Information and Inference: A Journal of the IMA (2021) 00, 1-32
https://doi.org/DOI HERE

Event-Triggered PDE-Based Control of Freeway Traffic Flow with
Connected/Automated Vehicles

XINYONG WANG
College of Control Science and Engineering, Bohai University, Jinzhou, China

YING TANG
Univ. Lille, CNRS, Centrale Lille, UMR 9189 CRIStAL, F-59000 Lille, France

NICOLAS ESPITIA*
Univ. Lille, CNRS, Centrale Lille, UMR 9189 CRIStAL, F-59000 Lille, France

AND

NIKOLAOS BEKIARIS-LIBERIS
Department of Electrical and Computer Engineering, Technical University of Crete, 73100 Chania,
Greece
*Corresponding author: nicolas.espitia-hoyos @univ-lille.fr

[Received on Date Month Year; revised on Date Month Year; accepted on Date Month Year]

This paper addresses the event-triggered control (ETC) problem for a modified Aw-Rascle-Zhang (ARZ)
traffic model under congestion conditions. The considered ARZ-type model, described by nonlinear first-
order hyperbolic partial differential equations (PDEs), represents traffic flow involving both Adaptive
Cruise Control-equipped (ACC-equipped) vehicles and human-driven vehicles. The control inputs are
time-gap settings for ACC-equipped vehicles that are updated based on a suitable event-triggering
condition. For the linearized and transformed system (a 2 x 2 linear hyperbolic system with in-domain
control and dynamic boundary condition), we provide input-to-state stability (ISS) estimates (in the
sup-norm) with respect to actuation errors. Based on a small-gain approach, we design an appropriate
triggering rule (yielding small-gain-based event triggering condition). We ensure the exponential stability
in the sup-norm of the closed-loop system and Zeno-free behavior. Numerical simulations illustrate the
efficiency of the proposed control strategy in stabilizing traffic flow.

Keywords: Event-triggered in-domain control; ARZ traffic model; First-order hyperbolic PDE; Small-
gain approach.

1. Introduction

The control of traffic flow on highways has been an important research focus over the past decades.
While many different control strategies have been explored, we list here only some examples of the
existing works. For example, in [27], the author proposes a time-of-day control strategy by considering
the evolution of traffic flow according to the time delay between a volume change at a ramp and
the subsequent disturbance at a freeway point downstream. Integrated control strategies for arbitrary
topology traffic corridors, including motorways and signal-controlled urban roads, were presented
in [28]. In [4], control problems of vehicular traffic were studied based on conservation laws. The
boundary controller was provided for a traffic flow model, while the velocity of the dynamics depends
on a weighted average of the traffic density ahead in [3]. In [16], the authors investigate the integration of
variable speed limits and coordinated ramp metering within the framework of the traffic flow networks.

© The Author(s) 2021. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.


https://doi.org/DOI HERE
https://orcid.org/0000-0000-0000-0000
https://orcid.org/0000-0000-0000-0000
https://orcid.org/0000-0000-0000-0000
nicolas.espitia-hoyos@univ-lille.fr 

2 AUTHOR NAME ET AL.

Various mathematical models have been proposed for traffic flow, such as the Payne-Whitham (PW)
model [29] which describes nonequilibrium traffic flows, the Lighthill-Whitham—Richards (LWR)
model [44] where the traffic is restricted to equilibrium states, the Aw-Rascle-Zhang (ARZ) model
(combining the Aw—Rascle framework [2] with Zhang’s non-equilibrium extension [48]), along with
their numerous variations. Among these models, the ARZ model has gained particular attention due to
its ability to capture the complex relationship between vehicle density and velocity [46].

With the integration of ACC-equipped [47] and connected automated vehicles [23], the challenge of
managing traffic flow in mixed environments involving both human-driven and ACC-equipped vehicles
becomes more critical. Some research works have attempted to address this challenge, for example,
the delay-compensated control for freeway traffic with connected vehicles [31], the elimination of
bistability and phantom traffic jams in mixed traffic systems [26] and the safety of connected automated
vehicles employing connected cruise control [7]. A novel scheme integrates a performance-based
controller with a safety-oriented controller has been studied in [1], enabling compatibility with a wide
range of controllers while ensuring instantaneous operation. The boundary stabilization problem for
mixed traffic on freeways, where traffic dynamics are modeled as uncertain coupled hyperbolic partial
differential equations (PDEs) with Markov jumping parameters has been addressed in [53]. However,
traditional control approaches may impose limitations in terms of communication and computational
load, particularly under mixed traffic conditions.

Event-triggered control has recently emerged as an effective approach to address these limitations
by reducing the frequency of control updates while maintaining system stability [17]. Unlike traditional
time-triggered systems, event-triggered control applies the control input only when certain conditions
are satisfied, which can lead to significant savings in communication and computation [40]. This
strategy has shown promising results for PDE systems, including 1-D hyperbolic systems (linear, semi-
linear and nonlinear hyperbolic PDEs); see e.g., [9, 10, 12, 13, 39], and 1-D parabolic systems; see
e.g., [14, 21, 33, 34, 35] among others. Event-triggered rules are also studied for coupled PDE-ODE
systems [42] and PDE-PDE systems [22]. Recently, the ETC has been investigated for stabilizing
traffic flow, using PDE-backstepping approach [15]. Subsequently, an event-triggered output-feedback
control based on backstepping method is proposed to stabilize the traffic flow on two connected roads
described by coupled hyperbolic PDEs [11]. More advanced and notable recent contributions deal
with event-triggered PDE backstepping in conjunction with performance-barrier strategies for not only
reducing the stop-and-go traffic flow but also with larger inter-execution times ; see e.g., [50, 51]. In
[52], an event-triggered boundary control framework for mixed-autonomy traffic systems modeled by
hyperbolic PDEs was provided, capturing the dynamics of human-driven and autonomous vehicles, as
well as their interactions. However, there is still limited research on in-domain ETC strategies.

Building on the recent work of [5], which introduces an ARZ-type model for traffic flow
consisting of both human-driven and ACC-equipped vehicles, and develops a Lyapunov-based in-
domain continuous control design, we extend this framework by introducing a ETC scheme to stabilize
traffic flow governed by a mixed-traffic ARZ model, while updating control actions — adjusting the time
gap for ACC-equipped vehicles — based on a suitable small-gain based triggering rule. We perform
the stability analysis on a linearized and transformed ARZ model (a 2 x 2 linear hyperbolic system
with in-domain control and dynamic boundary condition) and provide ISS estimates with respect to
actuation errors. A small-gain approach [14, 19, 20] is employed to design the suitable triggering rule
(small-gain-based event- triggering condition). The small-gain condition drives the selection of the
triggering parameters. With the help of small-gain arguments, we obtain estimates of the closed-loop
system. We prove the avoidance of the Zeno phenomenon, which allows us to conclude the exponential
stability result, though we highlight that the lower bounds of the inter-execution times turn out not to
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be uniform. Nevertheless, we also point out a natural extension of our ETC strategy to a Self-triggered
Control (STC) strategy, which suggests that the next triggering time is predicted based on the current
state information at the current sampled time. The main contributions of this paper are summarized as
follows:

o We develop an event-triggered in-domain control strategy for the ARZ traffic model that includes
both ACC-equipped and manually driven vehicles.

o We establish the ISS estimates of the closed-loop system and use small-gain arguments to design an
appropriate triggering rule.

« We provide the exponential stability under the proposed ETC strategy and demonstrate the avoidance
of Zeno behavior.

o We outline a possible STC strategy for traffic flow control.

Compared with the preliminary version of this work [43], in the present paper, we extend the theoretical
analysis by providing detailed proofs and conducting an in-depth analysis. In addition, we enhance
the simulation part by providing the number of events in the event-triggered mechanism obtained at
different small gain parameters.

The structure of this paper is as follows: Section 2 introduces the ARZ traffic model and the
formulation of the problem. Section 3 discusses how nominal control is emulated by an event-triggered
control approach. Section 4 provides the analysis of stability using the event-triggered control based
on small-gain conditions and the analysis to avoid the Zeno phenomenon. Section 5 presents numerical
simulations that illustrate the performance of the ETC in stabilizing traffic flow. Finally, Section 6
concludes the paper and outlines future research directions.

