖∇Φ‖
(6)

The potential Φ : Ω→ R is defined by the Eikonal equation

‖∇Φ‖ =
1

V (ρ)
, t > 0, x ∈ Ω, (7)

Φ = 0, x ∈ Γo, Φ =∞, x ∈ Γw. (8)

In simulations we assign a finite very large value for Φ when x ∈ Γw.

This choice for ~µ implies that pedestrians have a knowledge of the density

distribution in the whole domain at each time instant, and use this to esti-

mate their travel time. Such a reaction might be triggered, for example, by a

global view on the pedestrian crowd or by information supplied by a real-time

evacuation assistant.

Further, equations (1), (2) can be written in vector conservative form as,

Qt + F(Q)x + G(Q)y = S(Q), (9)
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where Q = (ρ, ρu, ρv)T and, the fluxes and sources are given as

F(Q) =


ρu

ρu2 + ρC2
0

ρuv

 ,G(Q) =


ρv

ρuv

ρv2 + ρC2
0

 ,

S =


0

1

τ
ρ

(
−V (ρ)

Φx
‖∇Φ‖

− u
)

1

τ
ρ

(
−V (ρ)

Φy
‖∇Φ‖

− v
)
 . (10)

The eigenvalues of the Jacobian matrices A(Q) =
∂F

∂Q
and B(Q) =

∂G

∂Q
are,

respectively,

λA1 = u− C0, λ
A
2 = u, λA3 = u+ C0, (11)

and

λB1 = v − C0, λ
B
2 = v, λB3 = v + C0, (12)

with their corresponding eigenvectors being linearly independent, i.e., the model

is strictly hyperbolic. System (9) preserves its isotropic nature, meaning that

information from all directions affect pedestrians’ motion and this is the most

distinct characteristic of this model. These are given as

eA1 =


1

u− C0

v

 , eA2 =


0

0

1

 , eA3 =


1

u+ C0

v

 , (13)

and

eB1 =


1

u

v − C0

 , eB2 =


0

1

0

 , eB3 =


1

u

v + C0

 . (14)

2.2. Epidemic Spreading Model

The model utilized here is modified from [10] and is based on a PDE macro-

scopic version of a SEISV model where each type of pedestrian (SEIV) moves

with the crowd speed v, as this results from the crowd flow model. Essen-

tially, we adopt a continuum (fluid-like) approximation to capture macroscopic
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behavior in high-density crowd situations, where individual behavior variations

are less pronounced and global patterns (e.g., flow direction and accumulation

near exits) dominate. This approach has the potential to considerably reduce

computational complexity while still capturing (on an average sense) essential

interactions between pedestrians and main infection spread.

The density of each type of pedestrian satisfies then the following

ρSt +∇ · (ρSv) = κρI − βIρS − ξρS , (15)

ρEt +∇ · (ρEv) = βIρ
S − θρE , (16)

ρIt +∇ · (ρIv) = θρE − κρI , (17)

ρVt +∇ · (ρV v) = ξρS , (18)

where ρS , ρE , ρI , and ρV are densities of the susceptible, exposed, infected,

and vaccinated/masked pedestrians, respectively, satisfying ρ = ρS + ρE + ρI +

ρV . The model equations are supplied with relevant initial conditions ρS0 , ρ
E
0 ,

ρI0 and ρV0 , similar to equations (1)–(4), satisfying ρ0 = ρS0 + ρE0 + ρS0 + ρV0 .

Further, βI is the infection rate, κ is the recovery rate, θ is the rate with

which exposed persons are becoming infected, and ξ denotes vaccination rate.

Pedestrians are potentially becoming exposed, when they are in contact with

infected pedestrians. However, on the time scales under consideration, κ, ξ and

θ are very small, and thus, they are set to zero in our numerical simulations.

Hence, the number of infected and vaccinated pedestrians remains constant,

considering that there is no inflow of infected and vaccinated pedestrians at the

boundary entries.

Remark 1. In this study we do not distinguish between masked and vaccinated
individuals, focusing instead, mainly, on transport dynamics and airflow-driven
transmission. The rationale behind considering these two measures to have the
same effect in epidemic spreading relies on the assumption that vaccination
and masks usage may provide full immunity, which may be realistic in certain
cases. In an extended version of the model (15)-(18) one may introduce separate
compartments and respective coefficients to reflect, in a distinct manner, the
effect in spreading of mask usage or vaccine efficacy, as well as to reflect their
potential interaction with the susceptible-exposed-infected compartments.

Here, we compute βI = i0β(x, t), where β(x, t) is the solution of the following
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drift-reaction-diffusion PDE in 2D following [10] as

βt +∇ · (βUG) = ∇ · (σ∇β)− νβ + q · ρ
I

ρ
, (19)

with β(x, 0) = 0 as initial condition, UG = [uG, vG]T a given velocity field of the

surrounding air-flow in the computational region, and σ the effective turbulent

viscosity for the aerosol. The term −νβ models the fact that aerosol particles

are settling due to the gravitational force [10, 27]. In this work we assume that

σ is a constant equal to 1.2 · 10−3 m2/s [27, 10, 12] and we get the velocity field

of the surrounding air-flow using potential flow theory, which will be described

next. The parameter i0 (s−1) is determined by the infectivity and is of O(10−2)

[10, 12]. We set here q = 1s−1, which means that the infection potential β

increases at a rate proportional to the number/density of infected individuals

with a characteristic time scale of a second. In general, q may represent, for

example, an emission rate (of virus particles) of infected individuals.

