
Backstepping Control of a Class of Continua
of Linear Hyperbolic PDEs∗

Jukka-Pekka Humaloja1 and Nikolaos Bekiaris-Liberis1

Abstract— We develop a backstepping control design for a
class of continuum systems of linear hyperbolic PDEs, described
by a coupled system of an ensemble of rightward transporting
PDEs and a (finite) system of m leftward transporting PDEs.
The key analysis challenge of the design is to establish well-
posedness of the resulting ensemble of kernel equations, since
they evolve on a prismatic (3-D) domain and inherit the
potential discontinuities of the kernels for the case of n+m
hyperbolic systems. We resolve this challenge generalizing the
well-posedness analysis of Hu, Di Meglio, Vazquez, and Krstic to
continua of general, heterodirectional hyperbolic PDE systems,
while also constructing a proper Lyapunov functional.

I. INTRODUCTION

Stabilization of large-scale systems of general, n + m
heterodirectional linear hyperbolic PDEs can be achieved via
backstepping, see, for example, [1], [2], [3], [4], [5], [6],
[7], [8]. Such large-scale systems of hyperbolic PDEs may
be utilized to describe the dynamics of various systems with
practical importance. In particular, they can be utilized to
describe, traffic flow dynamics in large traffic networks [9],
[10], [11], [12], as well as in multi-lane [13], [14] or multi-
class traffic [15], [16]; blood flow dynamics in cardiovascular
networks consisting of interconnected arterial segments [17],
[18]; epidemics spreading dynamics in various geographical
regions and among different age groups [19], [20], [21], [22];
dynamics of multi-phase flows in oil drilling applications
[23]; and water networks dynamics [19], [24]. Complexity
of computation of stabilizing backstepping kernels may, in
general, grow with the number of PDE systems components
[25], [26], which may, in fact, be alleviated constructing
backstepping feedback laws based on continua PDE systems
counterparts [25], [26]. Consequently, motivated by this and
the practical significance of considering large-scale systems
of hyperbolic PDEs, we address the problem of design of
backstepping control laws for continua PDE systems, which
are viewed as the continuum version of large-scale systems
of n + m heterodirectional linear hyperbolic PDEs. This
constitutes the first step towards design of computationally
tractable backstepping feedback laws for large-scale systems
of n+m hyperbolic PDEs.

The first result on backstepping stabilization of a class
of continua of hyperbolic PDE systems was developed in
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[27], while a formal connection between the class of systems
considered in [27] and the class of n+ 1 linear hyperbolic
systems [28] (for large n), as well as the application of
the control design originally developed for the continuum
system to the large-scale counterpart, were made in [29],
[26]. Therefore, besides [27] and [29], [26], the present paper
is related to the results on backstepping stabilization of n+m
linear hyperbolic systems, see, for example, [1], [3], [4], [5],
[6], [7], as well as to results in which PDE ensembles may
arise as result of employment of Fourier transform, see, for
example, [30] (that deals with parabolic PDEs). In addition,
as the actual motivation for our developments is to address
computational complexity of backstepping designs for large-
scale hyperbolic systems, papers related to computation of
backstepping kernels are also relevant, in particular, [31]
that introduces a neural operators-based computation method,
[32] that presents a late-lumping-based approach, and [33]
that relies on power series representations of the kernels.
Here we address the previously unattempted problem of
backstepping control design for the continuum counterpart
of a large-scale system of n+m hyperbolic PDEs.

We start considering a continuum PDE system that corre-
sponds to the n+m hyperbolic system as n→∞ for which we
employ the continuum PDE backstepping method. This gives
rise to a continuum plus m kernel equations that are defined
on a prismatic (3-D) domain that arises by continuating
the triangular (2-D) domain of definition of the respective
n+m kernel equations. We establish well-posedness of the
kernel equations treating them on each 3-D subdomain that
is spanned along the direction of the ensemble variable from
subdomains of the 2-D triangular space on which the kernels
do not feature discontinuities. This allows us to then show
continuity of the respective characteristic projections and to
employ the successive approximations approach on each 3-D
subdomain, thus generalizing the well-posedness results from
[6], [7] and [27] for the n+m and ∞+1 cases, respectively,
to the case of a continuum plus m (∞+m) kernels. Such
a generalization is highly nontrivial and requires a delicate
technical treatment as it inherits the technical intricacies of
both going from n+ 1 to n+m systems, in particular, the
fact that the kernels may feature discontinuities, and going
from a system with finite components to a continuum, in
particular, having to deal with PDEs defined on 2-D domains
instead of vector-valued 1-D PDEs. We establish exponential
stability (in L2) of the closed-loop system, constructing a
Lyapunov functional. The theoretical results are validated on
a numerical simulation example, for which the continuum
kernels are derived in closed form.