Notation. R will denote the set of nonnegative real numbers. Let S C R” be an open set and let A C R”
be an open set that satisfies S C A C S. By %O(A;Q), we denote the class of continuous functions
on A, which take values in Q C R. By ‘K"(A;Q), where k£ > 1 is an integer, we denote the class of
functions on A, which takes values in Q and has continuous derivatives of order k. For any integer

p > 0, we denote LP(]0,1],R) the space of real-valued p-integrable functions defined on [0, 1] with
1

the standard L? norm, i.e., for any f € L”(]0,1],R), we have ||f]||r» := (fol \f(x)|pdx) ”. We denote

([ flleo = max,eo 1) [f(x)| = limpseo || f|2r. Let u: Ry x [0,1] — R be given. u(t,-) denotes the profile
of u at certain r > 0, for all x € [0, 1].

2. System description and problem formulation

The ARZ model is a traffic flow model based on PDEs. It is mainly used to describe the dynamic
characteristics of traffic density and speed, and can capture some important phenomena in traffic flow,
such as “stop-and-go” fluctuations and sudden drops in traffic volume. This model is instrumental in
analyzing and controlling traffic congestion.

2.1. ARZ type traffic flow model with mixed vehicles

The ARZ model, originally developed for human-driven vehicles [2, 48], can be extended to
accommodate mixed traffic environments containing human-driven and ACC-equipped vehicles. The
traffic flow can be regulated by introducing time-gap control variables. In this case, the model uses a
mixed speed equation (that we will denote by V,,;, in the sequel) to combine ACC-equipped and human-
driven vehicles’ response characteristics into a common speed expression. We consider the following
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ﬁ_ ACC-equipped vehicle
h Humain-driven vehicle

Time gap setting hacc

Inlet (5 = Q) Traffic Flow Direction Outlet (¥ =L)

FI1G. 1. Mixed traffic flow model representation with in-domain actuation using time-gap of ACC-equipped vehicles as a control
(see also [25]).

model, which can be seen as a modification of the ARZ traffic model as presented in [5]:

pi(t,%) = — pe(t,X)v (1, %) — p (1, X)ve(t, %), 2.1)
n(t.5) :7p(t’x)r9vmix (p(t,a)g,hacc(t,x))vx(t’x) ot )elt,5)

- Vinin (P(t,f),h;;;(hf)) —v(E) 2.2)
p(t,0) =gin /v(1,0), 2.3)
w(r.1) <V (P (1,L), hace (1, L)) = v(t, L) 2.4)

Tmix

Here, p(t,%) represents the traffic density (vehicles per unit length), and v(¢,%) denotes the average
speed of vehicles. These variables are defined over the domain (7,X) € Ry x [0,L], where ¢ represents
time, ¥ is the spatial coordinate. The spatio-temporal dependent time-gap setting /e (2, %) of ACC-
equipped vehicles is considered as a control input which determines the desired spacing behavior of
ACC-equipped vehicles at time 7 and location ¥. The traffic parameters involved in the model (2.1)—(2.4)
are described in Table 1.

The traffic density equation (2.1) represents the conservation of vehicles; that is, the number of
vehicles per unit length of road remains unchanged. The speed equation (2.2) describes the dynamic
changes of traffic speed based on the relationship between traffic density and expected speed. Equation
(2.3) describes the boundary condition of traffic density at the inlet of the considered freeway stretch
(i.e., at ¥ = 0). This boundary condition reflects the impact of the external inflow g;,, on the traffic density
entering the freeway stretch. Equation (2.4) describes the boundary condition for vehicle speed at the
outlet of the considered freeway stretch (i.e., at ¥ = L). This dynamic boundary condition reflects free-
flow conditions at the downstream end, implying that even under congested situations, vehicles will still
strive to reach the mixed speed, thereby achieving stable traffic flow; in other words, traffic flow at the
right boundary is not obstructed. This boundary condition is realistic, as it does not require additional
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TABLE 1 Description of traffic parameters involved in system (2.1)—(2.4) and (2.13)—(2.16)

Parameters Description in transportation system
Pmin >0 The lowest value for density.
L>0 The length of the highway segment under consideration.
[>0 Average length of each vehicle.
gin >0 A constant external inflow.
i = —g ] _ The time .constanF of a mixture of ACC-equipped and
T human-driven vehicles.
Tace >0 The time constants of the ACC-equipped vehicles.
Tm >0 The time constants of the manual vehicles.
0<a<l :I,EZCIIEZ?MﬁOH of ACC-equipped vehicles in the total
aee >0 The steady-state time gap for ACC-equipped vehicles.
hmix > 0 The steady-state time gap for mixed vehicles.
hm >0 The time gap of manual vehicles.

control measures, for example, keeping a constant density or speed at the outlet of the considered
highway segment, while in practice it may appear in areas where at X = L there is an end of an area of
low capacity (that calls for the implementation of control measures), such as, for example, the end of a
tunnel or of a location of high curvature (see also [18]).

The ARZ-type model can be interpreted both as a representation of traffic flow dynamics involving
only manual vehicles [48] and as a model describing traffic flow behavior for situations where only
ACC-equipped vehicles are present [8]. Figure 1 shows a mixed traffic flow model representation with
in-domain actuation using time-gap of ACC-equipped vehicles as a control. Note that in the mixed
traffic case, to accommodate mixed traffic scenarios—where both ACC-equipped and manual vehicles
coexist-we introduce the fundamental diagram relation for speed [5], expressed as

1 1
Vmix (pahacc) = m (p l> 5 (2.5)

where the effective (or mixed) time gap is defined as

o+ (1—or)fee
( S Race, (2.6)

at(-a)eis

hmix( acc) —

where o € [0, 1] denotes the proportion of ACC-equipped vehicles in the total vehicle population. This
parameter governs the mixed traffic dynamics, as reflected in the speed equation above. In particular:
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1. If only ACC-equipped vehicles exist, i.e., ¢ = 1, we have

1 1 1
Vacc (p7hacc) = 7 ( _l> y Pmin < p < . (2-7)
hacc l
2. If only manual vehicles are present, i.e., & = 0, we have
V()fL l—l in < <l (2.8)
m(p) = I \ p ; Pmin < P I .

The formulations (2.7)-(2.8) correspond to the constant time-gap policy (in a direct correspondence to
a microscopic viewpoint; refer to [6, 8, 45] for more details).

To alleviate traffic congestion, the ARZ-type model (2.1)—(2.6) can be used for feedback-based
control design. Indeed, one can dynamically adjust the time gap /.. (¢, %) of ACC-equipped vehicles,
traffic fluctuations can be weakened, thereby achieving stable control of traffic flow.

2.2. Linearization and diagonalization of the system

The steady-state equilibria of system (2.1)—(2.4), resulting from a constant inflow rate g;, and a fixed,
steady-state time gap for ACC-equipped vehicles, denoted by /.., lead to a steady-state mixed time
gap expressed as

, o+ (1— o)l

hmix = =—Ryec- (2.9)

- a+(1—a)%;°%

The equilibria are uniform and fulfill the following condition

- qin
V=—, (2.10)

p
where p and v represent, equilibrium, the constant traffic density and speed, respectively, achieved
under a constant inflow gi, and a fixed time gap hqc, satisfying the following fundamental diagram

relation [5, Section 2-C]:
1 _
— — 1 = hpixv, (2.11)

p
where 1/p represents the (equilibrium) average rear-to-rear distance between vehicles, which includes
the length of the vehicle itself / and the bumper-to-bumper space gap between vehicles (hyi¥). It is
worth noting that, to ensure consistency of units in (2.11), the term 1/p should be interpreted as having
distance units (e.g., [m] or [km]).

We define the error variables p(z,%) and ¥(r,%) as deviations of the traffic density p(¢,X) and traffic
velocity v(z, %) from their respective steady-state values p and v. These are expressed as

ﬁ(t,)?):p(t,i)fﬁ, ﬁ(t,)f):v([,)?)fﬁ. (2.12)

Using (2.12), and linearizing the system (2.1)—(2.4) around the uniform, congested equilibrium profile,
we get

P (t,%) +9ps(2,%) = —piz(t,%), (2.13)
BR) - (08 = P E) — 0 (08) - 5 (5 Dhaee(1,5), (2.14)
p(1,0) = —£i(,0), (2.15)

(L) = s —P(L) = o 0(t,L) — % (5 — Dhace(1,L). (2.16)
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To simplify the analysis, namely the ISS stability analysis as conducted in Section 3, we introduce
the following normalized spatial coordinate x = X /L, where x € [0, 1], which scales the highway segment
of length L to a unit interval. This normalization, common in ISS analysis for PDEs (e.g., [19]),
facilitates, in our opinion, the stability analysis.