We note that the choice of the term q · ρI/ρ in the source of the infection

potential equation is motivated by standard SIR-type models, where the force

of infection depends on the proportion of infected individuals relative to the

total population (see, e.g., equation (2.7) in [4]). This formulation captures the

idea that the risk of exposure increases with the local prevalence of infection,

rather than just the absolute number of infected individuals. Importantly, the

actual transmission rate to susceptibles is determined by the product i0βρ
S , as

shown in equation (15).

To this end, β behaves as a contagion concentration field, driven by the

presence of infected people and transported by the crowd motion, i.e., it rep-

resents an infection intensity field. In other words β is a dimensionless field

representing infection potential at a point, which can be viewed as, e.g., nor-

malized viral load, exposure level, or infectiousness. Equation (19) states that

the concentration of airborne infectious agents (e.g., aerosols), being: produced

proportionally to the number of infected people present, transported by airflow,

dispersed by diffusion, and reduced with a decay factor of ν (s−1) (due to virus

particles settling on the ground).
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In this work, and in order to produce a steady velocity field UG of the

surrounding air-flow in the computational region Ω for model (19), it is assumed

that the air flow is inviscid, incompressible, and irrotational [28]. Thus, the

produced steady flow is governed by Laplace’s equation as

∆Ψ = 0, (20)

where Ψ(x) is the so-called velocity potential function. By implementing Neu-

mann boundary conditions and imposing conditions on the derivative of the

potential with respect to the normal direction (the derivative perpendicular to

the boundary), we introduce air-flows for inflow and outflow boundaries imitat-

ing in such a way the inflows from ventilation ducts and outflows from exhaust

ducts, respectively. Having computed the potential field we compute the result-

ing velocity field UG as

UG = ∇Ψ. (21)

3. Numerical Methodologies

The numerical approaches adopted here are based on the implementation

of well-known conservative finite volume schemes to discretize model equations

(9) for the crowd flow, equations (15)–(18) for the contagion model, and the

advection part in equation (19) for the infection rate. Here we only give a brief

presentation of them and we refer, for example, to the works in [29, 30, 31] for

more details in hyperbolic PDEs and their numerical solution, and in [6, 32]

for crowd flow models in particular. To this end, the solution space (x, y, t) is

split up into a uniform computational grid, where the grid spaces in the x and

y directions are given by ∆x and ∆y, respectively and in time direction by ∆t.

The positions of the ith and jth nodes in the x and y directions, and nth node

in time direction (xi, yj , t
n), are given by (i∆x, j∆y, n∆t), for i = 0, 1, . . . , Nx

and j = 0, 1, . . . , Ny, with the solution vector, denoted as Qn
i,j , being defined at

the center of the computational cell [xi−1/2,j , xi+1/2,j ]× [yi,j−1/2, yi,j+1/2].

By doing so, the generic finite volume numerical scheme in 2D with explicit
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time integration can be written as

Qn+1
i,j = Qn

i,j−
∆t

∆x
[Fni+1/2,j−Fni−1/2,j ]−

∆t

∆y
[Gn

i,j+1/2−Gn
i,j−1/2]+∆tSni,j ,

(22)

where Fni±1/2,j and Gn
i,j±1/2 are the numerical fluxes at the x and y (cell-

boundary) directions, respectively. However, in our implementation, for model

equations (9), we apply dimensional splitting by splitting the 2D problem into

a sequence of two 1D problems along with a splitting technique between the

advective part and the source terms of the model equations. This is performed

as follows, along the x−direction
Q∗
i,j = Qn

i,j −
∆t

∆x

[
Fni+1/2,j − Fni−1/2,j

]
;

Q
n+1/2
i,j = Q∗

i,j + ∆tS(Q∗
i,j),

(23)

and along the y−direction
Q∗∗
i,j = Q

n+1/2
i,j − ∆t

∆y

[
G
n+1/2
i,j+1/2 −G

n+1/2
i,j−1/2

]
Qn+1
i,j = Q∗∗

i,j + ∆tS(Q∗∗
i,j).

(24)

For computing the numerical fluxes in (23) and (24) we implement the well-

known approximate Riemann solver of Roe and we briefly describe it here. The

idea behind Roe’s scheme is to take a non-linear PDE system in quasi-linear

form, e.g., in 1D

Qt + A(Q)Qx = 0, (25)

and linearize locally by approximating the Jacobian matrix(ces) A(Q) at a

computational cell’s interface using Roe averages and in every time step repeat

the process. For the purpose of this section we define QR and QL that represent

the states on the right (R) and left (L) in the x−direction from the cell boundary

interface (i ± 1/2, j). For a first-order accurate in space scheme, and for the

(i, j)th cell, R ≡ (i+ 1, j) and L ≡ (i, j). Thus, the numerical flux is defined as

