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Abstract: We develop a switched nonlinear predictor-feedback control law to achieve global
asymptotic stabilization for nonlinear systems with arbitrarily long input delay, under state
quantization. The proposed design generalizes the nonlinear predictor-feedback framework by
incorporating quantized measurements of both the plant and actuator states into the predictor
state formulation. Due to the mismatch between the (inapplicable) exact predictor state and
the predictor state constructed in the presence of state quantization, a global stabilization
result is possible under a global Lipschitzness assumption on the vector field, as well as
under the assumption of existence of a globally Lipschitz, nominal feedback law that achieves
global exponential stability of the delay/quantization-free system. To address the constraints
imposed by quantization, a dynamic switching strategy is constructed, adjusting the quantizer’s
tunable parameter in a piecewise constant manner—initially increasing the quantization range,
to capture potentially large system states and subsequently refining the precision to reduce
quantization error. The global asymptotic stability of the closed-loop system is established
through solutions estimates derived using backstepping transformations, combined with small-
gain and input-to-state stability arguments. We also extend our approach to the case of input
quantization.

Keywords: Predictor-Feedback, Nonlinear Systems, Dynamic Quantization, Backstepping

1. INTRODUCTION

The challenge of compensating long input delays in nonlin-
ear control systems has been addressed through predictor-
based feedback control design techniques. These methods
ensure stability and robustness under ideal continuous-in-
time implementations, as demonstrated in, for example,
the works by Krstic (2009); Bekiaris-Liberis and Krstic
(2013); Karafyllis and Krstic (2017a). However, real-world
applications often involve digital implementation effects,
such as sampling and quantization, which can degrade
performance or even destabilize the system if not properly
addressed, see, for example, Mazenc and Fridman (2016);
Karafyllis and Krstic (2017a). Consequently, ensuring sta-
bility under such digital implementation constraints for
nonlinear systems with long input delays is a challenging
problem of theoretical and practical significance.

To address these challenges, previous studies investigate
various digital effects in control systems under predictor
feedback. The impact of sampling on measurements and
control inputs is studied in Karafyllis and Krstic (2011);
Zhu and Fridman (2021); Selivanov and Fridman (2016b);
Battilotti (2019); Weston and Malisoff (2018); whereas
relevant, event-triggered predictor-based designs are devel-
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oped in González et al. (2019); Mazenc et al. (2022); Nozari
et al. (2020), and Sun et al. (2022). Quantization effects in
delay systems are explored for linear time-delay systems
with saturation by Fridman and Dambrine (2009) and
for linear networked control systems by Liu et al. (2015),
for logarithmic quantizers within an event-based control
framework by Garcia and Antsaklis (2012), for nonlin-
ear systems with (small) measurement delay by Liberzon
(2006), and for nonlinear systems with state delay by
Di Ferdinando et al. (2020, 2024). Practical stabilization
under static quantization is also investigated in Espitia
et al. (2017) and Tanwani et al. (2016) for first-order
hyperbolic PDE systems, while Selivanov and Fridman
(2016a) and Katz and Fridman (2022) address parabolic
PDE systems. Dynamic quantizers, which can adjust on-
line their range and precision, achieving global asymptotic
stabilization, are considered for first-order hyperbolic sys-
tems in Bekiaris-Liberis (2020), for linear systems with
input delay in Koudohode and Bekiaris-Liberis (2024),
and for general infinite-dimensional discrete-time systems
in Wakaiki (2024). There exists no result addressing the
problem of simultaneous compensation of long input delay
and state/input quantization for nonlinear systems.

