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Abstract: We develop an input delay-compensating feedback law for linear switched systems
with time-dependent switching. Because the future values of the switching signal, which are
needed for constructing an exact predictor-feedback law, may be unavailable at current time,
the key design challenge is how to construct a proper predictor state. We resolve this challenge
constructing an average predictor-based feedback law, which may be viewed as an exact
predictor-feedback law for a particular average system without switching. We establish that,
under the predictor-based control law introduced, the closed-loop system is exponentially stable,
provided that the plant’s parameters are sufficiently close to the corresponding parameters of
the average system. In particular, the allowable difference is inversely proportional to the size of
delay and proportional to the dwell time of the switching signal. Since no restriction is imposed
on the size of delay or dwell time themselves, such a limitation on the parameters of each mode
is inherent to the problem considered (in which no a priori information on the switching signal is
available), and thus, it cannot be removed. The stability proof relies on two main ingredients—a
Lyapunov functional constructed via backstepping and derivation of solutions’ estimates for the
difference between the average and the exact predictor states. We present consistent, numerical
simulation results, which illustrate the necessity of employing the average predictor-based law

for achieving stabilization and desired performance of the closed-loop system.

Keywords: Predictor-based control, delay compensation, backstepping.

1. INTRODUCTION

Switched systems appear in numerous applications includ-
ing traffic flow control, Zhang et al. (2024), automotive
control, Ioannou and Xu (1994), Shang et al. (2024),
networked control systems, Donkers et al. (2011), water
networks, Vrachimis et al. (2022), and epidemics spread-
ing, Briat and Verriest (2009). This type of systems may
be also affected by the presence of delays in the input
signal, which may degrade system’s performance and sta-
bility when left uncompensated. For example, in vehicle
dynamics, switching may appear due to changes between
throttle/braking dynamics and input delays due to engine
dynamics, Ioannou and Xu (1994), Shang et al. (2024). In
fault diagnosis in water distribution systems, Vrachimis
et al. (2022), switching may appear in the modelling of
actuator dynamics, (e.g., due to transition of a pump
between off/on states), while input delays may appear due
to water transport times. Consequently, it is essential to
design control strategies that can handle simultaneously
switching and input delay.
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Related literature includes results on stability analysis of
switched systems with input delay using approaches based
on construction of Linear Matrix Inequalities (LMIs), Lin
et al. (2020), Sun et al. (2008), Vu and Morgansen (2010)
and Lyapunov-Krasovskii functionals, Wang et al. (2014),
Wang et al. (2016). All of these results impose a limitation
on the size of delay or dwell time, which is not imposed
here. Non-predictor-based control designs (typically re-
stricting the delay size or dwell time) have been developed
in Mazenc et al. (2018), utilizing Lyapunov-based tools,
and in Wu and Lian (2022), Sakthi and Vinodkumar
(2020) utilizing the truncated predictor-based method. In,
Lin et al. (2005) a predictor-based controller is presented,
which, however, requires availability of the future values of
the switching signal for implementation. Our results can
be also viewed as related to results dealing with hyperbolic
Partial Differential Equation (PDE) systems with stochas-
tic, Zhang et al. (2005), or deterministic switching, Prieur
et al. (2014), as well as systems with switched (stochastic
or deterministic) input delays, Kong and Bresch-Pietri
(2022), Kong (2022), Bresch-Pietri et al. (2018). In fact,
although the case of non-switched systems is considered in
Kong and Bresch-Pietri (2022), Kong (2022), the idea of
constructing average predictor-based control laws for sys-
tems with stochastic (switched) input delays, introduced



and analyzed utilizing the backstepping method in Kong
(2022), has inspired our developments.

