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Abstract

School of Production, Engineering & Management
Doctor of Philosophy

Macroscopic Models Describing Lane-Free Movement of Automated Vehicles

by Georgios TiTakIs

Recent advances in technology have revolutionized vehicle automation with different kinds of
driver support systems. In the era of connected automated vehicles (CAVs), new perspectives
and principles have been suggested, where the vehicles can move on the two-dimensional
surface of lane-free roads without abiding to lane discipline, something that may improve
traffic flow and increase capacity of highways. Therefore, there is a need for cruise controllers
that can operate in a lane-free environment. The cruise controllers under consideration are
performed in microscopic models, i.e. models that consist of Ordinary Differential Equations
(ODEs) and describe the dynamics of each individual vehicle.

Although several aspects of the cruise controllers, such as safety and passenger conve-
nience, may be investigated at the microscopic level, it is also important to study their impli-
cations for the emerging traffic flow. To this end, macroscopic traffic flow models have been
formally derived for the description of the traffic flow of CAVs under the effect of cruise
controllers. The derived macroscopic models consist of two Partial Differential Equations
(PDEs) (i.e a continuity equation and a speed equation) and they are similar to the equations
of a viscous compressible fluid. The obtained macroscopic models have been formally de-
rived using particle methods, in which the vehicles are considered as "self-driven" particles
of a fluid ("the traffic fluid"). The particle methods provide the link between the macro-
scopic models and the cruise controllers, since certain relations between the microscopic
quantities and the "traffic fluid" physical properties hold. Consequently, by changing the mi-
croscopic quantities of the cruise controllers we can determine the physical properties of the
emerging traffic flow. Based on that, a specific selection for the functions included in the
cruise controllers enabled a model reduction, which is completely analogous to the human-
driven vehicles case, where the Aw-Rascle-Zhang (ARZ) model reduces to the well-known
Lighthill-Whitham-Richards (LWR) model. Moreover, in contrast to conventional traffic, the
proposed macroscopic models are isotropic since the vehicles react to both upstream and
downstream vehicles. Isotropy, as well as the presence of "fluid-like" characteristics in the
derived macroscopic models follow from the fact that lane-free movement and nudging are
allowed by the cruise controllers.

In this thesis, numerical studies of the proposed macroscopic traffic flow models for CAVs
are performed, where numerical experiments are conducted to study their properties and eval-
uate the performance of several numerical methods that are used to approximate their solu-
tions. Moreover, the present work provides evidence that the proposed macroscopic models
are successful for the description of the traffic flow in real complex traffic environments.
More specifically, by considering traffic scenarios for which macroscopic traffic data are col-
lected from microscopic simulations using the respective cruise controllers, it is shown that
after calibrating one of the proposed macroscopic models for CAVs, all the traffic conditions
that appear in the collected macroscopic traffic data are reproduced with high accuracy.
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Moxpookomikd Movtéha yio v Heprypagn tns Kivnong Avtopatov Oymudarmnv
oe [epifpairov Amarrhaynévo oo Aopideg

T'ewpyrog TiTdkng

Mpoogateg teyvoloykég eEeliEelg éxouv @épel emavAoTaon 0To YMPO TWV AUTOUNTWV
OYNUATMV UE TNV VITOPEN dLOPOPETIKDOV DMV GUOTNUATOV 0dNYIKNG VITOOTHPLENG.
v emoyn Tov ouvdedeuévov avtopatmv oxnudtov (CAVs), VEEC TPOOTTTIKEG Kl
BepuelddeLg apyég Exouv dNULOVPYNOEL, 0TS OTTOLEG TOL OYNUOTA WTOPOVY VO KivBoUv
0T dLodLAOTATN ETUPAVELD dPOUMV YWPLg TNV VTAPEN AwpPldwV, YEYOVOG TOU WITOPEL
Vo BEATLOOEL TNV KUKAOPOPLOKT POT| KOL VO, OUENOEL TN XWPNTIKOTITA TV UTOKLVI|TO-
dpouwv. Emouévmg, vdpyel ovaykn Yo vEa OVOTNUATO EAEYYOU OXNUATOV T OOl
VO WITOPOVV VO AELTOVPYNOOVY OE SPOUOVG Y wpic Awpideg. Avtd ta. cuoTHUATE ELEYYOV
YPNOLUOTOLOVVTOL O UKPOOKOTILKA WOVTELD, dNAOdT HOVTELD TOL OTTOlCL ATTOTELOVVTOL
and Zuvnoewg Atogopikég EElomaoeig (ODEs) kau meptypdgpouy ) duvouky Kabe oyi)-
1LOTOG.