Notation: We denote Ec = L2([0,1];L2([0,1];R)) ×
L2([0,1];Rm) and equip it with the inner product〈

(u1
v1 ) ,(

u2
v2 )
〉

Ec
=

1∫
0

 1∫
0

u1(x,y)u2(x,y)dy+
m

∑
j=1

v j
1(x)v

j
2(x)

dx. (1)

Moreover, we say that a system is exponentially stable on Ec
if, for any initial condition z0 ∈ Ec, the (weak) solution z ∈
C([0,∞);Ec) of the system satisfies ‖z(t)‖Ec ≤Me−ct‖z0‖Ec

for some constants M,c > 0 that are independent of z0.
Finally, we denote by T the triangular set

T =
{
(x,ξ ) ∈ [0,1]2 : 0≤ ξ ≤ x≤ 1

}
. (2)

II. STABILIZATION OF CONTINUA ∞+m SYSTEMS

A. Continua ∞+m Systems of Hyperbolic PDEs

The considered class of continuum systems is of the form

ut(t,x,y)+λ (x,y)ux(t,x,y) =
1∫

0

σ(x,y,η)u(t,x,η)dη +W(x,y)v(t,x), (3a)

vt(t,x)−M(x)vx(t,x) =
1∫

0

ΘΘΘ(x,y)u(t,x,y)dy+ΨΨΨ(x)v(t,x), (3b)

with boundary conditions

u(t,0,y) = Q(y)v(t,0), (4a)
v(t,1) = U(t), (4b)

for almost every y ∈ [0,1]. Here we employ the matrix nota-
tion for v,U,M,ΘΘΘ,ΨΨΨ,W and Q for the sake of conciseness,
that is, v =

(
v j
)m

j=1, U =
(
U j
)m

j=1, and the parameters are as
follows.

Assumption 2.1: The parameters of (3), (4) are such that

M = diag(µ j)
m
j=1 ∈C1([0,1];Rm×m), (5a)

ΘΘΘ = (θ j)
m
j=1 ∈C([0,1];L2([0,1];Rm)), (5b)

ΨΨΨ = (ψi, j)
m
i, j=1 ∈C([0,1];Rm×m), (5c)

W =
[
W1 · · · Wm

]
∈C([0,1];L2([0,1];R1×m)), (5d)

Q =
[
Q1 · · · Qm

]
∈ L2([0,1];R1×m), (5e)

with λ ∈C1([0,1]2;R) and σ ∈C([0,1];L2([0,1]2;R)). More-
over, µm(x)> 0 and λ (x,y)> 0 uniformly for all x,y∈ [0,1],
and additionally

min
x∈[0,1]

µ j(x)> max
x∈[0,1]

µ j+1(x), (6)

for all j = 1, . . . ,m−1. Finally, ψ j, j = 0 for all j = 1, . . . ,m.2

2This comes without loss of generality, as such terms can be removed
using a change of variables (see also, e.g., [6], [7]).

B. Continuum Backstepping Kernel Equations
The target system for the continuum Volterra backstepping

transformation is chosen as

αt(t,x,y)+λ (x,y)αx(t,x,y) =
1∫

0

σ(x,y,η)α(t,x,η)dη +W(x,y)βββ (t,x)

+

1∫
0

x∫
0

C+(x,ξ ,y,η)α(t,ξ ,η)dξ dη

+

x∫
0

C−(x,ξ ,y)βββ (t,ξ )dξ , (7a)

βββ t(t,x)−M(x)βββ x(t,x) = G(x)βββ (t,0),
(7b)

with boundary conditions

α(t,0,y) = Q(y)βββ (t,0), (8a)
βββ (t,1) = 000, (8b)

for (almost) all y ∈ [0,1], where C+ ∈ L∞(T ;L2([0,1]2;R)),
C− ∈ L∞(T ;L2([0,1];R1×m)), and G ∈ L∞([0,1];Rm×m) is
strictly lower diagonal, i.e., Gi, j = 0 for all i≤ j. In order to
map (3), (4) into (7), (8), we employ the following continuum
Volterra transformation

α(t,x,y) = u(t,x,y) (9a)

βββ (t,x) = v(t,x)−
x∫

0

L(x,ξ )v(t,ξ )dξ

−
x∫

0

1∫
0

K(x,ξ ,y)u(t,ξ ,y)dydξ , (9b)

where L ∈ L∞(T ;Rm×m) and K ∈ L∞(T ;L2([0,1];Rm)) are
the backstepping kernels.3

Differentiating (9b) with respect to t and x, in order for (7)
to hold, we obtain that L and K need to satisfy the following
kernel equations (see [34, Appendix A] for the derivation)

M(x)Kx(x,ξ ,y)−Kξ (x,ξ ,y)λ (ξ ,y)−K(x,ξ ,y)λξ (ξ ,y) =

L(x,ξ )ΘΘΘ(ξ ,y)+
1∫

0

K(x,ξ ,η)σ(ξ ,η ,y)dη ,

(10a)
M(x)Lx(x,ξ )+Lξ (x,ξ )M(ξ )+L(x,ξ )M′(ξ ) =

L(x,ξ )ΨΨΨ(ξ )+

1∫
0

K(x,ξ ,y)W(ξ ,y)dy,

(10b)

with boundary conditions

M(x)L(x,x)−L(x,x)M(x)+ΨΨΨ(x) = 0, (11a)
K(x,x,y)λ (x,y)+M(x)K(x,x,y)+ΘΘΘ(x,y) = 0, (11b)

3We, in fact, show in Section III that K and L are piecewise continuous
in (x,ξ )∈T , so that evaluation along the boundaries of T is well-defined.