FRoe
i+1/2,j(Q

L,QR) =
1

2
[F(QL) + F(QR)] − 1

2
R̃ ˜|Λ|R̃−1[QR − QL]. (26)
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To obtain our approximated solution we write |A|(Q̃) = R̃ ˜|Λ|R̃−1, where R̃ is

the (average) eigenvectors’ matrix and Λ̃ is the diagonal matrix of the approx-

imated (average) eigenvalues. Further, the Harten and Hyman [33, 29] entropy

fix has been implemented, which modifies the approximated eigenvalues used

in the Roe linearization by never allowing any eigenvalue to be too close to

zero. In the same way the numerical fluxes Gi,j±1/2 in the y−direction are also

computed. For the crowd model (9) the Roe averages are

ρ̃ =
√
ρR · ρL, ũ =

uL
√
ρL + uR

√
ρR√

ρR +
√
ρL

, ṽ =
vL
√
ρL + vR

√
ρR√

ρR +
√
ρL

, (27)

and are used to compute the approximated eigenvalues (and eigenvectors) in R̃

and Λ̃, as given in (11)–(14). A second-order spatial discretization can be ob-

tained by properly defining the left (L) and right (R) states at the computational

cell interfaces. To this end, we utilize the classical Monotone Upstream-Centered

Scheme for Conservation Laws (MUSCL) reconstruction technique; we refer, for

example, in [31, 29]. Details about the MUSCL reconstruction are given in the

Appendix.

For the boundary conditions here we implement the following at a layer of

grid points (called ghost cells) around the computational domain.

• Free-slip at walls: ρg = ρi, vg = vi− 2(~vi · ~n)~n, with i being the neighbor

point inside the domain and ~n the unit normal vector at a boundary cell.

• Outflow (at exits): ρg = ρi, ~vg = umax~n (assuming on exits pedestrians

can leave with maximum speed).

• Inflow boundary conditions can also be implemented e.g. ρg = ρin(x, t).

Remark 2. We note here that, for the outflow boundary condition we make the
hypothesis that on exits pedestrians can leave with maximum speed (essentially
of a free outflow boundary condition), mainly, assuming that pedestrians after
the exit are evacuated in an open space that is not congested so that people
move freely. This approach may be realistic in certain practical scenarios in
which there is no other closed space connected (obstructing the flow), such as,
for example, when the exit is the exit from an airport or a mall, while it has
been used in several works, e.g., in [25, 26, 34, 35].
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Finally, for the crowd flow model, and to numerically obtain the direction

vector ~µ in the relaxation source term, we numerically solve the Eikonal equation

(7), (8) at each time step implementing the Fast-Sweeping Method (FSM) of

[36].

For each of the model equations (15)–(18) for the contagion model and the

advection part in equation (19) we implement the well-known Rusanov numer-

ical flux in scheme (22), again using the MUSCL reconstruction scheme, which

reads, for example, in the x−direction as

FRus
i+1/2,j =

1

2

[
F̄(Q̄R) + F̄(Q̄L)

]
−
Ci+1/2,j

2

[
Q̄R − Q̄L

]
, (28)

where F̄ and Ḡ are the advection fluxes in (15)–(18) and (19), Q̄ the relevant

vector of unknowns, and Ci+1/2,j = max{|uL|, |uR|}, i.e., the maximum absolute

advection velocity in the x−direction at the computational cell interface. Similar

is the formulation in the y−direction and the numerical fluxes GRus
i,j±1/2. Further,

for the diffusion term ∇ · (σ∇β) in equation (19), as well as for solving the

Laplace equation (20), classical second-order central finite difference schemes

are implemented [30].

Since the numerical solution of all models is obtained at each time node using

the same time step ∆t, their computation is stable under the global Courant-

Friedrichs-Lewy (CFL) stability condition [29, 30] given as

∆t ≤ min

CFL ·min{∆x,∆y}
max
i,j
{‖v‖i,j + C0}

,
CFL ·min{∆x,∆y}

max
i,j
{‖UG‖i,j}

,
∆x2∆y2

2σ(∆x2 + ∆y2)

 ,

(29)

where the first therm in equation (29) stems from the Roe scheme, the second

from the advective part of equation (19) using the Rusanov scheme, and the

third from the dicretization of the diffusion term of (19). The value of CFL = 0.8

was implemented in all simulations in Section 4 next.

Remark 3. There also exists another potential source of numerical instability
for second-order crowd flow models with relaxation terms present (and in general
in PDEs having relaxation terms) when explicit integration methods are used.
Explicit methods may produce numerical instabilities when approximating the
relaxation if the time step ∆t is greater than the smallest intrinsic time scale
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of the system, see, e.g., [37]. In our case this results in satisfying that ∆t < τ ,
which is always true for all simulations presented next.

4. NUMERICAL TESTS AND RESULTS

In this section we present numerical simulations for evaluating the behavior

of the model and, in particular, for evaluating the disease spreading under dif-

ferent conditions. Emphasis is given on the effect of certain parameters in the

model, in particular we study the effect of the ventilation rates and direction

of the resulting air-flow field, as well as we investigate the effect of variable

maximum desired velocity umax, anticipation factor C0, and of the presence of

vaccinated/masked population. If not otherwise stated, we fix some of the pa-

rameters used in all the simulation scenarios presented below; these are τ = 0.6

s, α = 7.5, and ρmax = 6 ped/m2, in the density-speed relation V (ρ), i0 = 0.04

(as in [10, 12]) for the infectivity rate, and ν = 0.5 in model (19) (i.e., we assume

that 50% of the aerosol particles are settling due to gravitational forces). We

compute the total number of pedestrians inside a facility, at each time instant,

via relation R(t) =

∫
Ω

ρ(x, t)dx. A detailed list of the parameter values utilized

in the numerical simulations is given in Table 1.