IMopdho TTOU GPKETEC TTUYEC CUTOV TMV CUOTHUATWV EMEYYOU, OTTMG 1 OLOQPALELD
KoL 1 Gveon tov empPatmv, wropovv vo depeuvnOolv o (WKPOoKOTLKO emimedo, ei-
vou eE(00V ONUAVTLKY 1] LEAETN TG KUKAOQOPLAKNG PONG TTOU AToppPEEL atd T XPYon
tovg. Ta avtdv tov okomd, £xovv mopayOel WOKPOOKOTUKG UOVTELD YLO. TNV TTEPL-
YPOPY TG KUKAOQOPLOKNG PONG CUVIEDEUEVMV QUTOUATMV OYTUATOV VITO TNV ETLOPAOY
QUTOV TOV CVOTHUATWVY eLEYYov. Ta HaKPookKomKd Hovtéha atoTelovVTaL 0td S0
Mepikég Aagopikég EElomoelg (PDEs) (eElowor ovvéyelag Kau eElomon tayvtntag) Kot
TOPOVOLALOVY OUOLOTNTEG UE TIG EELOMOELS EVOC LEMOOVE GUUTTLEOTOV PEVOTOV. AUTA TO.
LOKPOOKOTILKG OVTELQ €XOVV TPOKMPEL YPNOLUOTOLMVTOG HeBOdOVG omUaTLdIMY, OTIG
ormoieg To. oxNuUOT BEMPOVVIOL WG ~“aUTO-0d1YOUUEVA oOUATIOLN EVOG pevaTol (TTov
KUKAOQOpLakol peuotot™). O uébodol couatidinv Topéyxovy T oUVOEDN avauesa ota
UOKPOOKOTLKA LOVTERDL KOl TO. CUOTHUATO EAEYYOU TOV OXNUATWY, EPOGOV VITAPYOUV
OYE0ELG TTOV OLVOEOVY TO. ULKPOOKOTILKA UEYEDN UE TG PUOLKEG LOLOTNTEG TOV “KUKAO-
(POPLOKOV PEVOTOV™. ZUVENTMG, UALATOVTOG TA UKPOOKOTLKA UEYEDN TWV CUOTHUATWY
eléyyov wropovue vo. Kabopioovue TG QUOLKEG LOLOTNTEG TG avadudueVNg KUKAOQO-
pLaxng ponc. Me Baomn autd, uia CUYKEKPLUEVT] ETLAOYY TWV GUVOPTIOEDV TOV TTEP-
LEYOVTOL OTO. OVOTNUATO EAEYYOV KATEOTNOE EPLKTY] (LG ALTTAOTTOINOT) TV TIPOTELVOUEVDV
UWOKPOOKOTILKMV UOVTEL®Y, 1] 0ol E(vOL OTTOAUTWG avAloYn UE TNV TEPLTTWON TWV
ouufaTik®mv oxynuatwy, értov 1o (Aw-Rascle-Zhang) (ARZ) povtého amrhooleitol oTo ev-
péwg yvwoto (Lighthill-Whitham-Richards) (LWR) povtého. Emmhéov, oe avtifeon pe
TV KUKAOQOPLOKT] PO} CUUBATLKMOV OYUATWYV, TO TTPOTELVOUEVO. LAKPOOKOTILKA LOVTELQL
elval LooTpomka ool kabe oynua aAAAETIOPA ne oxNUaTo TTOV BPlokovTal avavTy
KoL Katdvin tov onueiov avogopdg tov. H wootpomia, Kabnhg emxiong Kol 1 mopovoio
YOPOKTNPLOTIKOV TTOV OUVAVTIMOVIOL O (OVTELD PEVOTMV BacilovTal 0To YeEYyovog OTL 1)
Kkivnom og dpouovg ywpig Ahwpideg kot 11 ®OMNoN oxnudtmv (nudging) mLTPETOVIOL OITTO
TOL CUOTHUATO ELEYYOV TOV OXNUATOV.