L(x,0)M(0)−
1∫

0

K(x,0,y)λ (0,y)Q(y)dy = G(x), (11c)

for almost all 0 ≤ ξ ≤ x ≤ 1 and y ∈ [0,1]. More precisely,
(11c) splits into two parts

∀i≤ j : Li, j(x,0) =
1

µ j(0)

1∫
0

Ki(x,0,y)λ (0,y)Q j(y)dy,

(12a)

∀i > j : Gi, j(x) =
1

µ j(0)

1∫
0

Ki(x,0,y)λ (0,y)Q j(y)dy,

(12b)

where (12a) acts as a boundary condition for (10) and (12b)
defines the nonzero elements of G. Similarly to [6], [7],
we also impose additional, artificial boundary conditions, to
ensure the well-posedness of the kernel equations, as follows

∀ j < i : Li, j(1,ξ ) = li, j(ξ ), (13)

where the functions li, j are chosen such that a C0 com-
patibility condition is satisfied on (x,ξ ) = (1,1).4 Thus,
consistently with (11a), we impose

li, j(1) =−
ψi, j(1)

µi(1)−µ j(1)
, (14)

for all j < i. The well-posedness of the kernel equations
(10)–(14) is considered in Section III.

C. Backstepping Feedback Law and Stability Result

The backstepping control law for j = 1, . . . ,m is given by

U j(t) =
1∫

0

1∫
0

K j(1,ξ ,y)u(t,ξ ,y)dydξ

+

1∫
0

m

∑
i=1

L j,i(1,ξ )vi(t,ξ )dξ , (15)

which stabilizes (3), (4) by Theorem 2.2.
Theorem 2.2: Under Assumption 2.1, the control law (15)

exponentially stabilizes the system (3), (4) on Ec.
Proof: We begin by noting that the target system (7),

(8) has a well-posed solution on Ec due to the open-loop
system (3), (4) being well-posed and (15) being a bounded
state-feedback law from Ec to Rm (see [34, Rem. 1, Thm 1]
for details). Now, we show that the (weak; see [29, Rem. 4.6]
for details on the fact that existence and uniqueness of a weak
solution suffices for making our Lyapunov-based arguments
legitimate) solution to (7), (8) decays exponentially to zero,
which by the invertibility of the transform (9) implies that the
system (3), (4) under the control law (15) is exponentially
stable. Inspired by [7, Prop. 2.1], the candidate Lyapunov

4For the L kernels, a compatibility condition cannot (generally) be
satisfied on (x,ξ ) = (0,0) due to (11a) and (11c), (11b).

functional with parameters δ ,D = diag(D1, . . . ,Dm) > 0 is
taken as

V (t) =
1∫

0

1∫
0

e−δx α2(t,x,y)
λ (x,y)

dydx

+

1∫
0

eδx
βββ

T (t,x)DM−1(x)βββ (t,x)dx. (16)

Computing V̇ (t) and integrating by parts in x gives

V̇ (t) =
[
−e−δx‖α(t,x, ·)‖2

L2 + eδx‖βββ (t,x)‖2
D

]1

0

−δ

1∫
0

(
e−δx‖a(t,x, ·)‖2

L2 + eδx‖βββ (t,x)‖2
D

)
dx

+2
1∫

0

1∫
0

1∫
0

e−δx α(t,x,y)
λ (x,y)

σ(x,η ,y)α(t,x,η)dηdydx

+2
1∫

0

1∫
0

e−δx α(t,x,y)
λ (x,y)

W(x,y)βββ (t,x)dydx

+2
1∫

0

1∫
0

1∫
0

x∫
0

e−δx α(t,x,y)
λ (x,y)

C+(x,ξ ,y,η)α(t,ξ ,η)dξ dηdydx

+2
1∫

0

1∫
0

x∫
0

e−δx α(t,x,y)
λ (x,y)

C−(x,ξ ,y)βββ (t,ξ )dξ dydx

+

1∫
0

eδx
βββ

T (t,x)
(
DM−1(x)G(x)

+GT (x)M−1(x)D
)

βββ (t,0)dx, (17)

where ‖ · ‖2
D = 〈·,D·〉Rm denotes the D-weighted inner prod-

uct. Using the following bounds (that exist by Assump-
tion 2.1 using Theorem 3.1; see [34, Lem. 7] for details)

mλ = min
x,y∈[0,1]

λ (x,y), mµ = min
j∈{1,...,m}

min
x∈[0,1]

µ j(x), (18a)

Mσ = max
x∈[0,1]

∥∥∥∥∥∥
1∫

0

σ(x, ·,η)dη

∥∥∥∥∥∥
L2

, (18b)

MW = max
j={1,...,m}

max
x∈[0,1]

‖Wj(x, ·)‖L2 , (18c)

MC+ = esssup
(x,ξ )∈T

∥∥∥∥∥∥
1∫

0

C+(x,ξ , ·,η)dη

∥∥∥∥∥∥
L2

, (18d)