Table 1: Description of parameter values used in the simulations

Parameter name Symbol Ref. value
Maximal density ρmax 6 ped/m2

Free-flow speed umax 1.4− 2 m/s
Relaxation time τ 0.6 s

Pressure coefficient C0 0.5− 1.2 m/s
Speed-density coefficient α 7.5

Aerosol viscosity coefficient σ 1.2 · 10−3 m2/s
Infectivity rate i0 0.04

Aerosol settling coefficient ν 0.5 1/s

4.1. Crowd Flow Towards an Exit

In this test we consider a closed room of size Ω = [0, 10 m]× [0, 10 m] with

an exit 2 m wide at the right boundary centered at y = 5 m. The initial density

is ρ0(x) = 2.5 ped/m2 in the region [1, 5]× [2.5, 7.5], leading to 50 people in this

region, with v0(x) = 0 in the crowd flow model. Further, we set ρI0 = 0.25ρ0,
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i.e., 25% of the pedestrians are considered infected, while initially ρE0 = 0. This

test scenario is similar to one of the scenarios presented in [14, 13, 38]. The

values of ∆x and ∆y were set equal to 0.05 m and the value of ∆t = 2 · 10−3 s.

In addition to studying the effect of ventilation air-flow field and of the

presence of vaccinated/masked individuals to the percentage of total exposed

individuals, we also study the effect of the desired speed umax and anticipation

constant C0 in the internal pressure-like function. In particular, we compute the

respective evacuation times and the corresponding total number of exposed indi-

viduals within this time interval. Empirical studies have shown that the average

maximal reachable dimensionless velocity, i.e., the speed at which pedestrians

walk when they are not hindered by others, is about 1.34 m/s with standard

deviation of 0.37 m/s (see, for example, [39, 25]). However, due to impatience

or in emergency situations people tend to move faster. To this end we consider

two cases here, one with umax = 1.4 m/s and one with umax = 2 m/s. In

Fig. 1 we present the behavior of the speed density relation for the two different

maximum velocities where for both cases the critical density value for maximum

pedestrian flow is obtained at ρcr = 1.549 ped/m2.
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Figure 1: Equilibrium speed-density relations for flow (left) and velocity (right) for two dif-
ferent values of umax.

As for the anticipation constant C0, which is a macroscopic indicator of the

space concentration of crowd density, see, e.g., [11], smaller values of C0 corre-

spond to pedestrians coming closer to each other (as, for example, in emergency
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situations), while larger values correspond to larger average distances between

them. Here we consider three cases, as C0 = 0.5, 0.8, and 1.2.

4.1.1. Effect of umax, C0, and Vaccinated/Masked Population

Initially, we perform simulations in this test scenario, where we assume that

there is no ventilation imposed in the facility. In Fig. 2 we present the total

evacuation times for each value of C0 along with the predicted percentage of the

exposed pedestrians when ρV0 = 0, i.e., with no masked/vaccinated pedestrians

included. As it can be observed in Fig. 2 , as the maximum desired velocity

increases the total percentage of exposed pedestrians decreases, around between

3% and 5%, mainly as a result of the decreasing evacuation time, which is

reasonably expected for increasing maximum speed. We note that, at an outflow

boundary (exit) we keep track of the amount of exposed pedestrians that has

exited the domain. As expected, after all pedestrians have exited the domain

the total number of predicted exposed pedestrians remains constant in each

case.

We further observe that as the anticipation factor increases the percent-

age of total exposed individuals decreases as a result of increasing average dis-

tances between individuals (dictated by the pressure function in the crowd flow

model). Such an increase also results in a decrease in the evacuation time,

which is explained as larger average distances between individuals may also

lead to smoother overall flow, and thus, also, for example, to less evident clog-

ging effects at the exit. This is evident also in Figs 3 and 4 where total density

profile, infection coefficient profile, and exposed pedestrians’ density, at different

time instances with umax = 1.4 m/s, are presented for two different values of

C0. Comparing the results in Figs 3 and 4 we see that for smaller values of C0,

i.e., allowing smaller distances between pedestrians, causes stronger interactions

and formation of inhomogeneities in the density distribution and, as a result, we

observe much higher densities, especially near the exit, which persist in time.

On the other hand, increasing the value of C0, higher repealing forces between

pedestrians prevent high densities and formation of inhomogeneities in the den-
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Figure 2: Time evolution of the total number of pedestrians R(t) (left) and percentage of
exposed pedestrians (right) with umax = 2 m/s (top) and umax = 1.4 m/s (bottom), for
three different values of C0 with ρV0 = 0.

sity distribution, allowing for a smoother and faster evacuation. Further, in Figs

3 and 4, we can observe the evolution of the infection coefficient βI that follows

the pedestrians’ movement and, at the same time, spreads in the domain, due

to diffusion effects as given in model (19).

Referring to Fig. 5, we note here that, we observe that although increasing

C0 is beneficial to the total number of exposed individuals, nevertheless, there is

a critical point after which further increasing C0 has a negative effect, resulting

in increased number of exposed individuals. This can be explained by the fact

that increasing C0 results in larger average distances between pedestrians, and

thus, to a smoother outflow at the exit, which in turn is beneficial to the total
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Figure 3: Total density profiles (top), infection coefficient profile (middle) and exposed pedes-
trians’ profile at different time instances with umax = 1.4 m/s, C0 = 0.5, with no ventilation
and ρV0 = 0.

evacuation time of pedestrians (and thus, to the total number of exposed indi-

viduals). However, even higher C0 may result in higher total evacuation times,

which may have a negative effect on the total number of exposed individuals.