H mtapotoa didaxtopikn} dratpip) mepthaufdver aptOunTikég HeAETeG TV TPOTELVO-
UEVOV UOKPOOKOTILKMV HOVTEAMY, OTIG 0Ttoieg dLeEdyovtal optOunTikd TeLpauaTo 1e
0KOTO TN UEAETN TV OLOTHTMY TOVG, KOOMmG Kot TV aELOAGYNON ApKETMV 0pLOUNTIKOV
ueBAdWV OV YPNOLUOTTOLOVVTOL YLOL TV TTPOTEYYLOT TWV AVCEDV Tovg. Emumhéov, mapéyov-
Tou evOelEeLg OTL TaL TPOTELVOUEVA LOKPOOKOTILKG WOVTELDL TTEPLYPAPOUV ETUTVY MG TNV
KUKAOQOPLAKT] POT] TWV OYNUATOV KATW 0ITd TPOYUOTIKEG KoL TOMITAOKEG KUKAOPOPL-
okég ovvOnkeg. IMo ovykeKkpluéva, BEwPOVTAG 0EVAPLA KUKAOQOPLOKNG POT|G, YLOL TA
omoio. CUAAEYOUUE LOKPOOKOTTLKA HESOUEVA OTTO WKPOOKOTTLKESG TTPOCOUOLDOELS, YPTOL-
UOTTOLDVTALG TA AVTLOTOLY0L CUOTHUOTO EAEYYOU TWV OYNUATWY, SLATLOTHOVOUNLE OTL KOTOTTLY
BaOuovounong evog €K TV TPOTELVOUEVMV UAKPOOKOTILKMV LOVTEL®Y, OAEC OL KUKAOQPO-
PLOKEC CVVONKEG TTOV EUpaviCovTal 0To SLaBELILA LOKPOOTKOTTILKA SESOUEVH UITOPOTVV VO
avostopoy0ovv ue pueyddn akpipel.
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Notation

e |x| denotes both the Euclidean norm of a vector x € IR"” and the absolute value of a
scalar x € IR.

e IR, := [0, +c0) denotes the set of non-negative real numbers.

e By x’, the transpose of a vector x € R” is denoted. By |x|cc = max{|x;,i =1,...,n},
the infinity norm of a vector x = (x1, x2, ..., x,)" € R" is denoted.

e Let A C R” be an open set. C°(A;)) denotes the class of continuous functions on
A C R", which take values in QO € R”. C¥(A;Q)), where k > 1 is an integer, denotes
the class of functions on A € IR” with continuous derivatives of order k, which take
values in Q) C R™. When Q) = IR, the notation C°(A) or C¥(A) is used.

e Let I C R be a given interval. For p € [1,00), LP(I) denotes the set of equivalence

1
classes of Lebesgue measurable functions f : I — R with |f], := ( fl i (x)lpdx) ' <
+oco. L*(1I) denotes the set of equivalence classes of measurable functions f : I — R
for which ||f]l., = ess sup (|f(x)|) < oo,

xel

o Letu: (Upso{t} x1(2)) » R where I(7) C R is an open interval for each 7 > 0, be any

function differentiable with respect to its arguments. The notation u,(z, x) = 2%(t, x)
and u,(t,x) = 94(t,x) is used for the partial derivatives of u with respect to ¢ and x,
respectively. The notation u(t] is used to denote the profile at certain t > 0, (u[t])[x] :=
u(t, x), for all x € I(z). The notation u(t,x”) and u(t, x") is also used for the limits

u(t,x™) = Slir?_ (u(t,s)) and u(t,x™) = Sl_l)l;lcl+ (u(t,s)).
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Introduction

Vehicle automation is a research topic that started gathering broad interest in the 1990s with
the concept of automated highway system (see Varaiya (1993)) and a plethora of related re-
sults (Ioannou and Chien (1993), Swaroop and Hedrick (1996)). During the last decade, there
has been significant progress in developing and deploying a wide variety of vehicle automa-
tion and communication systems which revolutionize the capabilities of individual vehicles.
Automated vehicles have already appeared on the same roads where conventional vehicles
are present (see Kanagaraj and Treiber (2018), Yao et al. (2022), Li et al. (2023), Vranken
and Schreckenberg (2022), Vranken et al. (2021)). The levels of vehicle automation can vary
from relatively weak driver support, like the conventional cruise control, to more advanced
driver assistance systems like the adaptive cruise control, or even fully automated driving
(see Kerner (2023)). These driving automation systems may be further enhanced if vehi-
cles are equipped with communication systems that enable real-time information exchange
benefitting both safety and efficiency.