MC− = max
j∈{1,...,m}

esssup
(x,ξ )∈T

‖C−j (x,ξ , ·)‖L2 , (18e)

MG = max
i, j∈{1,...,m}

esssup
x∈[0,1]

∣∣Gi j(x)
∣∣ , MQ = max

j=1,...,m
‖Q j‖L2 ,

(18f)

the boundary conditions (8), the Cauchy-Schwartz inequality,
and 2〈 f ,g〉L2 ≤ ‖ f‖2

L2 + ‖g‖2
L2 for any f ,g ∈ L2, we can

estimate (17) as

V̇ (t)≤−βββ
T (t,0)

(
D−M2

QIm×m
)

βββ (t,0)



−δ

1∫
0

(
e−δx‖a(t,x, ·)‖2

L2 + eδx‖βββ (t,x)‖2
D

)
dx

+2
1∫

0

e−δx Mσ +MC+

mλ

‖α(t,x, ·)‖2
L2dx

+

1∫
0

e−δx

(
‖α(t,x, ·)‖2

L2

m2
λ

+M2
W‖βββ (t,x)‖2

Rm

)
dx

+

1∫
0

e−δx

(
‖α(t,x, ·)‖2

L2

m2
λ

+M2
C−‖βββ (t,x)‖

2
Rm

)
dx

+mMG

1∫
0

eδx
βββ

T (t,x)DM−1(x)βββ (t,x)dx

+
mMGeδ

δmµ

βββ
T (t,0)Fβββ (t,0), (19)

where F = diag(F1, . . . ,Fm) with

Fj =

{
∑

m
i= j+1 Di, 1≤ j ≤ m−1,

0, j = m,
(20)

where we employ the lower-triangular structure of G on the
last two lines of (19). Now, V̇ (t) can be guaranteed to be
negative definite by choosing δ and D such that

δ > max

{
2mλ (Mσ +MC+)+2

m2
λ

,
M2

W +M2
C− +mMG

mµ

}
,

(21a)

D j >

(
1+(m− j)

mMGeδ

δmµ

)
max

{
M2

Q,1
}
, (21b)

for all j ∈ {1, . . . ,m}. More specifically, by defining

cV = δ −max

{
2mλ (Mσ +MC+)+2

m2
λ

,
M2

W +M2
C− +mMG

mµ

}
,

(22)
we have

V̇ (t)≤− cV

max
{

Mµ ,Mλ

}V (t), (23)

where

Mλ = max
x,y∈[0,1]

λ (x,y), Mµ = max
j={1,...,m}

max
x∈[0,1]

µ j(x), (24)

which shows that the target system (7), (8) is exponentially
stable. Thus, due to the invertibility of the transform (9), as
(9b) is a Volterra equation for v (see [34, Lem. 8] for details),
the control law (15) exponentially stabilizes (3), (4).

III. WELL-POSEDNESS OF THE CONTINUUM KERNELS

Theorem 3.1: Under Assumption 2.1, the continuum ker-
nel equations (10)–(14) have a well-posed solution K ∈
L∞(T ;L2([0,1];Rm)) and L ∈ L∞(T ;Rm×m). Moreover, the
solution is piecewise continuous in (x,ξ )∈T , where the set
of discontinuities is of measure zero.

The proof is presented at the end of this section by
utilizing the following lemmas.

Lemma 3.2 (Splitting kernels into continuity subdomains):
The kernel equations (10) can be equivalently written in
L∞(T ;L2([0,1];Rm)×Rm×m) as

µi(x)∂xK p
i (x,ξ ,y)−∂ξ K p

i (x,ξ ,y)λ (ξ ,y)−K p
i (x,ξ ,y)λξ (ξ ,y) =

m

∑
`=1

Lp
i,`(x,ξ )θ`(ξ ,y)+

1∫
0

K p
i (x,ξ ,η)σ(ξ ,η ,y)dη ,

(25a)

µi(x)∂xLp
i, j(x,ξ )+µ j(ξ )∂ξ Lp

i, j(x,ξ )+µ
′
j(x)L

p
i, j(x,ξ ) =

m

∑
`=1

Lp
i,`(x,ξ )ψ`, j(ξ )+

1∫
0

K p
i (x,ξ ,y)Wj(ξ ,y)dy,

(25b)

for 1 ≤ i ≤ p ≤ m and j = 1, . . . ,m, where Lp
i, j,K

p
i denote

the restrictions of the kernels to T p
i and P p

i , respectively,
defined as

T p
i =

{
(x,ξ ) ∈ [0,1]2 : ρ

p+1
i (x)≤ ξ ≤ ρ

p
i (x)

}
, (26a)

P p
i =

{
(x,ξ ,y) ∈ [0,1]3 : (x,ξ ) ∈T p

i

}
, (26b)

where ρ
m+1
i = 0 for all i = 1, . . . ,m and

ρ
p
i (x) = φ

−1
p (φi(x)),5 (27)

for 1≤ i≤ p≤ m with

φi(x) =
x∫

0

ds
µi(s)