In this paper, we develop a novel, switched nonlinear
predictor-feedback control law that achieves global asymp-
totic stabilization (in the supremum norm of the actuator
state), for nonlinear systems with state quantization. The
design approach that we introduce relies on two main in-
gredients—a quantized version of nonlinear predictor feed-



back, in which quantized measurements of both plant and
actuator states are involved in the predictor state formula;
and a dynamic switching strategy that properly adjusts
the quantizer’s tunable parameter in a piecewise constant
manner (inspired by Brockett and Liberzon (2000); Liber-
zon (2003) for the case of delay-free systems). In particular,
the control design involves two main stages, referred to as
“zooming out” and “zooming in” phases. In the zooming-
out phase, in which the system operates in open loop,
the quantization range expands until the system’s infinite-
dimensional state gets within the quantizer’s range, while
in the zooming-in (closed-loop) phase, the range is refined
to reduce quantization error. Stability of the closed-loop
system is established using backstepping transformations,
in combination with derivation of solutions estimates and
utilization of small-gain and input-to-state stability (ISS)
arguments. Due to the mismatch between the (inappli-
cable) exact predictor state and the predictor state con-
structed in the presence of state quantization, a global
stabilization result, which is established here, is possible
under a global Lipschitzness assumption on the vector
field, as well as under the assumption of existence of a glob-
ally Lipschitz, nominal feedback law that achieves global
exponential stability of the delay/quantization-free system
(see also, for example, Bresch-Pietri and Krstic (2014)).
We also study existence and uniqueness of solutions under
a locally Lipschitz assumption on the quantizers, which
enables us to employ the results from Karafyllis and Krstic
(2019). While such an assumption on the quantizer may
appear as restrictive, even though it is in fact employed
only for analyzing existence/uniqueness and the stability
estimates derived do not explicitly depend on it, it does not
seem to be straightforward to remove it, at least in the case
of state quantization in which the quantized, full actuator
state is employed in an infinite-dimensional feedback law
(see also Bekiaris-Liberis (2020); Koudohode and Bekiaris-
Liberis (2024)). We extend our approach to the case of
input quantization as well.

The paper is organized as follows. Section 2 introduces
the system dynamics and the switched predictor-feedback
design. Section 3 establishes global asymptotic stability
of the closed-loop system under state quantization, while
Section 4 extends the stability results to input quantiza-
tion. Section 5 presents conclusions and future research
directions.

Notation: We denote by L∞(A; Ω) the space of measurable
and bounded functions defined on A and taking values in
Ω. For a given D > 0 and a function u ∈ L∞([0, D];R), we
define the L∞-norm of u as ∥u∥∞ = ess supx∈[0,D] |u(x)|,
where ess sup is the essential supremum. For a real number
h ∈ R, we define its integer part as ⌊h⌋ = max{k ∈ Z :
k ≤ h}. The state space Rn × L∞([0, D];R) is equipped
with the norm ∥(X,u)∥ = |X|+ ∥u∥∞, where X ∈ Rn and
u ∈ L∞([0, D];R). We denote by AC(R+,Rn) the set of all
absolutely continuous functions X : R+ → Rn. Let I ⊆ R
be an interval. The set of all piecewise right-continuous
functions f : I → J is denoted by Crpw(I, J) (see also
Espitia et al. (2017); Karafyllis and Krstic (2017b)).

2. PROBLEM FORMULATION AND CONTROL
DESIGN

2.1 Nonlinear Systems With State Quantization

We consider the following nonlinear system

Ẋ(t) = f(X(t), U(t−D)), (1)

where D > 0 is input delay, t ≥ 0 is time variable, X ∈ Rn

is state, U is scalar control input, and f : Rn × R → Rn

is vector field. System (1) can be alternatively represented
as follows

Ẋ(t) = f(X(t), u(0, t)), (2)

ut(x, t) = ux(x, t), (3)

u(D, t) = U(t), (4)

by setting u(x, t) = U(t + x − D), where x ∈ [0, D] and
u is the transport PDE actuator state. We proceed from
now on with representation (2)–(4) as it turns out to be
more convenient for control design and analysis. With the
backstepping transformations (direct and inverse),

w(x, t) = u(x, t)− κ(p(x, t)), (5)

u(x, t) = w(x, t) + κ(π(x, t)), (6)

in Krstic (2009), system (2)–(4) is transformed into

Ẋ(t) = f(X(t), κ(X(t)) + w(0, t)), (7)

wt(x, t) = wx(x, t), (8)

w(D, t) = U(t)− Unom(t), (9)

where Unom(t) is the nominal predictor feedback defined
as follows

Unom(t) = κ (P (t)) , (10)

with P (t) = p(D, t), where p and π are predictor variables,
represented by the following integral equations

p(x, t) =

∫ x

0

f(p(ξ, t), u(ξ, t))dξ +X(t), (11)