In this paper, a switched linear system is considered with
a constant delay in the input, where the switching signal
is time dependent and almost arbitrary, as it may feature
a positive, yet arbitrary dwell time. Because the future
values of the switching signal may be unknown, at current
time, an exact, predictor-feedback control design may be
inapplicable. For this reason in this work we develop an
average predictor-feedback control law. The key idea in our
design is to consider an expected (average) system, with
constant parameters, and compute the exact predictor of
this system that the controller uses. With this approach
we, essentially, derive an approximation of the exact pre-
dictor state. For this reason, in the stability analysis that
relies on the backstepping, an error term appears due to
the mismatch between the exact and the average predictor
state. Thus, the main challenge in ensuring stability, in the
presence of the mismatch in the predictors, is to derive
estimates on the solutions’ between the two predictor
states, which we achieve in a constructive manner. In
particular, we show that this mismatch is upper bounded
by the norm of the (infinite-dimensional) system consid-
ered, with a bound that can be properly restricted by
restricting the (maximum) difference between the original
plant’s parameters and the parameters of the expected
system. We establish (global uniform exponential) stability
of the closed-loop system, providing explicit conditions on
the system’s parameters, constructing a Lyapunov func-
tional. In fact, our stability result could be alternatively
viewed as a robustness result of predictor feedbacks to
arbitrary /unknown switchings of the plant parameters, in
correspondence with Kong and Bresch-Pietri (2022) for
switchings of the delay. Numerical examples are provided
to illustrate the effectiveness of the controller including
comparisons with nominal predictor-based controllers that
may assume that the system remains in a single mode (so
that a predictor-based controller can be implemented).

The outline of the paper is as follows. Section 2 presents
the switched linear system to be examined and defines the
control design. In Section 3, we state and prove our main
result, which is exponential stability under the proposed
control law. In Section 4 we present numerical examples
and in Section 5 we provide concluding remarks.

2. PROBLEM FORMULATION AND CONTROL
DESIGN

2.1 Switched Linear Systems with Input Delay

We consider the following linear switched system with a
constant delay in the input

X(t) = Aa(t)X(t) +Ba(t)U(t7D)7 (1)
where X € RY is the state, U € R is the control input, and
D > 0 is arbitrary long delay. We denote L = {0, 1, 2...,1},
as a finite index set and o : [0, +00) — L, which is a right-
continuous piecewise constant function that describes the
switching signal (thus only finitely many switches can
occur in any finite interval). We assume that no jump
occurs in the state at a switching time and that the
switching signal features arbitrary dwell time 74 > 0. In

this problem, at a future time ¢ 4+ s, where s > 0, the
switching rule o(t + s) is unknown to the user at time ¢.

2.2 Awerage Predictor-Based Control Design

The system (1) operates under the following proposed
controller that we design

t
Ut)=K <eADX(t) + / A= BU(6) d9> . (2)
t—D
where A, B are viewed as some expected values of matrices
{Ao, A1,..., A} and {By,Bu,..., B}, respectively, and
can be chosen by the designer, and K is a closed-loop
feedback gain, designed by the user. The choice of A and
B is crucial and it is dictated by the necessary restriction
of the norms |A; — A|,|B; — B| (see Section 3.1 for a
detailed discussion). In particular, one could, for example,
employ an elaborate optimization approach, which aims
at minimization of these quantities, for choosing A and
B. Since no a priori knowledge on the switching signal is
used (because the control law (2) does not employ any
information about the switching rule), a computationally
effective and reasonable approach for the selection of A, B
would be the mean matrices of the sets {Ag, A1,..., A}
and {Bg, By, ..., By}, respectively, where as mean matrix

we define the element-wise mean.