Introducing the following change of variables:

_ i 5 ilmix [
Z(I,X) - p (p(l,L)C) + (l _’_ljlmixﬁ) V(taLx)> ) (2]7)

w(t,x) = ¥(t,Lx), (2.18)

where x € [0, 1], and using relation (2.11) , we obtain the diagonal form of (2.13)—(2.16)

(1) + fax(tx) = —z2(t,x) = hmix P (5 — DU (1), (2.19)
wy(£,x) — }-lmilewx(t,x) = —mz(t,x) — (5 -DU(1,x), (2.20)
2(1,0) = —Ipw(t,0), (2.21)
wi(t,1) = —mz(t, 1)— #(g —NU(1,1), (2.22)
with initial conditions
(0.0)=1 (f)(o,Lx) + (l’ln;.;;fv)v(o,u)) C w(0,x) = To(Ly) (2.23)

and U (¢,x) = hgeo(t,Lx), x € [0, 1]. Note that although z incorporates information from both density and
velocity, it is constructed via a scaling transformation and makes use of relation (2.11). Therefore, it
has the same physical unit as w, i.e., meters per second ([m/s]).

2.3. Feedback control law (nominal)

We adapt the feedback control law proposed in [5, Section III-B]. We recall that such a control law
stabilizes the traffic system exponentially by eliminating the source terms that cause the instability. The
stability analysis is carried out in the €’'-norm by means of Lyapunov techniques. In our study we
use first the following nominal control (which differs from the one in [5] as we use a slightly different
change of coordinates) to stabilize the system (2.19)-(2.22) exponentially

___Tacc ]_ﬁcc 1
U = g5 (= gt <00+ K0(0.)), (2.24)
with k > 0. This feedback law aims at eliminating the source term in (2.20), which may cause instability
due to a feedback connection between the states z and v.

2.4. Emulation of the control law

We aim at stabilizing system (2.19)—(2.22) on events while updating the nominal continuous-time
controller U (¢,x) at certain sequence of time instants ¢ i» J € N, that will be characterized later on.
The control value is held constant between two successive time instants and it is updated when some
triggering conditions are verified. It is an efficient way to suitably apply (only when needed) the control
value, thus avoiding useless actuation solicitations. To that end, we need to modify the control law.
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More precisely, the control law U (¢,x), that appears in (2.19)—(2.22) and that is defined in (2.24), will
be replaced by Uy (t,x) = U(t;,x) forall x € [0,1], and ¢ € [t;,;1), j > O, that is,
acc ]jlgcc
Ua(t:3) = st (= gt <) +00(07.2)). (2.25)

Hence, we deal with the following system with dynamic boundary condition:

a(t,20)+ Fal(t,x) = —2(t,0) — I L (5 —1)Ua(t,), (2.26)
wy(t,x) — }-lmilewx(t,x) = fmz(t,x) e (% —DU,(t,x), (2.27)
2(6,0) = —Ipw(t,0), (2.28)

w(t,1) = n(), (2.29)

N0 = —5 gt ) = 5 (5 —DUa(t. 1), (2.30)

for all # € [tj,7j41). We assume that the initial values satisfy the first-order compatibility conditions at
the boundaries:

20(0) = —1pwo(0),  wo(1)=n(0). (2.31)

so that we avoid introducing discontinuities or singularities at the boundaries. Notice that Uy(¢,x) =
U (t,x)+d*(¢,x), where d*(¢,x) can be seen as an error of actuation (called deviation of actuation in the
sequel of the paper). It is given as follows:

a(1,0) = g (= o (elty0) —2(02) + K (w(0) — W) ), 232)

PV Tmix himix

for all ¢ € [tj,j;1). Therefore, the closed-loop system, with dynamic boundary condition, reads as
follows

7 (t,x) + Aizy(t,x) = —xaw(t,x) — b1d*(t,x), (2.33)
wy (1,x) — Aawy(2,x) = —Kkw(t,x) — bad™ (2,x), (2.34)
2(,0) = —rw(1,0), (2.35)
w(t, 1) =n(t), (2.36)
nt) = —xn(t) — bad*(s,1), (2.37)
with
A =7vL7,
Ay = f_tnfix L
a:= Phmis ,
o (2.38)
b= P P72 (5 =),
by = raccofgz%cc (% —1),

r:=Ip.
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3. Event-triggered control strategy and main results

In this section, we introduce the event-triggered in-domain control and the main results: The well-
posedness of the closed-loop system under an event-triggered control, the existence of a lower bound
to the time interval between two consecutive switches and the exponential stability of the closed-loop
system under the event-triggered in-domain control. By building on the emulation approach, we define
first the event-triggered control considered in this paper. It encloses both a triggering condition (which
determines the time instant at which the controller needs to be updated) and the feedback control (2.25).
The proposed event-triggering condition is based on the evolution of sup-norm of the actuation deviation
(2.32) and the evolution of the sup-norm of the states.

Definition 1. Let B, B, > 0 be design parameters. The event-triggered control is defined by considering
the following components:

I) (The event-triggered mechanism) The times of the events t; > 0 with ty = 0 form a finite or countable
set of times which is determined by the following rules for some j > 0

a) if {t e Rt >t N||d*(t,)|le > Billz(t,)]| +ﬁ2||w(t,-)||oo} = 0 then the set of the times of the
events is {1y, ...,t;},

b) if{t eR|t >t A ||d*(t,)|le = Billz(t,-) |l + B2 |lw(t, )||oc} # 0, then the next event time is given
by

o =inf {t €R > AN (1) > Bullele, ) Bt )} G3.1)

where the actuation deviation d*(t,x) is given by (2.32) for all t € [tj,tj.1).

1I) (The control action) The feedback control law is defined by (2.25) for all t € [tj,tj+1).

3.1. Well-posedness aspects

Proposition 1. For any given initial data (z(t;,x),w(t;,x)) € (L*(0,1))?, there exists a unique solution
(z,w) € €0([tj,1j+1]: (L=(0,1))?) to the system (2.33)~(2.37).

Proof : The boundary input (2.37) is given by an absolutely continuous ODE solution and the in-domain
source terms are reset to zero at each triggering instant, for all x € [0, 1]. Inspired by [30] — where the
hyperbolic PDE is affected by source terms that are subject to switching — we adopt the notion of
solution along the characteristics for all t € [tj,tj+1). Hence, we have that for t; <t <1; + %1, the

solution z(z,x) is given as
t 3
2(t,x) =z(tj,x—Mi(t—1))) (—xa)w(t,x— A1 (t—=7))dt+ [ (=b1)d*(z,x— A (t—7))d7. (3.2)

tj 1j

For¢; + %1 <t <tjy1,itis expressed as

Z(t,x) = —rw (t—/{‘—],O) +/t . (—Ka)w(f,x—)tl(t—f))d”c+/t L (=b)d (T,x— A (t —1))dT.
tffl t—Tl
(3.3)
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Fort; <t <tj+ 1/1;;’ the solution w(z,x) satisfies
t

wit,x) =w(tj,x+ At — 1)) exp(—k(t —1;))+ | exp(—K(t—))(—b2)d" (T,x+ Aa(t — 7))d7T. (3.4)

Ij

Fort;+ 1)L;2x <t <tj1,itis given as

witx) =n (1= 122 )exp (— £ (1-x) +/' 1y €XD(—K(t = 7)) (=b2)d" (T.x+ Aa(t = T))dT, (3.5)
=7

2
2
where 7 (¢) evolves as

t

n(t) = exp(— Kt —1;)(1}) - bQ/t exp(—K(t — 1))d*(z,1)dr, (3.6)
j

The characteristic-based explicit solution guarantees the existence and uniqueness of a solution (z, w) €

¢0([tj,tj41]; (L™(0,1))?) over the time interval [r;,;41]. O

The methodology of [30] is adapted to account for the ODE-driven boundary condition (2.37),
which gives rise to a solution that is absolutely continuous. Since our analysis guarantees existence
and uniqueness of a solution in €°([t;,#;+1]; (L(0,1))?) for each interval [t;,¢;+1], we view such a
solution as weak. To extend the solution on [0,lim; _,..;), one can employ a step-by-step method using
Proposition 1, iterating over successive intervals [fj,7;,1]. To ensure the solution is well-posed for all
t > 0, it is essential to verify that the triggering times satisfy lim;_of; = +oo.

3.2. Stability analysis

In this section, we provide the stability properties of the closed-loop system (2.33)—(2.37). In the
following Lemma 1, we first state the estimates of the ISS stability of the closed-loop system, which is
essential for the stability analysis of system (2.33)—(2.37).