π(x, t) =

∫ x

0

f(π(ξ, t), κ(π(ξ, t)) + w(ξ, t))dξ +X(t),

(12)

with p, π : [0, D] × R+ → Rn. We make the following
assumptions.

Assumption 1. The function f : Rn × R → Rn, which
satisfies f(0, 0) = 0, is continuously differentiable and
globally Lipschitz, and thus, there exists L > 0 such that
∀u1, u2 ∈ R and ∀X1, X2 ∈ Rn,

|f(X1, u1)− f(X1, u2)| ≤ L|X1 −X2|+ L|u1 − u2|. (13)

Assumption 2. The system Ẋ = f(X,κ(X)) is globally
exponentially stable, where κ : Rn → R, satisfying κ(0) =
0, is a continuously differentiable, globally Lipschitz func-
tion, and hence, there exists a constant κ0 > 0 such that
for all p, π ∈ Rn

|κ(p)− κ(π)| ≤ κ0|p− π|. (14)

Remark 1. Under Assumption 2, for system Ẋ(t) =
f(X(t), κ(X(t))+w(0, t)), thanks to (Khalil, 2002, Lemma
4.6) we can prove the existence of constants σ,Mσ, b3 > 0
such that the following inequality holds for t ≥ 0

|X(t)| ≤ Mσ|X0|e−σt + b3 ess sup0≤s≤t ∥w(·, s)∥∞. (15)

Remark 2. Under Assumptions 1 and 2, using Gronwall’s
Lemma (see, e.g., Lemma A.1 in Khalil (2002)), the
following inequality holds

M4∥(X,u)∥ ≤ ∥(X,w)∥ ≤ M3∥(X,u)∥, (16)



where

M3 = 1 + κ0 max{1, LD}eLD, (17)

M4 =
1

1 + κ0 max{1, κ0LD}eLD(1+κ0)
. (18)

2.2 Properties of the Quantizer

The state X of the plant and the actuator state u are
available only in quantized form. We consider here dy-
namic quantizers with an adjustable parameter of the form
(see, e.g., Bekiaris-Liberis (2020); Brockett and Liberzon
(2000); Koudohode and Bekiaris-Liberis (2024); Liberzon
(2003, 2006))

qµ(X,u) = (q1µ(X), q2µ(u)) =

(
µq1

(
X

µ

)
, µq2

(
u

µ

))
,

(19)
where µ > 0 can be manipulated and this is called zoom
variable. The quantizers q1 : Rn → Rn and q2 : R → R
are locally Lipchitz 1 functions that satisfy the following
properties
P1: If ∥(X,u)∥ ≤ M , then ∥(q1(X)−X, q2(u)− u)∥ ≤ ∆,
P2: If ∥(X,u)∥ > M , then ∥(q1(X), q2(u))∥ > M −∆,

P3: If ∥(X,u)∥ ≤ M̂ , then q1(X) = 0 and q2(u) = 0,

for some positive constants M, M̂ , and ∆, with M > ∆
and M̂ < M .