, i = 1, . . . ,m. (28)

The boundary conditions for (25) are given by

∀ j 6= i : Li
i, j(x,x) =−

ψi, j(x)
µi(x)−µ j(x)

, (29a)

∀i : Ki
i (x,x,y) =−

θi(x,y)
λ (x,y)+µi(x)

, (29b)

∀i≤ j : Lm
i, j(x,0) =

1
µ j(0)

1∫
0

Km
i (x,0,y)λ (0,y)Q j(y)dy,

(29c)

for i, j = 1, . . . ,m, with the artificial boundary conditions

Lp
i j(1,ξ ) = li, j(ξ ), (30)

for all ξ ∈ [ρ p+1
i (1),ρ p

i (1)], p = i, . . . ,m, and 1 ≤ j < i ≤
m. Moreover, the segmented kernels K p

i ,L
p
i, j are subject to

continuity conditions

∀i < p,∀ j 6= p : Lp−1
i, j (x,ρ p

i (x)) = Lp
i, j(x,ρ

p
i (x)), (31a)

∀i < p : K p−1
i (x,ρ p

i (x),y) = K p
i (x,ρ

p
i (x),y),

(31b)

for all i, j = 1, . . . ,m, i < p≤ m, and x,y ∈ [0,1].

5These are the characteristic curves of (25b), which are strictly increasing
in x and satisfy 0 = ρ

m+1
i (x)< ρm

i (x)< · · ·< ρ i
i (x) = x for all 1≤ i≤ p≤m

and x ∈ [0,1] by (6).



Proof: After splitting the kernels into the T p
i and

P p
i segments, the transformation (9b) can be rewritten

componentwise for i = 1, . . . ,m as

βi(t,x) = vi(t,x)−
m

∑
j=1

m

∑
p=i

ρ
p
i (x)∫

ρ
p+1
i (x)

Lp
i, j(x,ξ )v j(t,ξ )dξ

−
m

∑
p=i

ρ
p
i (x)∫

ρ
p+1
i (x)

1∫
0

K p
i (x,ξ ,y)u(t,ξ ,y)dydξ . (32)

The kernel equations (25) are obtained by inserting (32)
to (7b) and integrating by parts once. In fact, the ker-
nel equations (25) are exactly of the same form as (10)
(written componentwise), and the boundary conditions (29),
(30) correspond to (11a), (11b), (12a), and (13) along the
respective boundaries (see Fig. 1 for an illustration of the
T p

i segments). Thus, the only difference to (10)–(13) are
the continuity conditions (31), which arise due to the seg-
mentation of T when differentiating (32) in x and integrating
by parts once.

0 1

0

1

Fig. 1. Illustration of the segments T p
i for 1 ≤ i ≤ p ≤ m. The dashed

lines are the characteristic curves ξ = ρ
p
i (x) for i < p≤ m.

The kernel equations (25) for Lp
i, j and K p

i on the segments
T p

i and P p
i with boundary conditions (29)–(31) can be

transformed into integral equations. In order to do this, in
Lemma 3.3 we solve the characteristic projections for (25).

Lemma 3.3 (Continuity of characteristic projections):
The characteristic projections for the kernel equations (25)
are continuous on T p

i and P p
i for all 1≤ i≤ p≤ m.

Proof: As λ is assumed to be in C1([0,1]2;R), we
can argue pointwise in y ∈ [0,1] and solve the characteristic
projections for the K p

i kernels from the following Cauchy
problems on s ∈ [0,s f

i,p(y)] for arbitrary, fixed y ∈ [0,1] and
1≤ i≤ p≤ m

d
ds

x̂i,p(s,y) =−µi(x̂i,p(s,y)), (33a)

d
ds

ξ̂i,p(s,y) = λ (ξ̂i,p(s,y),y), (33b)

with boundary conditions x̂i,p(0,y) = x, x̂i,p

(
s f

i,p,y
)

=

x̂ f
i,p(y), ξ̂i,p(0,y) = ξ , ξ̂i,p

(
s f

i,p,y
)
= ξ̂

f
i,p(y). These Cauchy

problems are of the same form as [27, (84)–(95)], by which,
under Assumption 2.1, the solution to (33) tends towards the
boundary ξ = ρ

p
i (x), where it terminates at s= s f

i,p(y), corre-
sponding to the boundary conditions (29c), (31b). Moreover,
the characteristic projections solving (33) are continuous on
each P p

i by [27, Lem. 4].
The characteristic projections for the Lp

i, j kernels are
analogous to the `p

i, j kernels encountered in the n+m case.
Thus, this observation allows us to study continuity of the
characteristic projections for the Lp

i, j kernels similarly to
[7, Thm A.1] and [6, Sect. VI.A.2]. To elaborate, for all
i, j = 1, . . . ,m and p = i, . . . ,m, the characteristic projections
for the Lp

i, j kernels are solutions of the following Cauchy
problems on s ∈ [0,s f

i, j,p]

d
ds

x̂i, j,p(s) = εi, jµi(x̂i, j,p(s)), (34a)

d
ds

ξ̂i, j,p(s) = εi, jµ j(ξ̂i, j,p(s)), (34b)

with boundary conditions x̂i, j,p(0) = x, x̂i, j,p

(
s f

i, j,p

)
= x̂ f

i, j,p,

ξ̂i, j,p(0) = ξ , ξ̂i, j,p

(
s f

i, j,p

)
= ξ̂

f
i, j,p,, and εi, j defined as

εi, j =

{
1, i > j
−1, i≤ j

. (35)