Lemma 1. Consider the closed-loop system (2.33)—(2.37) with initial data z(0,x) = zo and w(0,x) =
wo where (z0,wo) € (L*(0,1))2. The following estimates hold, for some ¢ € (0,k), and for all t €
[0,1im oo ()

< |xal+lby| | ¢
— 2|b T R * —G(t—s
et e S 0.+ e A) (5l ) )

max{O,tf % }Ssgt
1

<
Yol max (|w(s,0)|e_g(t_s)) : 3.7)
max O,t—ﬁ <s<t
and
S _ K., S
oo e e 09+ e R max () o)
max{O,t—i}gsgt

S

te max (|n(s)|e*€<H>)7 (3.8)

max{O,t— i } <s<t
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and

—ct o] % —¢(t—s)
()] < e n(0)|+ 52 max (| (s. Dle ). (3.9)

Proof See the Appendix. [J

Let us first state the following small-gain condition which indicates the choice of B, (the
parameters involved in the triggering condition (3.1)):

K |xal+]by | K |xal+|by| |xal+]by |
ﬁl(b2K|f|+sze(1 12)+2|£If;\e( ) (1 12)+2\Abll|e( o )\b2\+2\b1\ (% ))

A
(3.10)
K
+ B2 (iﬁleO’b) + b,f) <1
By continuity arguments, there exists ¢ > 0 sufficiently small, and ¢ < k, such that
|xcal+[b1]|
b b (1-7% 2b(b>b1*£b
B1A2(g)<ng+|rlzze( 12)>+ﬁ1,\z(g)lll|e 1] %\e( )L)_,_Lif\g
3.11)
. (‘K’l‘ﬂhl‘) b ( ) b
+Bie)Zplel BT 1) (el A 4 o) <o,
where L

A(g) _ s, (3.12)

X
The existence of ¢ is assured because the function .7 (g) = B1A2(g) |bK2_Hr‘ + ‘rl;‘éﬂe(l_’b) +

|xcal+[b1|

S
K ‘Kal ‘bll K
ﬁ1A2(g)2)Lblle< 1] )(Zle(l_’b) b2|)+l3 Al )zflne( o >+B2A(g) <|blze<1 %) 4 el
e (i)

K
1, and 0 < BrA(g) (li{ie(]lz) + sz€> < 1. Reorganizing the terms, we introduce the following

is continuous at 0 and satisfies % (0) < 1. Furthermore, it also holds that 0 < B;A(¢ T

quantities as defined from (3.11):
[kal+]by \)

o1 = 2l (5 (3.13)
. \lzle(lfﬁx (3.14)

and
93() 1= 2L, (3.15)

Additionally, we define
@ = BIA(S)* (1= BrA(§)d1) ™" (1-BoA(S) (924 95(6))) " (92+03(5))(Irl +Badr +¢1).  (3.16)

We can ensure that if (3.11) is verified, then ® < 1. This condition is instrumental in the proof of the
main result that we state next.
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Theorem 1. Assume B, > 0 are chosen such that the condition (3.10) is satisfied. Then, for any
initial conditions (zo,wo) € (L(0,1))? and n(0) € R satisfying the compatibility condition (2.31),
there exist constants ¢ > 0 and © > 0 such that the following estimates hold for the solutions to the
closed-loop system (2.26)-(2.30) with the event-triggered control law (2.25), (3.1):

et Yl (0, )l 1)) < @exp(—50) (ol + Ioll+[O)),  BA7)

forallt € [0,1imj_.(t)).

Proof : According to Lemma 1, the ISS bounds provided in (3.7)-(3.9) lead to the following alternative,
yet more conservative, estimates, for all 7 € [0,1im_,o(t;))

S
()l e 20,0+ 91A(6) ma, (" ()]l -+ ol )| )

rl max (JIw(s,)[l=e~5), (3.18)

0<s<t

+A(g)

4 (s, )|~ + A(6) max (In(s)]e =)

<
[w(t, )]l <e e | (0,-)||.. + p2A(S ) max ( max
(3.19)

and

()] < e ()] +¢3(&) max, (Ja*(s. e ). (3.20)

where A(g) is defined in (3.12), while ¢y, ¢, and ¢3(g) are defined in (3.13), (3.14), and (3.15),
respectively. Additionally, we define the following quantities for all 7 € [0,1im;_,.(¢;)) and x € [0, 1]

I2lljo. = = max (las, Mt
Iwllop : = max (f[w(s;)ll..e*).
Il : = max (In(s)[e**),
l4*lljo) + = gmax (lld” (s, )ll.o ™). (3.21)

Using the relations (3.18)-(3.20) together with (3.21), we derive

<
Izllj0.q <e™ llzollee +A(S) Il IWllio ) + E1A(S) (1" lljo.) + Wlli01) - (3.22)

s
1wllio.q <e?2 ol +A(S) M0, + 92AA(S) 10,1 (3.23)



SHORT ARTICLE TITLE 13

and
M09 < M)+ ¢3(5) 4" [l g4 - (3.24)
From Definition 1, events are triggered to guarantee, for all € [0,1im;_,«(%;)),
[ (t,) leo < Brllz(t,-)[loo + Ballw(t, ) ||co- (3.25)
Therefore, from (3.22)—(3.24) along with definitions (3.21), it follows that
<
2llj0,) e [|zollo + (A(S) [+ B2A(S) b1 + A(S) 1) [Wlljo, + BrA(S) 91 Izll 0.1 (3.26)
S
Wil <e® lIwolle +A(S) IM1l10, + BiA(S) B2zl 0. + B2A(S) 2]l Wll 0.1 (3.27)
and
M0, < [M(0)]+ Br3(S)lzll 0. + B203(S) [[Wllo.1- (3.28)

Replacing (3.28) into (3.27), we get

<
Wllio.g <e? [[wollw +A(S) 10| +A(S)Bi93(S)Izll 0. + A(S)B293(S) Wl 0.1
+ BiA(S) Izl j0, + B2A(S) D2 wllj0,

S
<e® [lwoll +A(S)[M0] +BiIA(S) (¢3(5) + 92) lIzllj0.) + B2A(S) (93(5) + ¢2) Iwlljo.q-
Therefore, it holds

<
Izl < (1=BiAG)d1) " et ||zl + (1= BiA(5)91) " (A(S)|r +B2A(S) 1+ AlS)91) Wl

(3.29)
and
Wl =(1— BaA(Ya5(0)) e o]l (1~ BaA()ya3(<)) ALS) ol (3.30)
+ (1= BaA(S)v23(6)) ' BiA(e) w23(5) 12l o
with
v23(5) == ¢ + ¢3(5). (3.31)

By substituting (3.30) into (3.29), we obtain
S
Izllj0.) < (1= BiA(S)d1) " ™ [|zo..

+(1=BiAS)91) " (A(Q)|r| + B2A(G) 91 + A g)«in)(l—ﬁ’z/\(cs)wz,s(g))*leng [[Wolle
+(1=BiA(6)91) " (A(S)|r + B2AlG) 91 + A(S)d1) (1 — B2AlS)w23(5)) ' AlS) ol
+BIAG) (1=BiA(5)01) " (1 - BA(S)¥23(5)) Wi (6)(A(g)]7|

+BaA(S) 1 +A(S) 1)1zl o,

( (
( (

(3.32)



14 AUTHOR NAME ET AL.
Replacing (3.29) in (3.30), we get

<
1Wllo,) <(1=B2A(G)¥2,5(6)) " e Il + (1= B2AA(S) w23(6)) Al
3
£

+ (1= BA(5)v23(8) ' BiA) w23(5) (1 - BiA(g) ) e [zo]l., (3.33)

+B1(1=BiA)d1) " (1-BA(G)w23())  Alg) waa(g) (Alg)]r|
+ BA(S) 91 +A() 1) [wllig -

Hence, we can finally obtain

Izl <(1=®)" (1=BiA()91) " AS) 0]l
+(1=@) " (1=BIAG)91) ! (A(S)]r] + BaA(5) 91 + Al5) )
< (1= BA()v23(5)) ' Alg) [woll..
+(1=@) " (1=BiIAG)91) " (A(Q)Ir|+ B2A(S) 91 +A() 1)
x (1= BaA(9)y23(6)~ Ag) Mol (3.34)

and
Wlo < (1=@) "' (1= BaA(S)¥23(6) ' AG) [Wolloo + (1= @) ' (1= B2A(S) W2.3(6)) ' A(S) Mol

+(1=®) " (1= BA)v23(5)) ' BiAG) w23 (s) (1 - BiA(5)d1) " AS) 120l
(3.35)

where @ is given by

@ =BIAG) (1= BiAG)d1) " (1= BaA(6)v23(8)) was(6) (Il + Bagr + 1), (3.36)

which is precisely defined in (3.16). It satisfies @ < 1 due to the validity of (3.11). Combining (3.34),
(3.35), and (3.28), we can infer that (3.17) is true for a suitable constant @, for all 7 € [0,lim;_e(?})).
Thus, the proof is concluded. [J

Remark 1. The convergence speed, determined by the decay rate G, is influenced by the feedback gain
K and triggering parameters 31 and P,. Larger K enhances convergence but may increase the number of
events due to tighter triggering thresholds (smaller By, B), as the small-gain condition (3.10) balances
stability and actuation frequency.