Further, from Fig. 6 we observe that as umax increases, in general, the total

number of exposed individuals decreases, nevertheless, there is a lower bound on

the minimum achievable number of exposed individuals and further increasing

umax would not have an effect on the resulting total number of exposed indi-

viduals. This can be explained from the fact that, in our current setup, with

the particular free outflow boundary condition and the corresponding capacity

of the exit, increasing umax results in general to smaller evacuation times, and
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Figure 4: Total density profiles (top), infection coefficient profile (middle) and exposed pedes-
trians’ profile at different time instances with umax = 1.4 m/s, C0 = 1.2, with no ventilation
and ρV0 = 0.
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Figure 5: Percentage of exposed pedestrians for different values of C0 ∈ {0.5, 0.8, 1.2, 1.5, 2}.
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thus, to a smaller number of exposed individuals. However, for even higher umax

the total evacuation time cannot be reduced further, for the given exit capacity.
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Figure 6: Percentage of exposed pedestrians for a 2 m wide exit for C0 = 0.8 and for different
values of umax ∈ {0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4} m/s.

Next, in Fig. 7 we present the same simulations but now assuming that 15%

of the pedestrians are masked or vaccinated, i.e., ρV0 = 0.15ρ0. The effect of

incorporating masked/vaccinated individuals is a decrease in the total number

of exposed individuals, which is reasonably expected. Comparing with the per-

centage of exposed pedestrians in Fig. 2, a decrease of about 2-5% is observed.

4.1.2. Effect of Different Ventilation Air-Flow Rates and Directions

To study the effect of ventilation imposed in the room, we assume one case

with an inflow ventilation duct at the middle of the left boundary and one ex-

haust duct at the middle of the right boundary, both being 2 m wide, producing

an air-flow field along the pedestrians motion towards the exit. The second case

reverses the position of inflow and outflow ducts producing an air-flow field

against the pedestrians’ motion. To produce the steady velocity field UG from

(21), in the first case, the derivative of the potential Ψ normal to the venti-

lation boundaries was set equal to uin = [uin, 0]T for the left boundary and
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Figure 7: Time evolution of the percentage of exposed pedestrians with umax = 2m/s (left)
and umax = 1.4m/s (right), for three different values of C0 for ρV0 = 0.15ρ0.

uout = [−uin, 0]T for the right boundary, as to introduce the air-flow in the

computational domain. The opposite is done for the second case. We consider

two settings for the ventilation speed, one with uin = 5 m/s, and one with

uin = 10 m/s (that are practically realistic values, see, e.g., [40]). The resulting

air-flow fields in both cases, along the pedestrian’s motion and against it, are

shown in Fig. 8 for uin = 10 m/s.

0 2 4 6 8 10

0

2

4

6

8

10

0 2 4 6 8 10

0

2

4

6

8

10

Figure 8: Velocity field UG vectors (in blue) and the corresponding streamlines for a ventilated
room along the pedestrians’ moving direction (left) and against (right) for uin = 10 m/s.

In Figs 9 and 10 we present, respectively, with ventilation along and against

the pedestrians’ flow direction, the total pedestrians’ density profiles, infection
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coefficient profile, and exposed pedestrians’ profile at different time instances

for umax = 1.4 m/s, C0 = 1.2, and uin = 10 m/s. Although the evolution of

the total pedestrians’ movement is the same in each case, significant differences

can be observed in the evolution of the infection coefficient in the room, affected

by the air-flow fields, and, as a result, in that of the predicted exposed pedes-

trians. In particular, we observe from Fig. 10 that people in this case, with

air-flow against pedestrians’ direction, move at locations where the values of βI

is smaller, which is a result of air being cleaner at locations close to the inlet

ventilation duct; while the opposite is true in the case where the air-flow is along

their direction, as in Fig. 9. Further, since there exists a significant congestion

(clogging) near the exit, especially for smaller values of C0, this “pocket” of

clean air near the exit is expected to have a profound effect in the number of

exposed pedestrians. This observation is also consistent with, for example, [41].

Indeed, the results as shown in Figs 11-14 for the two different values of umax

(that include also the effect of masked/vaccinated individuals) verify this. More

precisely, first we observe that the number of exposed individuals decreases

with increasing ventilation rate, which is reasonably expected. In particular,

as model (19) predicts, increasing ventilation rate results in a larger area of

smaller average values for the βI coefficient, which describes the degree of in-

fection transmission. Comparing the results presented in Figs. 11 and 13 with

the results presented in Fig. 2 there is a significant decrease, up to 6% in

the expected number of exposed pedestrians. In all cases it can be observed

that the number of exposed individuals decreases when people move against

the ventilation air-flow field in this test case. The same can be concluded if

one compares Figs 12 and 14 with Fig. 7 when a small percentage of vacci-

nated/masked pedestrians is included. In this case, the percentage of exposed

pedestrians reaches its lowest value, of approximately 4% of the total number

of pedestrians, when C0 = 1.2 and umax = 2 m/s, while it is approximately 7%

when C0 = 1.2 and umax = 1.4 m/s, both for an induced air-field against the

pedestrians’ movement with uin = 10 m/s.
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Figure 9: Total density profiles (top), infection coefficient profile (middle), and exposed pedes-
trians’ profile at different time instances with umax = 1.4 m/s, C0 = 1.2, and ventilation along
the pedestrians’ flow direction with uin = 10 m/s.