One can view the choice of control law (2) as corresponding
to a predictor-feedback law for an expected system of the
actual one, given as

X(t) = AX(t) + BU(t — D). (3)

Solving the ODE (3) for the future state, then the expected
prediction of the state can be defined as

P(t) =P X(t) + /t ACOBU®) I,  (4)
t—D

and the controller is designed for the actual system (1) as
U(t) = KP(t). (5)
The expected delay-free system (3) can be stabilized with
(2) for D = 0 under a gain K when A + BK can be
made Hurwitz. The choice of such a gain is explained as
follows. When D = 0 the control gain is independent of the
switching signal, which may lead to restrictive conditions
on the matrices A;, B; to guarantee closed-loop stability.
However, since we consider D to be potentially long, there
is no clear way to choose in the predictor-based control law
(2) a control gain that would potentially depend on the
switching signal. The reason is that due to the presence
of input delay, even when (2) corresponds to an exact
predictor state, the choice of control gain may result, for
mode i, in a nominal, closed-loop system in which matrix
A; + B;K; may not be Hurwitz, as there is a mismatch
between K; and a gain K; that makes A; 4+ B; K; Hurwitz,
where i # j, 4,7 € L. A similar problem is also reported
in, Vu and Morgansen (2010), where the authors prove
stability of the switched system, under certain conditions,
which involve restrictions on the upper bounds of delay
values and lower bounds of the average dwell times of
the system. In the presence of input delay such problems
arise typically and they originate in lack of synchronization
between the active mode of the system and the gain
applied see, e.g., Yuan et al. (2018). Thus, we choose a
control gain K that is independent of the switching rule.



3. STABILITY UNDER AVERAGE
PREDICTOR-FEEDBACK

3.1 Main Result

Theorem 1. Consider the closed-loop system (1) with the
controller (2), in which the pair (4, B) is controllable and
choose K such that A+BK is Hurwitz. There exists ¢* > 0
such that for any € < ¢*, where

¢ = max {|A;— 4|, |B: - BI}, (6)

the closed-loop system is exponentially stable in the sense
that there exist positive constants p and £ such that

0

X)) + /:DU(Wde xO)+/ [ vwpa

xe S t>0. (7)
Remark 1. Theorem 1 does not impose a restriction on
the delay value or the dwell time. However, the dis-
tance between any two different matrices in the sets
{Ao, Al, . ,Al} and {Bo,Bl, ey Bl} has to be suffi-
ciently small (see (57) for an estimate of €*), also depend-
ing on the delay value and the value of the dwell time.
This assumption is required for two main reasons, which
are related to the choice of K and of (A4, B) in (2). The first
is due to the mismatch between the pair (4;, B;), for i =
0,1,...,1, of the actual future mode at which the system
operates and the average pair (A,B). Such a mismatch
cannot be avoided by any predictor-based controller as, for
arbitrary dwell time, there is no information available at
current time ¢ of the future mode of the system. This also
results in the requirement to restricting the maximum of
|A; — Al, | B; — B| as the possibility of the system operating
always in a single mode, which is not known a priori, may
not be excluded. Such a condition that all |Ai — A‘ and

|Bi — B‘ are small, is analogous to the conditions in Kong
(2022) for the case of switching in delay values rather than
in plant parameters (see also, e.g., Mazenc et al. (2018),
where similar conditions are employed in certain cases).
The second is due to the choice of a fixed, average gain
irrespectively of the different system’s modes. The require-
ment that ’Ai — A| and ’Bi — B‘ are small guarantees the
existence of a common, quadratic Lyapunov function, un-
der the same K and under the controllability assumption
on (A, B). As explained above the statement of Theorem 1
this choice cannot be avoided either as, due to the presence
of input delay, any switching signal-dependent choice of a
gain could lead to a potentially closed-loop system with
delay-free, nominal dynamics dictated by a non-Hurwitz
matrix of the form A; + B;K;, where ¢ # j, i,j € L.
The proof of Theorem 1 shows that there exists a trade-
off between the allowable distance among the system’s
matrices and the delay length, as well as the dwell time.

8.2 Proof of Theorem 1

The proof of Theorem 1 relies on some lemmas, which are
presented next, together with their proofs.