3.3. Avoidance of the Zeno phenomenon and exponential stability result

Theorem 2. Under the event-triggered condition (3.1), any inter-sampling interval is lower bounded
by a positive constant (depending on the current state at t;).

Proof : Recall from definition 1 that if the set of triggering times is empty, then the next event is not
triggered. Moreover, the estimates in Theorem 1 guarantee that for 7 > 7; if ||2(¢},) || = [|W(2j, ) || = 0,
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then ||z(z,-) || = |[w(t,-) || = 0. Since zero states at ¢; indicate that the system has achieved equilibrium
in finite time, the triggering mechanism will not activate further events, and the system remains in its
zero equilibrium. In another case, assume that ||z(¢;,)||e = ||W(Z},-)||.c = O, but there exists ar > ¢; such
that either ||z(z,-)||e > 0 or ||W(¢,-) ||« > 0. This would mean the system deviates from the equilibrium
after #;, which contradicts the system’s dynamics and estimates in Theorem 1. In these cases, 7| = +oo,
and thus the Zeno phenomenon is excluded. Assume that we do not have those cases. From the definition
of the deviation of actuation (2.32), the following estimate holds:

(e < R() =20t (a5, ) = (e, ) ), (337)
where
- Tace Rl 1 Tace Face
k= m""‘( ((1/P) 1) P i e | a((l/p)w’(’)' (3.38)
Consider the following inequality:
l2(tj,) =20, Ml + W (tj, ) = () o < B2, oo+ B 0, e (339

Notice that by enforcing (3.39) we guarantee ||d*(¢,-)[|w < Billz(¢,-) ||« + B2|lw(#,-)|| that is the
triggering condition in (3.1) under which Theorem 1 applies. Moreover, consider the following more
conservative inequality:

l2(tj,+) = 2(t, ) oo+ [t ) = w(t, ) oo < RNz, ) 1+ 22255 925, | (3.40)

It can be proved (using the property in [24, Lemma B3]) that if (3.40) is verified then (3.39) holds.
Therefore, by enforcing (3.40) we guarantee ||d*(f,-)||e < Bi]|z(z,-)]le + Ba2l|w(t,")]|w, as well. Tt
suffices then to show the inter-executions times are bounded for the execution rule ||z(z;,-) —z(, )]s +

||w(tj,.)—w(t,-)Hoo2 s lz(2j,)|oo +R+B2HW(t/’ )||-- Based on this condition, we define the function

l2(tj,-) = 2(t, )l + I\W(tp ) —wit, )l

%IBIHZ(I‘J".)HOO+ R+[iz ()l

y(t) = (3.41)

A lower bound for the inter-execution times is given by the time that takes for the function y to go from
y(1;) =0to y(t;, ) =1 (heret;,, is the left limit at/ =1, ). The time-derivative of W on (z;,711) can
be computed by adapting the arguments in [20, Lemma 5.2] to our case, and considering the following:

d||z(tj,")—z(t,)]eo
A7 <12 (at,%) = 2(1,%)) o (3.42)

d||w(tj, ) —w(t,)| e
Atu el <)) (w(t) = (2, ) o (3.43)

t

If ||z(¢j,-) —z(t,-)||o > O and ||w(t},-) —w(t,-) || > 0, for z € (¢;,¢;41), using (3.42) and (3.43), we have

A= < max (sgn(a(1,x) = 2(1,%)) (5 ((0,) = 2(1,5))) ), (3.44)

xel(r)

Ai) 209l < max (sgn(w(t,x) = w(e,x)) (5 00(1j,3) = w(t,2))) ) (3.45)

xel(t)
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I(t)={x€[0,1]: |y(¢t,x)| = ||y(¢,") ||~} Here, y may represent either z or v, depending on which variable
we are referring to in the subsequent discussion. Focusing on the later case, it holds that

sgn(2(t,) = 2(1,)) (5 ((1,) = 2(0,2)) Ssen(a(tjx) = 2(0,)) (Miza(e,)

(3.46)
+ K’aw(t,x)—l—bld*(t,x)),
and
sgn(w(ty,x) —w(t,x)) (5 (w(t,x) = w(t,x))) <sgn(w(t;,x) —w(t,x)) ( — Aawx(t,%)
(3.47)
+xw(t,x) +b2d*(t,x)>.
If x € I() M (0, 1) and satisfies (z(z;,x) —2(t,x)) = [|2(1j,-) = 2(t,) [|ew, (W(2j,20) —w(2,2)) = [[w(zj,-) -
w(t,-) || then (z(tj,x) —z(t,x)) and (w(tj,x) —w(t,x)) have a maximum at x, hence z,(¢;,x) = zx(,x),
Ivgx(tp X) = () and 2(, x) =2(tj,x) = [l2(tj; ) = 2(t, ) |oo, and wiz, x) = w(tj, x) = [[w(tj; ) = w(t;-)|eo-

sgn(z(tj,x) —Z(t,x))%(z(tj,x) —z(t,x)) < Mize(tj,x) + Kaw(tj,x) — Kal|w(tj,-) —w(t,-) ||l +b1d*(t,x),
(3.48)

and

sgn(w(tj,x) — W(t,x))%(w(tj,x) —w(t,x)) < Aowi(tj,x) — kw(tj,x) — K||w(tj,-) —w(t,-) |+ bad™ (,x).
(3.49)

If x€I(r)n(0,1) and satisfies (z(tj,x) — z(t,x)) = —||z(tj,-) — z(t,")]|e, (W(tj,x) — w(t,x)) =
—||w(tj,-) —w(t,)||l then (z(tj,x) —z(t,x)) and (w(t;,x) —w(r,x)) have a minimum at x, hence
Ze(tj,x) = zo(t,x), wi(tj,x) = wi(t,x), and z(,x) =

, Z(tj,x) + ||2(t),-) — z(t, )]0, and w(t,x) = w(tj,x) +
[w(zj,-) —w(t,") || Thus,

sgn(a(tj,x) = 2(1,x)) §; (2(tj,x) = 2(1,%)) < Mzalty, %) + Kaw(t;,x) + allw(t, ) = w(t, )|l +brd*(t,%)
(3.50)

and

sgn(w(tj,x) — W(t,x))%(w(tj,x) —w(t,x)) < Aowi(tj,x) — kw(tj,x) + K||w(tj,-) —w(t,-) |+ bad™ (t,x).
(3.51)

Combining both cases, and using (3.37) we obtain,

d||z(t),-) —z

e <l o+ el b+l o) =0, o+ )

< Mz (s )lleo + [Kal (), ) [loo + [al W (2, ) = (2, ) oo
|zt ) oo + K[ [l2(2)5 ) = 2(2,) |

101 1R (e, ) =200, )l (ajo7) = w1, ),
(3.52)
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and

d|lw(tj,-) =wit,-)[|ee
dt

|| llw (s ) lew + Vel 1w (25 oo + K[ [[ W02, -) = w(E,) oo + [ D2 |7 (2 ) oo
<[allwa(tjs oo + Kl [W (25 )lleo + [ [[W (2, ) = wlz, ) |0

2R (11z(tj,) = 200, Yo w1, 7) = w1, )
(3.53)

Therefore, using (3.37),(3.40) and (3.41) we have from (3.52), (3.53) that
V(1) < (K+R(|b1|+1b2]) w(t) +x (1), (3.54)

forr € (tj,tj+1), where x(-) (depending on the current state at sampled time r =¢;) is a constant quantity
defined as follows

2(0) = ﬁ2> (m 7 <||zx<tj,~>||w+ |wx<rj,~>|w>) o 555

1202, Moo + [1w(2j) [l

(B
min b 2
with A = max (A1,;) and K = kmax (|a+ 1],1).
Then, by the comparison principle, it follows that the time needed by y to go from y/(z;) = 0 to

y(r;yy) = 1is at least

T 1 | (1 K+R(|b1|+|b2|))
P K+R(|by|+ b ti
(|b1] 1| 2[) x(t)) (3.56)
>0, Vj>0

> _
() + K+ R(|b1[ + [b2])

where we have used the property In(s) > %
In particular, notice that the first inter-sampling interval is lower bounded by Ty >

1 .
YO ERTRI ) 0. This concludes the proof. [

Theorem 2 allows to conclude that lim;_,.,(#;) = . Consequently, we derive the following corollary,
which states the exponential stability result.