4.2. Crowd Flow Towards Two Exits

Here we consider again a closed room of size Ω = [0, 10 m] × [0, 10 m] but

now with two exits, each being 2 m wide at the right boundary centered at

y = 3 m and y = 8 m. The initial density is ρ0(x) = 2.5 ped/m2 in the region

[1, 5] × [2.5, 7.5], leading again to 50 people in this region, with v0(x) = 0.

Further, ρI0 = 0.25ρ0, while initially ρE0 = 0. In this test scenario we mainly

focus on the effect of adding an extra exit (along with the exits’ location), as

well as on the effect of the direction of the imposed air-flow field.

First, from Figure 15, where the time evolution of pedestrians and percentage

of exposed pedestrians with umax = 2 m/s and umax = 1.4 m/s for three

different values of C0 are presented, we observe that, in this two-exit case, the

23



Figure 10: Total density profiles (top), infection coefficient profile (middle), and exposed
pedestrians’ profile at different time instances with umax = 1.4 m/s, C0 = 1.2, and ventilation
against the pedestrians’ flow direction with uin = 10 m/s.
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Figure 11: Percentage of exposed pedestrians in a ventilated room for two different ventilation
speeds, along the pedestrians’ direction (left) and against (right), with ρV0 = 0 and umax = 2
m/s.
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Figure 12: Percentage of exposed pedestrians in a ventilated room for two different ventilation
speeds, along the pedestrians’ direction (left) and against (right), with ρV0 = 0.15ρ0 and
umax = 2 m/s.
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Figure 13: Percentage of exposed pedestrians in a ventilated room for two different ventilation
speeds along the pedestrians’ direction (left) and against (right), with ρV = 0 and umax = 1.4
m/s.

evacuation time, and consequently, the total number of exposed individuals, are

significantly reduced when compared with the results for the one exit scenario in

Fig. 2. However, the effect of variable pressure coefficient C0 is less evident, in

comparison with the case of a single exit. This can be explained by the fact that

two exits increase the capacity flow (i.e., the maximum discharge flow) at the

exits of the space considered, and thus, larger outflows can be accommodated,

which in turn implies that a clogging (i.e., a congestion) phenomenon may be

avoided even for smaller average distances between pedestrians (that may imply
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Figure 14: Percentage of exposed pedestrians in a ventilated room for two different ventilation
speeds along the pedestrians’ direction (left) and against (right), with ρV = 0.15ρ0 and
umax = 1.4 m/s.

a larger outflow at the exits). In addition, since pedestrians are roughly split

into two groups (towards each exit as shown, for example, in Fig. 16) smaller

densities are observed (i.e., smaller numbers of people within a certain area),

and thus, increasing the pressure coefficient to impose stricter average distances

between people does not have a significant effect on spreading. Further in this

case, the effect of the increase in the maximum allowable speed umax to 2 m/s

when compared to that of 1.4 m/s can be clearly seen, in terms of a reduced

evacuation time and a lower percentage of exposed individuals. In Fig. 16,

where we show total density profile, infection coefficient profile, and exposed

pedestrians’ density, at different time instances with umax = 1.4 m/s for C0 =

0.5, we can observe the evolution of the infection coefficient βI that follows the

pedestrians’ movement towards the two exits. For this value of C0 some strong

interactions and formation of inhomogeneities in the density distribution are

still evident.

Next, in this two-exit case, we focus on the effect of imposing the two ven-

tilation scenarios as in Section 4.1.2 for the case umax = 1.4 m/s, for which

the exposed pedestrians’ number is in general larger, and uin = 10 m/s in

the ventilation. Initially we present, as indicative results, in Figs 17 and 18,

the total pedestrians’ density profiles, infection coefficient profile, and exposed
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Figure 15: Two exits: Time evolution of the total number of pedestrians R(t) (left) and
percentage of exposed pedestrians (right) with umax = 2 m/s (top) and umax = 1.4 m/s, for
three different values of C0.

pedestrians’ profile at different time instances for air-flow along and against

the pedestrians’ flow direction for C0 = 0.5. From Fig. 19 we observe that

an increasing ventilation rate in general implies smaller percentages of exposed

individuals, which is reasonably expected. However, the relevant improvement

with respect to the no ventilation case is not as significant as in the case of one

exit, at least for low ventilation rates. This can be explained by the fact that,

in the case of two exits, the evacuation time is roughly half of the respective

evacuation time in the one-exit case. This in turn implies that large ventilation

rates may not result in significant improvements with respect to spreading as

pedestrians exit the space fast enough. Still, when compared with the obtained
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Figure 16: Two exits: Total density profiles (top), infection coefficient profile (middle), and
exposed pedestrians’ profile at different time instances with umax = 1.4 m/s, C0 = 0.5, and
no ventilation.

results in Fig. 15, when ventilation is not imposed, one can observe a 3-4% de-

crease in the number of exposed individuals, in the case of an imposed air-flow

against the pedestrians direction for uin = 10 m/s. We also note here that,

while the ventilation ducts (for both cases of the air-flow field) are placed at

the middle of the right (exit) boundary, pedestrians are directed to two exits

that are relatively far from these. In return it is expected that the effect of the

imposed ventilation will be less profound as compared with the respective case

in Section 4.1.2.
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Figure 17: Two exits: Total density profiles (top), infection coefficient profile (middle), and
exposed pedestrians’ profile at different time instances with umax = 1.4m/s, C0 = 0.5, and
with ventilation air-flow field along the pedestrians’ flow direction with uin = 10 m/s.