2.3 Quantized Predictor-Feedback Law

The hybrid predictor-feedback law can be viewed as a
quantized version of the predictor-feedback controller (10),
in which the dynamic quantizer depends on a suitably
chosen piecewise constant signal µ. It is defined as

U(t) =

{
0, 0 ≤ t < t∗1
κ(Pµ(t)(t)), t ≥ t∗1

, (20)

with Pµ = pµ(D), where for x ∈ [0, D]

pµ(x) = q1µ(X) +

∫ x

0

f(pµ(y), q2µ(u(y)))dy. (21)

The tunable parameter µ is selected as

µ(t) =



2e2L(j+1)τµ0 (j − 1)τ ≤ t ≤ jτ + τ̄ δj ,

1 ≤ j ≤
⌊
t∗1
τ

⌋
,

µ (t∗1) , t ∈ [t∗1, t
∗
1 + T ),

Ωµ (t∗1 + (i− 2)T ) , t ∈ [t∗1 + (i− 1)T,

t∗1 + iT ) , i = 2, 3, . . .

,

(22)
for some fixed, yet arbitrary, τ, µ0 > 0, where t∗1 = mτ+ τ̄ ,
for an m ∈ Z+, τ̄ ∈ [0, τ), and δm = 1, δj = 0, j < m, with
t∗1 being the first time instant at which the following holds∣∣∣∣µ(t∗1)q1 (X (t∗1)

µ (t∗1)

)∣∣∣∣+ ∥∥∥∥µ(t∗1)q2 (u (·, t∗1)
µ (t∗1)

)∥∥∥∥
∞

≤ (MM −∆)µ(t∗1), (23)

1 This assumption is required only for establishing well-posedness of
the closed-loop system and it appears as it cannot be removed due
to the potential non-measurability of the function q2µ(u(y)) in the
integral in (21) (see also, e.g., Bekiaris-Liberis (2020); Koudohode
and Bekiaris-Liberis (2024)).

where

M =
M4

M3(1 +M0)
, (24)

M5 = κ0 max{1, LD}eLD, (25)

Ω =
M5∆(1 + λ)(1 +M0)

2

M4M
, (26)

T = −1

δ
ln

(
Ω

1 +M0

)
, (27)

for some δ ∈ (0,min{σ, ν}), λ is selected large enough in
such a way that the following small-gain condition holds

b3 + 1

1 + λ
< e−D, (28)

and M0 is defined such that

M0 = (1− ϕ)
−1

(1− φ1)
−1

max
{
eD(ν+1);ϕMσ

}
+ (1− φ1)

−1 max
{
Mσ; (1 + ε) (1− ϕ)

−1
eD(ν+1)b3

}
,

(29)

where 0 < ϕ < 1 and 0 < φ1 < 1 with

ϕ =
1 + ε

1 + λ
eD(ν+1) and φ1 = (1 + ε)(1− ϕ)−1ϕb3, (30)

for some ε > 0. The choice of ν, ε guarantees that ϕ <
1, φ1 < 1, which is always possible given (28) (see also the
proof of Lemma 2 in Section 3).

3. STABILITY UNDER STATE QUANTIZATION

Theorem 1. Consider the closed-loop system consisting of
the plant (2)–(4) and the switched predictor-feedback law
(20)–(22). Under Assumptions 1 and 2, if ∆ and M satisfy

∆

M
<

M4

(1 +M0)max{M5(1 + λ)(1 +M0), 2M5}
, (31)

then for all X0 ∈ Rn, u0 ∈ Crpw([0, D],R), there exists a
unique solution such that X(t) ∈ AC (R+,Rn), for each
t ∈ R+ u(·, t) ∈ Crpw([0, D],R), and for each x ∈ [0, D]
u(x, ·) ∈ Crpw (R+,R), which satisfies

|X(t)|+ ∥u(·, t)∥∞ ≤ γ (|X0|+ ∥u0∥∞)(
2− ln Ω

T
1
L ) e

ln Ω
T t,
(32)

where

γ =
2

M4
max

{
M4M

Ω
e2Lτµ0,M3

}
max

{
1

µ0(MM − 2∆)
, 1

}
×
(

1

µ0(MM − 2∆)

)(1− ln Ω
T

1
L )

. (33)

The proof relies on the following two lemmas.