Corollary 1. Ler 1,5, > O (design parameters involved in the triggering condition (3.1)) that are
selected such that (3.10) holds. Let ¢ be such that (3.11) holds. Then, for any initial conditions (zo,wo) €

(L=(0,1))%, n(0) € R, the closed-loop system (2.26)-(2.30) with event-triggered control (2.25), (3.1) is
exponentially stable, that is, there exists a constant ® > 0 such that the following estimate holds:

e, oo+ (e, Yo+ 1 6)] < ©exp(=51) (lz0llo + 0]+ (O)1) (3.57)

Sforallt > 0.

Proof Tt is a consequence of Theorem 2 in conjunction with Theorem 1. [
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Corollary 1 holds, in particular, if we set the initial conditions as in (2.23) and 17(0) = w(0, 1).

Remark 2. The bound (3.56) obtained in the proof of Theorem 2 shows that any inter-sampling interval
is lower bounded by a positive constant. However, there is a dependence on j, and therefore we
lack uniformity. From (3.56), it may not be straightforward to obtain a minimal dwell-time, uniform,
independent of j and the system’s initial conditions.

Remark 3. By examining the bound (3.56), we observe that the proof of Theorem 2 naturally suggests
a Self-Triggered Control strategy. In Self-Triggered Control strategies, the next triggering time is
computed based on the state information at the current sampling time t;, eliminating the need for
continuous monitoring of the triggering condition. This approach has been extensively studied for
finite-dimensional systems [17, 24] (see also the survey [49]), but remains relatively unexplored for
PDEs. Notable exceptions include some recent developments in Self-Triggered Control for PDEs, such
as the strategies proposed for a class of reaction-diffusion PDEs [32] and subsequently for 2 x 2
boundary-controlled hyperbolic PDEs [38].

In our case, we could also propose a Self-Triggered Control (STC) strategy based on the sup-norm
of the state and its spatial variation, both at the current sampling time t;, which would be given by

1
(1) + K +R(|b1|+ [b2])’

tiv1=tj+ (3.58)
where X (t;) is defined by (3.55). However, studying STC Strategies for our problem requires a thorough
analysis, particularly to assess the conservatism of the approach (as our current bounds are quite
conservative) and to avoid X (t;) being dependent on the spatial variation of the solution. Instead, we
aim to rely solely on the norm of the state at the previous sampling time to make the self-triggered
strategy more feasible for implementation. These considerations warrant deeper investigation but are
beyond the scope of this paper.

4. Numerical simulations

In this section, we present a numerical example to demonstrate the validity of our results. We perform
simulations on system (2.26)-(2.30) with control (2.25), (3.1) by employing a two-step LxF method [37]
that can be set in Shampine’s solver for Matlab detailed in [36]. The spatial and temporal discretization
were done with steps Ax = 1.4 x 1073 and Az = 0.2. It can be verified that the Courant-Friedrich-Levy
(CFL) condition for the numerical stability holds. Then, we obtain the numerical solutions of (2.1)-
(2.4) via the change of variables (2.17)-(2.18) along with (2.12). We run simulations on a time horizon

T = 400s. The initial conditions are chosen as p(0,%) = p + 10cos (¥2*), and v(0,%) = % (thus

2(0,%) = 5 (10c0s (87x) + Ll (gl = 7)), w(0,%) = 5yl — v and 0(0) = w(0,1)
for system (2.26)-(2.30), according to (2.17)-(2.18) along with (2.12)).

The traffic parameters of the system (2.1)-(2.4) are given in Table 2 and are borrowed from [5,
Section V] The control gain k (see (2.25)) is set as kK = 0.25[%], as in [5]. The parameters of the
triggering condition (3.1) are tuned to B; = 9 x 10~* and B, = 0.118, verifying (3.10). The tuning of
those parameters can be done using e.g., a “line search” (by increasing progressively §; and f3,) until
condition (3.10) is no longer verified.

However, it is important to emphasize that due to the conservatism of our proposed approach (small-
gain based event-triggered control design), the parameters f3; and f3, turn out to be very small. This
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TABLE 2  Parameters of the system (2.1)-(2.4) chosen as in [5].

p =105.8[30] | = 11.35[5] | 740c = 2[8] | Tmix = 1.39]s]
gin = 1200[¥2] | L =1000[m] | 7, =60[s] | /1, = 1[s]

Prmin = 37[10] [ = 5[m] a=015 | hge=1.5[s]

T y P 400
= e 200 _ o - o 200
z[m] 1000 *0 100 0l z[m] 1000&0 100 " Z[m] 1900 i 100 "

S S S

FIG. 2. Numerical solution of p and v in system (2.1)-(2.4), and profile of the nominal controller (2.24) (under the original
variables via (2.17)-(2.18)).

(L)

&///(///‘;; 300

- e 200 - ) - N\
zml 1000 100 Zlml 000, 100 Zml 1000 100

t[s) t[s]

F1G. 3. Numerical solution of p and v in system (2.1)—(2.4), and profile of the small-gain event-triggered in-domain controller
(2.25), (3.1) with B; = 0.19 and 3, = 0.82.

implies that when implementing the event-triggered control strategy, the resulting numerical solution
of the closed-loop system would behave similar as in the continuous case (i.e., under a nominal control
- see Figure 2), since the updating of the event-triggered controller occurs very often. See also Remark
1. The theoretical results, although conservative, allow to study qualitatively the behavior of the system
under an event-triggered strategy and the robustness to sampling. Now, in practice we can select
larger values of 81 and f3, that violate the small-gain condition (3.10), and still observe, numerically,
convergence of the solution of system to the desired profiles. For instance, we can set f; = 0.19 and
B> = 0.82, which imply less updating of the in-domain controller, and yet observe the convergence of
the closed-loop solutions. Indeed, Figure 3 shows the numerical solution of system (2.1)—(2.4) in closed
loop under the event-triggered control (2.25), (3.1). Figure 4 shows the profile at the boundary X = L,
of the event-triggered control (2.25) and the nominal control (2.24) (under the original variables via
(2.17)-(2.18)).

Figure 5 shows the time evolution of the sup-norms of the the linear hyperbolic system (2.26)-(2.30)
using small-gain event-triggered in-domain controller (2.25) (red line), and the nominal continuous
controller (2.24) (blue line). In both cases, we can observe exponential convergence to zero, and it
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Event-triggered control
ol Nominal control

Il Il Il Il Il Il Il I}
0 50 100 150 200 250 300 350 400
t[s]
FIG. 4. Profile at the boundary ¥ = L of the event-triggered control (2.25) (red line) and the nominal control (2.24) (blue line) —
both under the original variables via (2.17)-(2.18).

can be highlighted a better performance (in terms of convergence rate) under a nominal controller, as
expected.

Finally, we investigate traffic system performance, by computing the following metrics, introduced
in [41]; these are, respectively, the fuel consumption Jpy|, travel comfort J.omfory and total travel time
JrrT:

T L
Jiyel = /0 /0 max{0, & + 8v(t,x) + 83v(t,x)> + 84v(t,x)a(r,x) }p (¢, x)dxdr, 4.1)
T (L
Jeomfort = A /O (a(t,x)z +a; (t,x)z) p(t,x)dxdt, 4.2)

T L
Jrrr = / / p(t,x)dxdt, (4.3)
o Jo

where a(t,x) = v (t,x) + v(t,x)v(t,x) is the local acceleration, and the following parameters: &y =
25 x 1073[1/s], & = 24.5 x 10~°[1/m], & = 32.5 x 10~°[1s*/m?] and &4 = 125.6 x 10~°[1s*/m?]. For
more details, we refer to [41, page 485].