Lemma 1. (Exact predictor construction.) Let system (1)
experience k-switches within the interval [¢t,t+ D), k € Nj.
Then for the exact predictor P(t) of this system, it holds
that
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Fig. 1. Switching instants and respective modes in interval
[t,t + D].
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(8)
where m; € L, for i = 1,2,...,k + 1, denotes the mode
of the system before the i-th switching, and s; € R, for
1 = 1,2,...,k, denotes the i-th switching instant, with
so =0 and sx41 = D.

Proof. As shown in Fig. 1, setting ¢t = 6 + D and P(0) =
X (0 + D), then due to this change of variables the system
(1) becomes
dP(9)
de
We divide the interval [t,t + D] in intervals of constant
modes, such that the system operates in m; mode if
t—D+s_1<0<t—D+s;, i=1,2,....,k+1. (10)
In each sub-interval the system does not exhibit switching,
and thus, we set m; = o(0 + D), for i = 1,...,k+ 1. We
can now proceed to the solution of (9) for each subsystem
that is extracted from the standard form of the general
solution for a time-invariant ODE system as

P(Q) _ eAmi(OftJersi—l)X(t + 51’—1)

= Agyyn PO) + B, U(B). 9)

9(6+D) 9(6+D)

(11)

Setting i = k+ 1 in (10) and 6 = ¢, from (11) we reach
P(t) = eAkarl(D_S’“)X(t + si)

Lo 2

Additionally, for § =t — D + s; from (11), and written in
terms of X (t) we arrive at

6
t—D+s;_1

A =0 U(0)de.

MEk41

i
X(t+s;) = H eAmn (5”75"‘1)X(t)
n=1

%

+ Z ﬁ eA’"Hl(SHl—Sj)

n=1j=n
t—D+s,
<
t—D4s,_1
(13
for i = 1,...,k + 1. Setting i = k + 1, we have X (¢t +
Sk+1) = X(t+ D) = P(t). Hence from (13) we get (8). O

eA,,,Ln(thJrSnfe)anU(Q)d@,

~—



Lemma 2. (Backstepping transformation.) The following
backstepping transformation,

W(@)=U@®)—-KP@®), t—D<0<t, (14)
where P(6) is obtained from (11) for each 6 interval defined
in (10), together with the control law (2), transforms
system (1) to the target system

X(t) = (Apt) + BoyK) X (t) + Byy W(t — D),
W(t) =K (P(t)— P(t)), t=>0,

where P and P are given in (4) and (8), respectively.

Proof. System (1) can be written as
X(t) = (Aow) + BoryK) X(t)
+ By (U(t— D) — KX(t)). (17)
We adopt now (14) transformation. Setting § = ¢t — D,
from (11) we get P(t — D) = X(t). Observing (11) and
(17), transformation (14) maps the closed-loop system

consisting of the plant (1) and the control law (2), for
all £ > 0, to the target system (15), (16). O

Lemma 3. (Inverse backstepping transformation.) The in-
verse backstepping transformation of W is

U() = w(0) + KI1(0), (18)
where for t—D < 6 < t divided in the sub-intervals defined
n (10)

H(Q) _ e(Ami—i-BmiI_()(G—t+D—s1,_1)X(t + Si—l)

0 _
+ / eAmitBm )OI B W (s)ds. (19)
D+s; 1

Proof. Firstly, we observe from (14) that U(0) = W(0) +
K P(0). Solving the ODE (15) in a similar way as (9) it
can be shown that I1(f) = X (0 + D), where I1(0) is given
from (19), and it holds that II(8) = P(0).

Lemma 4. (Bound on error due to predictor mismatch.)
Variable W (t) defined in (16) satisfies the following

@ (ixor+ [ o). o

(20)
where A : Ry — Ry is a class Ko, function and € is defined
in Theorem 1.