Lemma 1. Let ∆ and M satisfy (31), there exists a time
t∗1 satisfying

t∗1 ⩽
1

L
ln

(
|X0|+ ∥u0∥∞
µ0(MM − 2∆)

)
, (34)

such that (23) holds, and thus, the following also holds

|X(t∗1)|+ ∥u(·, t∗1)∥∞ ≤ MMµ(t∗1). (35)

Proof. For 0 ≤ t < t∗1, with (20) one has U(t) = 0. Thus,
the open-loop system is given by

Ẋ(t) = f(X(t), u(0, t)), (36)

ut(x, t) = ux(x, t), (37)

u(D, t) = 0. (38)



Using the method of characteristics, the solution to the
transport equation is u(x, t) = u0(x+ t) for 0 ≤ x+ t ≤ D
and u(x, t) = 0 for x+ t > D. Hence,

∥u(·, t)∥∞ ≤ ∥u0∥∞. (39)

By Assumption 1 and Gronwall’s Lemma, one has

|X(t)| ≤ eLt (|X0|+ ∥u0∥∞) . (40)

Combining (39) and (40), we obtain

|X(t)|+ ∥u(·, t)∥∞ ≤ 2eLt (|X0|+ ∥u0∥∞) . (41)

The rest of the proof follows in exactly the same way as
(Koudohode and Bekiaris-Liberis, 2024, Lemma 1).

Lemma 2. Select λ large enough in such a way that the
small-gain condition (28) holds. Then the solution to
the target system (7)–(9) with the quantized controller
(20), resulting in w(D, t) = κ (Pµ(t))) − κ (P (t)) with
u given in terms of (X,w) by the inverse backstepping
transformation (6), (12), which verify, for fixed µ,

|X(t∗1)|+ ∥w(·, t∗1)∥∞ ≤ M3MMµ, (42)

they satisfy for t∗1 ≤ t < t∗1 + T

|X(t)|+ ∥w(·, t)∥∞ ⩽ max
{
M0e

−δ(t−t∗1) (|X(t∗1)|

+ ∥w(·, t∗1)∥∞) , ΩM3MMµ
}
. (43)

In particular, the following holds

|X(t∗1 + T )|+ ∥w(·, t∗1 + T )∥∞ ≤ ΩM3MMµ. (44)

Proof. From (28), note that the function

h (s1, s2) =
1 + s1
1 + λ

eD(s2+1) (b3(s1 + 1) + 1) , (45)

is continuous at (0, 0) and satisfies h(0, 0) < 1. Conse-
quently, there exist constants ε > 0 and ν > 0 such that
h (ε, ν) < 1, that is,

1 + ε

1 + λ
eD(ν+1) (b3(ε+ 1) + 1) < 1. (46)

Furthermore, this condition implies
1 + ε

1 + λ
eD(ν+1) < 1. (47)

Using the fading memory lemma (Karafyllis and Krstic,
2019, Lemma 7.1), it follows from Remark 1 that for any
ε > 0, there exists σ1 ∈ (0, σ) such that:

|X(t)|eσ1(t−t∗) ⩽ Mσ |X(t∗1)|

+ (1 + ε)b3 ess supt∗1≤s≤t

(
∥w(·, s)∥∞eσ1(s−t∗)

)
. (48)

Next, consider the transport subsystem (8), (9). Applying
the ISS estimate in the sup-norm from (Karafyllis and
Krstic, 2017b, estimate (2.23)) (see also (Karafyllis and
Krstic, 2019, estimate (3.2.11))), for any ν > 0, we have

∥w(·, t)∥∞ ≤ e−ν(t−t∗1−D)eD ∥w(·, t∗1)∥∞
+ eD(1+ν) ess supt∗1≤s≤t(|d(s)|), (49)

where

d(t) = κ (pµ(D, t))− κ (p(D, t)) . (50)

By the fading memory inequality (Karafyllis and Krstic,
2019, Lemma 7.1), there exists δ2 ∈ (0, ν) such that

∥w(·, t)∥∞eδ2(t−t∗1) ⩽ eD(ν+1) ∥w(·, t∗1)∥∞ + eD(ν+1)(1 + ε)

× ess supt∗1≤s≤t

(
|d(s)|eδ2(s−t∗1)

)
.