In this context, the TrafficFluid concept (Papageorgiou et al. (2021)) is a novel paradigm
for vehicular traffic that applies at high levels of vehicle automation and communication, sug-
gesting two combined principles: (a) Lane-free traffic, whereby the vehicles are not restricted
to move on fixed traffic lanes but can drive anywhere on the 2-D surface, thus exploiting the
road geometry in a better way compared to lane-based movement; and (b) Vehicle nudging,
whereby the vehicles influence other vehicles not only behind, but also in front or on the sides
of them. These principles improve on certain limitations of human driving. In particular, the
use of traffic lanes in conventional traffic leads to reduced road capacity due to low lateral
occupancy, and necessitates occasional lane-changes, which is a risky maneuver (see Ar-
tuiedo et al. (2024), Rahman et al. (2013)). Moreover, the traffic flow in conventional traffic
is anisotropic due to the fact that human driving is influenced only by downstream vehicles,
implying the lack of pressure at a macroscopic level. However, note that laneless driving is
observed also with human driven vehicles (Agrawal et al. (2023)). In addition, the absence of
lanes is adopted in several other aspects of living nature (see Ballerini et al. (2008), Parrish
et al. (2002)), but also in some human activities (see Guo et al. (2021), Helbing et al. (1997)),
while both isotropy and absence of lanes are met in the particles of fluids (liquids or gases).

Recently, the above principles have been adopted in various approaches to design safe and
efficient vehicle movement strategies on lane-free roads, including optimal control (Yanu-
mula et al. (2023)), nonlinear feedback control (Karafyllis et al. (2022a)), and multi-agent
systems (Troullinos et al. (2021)). In this work, the traffic flow emerging from vehicle move-
ment strategies based on nonlinear feedback control is studied. More specifically, by apply-
ing a Control Lyapunov methodology, a family of decentralized CCs (see Karafyllis et al.
(2022d), Karafyllis et al. (2025a), Karafyllis et al. (2025b)) has been designed that can oper-
ate on lane-free roads and describe the two-dimensional movement of CAVs. The feedback
design challenge for these CCs belongs to a unique category of control problems defined on
sets that are not necessarily diffeomorphic to linear spaces. This complexity arises from con-
straints such as collision avoidance and the requirement for positive vehicle speeds, which
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confine the system of CAVs to an open set (see Karafyllis et al. (2022d), Karafyllis et al.
(2025a), Karafyllis et al. (2025b)). Additionally, since CAVs governed by decentralized CCs
cease to interact when sufficiently far apart, the resulting set of equilibrium points may be
non-compact — a feature uncommon in most control problems. The CCs under consideration
are developed through an algorithmic creation of artificial forces to direct vehicle movement
in lane-free traffic, incorporating vehicle nudging. This approach rigorously ensures several
desirable properties, including safety through collision avoidance and road boundary respect.

While safety and passenger convenience aspects of the employed CCs for CAVs may be
investigated at the microscopic level, it is interesting and important to study their implications
for the emerging traffic flow by spanning a bridge between the microscopic and macroscopic
levels. In the macroscopic models, traffic flow may be viewed as a fluid with specific char-
acteristics expressed with aggregate variables like vehicle density, flow, and mean speed of
vehicles, and its evolution is described via PDEs (see Chapters 3, 4 in Ferrara et al. (2018)).
Although the theoretical properties and numerical analysis of the macroscopic traffic flow
models have been extensively studied in the literature, their rigorous derivation from micro-
scopic models remains an issue.