W)l < |K]-A

Proof. For W (t) as in (16) and using (8) we can write

W(t) = Ar(t) + Asz(2), (21)
where
ktl k+1
A1(t) - K <H eA(Sn—Sn—l) _ H eAm,"(Sn_Snl)> X(t),
n=1 n=1
(22)
k+1 t—D-+s, _
A Z H eA(s]_H S / eA(thJrsnfG)
n=1 t—D+s,_1
X BU(G)dG
k t—D+sp,
— H eAmj+1 (S.7+175j) / eAmn (t_D+sn,—0)
j=n t—D4sp,_1
x By U(0)d0) . (23)

For any matrix R;, R, where R can be A, B we set

AR;=R; - R, (24)

€r, = [ARi|, (25)

€p = max {eR I3 (26)

Mp =maX{\RlaIRo\,\Rll,m,IRzI} (27)

Setting Yl = Am, (Si - Si—l)a )/2 = _AAml (Sz — 51_1)7 for

m;, s; defined in Lemma 1, and using the fact that for any
two n X n matrices Y7, Ys the following inequality holds

R ) (28)
where | - | denotes an arbitrary matrix norm?, we have
from (24)—(28) and since (s, — $p—1) < D, that
‘ez‘i(snfsna) _ eAmn(sn—sn_1) < EA'D'eMA(Sn*Sn—l)eeAD.

(29)

We now upper bound the expression from (22). We define
k41 k+1

Thr1 = H eAlsn—sn_1) _ H eAmn(sn—sn_1)| (30)
n=1 n=1

Developing (30) for each iteration, for k = 0, the result in
(29) can be directly applied to (30). For k =1,

TQ — ‘61&8161‘1(82781) _ eAmlsleAm2(527sl) .

(31)

We expand the difference within the norm and using the
the triangle inequality for the norm bounds we get

Ty < |eAn ,‘eA(srsl) _ Ama(sa—sy)| 4 ‘eAmz(srsl) T
(32)

We apply now (29) to (32), to obtain
Ty <ep-2D - eMaszeeal, (33)

For some k, we assume that the following expression holds
T < ey - kD - eMaskeeal, (34)
We prove that the formula holds generally using the

induction method. Since (32), (34) hold, expanding (30)
and using the triangle inequality we get

A(spr1— s;‘)i 7nk+1(5k+1 Sk)

k
H A(Sn—Sn—1)

. (35)
Applying (29) and (34) to (35) we get
Tiy1 < ea- (k+1)D - eMalrs)eeal (36)

which makes (34) legitimate for all k. Hence, applying any
arbitrary matrix norm and substituting (36) in (22) we get

+ ‘eAmk+1(Sk+l Sk)

|AL(t)] < 61| K| X (¢)], (37)
where
D D(Ma+e)
op=¢-(|—|+1)D-e ATe) (38)
Td
since
k< [Dw . (39)
Td

For the (23) expression we start by applying the property
M'N" — MN = M'(N' — N)+ (M’ — M)N in each

2 Proof of (28) relies on the power series expansion for the matrix
exponential and triangle inequality, see, e.g., Hall (2015).



part where M, N are arbitrary matrices, and hence, (23)
becomes
k41 &

Bo(t) = K Y4 [T e (Zin(t) + Zon(®))

+Z3n(t)}, (40)
where
t—D+s, _ _
Zinlt) = / At=Dtsn0)(3 _ B, \U(6)db,
t—D—+sy,_1
(41)

(eA(thJrsnfe) B

eAmn (thJrsan))

t—D+s,
Zon(t) = /
t

—D+s,1
% By, U(6)do,

k k
Zap(t) = H eAlsit1—s;) _ H eAmjs1 (si+1—55)
Jj=n j=n
t—D+sy,
<
t—D+sn_1
(43)

We proceed with bounding separately the above terms.
Applying (25) and any norm in (41) we get

_ t—D+s,
|Z1.n(t)] < elAl(sn—sn_1) €, / |U(6)]do.
"~ Jt—D+s,_1

(44)
Similarly for (42) we recall (25)—(27), (29), and hence,
| Zon ()] < €a- D - eMalsn=sn—i)ecaDppy

t—D+s,
X / |U(0)|d6.
t—D4s,_1
Recalling (36) then, similarly for (43), we get

| Z3n(t)| < €a - eMalsrtion) (k41 —n)D . eaP
t—D+s,
x eMar(sn=sn—1) ppp / |U(6)|d6. (46)
t—D+sp_1

Applying (39), (44)—(46) in (40) we get

(42)

eAmn (t=DFsn=0B  17()d6.