(51)

We use next equations (11), (21), and the global Lips-
chitzness assumptions (Assumptions 1 and 2) on κ and f
to obtain

|p(x)− pµ(x)| ≤ |q1µ(X)−X|+ L

∫ x

0

|p(ξ)− pµ(ξ)| dξ

+ L

∫ x

0

|q2µ(u(ξ))− u(ξ)|dξ

≤ |q1µ(X)−X|+ LD∥q2µ(u)− u∥∞

+ L

∫ x

0

|p(ξ)− pµ(ξ)| dξ, (52)

and hence, by (Khalil, 2002, Lemma A.1) we get

|p(x)− pµ(x)| ≤ max{1, LD}eLD (|q1µ(X)−X| (53)

+∥q2µ(u)− u∥∞) .

Therefore, from (14), (50), and (53) we obtain

|d| ≤ M5 (|q1µ(X)−X|+ ∥q2µ(u)− u∥∞) , (54)

where M5 is defined in (25) and u is given in terms of
(X,w) by the inverse backstepping transformation (6),
(12). Provided that

ΩM4Mµ

(1 +M0)2
≤ |X|+ ∥w∥∞ ⩽ M4Mµ, (55)

thanks to the property P1 of the quantizer, the left-hand
side of bound (16), and the definition (26), we obtain

|d| ≤ M5∆µ

⩽
(1 +M0)

2M5∆

ΩM4M
(|X|+ ∥w∥∞) (56)

⩽
1

1 + λ
(|X|+ ∥w∥∞) . (57)

Let us define δ such that δ ∈ (0,min{σ1, δ2}). Now, for
t∗1 ≤ t < t∗1 + T , let us define the following quantities

∥w∥[t∗1 ,t] := ess supt∗1⩽s⩽t ∥w(·, s)∥∞eδ(s−t∗1), (58)

|X|[t∗1 ,t] := ess supt∗1⩽s⩽t |X(s)|eδ(s−t∗1). (59)

As long as the solutions satisfy (55) we get

∥d∥[t∗1 ,t] ⩽
1

1 + λ
∥w∥[t∗1 ,t] +

1

1 + λ
|X|[t∗1 ,t]. (60)

From now on the proof is identical to (Koudohode and
Bekiaris-Liberis, 2024, Lemma 2).

Proof of Theorem 1: We proceed in the same manner
as in (Koudohode and Bekiaris-Liberis, 2024, Proof of
Theorem 1) applying Lemma 1 and Lemma 2.

We now prove the well-posedness of the system. In the
interval [0, t∗1), where no control is applied, the system
is described by (36)–(38). The existence and uniqueness
of solutions within this interval are guaranteed by the
global Lipschitzness assumption on f and the explicit
solution of the transport subsystem (38) via the method of
characteristics. Moreover, we have X(t) ∈ AC ([0, t∗1),Rn)
and u ∈ Crpw([0, D] × [0, t∗1),R). For t > t∗1, the system
described by (2)–(4), along with the quantized controller
U defined in (20), satisfies the conditions outlined in
(Karafyllis and Krstic, 2019, Theorem 8.1). Specifically,
the terms F (X,u) = f(X,u) and φ(µ, u,X) = U(µ, u,X)
fulfill these assumptions. In particular, the control map-
ping U(µ, ·, ·) : L∞([0, D];R) × Rn → R defined in (20),
(21) is locally Lipschitz on bounded sets, owing to the
Lipschitz continuity of q1 and q2, and the Lipschitzness



assumption (Assumptions 1 and 2) on f and κ. The rest
of the proof follows in the exact same manner as the re-
spective proof in Koudohode and Bekiaris-Liberis (2024).