For initial condition (x,ξ )∈T p
i , the location of the terminal

condition
(

x̂ f
i, j,p, ξ̂

f
i, j,p

)
depends on i, j, p and it is determined

by the boundary conditions (29)–(31) (see [6, Figs. 4–6] for
details). Thus, there exist unique, continuous characteristic
projections as the solutions to (34) on s ∈ [0,s f

i, j,p], as every
µi is continuously differentiable by Assumption 2.1.

As the final step, we transform the kernel equations (25)
into integral equations along the characteristic curves. By
virtue of Lemma 3.3, we can then proceed with the method
of successive approximations to obtain the unique continuous
kernels K p

i ,L
p
i, j solving (25)–(31) on each T p

i by Lemma 3.4.
Towards this end, integrating (25) along the characteristic
curves and plugging in the boundary conditions (29)–(31)
gives

K p
i (x,ξ ,y)−B1

i,p

(
x f

i,p (y) ,y
)
=

−

s f
i,p(y)∫
0

(
K p

i

(
x̂i,p (s,y) , ξ̂i,p (s,y) ,y

)
λξ

(
ξ̂i,p (s,y) ,y

)

+

1∫
0

K p
i

(
x̂i,p (s,y) , ξ̂i,p (s,y) ,η

)
σ

(
ξ̂i,p (s,y) ,η ,y

)
dη

+
m

∑
`=1

Lp
i,`

(
x̂i, j,p (s) , ξ̂i, j,p (s)

)
θ`

(
ξ̂i, j,p (s) ,y

))
ds,

(36a)



Lp
i, j (x,ξ )−B2

i, j,p

(
?̂i, j,p

(
s f

i, j,p

))
=

+εi, j

s f
i, j,p∫
0

(
µ
′
j (x̂i, j,p (s))Lp

i, j

(
x̂i, j,p (s) , ξ̂i, j,p (s)

)

−
1∫

0

K p
i

(
x̂i, j,p (s) , ξ̂i, j,p (s) ,y

)
Wj

(
ξ̂i, j,p (s) ,y

)
dy

−
m

∑
`=1

Lp
i,`

(
x̂i, j,p (s) , ξ̂i, j,p(s)

)
ψ`, j

(
ξ̂i, j,p(s)

))
ds, (36b)

where, for j = 1, . . . ,m and 1≤ i≤ p≤ m,

B1
i,p(x,y) =

{
− θi(x,y)

λ (x,y)+µi(x)
, p = i

K p−1
i (x,ρ p

i (x),y), p > i
, (37a)

B2
i, j,p(?) =



− ψi, j(x)
µi(x)−µ j(x)

, p = i, i 6= j

l(1)i, j (ξ ), p≥ i > j
Lp−1

i, j (x,ρ p
i (x)), p > i > j

Lp−1
i, j (x,ρ p

i (x)), i < p < j
1

µ j(0)

1∫
0

Km
i (x,0,y)λ (0,y)Q j(y)dy, p = m, i≤ j

Lp+1
i, j (x,ρ p+1

i (x)), i≤ j ≤ p < m

,

(37b)

denote the boundary conditions according to the termi-
nal conditions of the characteristic projections solved in
Lemma 3.3. The integral form (36) of the kernel equations
can then be employed in constructing the series of successive
approximations, by first inserting (arbitrary) initial guesses
for K p

i and Lp
i, j. The convergence of such successive approx-

imations is established in Lemma 3.4.
Lemma 3.4 (Convergence of successive approximations):

Let j = 1, . . . ,m and 1≤ i≤ p≤ m be arbitrary, and denote
the sequences of successive approximations for the
respective kernels K p

i and Lp
i, j corresponding to (36), (37)

by (K`)
∞

`=0 and (L`)
∞

`=0, respectively, where we initialize
K0 and L0 to zero. Then, the sequences of successive
approximations converge such that

lim
`→∞

max
(x,ξ )∈T p

i

∥∥K`(x,ξ , ·)−K p
i (x,ξ , ·)

∥∥
L2 = 0, (38a)

lim
`→∞

max
(x,ξ )∈T p

i

∣∣∣L`(x,ξ )−Lp
i, j(x,ξ )

∣∣∣= 0. (38b)

Proof: Denote the differences of successive approxima-
tions by ∆K` = K`−K`−1 and ∆L` = L`−L`−1 for `≥ 1. As
K0 and L0 were initialized to zero, the terms in the sequences
of successive approximations for `≥ 1 can be written as

K` =
`

∑
l=1

∆Kl , L` =
`

∑
l=1

∆Ll . (39)