(45)

Ba(t) <IK[ 02 [ U)o (47)
t—D
where
A € A D

0y = e eMab <e PDMp [l—keM b UTJ +1)] +1).
(48)

Applying (37), (47) in (21) we arrive at (20) where
A(e) = max{dy(€), d2(€)}. (49)
[l

Lemma 5. (Norm equivalency.) For the inverse transfor-
mation (18), (19) the following inequality holds for some
positive constant 1/

/;D U(6)Pd6 < 1 <|X(t)|2 +/;D |W(9)|2d9> . (50)

Similarly, for the direct transformation (11), (14) it holds
for some positive constant v

/;D (W (0)?df < vy (X(t)|2 + /,:D |U(9)|2d9> . (51)

Proof. From (18) for the inverse transformation we apply
Young’s inequality to obtain

JRGOREE (f e

+|K|2/ttD |H(0)|2d¢9) .

Setting H; = A; + B;K, for i = 0,...,1, and using (10),
(19) and (27), we obtain the following,

t k+1  t—D+s;
[ mepa=3 [
t—D 3t

(52)

‘eHmi (6—t+D—s;_1)

—D+s; 1
i—1 i—1 1—2
% H eHmn (sn—sn—l)X(t) + E : H efmyia (8i+1—85)
n=1 n=1j=n

t—D+s,
X / flmn(t=Drsn=00p W (0)do
t—D—+sp_1

%
+\/
t—D+s;_1

Applying the triangle inequality in (53) and substituting
in (52) we reach (50), where

v1 = 2max {QIQ'QDeQMHD7 1+ 2}_(2D262MHDM,23} . (54)
Analogously, using the direct transformation from (11) and
(14), we can similarly prove (51) via (8), where

vy = 2max {2K°De*M4P 1 4+ 2K2D2e*MAP M2 - (55)
O

Lemma 6. (Stability of target system.) Let the pair ([1, B)

be controllable and choose K such that A+BK is Hurwitz,
and thus, it holds that

(A+BEK)" P+ P(A+ BK) = —Q, (56)
for some P=PT >0, Q=Q" > 0. For any ¢ < €*, where

E* — min )\min(Q) 0171 (Amin(Q))
2P| (1+|K])° 2 )

-1

2

Hmi 0= B W (s)ds| db. (53)

1
<|K|\/2€DDI/1>}7 (57)

for A(e) defined in Lemma 4, and « be class K function

An}iﬂ(Q)
on [0, 2P|(1+|K|)> defined as

4(|P| Mp)? eP|K|*(Duvy + 1)
Amin(Q) — 2¢|P| (1 + |f(|) ’
(58)

the target system (15), (16), is exponentially stable, in the
sense that there exist positive constants x and p such that

X+ / W (0)2d0 < k(| (0)
t—D

ole) = €| P| (1 + |K])+)*(e)

+/_OD W(9)2d9> e Mt >0.
(59)

Proof. For the target system we can now adopt the follow-
ing Lyapunov functional

V(t)=Xt)TPX(t)+b /t eOFTD=W(9)2d0.  (60)
t—D



Recall that, for the switched system (1) using (6), (24),
and (56), for any vector y # 0 it holds that

(A + BiR)" P+ P (4;+ BiK)| y <
—y" [Q —2¢|P| (1+|K]|) Iy (61)
The matrix @ — 2¢|P| (1 + |K|) I is positive definite when

Amin(Q)_ )
2P| (1 +K])

Calculating the derivative of (60), across the solutions of
the target system, under (61) we reach at