4.3. Large Crowd Flow in a Corridor Towards an Exit

With this test case we aim to investigate the performance of the model in the

case of a larger number pedestrians moving in larger spaces/distances. Our main

target here is to study the effect of different ventilation patterns induced in the

facility. To this end, we consider a walking facility of size Ω = [0, 50 m]×[0, 20 m]

with an exit at the right boundary centered at y = 10 m. The initial density is

ρ0(x) = 1 ped/m2 in the region [0, 20]× [0, 20], leading to around 400 people in

this region, with v0(x) = 0. Further, we set ρI0 = 0.1ρ0, while initially ρE0 = 0

and ρV0 = 0. In this case we fix the value of umax to 1.4m/s. The values of ∆x

and ∆y were set to 0.1 and the value of ∆t to 5 · 10−3.
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Figure 18: Two exits: Total density profiles (top), infection coefficient profile (middle), and
exposed pedestrians’ profile at different time instances with umax = 1.4m/s, C0 = 0.5, and
with ventilation air-flow filed against the pedestrians’ flow direction with uin = 10 m/s.

Initially, we compare the effect of the size of the exit for the three different

values of C0 as shown in Fig. 20, in terms of the exiting time, as well as the

percentage of the exposed pedestrians predicted. We assume first an exit 6 m

wide and then one 4 m wide, both for umax = 1.4 m/s and no ventilation

present. As it was expected in this setup, the evacuation time is much larger for

the smaller exit, for all values of C0. This leads to an increase of the predicted

percentages of exposed pedestrians, especially for the case of C0 = 0.5 where an

approximately 10% increase can be observed while for C0 = 1.2 the increase is

approximately 5%, as compared with the case of an exit 6 m wide.

The effect of imposing different values of C0 is given in Figs 21 and 22 for the
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Figure 19: Two exits: Percentage of exposed pedestrians in a ventilated room for two different
ventilation speeds along the pedestrians’ direction (left) and against (right) with ρV0 = 0 and
umax = 1.4 m/s.

4 m exit, where total density profile, infection coefficient profile, and exposed

pedestrians’ density at different time instances are shown. Again, the effect

of the internal pressure function that describes the repealing forces between

individuals and prevents or not from overcrowding is evident. We can observe,

also in this case, that for the smaller value of C0 there is a significant decrease

of the outflow of pedestrians through the exit, which essentially means that

the clogging phenomenon persists more in time. On the other hand, increasing

C0 leads to a less pronounced congestion effect and the outflow is smoother

leading to smaller densities and faster evacuation times, and thus, to spreading

mitigation.

In the following simulations we focus our interest on the case of a 4m wide

exit, which is the case that corresponds to the worst-case scenario, in terms of

the predicted number of exposed pedestrians for all values of C0. Due to the

larger scale of the facility, we impose two inflow ventilation ducts at the middle

of the top and bottom boundaries and two exhaust ducts at the middle of the

right and left boundaries, all being 8 m wide, as shown in Fig. 23 (top) and we

call the obtained velocity field air-flow pattern I. Then we consider the reverse

case called air-flow pattern II as shown in Fig. 23 (bottom). In both patterns,

we consider the ventilation speed to be uin = 10 m/s and uout = −10 m/s. The
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Figure 20: Corridor: Time evolution of the total mass R(t) of pedestrians (left) and percentage
of exposed pedestrians (right) with umax = 1.4 m/s, for three different values of C0, with one
exit 6 m wide (top) and 4 m wide (bottom), with no ventilation.

results obtained, for the two air-flow patterns, in terms of the percentage of the

exposed pedestrians for each value of C0 are presented in Fig. 24 and compared

with the no ventilation case. As it can be observed for the case of C0 = 0.5, both

ventilation patterns reduce the amount of the predicted exposed individuals,

with air-flow pattern I resulting to an almost 10% drop, as compared with the

no ventilation case. A moderate drop of the expected exposed pedestrians can

be observed in the case of C0 = 1.2.

Referring now to Fig. 25 and Fig. 26 we observe that for such situations,

where crowd occupies a large space for long time at the vicinity of the exit,

pattern II leads to higher degree of spreading because infection coefficient is

produced and advected inside the domain, thus affecting a large portion of the
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Figure 21: Corridor with a 4 m exit: Total density profiles (top), infection coefficient profile
(middle), and exposed pedestrians’ profile at different time instances with umax = 1.4 m/s,
C0 = 0.5, and with no ventilation.

crowd that is concentrated in a large area, of about 10 meters, near the exit.

In contrast, pattern I causes the infection coefficient to exit the domain more

efficiently, or, in other words, pattern I cleans the air at a large area near the

exit more efficiently, thus leading to smaller numbers of exposed individuals,

due to imposing cleaner air near the exit. This is not in contradiction with the

results of Sections 4.1 and 4.2, because the “pocket” of clean air reported there,

in the case of ventilation field against the pedestrians direction, which resembles

more pattern II than pattern I, may be still evident, nevertheless that pocket is

concentrated at a very small area around the exit that does not have any benefit

in the present case, where the crowd occupies a much larger area around the

exit.
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Figure 22: Corridor with a 4 m exit: Total density profiles (top), infection coefficient profile
(middle), and exposed pedestrians’ profile at different time instances with umax = 1.4 m/s,
C0 = 1.2, and with no ventilation.