4. EXTENSION TO INPUT QUANTIZATION

In this section, we address the case of input quantization.
Here, measurements of the states are assumed to be
available, and the control input is defined as follows

U(t) =

{
0, 0 ≤ t < t̄∗1,

q̄µ
(
Unom(t)

)
, t ≥ t̄∗1,

(61)

where Unom(t) is specified in (10). The quantizer is a
locally Lipschitz function q̄µ : R → R, defined as q̄µ(Ū) =

µq̄
(
Ū
µ

)
, and it satisfies the following properties

P̄1: If |Ū | ≤ M , then |q̄(Ū)− Ū | ≤ ∆,
P̄2: If |Ū | > M , then |q̄(Ū)| > M −∆,

P̄3: If |Ū | ≤ M̂ , then q̄(Ū) = 0.

The tunable parameter µ is selected as

µ(t) =



2e2L(j+1)τµ0, (j − 1)τ ≤ t ≤ jτ + τ̄1δj ,

1 ≤ j ≤
⌊
t̄∗1
τ

⌋
,

µ (t̄∗1) , t ∈ [t̄∗1, t̄
∗
1 + T ) ,

Ωµ (t̄∗1 + (i− 2)T ) , t ∈ [t̄∗1 + (i− 1)T,

t̄∗1 + iT ) , i = 2, 3, . . .

,

(62)
for some fixed, yet arbitrary, τ, µ0 > 0, where t̄∗1 = Mτ+τ̄1,
for an M ∈ Z+, τ̄1 ∈ [0, τ), and δM = 1, δj = 0, j < M ,
with t̄∗1 being the first time instant at which the following
holds

|X (t̄∗1) |+ ∥u (·, t̄∗1) ∥∞ ≤ MM

M5
µ(t̄∗1). (63)

The parameters in (62) and (63) are defined in (17)–(27).

Theorem 2. Consider the closed-loop system comprising
the plant (2)–(4) and the switched predictor-feedback law
(61), (62) with (10). Under Assumptions 1 and 2, if ∆ and
M satisfy ∆

M < M4

M5(1+λ)(1+M0)2
, then for all X0 ∈ Rn,

u0 ∈ Crpw([0, D],R), there exists a unique solution such
that X(t) ∈ AC(R+,Rn), u(·, t) ∈ Crpw([0, D],R) for each
t ∈ R+, u(x, ·) ∈ Crpw(R+,R) for each x ∈ [0, D], which
satisfies

|X(t)|+ ∥u(·, t)∥∞ ≤ γ̄
(
|X0|+ ∥u0∥∞

)2− ln Ω
T

1
L e

ln Ω
T t, (64)

where

γ̄ =
2

M4
max

{
M4M

ΩM5
e2Lτµ0,M3

}
max

{
M5

µ0MM
, 1

}
×
(

M5

µ0MM

)1− ln Ω
T

1
L

. (65)

The proof of Theorem 2 relies on the following two lemmas,
which are analogous to the case of state quantization.

Lemma 3. For the time interval [0, t̄∗1) where U(t) = 0, the
following inequality holds

|X(t)|+ ∥u(·, t)∥∞ ≤ 2eLt
(
|X0|+ ∥u0∥∞

)
. (66)

Proof. Identical to the proof of Lemma 1.

Lemma 4. Select λ large enough in such a way that the
small-gain condition (28) holds. Then the solutions to the

target system (7)–(9) with the quantized controller (10),
(61), (62), which verify, for fixed µ,

|X(t̄∗1)|+ ∥w(·, t̄∗1)∥∞ ≤ M4Mµ

(1 +M0)M5
, (67)

they satisfy for t̄∗1 ≤ t < t̄∗1 + T

|X(t)|+ ∥w(·, t)∥∞ ⩽ max
{
M0e

−δ(t−t̄∗1) (|X(t̄∗1)|

+ ∥w(·, t̄∗1)∥∞) ,
ΩM4Mµ

(1 +M0)M5

}
. (68)