Now, the statement of the lemma is equivalent to the con-
vergence of the series of differences (39) in the stated sense,
which follows by showing that ∆K` and ∆L`, for any `≥ 1,

satisfy

‖∆K`(x,ξ , ·)‖L2 ≤M
M`

K,L (x− (1− ε)ξ )`

`!
, (40a)

|∆L`(x,ξ )| ≤M
M`

K,L (x− (1− ε)ξ )`

`!
, (40b)

uniformly on any T p
i , where M,MK,L > 0 are given by

M = MB +
(
1+M1

Q
)

max
x,y∈[0,1]

max
j={1,...,m}

|θ j(x,y)|
λ (x,y)+µi(x)

,

(41a)

MK,L = m(1+M1
Q)
(
M1

λ
+Mσ +Mθ

)
Mε

λ

+m
(
M1

µ +MW +Mψ

)
Mε

µ , (41b)

where MB = max
{

M1
B,M

2
B
}

with

M1
B = max

1≤i 6= j≤m
max

x∈[0,1]

∣∣∣∣ ψi, j(x)
µi(x)−µ j(x)

∣∣∣∣ , (42a)

M2
B = max

1≤ j<i≤m
max

ξ∈[0,1]

∣∣∣`(1)i, j (ξ )
∣∣∣ , (42b)

Mσ ,MW and Mλ ,Mµ are given by (18b), (18c), and (24),
respectively,

M1
λ
= max

x,y∈[0,1]
|λx(x,y)| , M1

µ = max
j={1,...,m}

max
x∈[0,1]

∣∣µ ′j(x)∣∣ ,
(43a)

Mθ =
m

∑
j=1

max
x∈[0,1]

‖θ j(x, ·)‖L2 , Mψ = max
x∈[0,1]

‖Ψ(x)‖1, (43b)

M1
Q = max

j={1,...,m}
max

y∈[0,1]

λ (0,y)
µ j(0)

‖Q j‖L2 , (43c)

where the parameter ε is taken such that

0 < ε < 1− max
1≤ j<i≤m

max
x,ξ∈[0,1]

µi(x)
µ j(ξ )

,6 (44)

and

Mε

λ
= max

i∈{1,...,m}
max

x,ξ ,y∈[0,1]

1
µi(ξ )+(1− ε)λ (x,y)

, (45a)

Mε
µ = max

i, j∈{1,...,m}
max

x,ξ∈[0,1]

−εi, j

µi(ξ )− (1− ε)µ j(x)
, (45b)

where εi, j is given in (35).
Due to linearity, the integral equations and boundary

conditions for ∆K` and ∆L` are of the same form as (36) and
(37), but with K and L replaced by ∆K` and ∆L`. Hence, the
estimates (40) can be proved by induction based on (36) and
(37). Firstly, the constant M (and the initialization of K0,L0 to
zero) guarantees that the estimates (40) are satisfied for `= 1,
and for any arbitrary ` > 1 we have (40) by the induction
assumption. To show that (40) then holds for `→ `+1, we
insert the estimates (40), (43), and (18), into the integral
equations for ∆K` and ∆L`. The following estimates are key

6Such ε exists by (6).



to the induction step, and can be proved analogously to [6,
Lem. 6.2], for all i, j = 1, . . . ,m, p = i, . . . ,m, and any `≥ 1

s f
i,p(y)∫
0

(
x̂i,p(s,y)− (1− ε)ξ̂i,p(s,y)

)`
ds≤

Mε

λ

(x− (1− ε)ξ )`+1

`+1
, (46a)

s f
i, j,p∫
0

(
x̂i, j,p(s)− (1− ε)ξ̂i, j,p(s)

)`
ds≤

Mε
µ

(x− (1− ε)ξ )`+1

`+1
, (46b)

where (x,ξ ) ∈ T p
i is the (arbitrary) initial point of the

respective characteristic curve on the xξ -plane.
Using (46) together with (40) and the induction assump-

tion, the induction step follows after similar computations as
in [27, Sect. VI.C], albeit some additional care is required
due to splitting the domain into the T p

i segments, as some
boundary conditions depend on ∆K` and ∆L`, which are
unknown. However, as the boundary condition for ∆K` on
every T i

i is known (due to (37a)), we can solve (36a) first
on every T i

i , and then utilize the obtained values to solve
(36a) on T i+1

i , and so on, up to T m
i .7 As the domain T

is split into at most m segments, we need to solve (36a) at
most m times over the different segments to compute the
next successive approximation. Hence, an adequate value
for MK,L corresponding to the estimate for ∆K` would be
m(M1

λ
+Mσ +Mθ )Mε

λ
, which gives the first term of (41b).

Deriving the estimate for ∆L` follows similar steps, where
we again need to traverse through the segments T p

i (de-
pending also on j) to have known boundary conditions
for the integral equation (36b). That is, for all i 6= j, we
begin from T i

i with known boundary condition on ξ = x or
x = 1, and then utilize the continuity conditions in (37b)
up to T m

i if i > j, or up to T j−1
i if i < j. For i ≤ j,

the remaining segments are reached by beginning from T m
i

with the boundary condition on ξ = 0, and then utilizing
the continuity conditions up to T j

i . As in the case of ∆K`,
this results in having to solve (36b) at most m times, which
results in the last term of (41b). Moreover, the boundary
condition on ξ = 0 depends on ∆K`, which can be dealt with
using the estimate derived in the previous paragraph, which
results in the remaining term mM1

Q(M
1
λ
+Mσ +Mθ )Mε

λ
in

(41b). Thus, the estimate (40) follows by induction. Hence
the series (39) and, equivalently, the sequences of successive
approximations converge in the stated sense (38).