V() < —X(OT (Q - 2€[P| (1+|K]) ) X1
+ Bl yW(t—D)"PX(t) + X(t)" PB,»W (t — D)

(62)

elITD=W (9)2dp.
(63)

+b(e)ePW (t)2 — bW (t — D)? — b/t
t—D

We further observe
—X()" (Q —2¢|P| (1 + |K|)I)
- ()\min( ) — 2¢| P| (

X(t) <
+ |K

) 1X (@)% (64)
and
BY, W (t — D)'PX(t) + X(t) PB,yW(t — D) <
2|X(t)"||P| Mp |W(t—D)|.  (65)
Applying Young’s inequality in (65) and bounding (63), if
we choose b as

_ 2 (|P| Mp)®*
"= @ —eap irwy
then we get from (63) that
+ ()P (#)? — be) / " werd. (67

Using the result from Lemma 4 and applying Young’s and
the Cauchy-Schwarz inequalities we obtain
2d0> . (68)

W(t)? < 2|K[2)\%(e) <|X(t)|2 +D/t U
t—D

Applying the result from Lemma 5 we get from (68) that
W (t)* < 2|K]PX\%(e)(Dvr + 1)| X ()]* + 2| K|*A*(e) D1y

/ W(0)%d6.

Expanding (67) and employing (69) we get

V() < - (; (Auin(Q) — 2P| (1 + | K1) — 2b(e)e” |2

x A2 (e)(Dvy + 1)) | X (1)]?

(69)

— be) /t_D [1—2eP|K|*X*(e) Dvy | W (6)>db.
(70)

In order to preserve negativity in (70) it is required that

1 _ _
3 Amin(Q) — € P (14 |K[) — 2b(e)eP | K[>\ (e)
x (Dvy +1)>0 (71)
and B
1 —2eP|K >\ (e)Dvy > 0, (72)

which hold under the restriction on € in the statement of
the lemma. From (58) and (71) we get

V(t) < —min {1 —2eP|K|*\*(e) Dy,

Daain(@) — ()
Yo (P) } V).

Now we can apply the comparison principle, and hence,
V(t) <e MV (0), t>0, (74)

(73)

where
= l)\min — al€
n= min {1 - 2€D|K‘2)\2(6)DV1, Z)ij()(_P)()
(75)

Exponential stability for the system in the (X, W) vari-
ables can now be proved. Observing (60) we have

(1 + [ wiora) < v

t
< (1xOP+ [ wera). )
t—D
where
. 2|PB?
(1 = min < Apin(P), - ,
' { ) rinl@) = 26| P[ (1 +1R) }
2|PBJ? oD
fo = max < Amax(P),
{ Nen(@) — 2P (L+ 1K)
(77)
Setting k = % we reach (59). O

Proof of Theorem 1. Now we are able to complete the proof
for Theorem 1 and hence, conclude the stability of the
original system. Combining (51), (76), and the result in

2pv1v2 — L
€ O

Lemma 5, we get (7) where p = = £

5.
4. NUMERICAL SIMULATION RESULTS

Consider the switched system (1) with the subsystems A;
and As defined as

11 1.01 0.99
A= {1 2} o Az = {1.01 2.01} ! (78)
and input matrices By and Bs as
0 0
b= 5] -

Next we compute the expected values A, B for the con-
troller (2) and choose

K = [-13.1005 —8.01]. (80)
This gain places the closed-loop poles of the expected
system at —3, —2 resulting in ¢* = 0.0093 and ¢ = 0.0071
(computed using (57)). Setting D = 1, 74 = 0.3, and initial
conditions Xo = [1 =1}, U(s) = 0, for s € [-D,0), we
obtain the system’s behavior depicted in Fig. 2. Fig. 3
illustrates the evolution of the switching signal over the
total simulation time, where the blue lines indicate the
active mode and the black lines the switching instants.