5. Conclusions and Recommendations

In this paper, we performed several numerical investigations for studying the

effect of employment of different, epidemics transport control measures, in sce-

narios in which pedestrians occupy and evacuate closed spaces. In particular, we

performed tests varying the ventilation rate and direction, the maximum speed

of pedestrians, and the average distances between pedestrians, as well as incor-

porating in the crowd masked or vaccinated individuals. We also studied the

effect of increasing the size or number of the exits. The tests performed employ-

ing a macroscopic PDE model consisting of three main components, namely, a

crowd flow dynamics component, an epidemics transport dynamics component,

and an equation for computing the infection coefficient.

Based on the results of the tests, we observed the following. Increasing the

pressure coefficient C0 leads, in general, to lower degree of spreading, as it leads

34



0 5 10 15 20 25 30 35 40 45 50
0

5

10

15

20

0 5 10 15 20 25 30 35 40 45 50
0

5

10

15

20

Figure 23: Corridor with a 4 m exit: Velocity field UG vectors (in blue) and the corresponding
streamlines (in red), with uin = 10 m/s for pattern I (top) and pattern II (bottom).

to higher average distances between pedestrians, and thus, to a smoother crowd

flow with less evident congestion/clogging effects at the exit (where the spread-

ing is more profound). However, the effect of increasing C0 may be less evident

in situations where the capacity of the outflow at the exit is sufficiently large

(e.g., due to multiple or large exits), as, in such scenarios, pedestrians may exit

the domain keeping sufficiently high, average distances. Increasing the maxi-

mum speed coefficient umax leads, in general, to lower degree of spreading, as it

results in smaller evacuation times. However, very large values of umax may re-

sult in higher spreading when the outflow capacity at the exits is not sufficiently

large, as it may create more significant clogging/congestion effects. Incorporat-

ing masked/vaccinated individuals or increasing the ventilation rate magnitude

reduces the number of total exposed pedestrians. Ventilation direction against

35



0 20 40 60 80 100 120
0

5

10

15

20

25

30

35

No ventilation

Airflow pattern I

Airflow pattern II

0 20 40 60 80 100
0

5

10

15

20

25

30

35

No ventilation

Airflow pattern I

Airflow pattern II

0 10 20 30 40 50 60 70 80 90
0

5

10

15

20

25

30

35

No ventilation

Airflow pattern I

Airflow pattern II

Figure 24: Corridor with a 4 m exit: Percentage of exposed pedestrians with umax = 1.4 m/s
for three different values of C0.

pedestrians movement may be beneficial for spreading in scenarios of relatively

small number of pedestrians, as a small pocket of clean air created at a small

area around the exit may be beneficial. The reverse may, in general, be true, in

cases of large crowds occupying a large area at the location of the exit during

evacuation, as ventilation along the pedestrians flow may result in a larger area

of clean air.

In this study, we focused on primarily isolating the effects of ventilation

airflow rate/direction, maximum average crowd speed, and average distances

among pedestrians to understand their individual influence on transmission dy-

namics. Studying even more thoroughly with additional tests their combined

effects (e.g., of ventilation and mask use) in additional scenarios would provide
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Figure 25: Corridor with a 4 m exit: Total density profiles (top), infection coefficient profile
(middle), and exposed pedestrians’ profile at different time instances with umax = 1.4 m/s,
C0 = 0.5, and air-flow pattern I.

important insights. This could be addressed in future work.
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The idea behind the MUSCL scheme is to replace the piecewise constant ap-

proximation of the conserved variables of the first-order finite volume scheme by
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reconstructed states, derived from cell-averaged states. For each computational

cell, slope limited, reconstructed left (L) and right (R) states are obtained and

used to calculate the numerical fluxes (namely the Roe and Rusanov ones in

this work) at the cell interfaces. Using a piecewise linear approximation of the

variables at each cell, results in a scheme that is second-order accurate in space

for smooth solutions. This results in the following reconstructed states for each

component q of an unknown vector Q along the x−direction for the xi+1/2,j

interface

qRi+1/2,j = qi+1,j −
φ
(
rxi+1,j

)
4

[
(1− ω) ∆qi+3/2,j + (1 + ω) ∆qi+1/2,j

]
, (30)

qLi+1/2,j = qi,j +
φ
(
rxi,j
)

4

[
(1− ω) ∆qi−1/2,j + (1 + ω) ∆qi+1/2,j

]
, (31)

and for the for xi−1/2,j interface

qRi−1/2,j = qi,j −
φ
(
rxi,j
)

4

[
(1− ω) ∆qi+1/2,j + (1 + ω) ∆qi−1/2,j

]
, (32)

qLi−1/2,j = qi−1,j +
φ
(
rxi−1,j

)
4

[
(1− ω) ∆qi−3/2,j + (1 + ω) ∆qi−1/2,j

]
, (33)

where ∆qi+1/2,j = (qi+1,j − qi,j), ∆qi−1/2,j = (qi,j − qi−1,j), and

rxi,j =
∆qi−1/2,j

∆qi+1/2,j
. (34)

The parameter ω is allowed to lie in the interval [−1, 1] and for the results

presented in this work we have set ω = 0. Finally, the function φ(rx) is a

limiter function that limits the slope of the piecewise approximations to ensure

the solution is Total Variation Diminishing (TVD) thereby avoiding the spurious

oscillations that would otherwise occur around discontinuities or shocks. The

limiter is equal to zero when rx ≤ 0 and is equal to unity when rx = 1. In this

work the van Albaba limiter has been utilized, which reads as

φ(r) =
r2 + r

1 + r2
. (35)

A similar reconstruction is performed along the y−direction to obtain the re-

constructed values along the yi,j±1/2 interfaces.
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