We compare the traffic performance metrics in open loop with the performance metrics obtained in
closed loop under both the nominal continuous-time control (given in (2.24)) and the event-triggered
control (given in (2.25),(3.1)) strategies. Table 3 reports the percentage of improvement with respect to
the open-loop driving behavior. Closing the loop with a feedback controller considerably improves all
fuel consumption, total travel time, and drivers’ comfort compared with the open-loop scenario. It is
worth noticing, however, that the event-triggered control strategy leads the drivers to experience more
discomfort, yet much lower than if no control is applied at all. Overall, application of event-triggered
control results in better performance in all of the metrics, compared to the open-loop baseline.
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Event-triggered control
Nominal control

tls]

50 100 150 200 250 300 350 400

FIG. 5. Time-evolution of the sup-norms of the linear hyperbolic system (2.26)-(2.30) under small-gain event-triggered in-
domain controller (2.25) (red line), and the nominal continuous controller (2.24) (blue line).

TABLE 3  Performance indices (4.1)-(4.3).

Performance index

Improvement (%) with nominal control (2.24)

Improvement (%) with ETC (2.25)

]fuel 5.928 5.928
Jcomfort 96.48 76.53
JTTT 5.962 5.967

5. Conclusion

This paper proposed an ETC scheme to regulate mixed traffic flow, incorporating ACC-equipped
vehicles, under the ARZ-type modeling framework. The event-triggered scheme makes use of a
small-gain based triggering condition. We performed the stability anaylsys though ISS estimates
and small-gain arguments. The ETC design ensures exponential stability in the supr-norm, and we
prove the avoidance of the Zeno phenomenon (though lacking uniformity as there is dependence
on the information of the current inter-sampling interval). Future work will focus on reducing the
frequency of updating by addressing the conservativeness of the event-triggering conditions, thereby
improving system efficiency and further optimizing the control strategy. To this end, we will rely on
recent strategies such as Performance-barrier-based event-triggered control [51]. In addition, spatial
discretization can also be studied based on recent advancements in sampled-data control of mixed traffic

flow by [54].
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Appendix

Proof of Lemma 1

By the method of characteristics, the explicit solution of (2.33) with boundary condition (2.35) and
initial data z(0,x), x € [0, 1], is given as follows, for all # € [0,lim_,c(;))

t !
z(t,x) zz(O,x—llt)—i—/ (—Ka)w(r,x—),lt—i—llf)df—i—/ (=b))d*(t,x—Mt+ A 7)dT, (5.1)
0 0

forogtgfl,and

1 r
2(t,%) = —rw (z—%lx,o)ju/ . (—Ka)w(r,x—llt—&—?tlf)df—&—/ (—b)d* (5, x— Mt + My D),
l‘*ll tfrl

(5.2)

for %I <'t. From (5.1) and (5.2), the solution can be seen as the sum of the following terms for all
1t € [0,lim;_e(;))

Z(tvx) =2 (t’x) +22(tvx) +Z3(t7x) +Z4(tvx)v (5.3)
where
2i(t,x) = z(0,x— A1), (5.4)
H(tx) = 0, (5.5)
t
B(x) = /()(—bl)d*(f,x—llt+/h1:)d1, (5.6)
Z4(t,x) = /Ot(—Ka)w(T,x—MH-llT)dT, 5.7

fort € [0,lim;_(t;)),x € [0,1] with 0 <t < 7,»and

Z1(t,x) = 0, (5.8)
2(t,x) = frw(tf%lxﬁ), (5.9)
73(t,x) = /lx(—h)d*(r,x—/ht—k?tﬂ)dr, (5.10)
A
ot
2(x) = /X(—Ka)w(r,x—klt—&-/llr)dr, 5.11)
T
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forz € [0,1im;(17)), x € [0, 1] with 7~ <. We estimate the L”(0, 1) norm of Z;, with p € [1, ). From
(5.4), the following estimate holds for every ¢ > 0

Z1(t,x)|" = [z (0,x = Agt) |
< e PSP |7(0,x— Ayt
< 7SI T |2(0,x — Au)|P.
Therefore, we get
<
1Z1(t, )y < e et [12(0,) I - (5.12)

We estimate the L (0, 1) norm of Z,, with p € [1,e0). From (5.9), the following estimate holds for every
¢>0

P
2t = Irl” w (1= £x,0)|

L pe(t—(t—+- p
LY i U 7“1))|r|p‘w(t—%1x,0>‘

X
<M [7|P max <|w(s,0)|pe_pg(’_s)) (5.13)
1=k <s<
1
QL
<M P max (|w(s,0)|pe_pg(t_s)) )

max{O‘t— % } <s<t
: 1

for all 1 € [0,limj,(tj)), x € [0,1] with 7, < 1. Hence, we obtain for every ¢ >0, p € [1,00) and
t € [0,limj_,o(t;))

1
2 < e Hlrl max  (wls,0)]e75). 5,14

4 _1
max< 0,z i <s<t

Using Lyapunov analysis, we estimate the L”(0, 1) norm of zZ3 which verifies Z3(7,x) = —41Z3,(¢,x) —
Kaw(t,x) — bid*(t,x) based on (2.33) with Z3(¢,0) = 0 for 7 € [0,lim;_,(t;)), and the initial data
73(0,x) = 0 for all x € [0, 1]. Let us define

1
Vi(z3) = / e M\ z3(t,x)|Pdx, (5.15)
0
with u > 0 to be selected in the sequel. Computing the time derivative, we have
1
Vi(z3) =P/o e~ Wsign(z3(1,x)) 2 (1, %) |23 (1,2)|"~ dx

1
:p/O e Msign(z3(1,x)) [~ A1 Z3x(t,x) — Kaw(t,x) — b1d* (t,x)] |23(¢,x) [P~ dx. (5.16)
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Since the following holds
! 1
P/O e Msign(Z3(t,x)) (M Zax(t,%)) |23 (2, %) |7 dx

1
=L [ef“x|23(t,x)|1’](l)—/0 e M udi|za(t,x)|Pdx
= —lle_“|f3(t,l)|p+l1|23(t,0)|p—/.LMV1(Z3), 5.17)

and using the Young’s inequality,

-1 -2 1 _
|Z3(t,x) |7 w(t,x) < stO"*] |Z3(t,x)\p+;80 Plw(t,x)|?, (5.18)
5 p—1 g% pfl % = p 1 =D g% P
‘Z3(t7x)| d (t7x) < Tsl |Z3(tvx)‘ +;81 |d (I,X)| ) (519)

we obtain, from (5.16)-(5.19),
. ol ol
Vi(z3) <—puMVi(z3) + |xal(p—1)g] ™ /0 e Mz3(t,x)|Pdx + |kaley " /0 e M w(t,x)[Pdx
r_ rl 1
Fbil(p= Vel [ et mxPdr e [ el Pds
0 0
o . 1
p%nmwn%lwmplmfﬂw+me/eﬂwmwwm
0
1
 biley” / 1 d* (1,)|Pdx. (5.20)
0

Next using the Comparison principle, we have, for all x € [0, 1],

P P
p— p—1

Vi(23) <e~IWh—Ikal(p-Deg L blp-De ey, ((0,-))

' 21 1
+|xale;” / ¢~ =l =D&l ™" —lorl(p=Del ™ 16=9) g (s, ) |IF,
0

%

_pr_

1 —1 —1
+ by |81*1’/0 o~ A —[xal(p—1)ef ™" ~|b1|(p-1)ef’ [e=9) gs|d* (s, ). (5.21)
Since V;(z3(0,x)) = 0, for every ¢ > 0, we obtain from (5.21), the following estimate
1/p

_pP_ _pP_
{leomwg’*‘ Hoile ) (p-1)-pg | (1—9)

.
200, o <et/vei [ bl [ e ds

X max (||d*(s,-)||Lpe_g<’_s))
0<s<t
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S v
1 " 7[;1117(\11‘11\80177 +lb1lel ™ ) (p—1)—ps | (1—s)
—i—e“/Ps(; |Ka|/ e ds
0
: —¢(t—s)
><0H§1§%(t(||w(s7 )|re ) (5.22)
Selecting
" p(\xa|+|b1217t1/\b1|+l?€’ (5.23)
and
- 1 .
plip~ —¢ Ly’
o (BApT =g\ T 24
w=e=(fafmt) = () 520

we get from (5.22) the following estimate

a1y | - » 5
|@af>mfg(m'+ﬁ)qmné(ll) ” (/Zf““+w>@4ﬂﬁﬂh)’
0

[ba]
x max ([[d*(s,) e <)