In particular, the following holds

|X(t̄∗1 + T )|+ ∥w(·, t̄∗1 + T )∥∞ ≤ ΩM4Mµ

(1 +M0)M5
. (69)

Proof. For t̄∗1 ≤ t < t̄∗1 + T, the system is defined by (2)–
(4) under the switched predictor-feedback law (10), (61),
(62). Using the same strategy, as in the proof of Lemma 2,
i.e., combining Remark 1, the ISS estimate in sup-norm
in (Karafyllis and Krstic, 2017b, estimate (2.23)), and
the fading memory lemma (Karafyllis and Krstic, 2019,
Lemma 7.1), for every ν, ε > 0 satisfying (46), there exists
δ ∈ (0,min{σ, ν}) such that, using the definitions (58) and
(59), the following inequalities hold

|X|[t̄∗1 ,t] ⩽ Mσ|X(t̄∗1)|+ (1 + ε)b3∥w∥[t̄∗1 ,t], (70)

and

∥w∥[t̄∗1 ,t] ≤ eD(ν+1)(1 + ε) ess supt̄∗1⩽s⩽t

(∣∣d̄(s)∣∣ eδ(s−t̄∗1)
)

+ eD ∥w(·, t̄∗1)∥∞ , (71)

where

d̄(t) = Unom(t)− µ(t)q̄

(
Unom(t)

µ(t)

)
, (72)

with Unom and µ given in (10) and (62), respectively. Next,
let us proceed to approximate for fixed µ the term

ess supt̄∗1⩽s⩽t

(∣∣d̄(s)∣∣ eδ(s−t̄∗1)
)
in (71). Provided that

ΩMM4µ

(1 +M0)2M5
≤ |X|+ ∥w∥∞ ⩽

M4Mµ

M5
, (73)

using the property P̄1 of the quantizer, the left-hand side
of bound (16), and the definition (26), we obtain∣∣d̄∣∣ = µ

∣∣∣∣q̄(Unom(t)

µ

)
− Unom(t)

µ

∣∣∣∣
⩽

1

1 + λ
(|X|+ ∥w∥∞) , (74)

where we also used the fact that |Unom| ≤ M5(|X| +
∥u∥∞) which follows from (14) and the fact that ∥p∥∞ ≤
max{1, LD}eLD (|X|+ ∥u∥∞) , that is obtained using
(11), (13), and Gronwall’s Lemma. Hence, using (71) and
the fact that (47) holds we obtain

∥w∥[t̄∗1 ,t] ⩽ (1− ϕ)
−1

eD ∥w(·, t̄∗1)∥∞ + (1− ϕ)
−1

ϕ|X|[t̄∗1 ,t],
(75)

with ϕ = 1+ε
1+λe

D(ν+1) < 1. Combining the inequalities

(70) and (75), thanks to the definitions (58), (59), and
to the small-gain condition (28), repeating the respective
arguments from the proof of Lemma 2, we arrive at

|X(t)|+∥w(·, t)∥∞ ⩽ M0e
−δ(t−t̄∗1) (|X(t̄∗1)|+ ∥w(·, t̄∗1)∥∞) .

(76)
The rest of the proof utilizes the same reasoning as in
(Koudohode and Bekiaris-Liberis, 2024, Lemma 4).



Proof of Theorem 2: Identical to the proof of Theorem 1.

5. CONCLUSIONS AND CURRENT WORK

We have established global asymptotic stability for non-
linear systems with input delay, addressing both state
and input quantization, through the introduction of a
nonlinear, switched predictor-feedback control law. Our
proof utilized a combination of the backstepping method,
small-gain techniques, and input-to-state stability argu-
ments. Our current efforts focus on relaxing the global
Lipschitzness assumptions on the system dynamics and
feedback law achieving semi-global stabilization results, as
well as on relaxing the exponential stability assumption of
the nominal, delay/quantization-free closed-loop system.
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