Proof of Theorem 3.1: By Lemma 3.4, the sequences
of successive approximations for any K p

i and Lp
i, j converge

uniformly on T p
i (K p

i in the L2 sense in y), which shows
the existence (and well-posedness) of the solutions K p

i ,L
p
i, j

to the kernel equations (25)–(31). To conclude the proof of
Theorem 3.1, we note that any two T p

i and T s
i with p 6= s

7Such a process is described in more detail in [5, Sect. 3.2].

may only intersect along a common boundary ξ = ρr
j (x) for

r = p or r = s (if the segments are adjacent), which is a
measure zero subset of T . Thus, as the kernels Lp

i, j and K p
i

are continuous on each (x,ξ ) ∈T p
i , and the intersections of

these segments comprise a finite number of sets of measure
zero, the discontinuities of the kernels Ki and Li, j may only
occur in sets of measure zero.8 In particular, the kernels
Ki,Li, j solving (10)–(13) are uniquely determined by K p

i ,L
p
i, j

(Ki in the L2 sense in y), almost everywhere on T .

IV. NUMERICAL EXAMPLE AND SIMULATION RESULTS

Consider the parameters for x,y,η ∈ [0,1]

λ (x,y) = 1, µ1(x) = 2, µ2(x) = 1, (47a)

σ(x,y,η) = x3(x+1)
(

y− 1
2

)(
η− 1

2

)
, (47b)

W1(x,y) =W2(x,y) = x(x+1)ex
(

y− 1
2

)
, (47c)

θ1(x,y) =−3y(y−1), θ2(x,y) =−2y(y−1), (47d)
ψi, j(x) = 0, i, j ∈ {1,2}, (47e)

Q1(y) = 8
(

y− 1
2

)
, Q2(y) =−8(y−2), (47f)

corresponding to an ∞ + m system for m = 2. For these
parameters, the solution to the continuum kernel equations
(25), (29)–(31), where we choose l2,1 =ψ2,1 = 0, is explicitly
given by

K1
1 (x,ξ ,y) = y(y−1), (48a)

K2
1 (x,ξ ,y) = ex−2ξ y(y−1), (48b)

K2
2 (x,ξ ,y) = e2(x−ξ )y(y−1), (48c)

L1
1,1(x,ξ ) = L2

1,1(x,ξ ) = 0, (48d)

L1
1,2(x,ξ ) = 0, L2

1,2(x,ξ ) =−2ex−2ξ , (48e)

L2
2,1(x,ξ ) = 0, L2

2,2(x,ξ ) =−2e2(x−ξ ), (48f)

where K?
1 (·,y),L?

1,1, and L?
1,2 are defined on T 1

1 = {(x,ξ ) ∈
[0,1]2 : 1

2 x≤ ξ ≤ x} and T 2
1 = {(x,ξ ) ∈ [0,1]2 : ξ ≤ 1

2 x} for
the respective superindex ? = 1,2, while K2

2 (·,y),L2
2,1 and

L2
2,2 are defined on T 2

2 = T , for each y ∈ [0,1]. Note the
discontinuity in L1,2 along ξ = 1

2 x.
For the simulation, the ∞ + m system with parameters

(47) is approximated by a grid of 50 points in y and 256
points in x, where we use finite differences to approximate
the differential operators. The resulting ODE is solved using
ode45 in MATLAB. The initial conditions are u0(x,y) =
Q1(y)+Q2(y) and v1

0(x) = v2
0(x) = 1 for all x ∈ [0,1]. The

simulation results are shown in Figs. 2 and 3 for t ∈ [0,5].
In Fig. 2, the controls (15) are shown, demonstrating that
they converge rapidly to zero. Fig. 3 shows the solution
components u(t,x,y) evaluated at y = 1 and v1(t,x), which
also converge rapidly to zero. Thus, based on Figs. 2 and
3, the control law (15) exponentially stabilizes the (initially
unstable) ∞+m system.

8In fact, the discontinuities may only occur in the Li, j kernels for 1≤ i <
j ≤ m along the curves ξ = ρ

j
i (x) due to (31).
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Fig. 2. The controls U1(t) and U2(t) based on the control law (15).

Fig. 3. The solution components u(t,x,y) evaluated at y = 1 and v1(t,x).

V. CONCLUSIONS

We introduced a backstepping control design methodology
for a class of continua of hyperbolic PDE systems. Well-
posedness of the derived kernel equations was established,
together with exponential stability of the closed-loop system.
The theoretical results were verified in numerical simulation.
The application of the ∞+m kernels to stabilization of large-
scale n+m systems is considered in the preprint [34].
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