0<s<t

_pr-1 1
+e(‘m\‘iz+llf'|+ﬁ)(|,<a|)% (M> ’ </te(|"“+“’l>(i})<”)ds> !
0

X max (||w(s,-)||Lpe_G(’_s))

0<s<t

p—1

1

[ka|+|by| | ¢ 1/ A T \bﬂ »
<(\b\+x)b A e (g | ye—SE=9)
<el BT A () ( e max (Jld (s.) e )

(\Ka‘\;rl‘bul %) M - |b1 G —6(t—s)
Te 1 1/ (|xal) (|bl|> <(|Ka|+|bl|)7tl> OHSI?%‘I(”W(S")”U’E ) .
(5.25)

=

Since
, A -2 |b| ’ A - A , |b| ,
0 () (marsionm) =00 (o) (o) () @
(I 1|)p(|b1|> (Il + [b1]) (i) b1 | b1 | (ka[+ o)) ™
! S R I
<7 () QoD P Ak F s
/11)‘
(M) 5.6
(|b1| o
and

==

() () Grarm) (2)

umw<@J“QmﬂﬂMMy—wm
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1 1
(o) (Grsmn)”
b1 (|xal+|b1])

M )
< . 5.27
(o 620
Then according to (5.25)-(5.27) we have

[ka|+]by |
1Z3(t,) |r <e< o +,11) b1

max (||d*(s,-)||ue’g(”s))

1 0<s<t
[kl +[b | b1 ‘
( 1] +i ) 1 ( . *Q(l*é))
el Il RIS max [w(s,)l[re : (5.28)

Similarly, since Z4(0,x) also verifies (2.33), we get, for all x € [0, 1]
[1Z4(2, ) e =1z3(z, ) [|r

\mH\b\ <
A ) 2l ma <(||d*(s,-)HLp (s, lr)e <) (5.29)

1 0<s<t

Se(

Using (5.3) with (5.12), (5.14), (5.28), (5.29), and p — oo, it holds

< [xa|+lby| | ¢
et e e S 0L+ e VL (15 el ) )
max{O,tfﬁ}gsgt
S
YoMl max (|w(s,0)|e_g<t_s)) . (5.30)

4 _1
mdx{O,t i }Ssgt

On the other hand, the explicit solution of (2.34) with dynamic boundary conditions (2.36)-(2.37) and
initial data w(0,x), x € [0, 1] for all # € [0,lim_,.(?;)), is given as follows

w(t,x) = w(0,x+ Aat) exp(—Kt) + /O Cexp(—k(t — 7)) (—b2)d*(T,x+ Aot — AoT)dT,  (531)

for0 <t gl; and

w(t,x):n(tfl—)exp( k(] — ))+/t17 exp(—k(t — 7)) (—b2)d" (T,x+ Aot — Mo 7)d7
" (5.32)

for A)‘ <t, with
1
n(t) = exp(—xt)n(0) —bz/o exp(—x(t —s))d*(s,1)ds. (5.33)

From (5.31) and (5.32), the solution can be seen as the sum of the following terms for all ¢ €
[0,1ime0 ()

w(t,x) = wi(t,x) +wa(t,x) + w3 (t,x) (5.34)
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where

W (1,%) == w(0,x+ Aot ) exp(—kt),

wa(t,x) =0, (5.35)
3 (t,x) = /0’ exp(— k(i — 7)) (—ba)d" (T,x + Aalt — T))dT,
fort € [0,lim; (7)), x € [0,1] with 0 <1 < x; and
wi(t,x) :=0,
walt) = (1= e (75(1-) (5.36)

w3 (t,x) := /t 1 exp(—K(t — 1)) (=b2)d" (T,x+ Aa(t — 7))dT,
vy

for r € [0,1im;_,.(;)) With 1 —X < t. We estimate the L”(0, 1) norm of w, with p € [1,0). Note that
Kk > 0 and from (5.35)-(5.36), the following estimate holds for every ¢ > 0

w1 (2,%)[P =|w(0,x+ A1) exp(—kt) [P
pe(2)
<e P\ ) |w(0,x+ Agt) [P (5.37)
€
Se—thePQM lw (0,x+ A1),

forallt € [0,lim;_(t;)),x € [0,1] with 0 <t < IT;““ Therefore, we get

1
11 (2, )lp < e [w(0,-)]| - (5.38)

We estimate the L” (0, 1) norm of wy, with p € [1,e0). From (5.35)-(5.36), the following estimate holds
forevery ¢ >0and k >0

e 01 =[n (15w (3501 -9)

17

<epg%2e_pgfze_pg((t_(t+ﬁ)) ‘n (1 — %) b

= 2

SeP@%Z max (|n(s)‘pe—pg(t—s)> (539)

lfx;xﬁsﬁl
2
P, P y-psi—s)
<eh max n(s)|Pe .

max{0,f— %2 F<s<r

Hence, we obtain for every ¢ > 0,p € [1,e0) and t > 0

€ .
Ioa(e ) <€ max (In(s)]e ). (5.40)



28 AUTHOR NAME ET AL.

Using Lyapunov analysis, we estimate the LP(0,1) norm of w3, with p € [1,00),0 > 0. We have
w3(t,1) =0for ¢ € [0,lim;_,w(¢;)). Let us define

1
V2(W3) = / eax|vT)3(t,x)|de. (5.41)
0
We compute the time derivative of V5 (w3)
. 1
Vo(3) =p / €O sign (s (1,%) s (1) |3 (1,) [P dx
0
1
:p/ e sign(ws(t,x)) [Aaw3y(t,x) — kw3 (1, x) — bad™ (1,x)] | W3 (t,x)|p71dx. (5.42)
0
Since

1 1
» / Tsign (i3 (£, %)) AW (1,) |3 (£,) [P~ dox =2z [ |03 () |7} — / ¥ |03 (x) [Pl
0 0

1
Z)Qeo-|ﬂ/3(l)|p—)Q‘W3(0)‘p—0'2.2/ ecx|W3(x)|de,
0

(5.43)
and
()P 0,0) < Pt ) e 10 (5.44)
substituting (5.43)-(5.44) into (5.42), we get
Va(w3) <AeC w3 (1)[P — A2|w3(0)|P — 6 AaVa(W3) — pkVa (13)
o alef V) ¢ ool [ a0, )P
< (@Rt (p— Dlbalef Va7 bales” [0,
<|baley e ||d* (1,x)|17p — (62 + pK— (P — 1)|b2|82p%1 WVa(w3). (5.45)

Using the comparison principle and the fact that V,(0) = 0 (since w3(0,x) = 0), we get for all ¢ €
[07limj%m(tj)),x S [0, 1]

1 T
VQ(W3)S\b2|82_p€G/O o~ (Ohatpr—(p=1)|b2le) 1)(t"")|\d*(s,~)||f},ds
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¢ =
§|b2|£;ped/0 o~ (Ohatpr—(p=1)|b2le) *PQ)(f*S)dS(E?EZ(Hd*(s’.)||£pg*P€(t*S)). (5.46)

Thus, we have

1/p

g P

(w3 (z,)|lr < <|b2|/ o~ (Ohatpr—(p=1)|b2ley l_pg)(t—s)ds> eo/p82_1 % max (Hd*(s,~)||Lpe_g(’_S)> '
0 0<s<t

(5.47)
Selecting
o= 7"12*52"”’2 (5.48)
and
P p=t o
clap~ +1<—g) < z) g
H=(—"——2) =(2%) (5.49)
? ( b2] o]
we get

s
|

.5 et ; 1p
st <el 72 75) (M> " bl (/ e—(plz—(p—l)kz)(f—wds) max (s, )||resE)
0

|b2]| 0<s<t
(Eef) (A7 ,
<e\' Ak () |ba|? (le) max l|d* (s, ) || re =S, (5.50)
|b2| max{(),tfi <s<t

Since the following holds:
_p=l 1 1 1 1
) e -(3) () ()
|ba] 2 |ba] |02 Ay
~1
- (’12) , (5.51)
]

then substituting (5.51) into (5.50), we have

BRI N
I3 ) o <ol 5 7) <2> max d"(s, ) [lre S0, (5.52)
‘b2| max{O,tfi}Ssﬁt
Using (5.34) with (5.38), (5.40), (5.52), and p — oo, it holds
< _ K, <
)l <o~ o0 0, )+ 22 RR) k(s e
2 max{O,t—i}gsgt
S
+eh max 1 (s)|e 0. (5.53)

max{O,tf }3—2 }gsgz

The proof is complete.
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