For increased discrepancy between the subsystems we

consider
A, = [1 1} A= [1.07 1.15} 7

12 1.06 2.09 (81)



— X1 (1)
— X»(t)||

Fig. 2. Evolution of state X (¢) and control input U(t) for
system (1) with (78), (79), under controller (2) with
(30).

Total time in mode 1: 5.486 sec

Total time in mode 2: 4.515 sec

Fig. 3. Evolution of switching signal o(t) for all the case
studies.

and choose

K =[~12.4218 —8.08], (82)

for the same pole placement of the closed-loop, expected
system. This choice results in € = 0.0109 and € = 0.0986,
obtaining the behaviour of the system as shown in Fig. 4.
Although the stability condition is violated, exponential
convergence is maintained, but with a degraded transient
response. This indicates that €* in (57) is conservative. To
illustrate the usefulness of the average predictor-feedback
law (2), we compare the behaviour of the same system,
with matrices (81), (79), operating under the following
controllers, for i = 1,2

t
Ut)=K (eA"DX(t) +/
t—D

These controllers assume that the system operates always
only in one mode. Thus, the test validates the effectiveness
of the controller (2), which accounts, in an average manner,
for the different systems’ dynamics. Fig. 5 shows the
behaviour of the system operating under the controller
(83) for i = 1 and Fig. 6 shows the behaviour of the
system operating under the same controller for ¢ = 2.
It can be seen that in both cases the performance of
the respective closed-loop systems is not the desired one.

e =0 BU(6) d@) . (83)

X(t)
SAdDonvso

10} 1
-20 - -
0

Fig. 4. Evolution of state X (¢) and control input U () for
system (1) with (81), (79), under controller (2) with
(82).

-10
20 : ‘

5. Evolution of state X (¢) and control input U(t) for
system (1) with (81), (79), under controller (83) for
i =1 with (82).

Fig.

Examining Fig. 3, we observe that the system remains
in mode 1 for a slightly longer duration. Consequently,
it is expected that the controller (83) for ¢ = 1, which
assumes that the system remains at mode 1, demonstrates
generally, a better performance, particularly for times
smaller than 5s, where the system operates at mode 1 for
much longer time periods. This expectation is confirmed
as shown in Fig. 5, while, as shown in Fig. 6, for times
(roughly) larger than 5s the performance of the closed
loop system under (83) for ¢ = 2 is improved because
the system starts operating at mode 2 for longer time
periods. In general, the switching dynamics still prevent
the controller from effectively stabilizing the state for
the case corresponding to Fig. 5, indicating that mode
2 significantly influences the system’s dynamics despite
its overall shorter operating time. This demonstrates the
necessity to employ the average predictor-feedback law
(3). Note that if one chooses a different gain in (83), for
example, depending on ¢ such that the nominal matrices
A; + B; K; have eigenvalues at the same points as A+ BK,
we observed in simulation that the closed-loop system
performance deteriorates. This is however also dependent
on the specific scenario considered.
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Fig. 6. Evolution of state X (¢) and control input U(t) for
system (1) with (81), (79), under controller (83) for
i =2 with (82).

5. CONCLUSIONS AND DISCUSSION

In this work, we have developed a control design and
analysis method for switched linear systems with input
delays, where the switching signal is time-dependent with
an arbitrary dwell time and its future values may not
be available. An average, predictor-based feedback control
law is introduced and conditions are derived on the plant’s
parameters, guaranteeing the proximity with the exact
predictor-feedback law. Exponential stability is proved
relying on backstepping and based on a Lyapunov func-
tional construction. Numerical simulations confirm the
effectiveness of the proposed control law. We are currently
investigating alternative, average predictor-based control
designs, which may impose less restrictive conditions on
the plant parameters by taking into account in the average,
predictor state construction time horizons of exact pre-
diction, utilizing the potential knowledge of a dwell time
and potentially restricting its value (that are not assumed
here). We also investigate alternative choices for A and B
utilizing optimization routines.
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