Among the numerical methods used for fluid equations, the so-called “particle methods”
(also known as “Smoothed Particle Hydrodynamics”; see Filho (2019), Price (2012), Violeau
(2012) and references therein) provide a link between the macroscopic fluid model and the
microscopic ODE model that describes the interaction between the fluid particles. Such a
viewpoint is important (recall Hilbert’s 6! problem (Hilbert (2000))), even when the forces
acting on the particles are fictitious. Recently, particle methods have been used for the proof
of existence of entropy solutions for traffic flow problems (see Di Francesco and Rosini
(2015), Holden and Risebro (2018a), Holden and Risebro (2018b)). Moreover, the actual
convergence properties of particle methods were established in Karafyllis and Papageorgiou
(2023) for 1-D fluid flows. It should be noted that while 1-D flows are not very common in
the literature of fluids, they constitute the main paradigm for traffic flow theory.

In this thesis, macroscopic traffic flow models for CAVs, formally derived from the bi-
cycle kinematic model (Polack et al. (2017), Rajamani (2012)) under the CCs proposed in
Karafyllis et al. (2022d), Karafyllis et al. (2025a), are studied. The derivation is based on par-
ticle methods (see Karafyllis et al. (2022d),Karafyllis et al. (2025b)) by adopting a methodol-
ogy that is inspired by Di Francesco and Rosini (2015), Holden and Risebro (2018a), Holden
and Risebro (2018b). The particle methods provide the link between the macroscopic models
and the respective microscopic CCs. More specifically, following the same derivation process
that was first given in Karafyllis et al. (2022b) and neglecting the lateral movement of vehi-
cles, the macroscopic traffic flow models presented in Section 1.2.1 (see also Karafyllis et al.
(2022d), Karafyllis et al. (2025b)) are obtained. The formally derived macroscopic models
are "fluid-like" models and they are isotropic, meaning that the vehicles react to both up-
stream and downstream vehicles. Isotropy, as well as several "fluid-like" characteristics that
are present in the derived macroscopic models follow from the fact that lane-free movement
and nudging are allowed by the respective CCs.

In the employed particle methods, the vehicles are considered as "self-driven" particles
of a fluid (“the traffic fluid”) and the corresponding macroscopic PDE models are similar to
the equations of a viscous compressible fluid; (see Karafyllis et al. (2022d), Karafyllis et al.
(2025b), Karafyllis et al. (2022b)). Based on that, specific selections for the functions in-
cluded in the CCs enabled a model reduction in Theodosis et al. (2024), which is analogous
to the human-driven vehicles case, where the ARZ model (Aw et al. (2002), Aw and Rascle
(2000), Zhang (2002)) reduces to the well-known LWR model (see Li (2003)). The resulting
reduced model consists of a single PDE that has the form of a nonlinear heat equation. The
properties of the reduced model’s solution are extensively studied in Chapter 2 by introduc-
ing the appropriate notion of a weak solution that requires certain entropy-like conditions.
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Moreover, a first-order finite difference numerical scheme is constructed to approximate the
solution of the nonlinear heat equation.

In Chapter 3, the performance of one of the particle methods used for the formal deriva-
tion of the proposed macroscopic models is evaluated. More specifically, a comparison with
other numerical methods in the literature for compressible fluid models is provided, showing
that the employed particle method, in addition to having much less computational cost, it per-
forms better than the other numerical methods. It is also shown that the particle method under
consideration preserves certain differential inequalities that hold for the macroscopic traffic
flow model. Moreover, the obtained numerical solutions are compared with the correspond-
ing numerical approximations provided for the solutions of the reduced model, verifying its
high accuracy approximations.

The usefulness of the proposed macroscopic traffic flow models can be measured by
means of empirical validation. Therefore, Chapter 4 attempts to give an answer to this ques-
tion. Since the derivation of the macroscopic models is based on the assumption that the
movement of vehicles is lane-based (1-D movement), the accurate description of the emerg-
ing traffic flow seems uncertain. However, Chapter 4 provides evidence that the proposed
macroscopic traffic flow models for CAVs are successful even in very complex cases. More
specifically, two distinct traffic scenarios are considered, each involving a different kind of
bottleneck, for which macroscopic traffic data are collected from microscopic simulations us-
ing the respective CCs. It is shown that after calibrating one of the formally derived macro-
scopic traffic flow models for CAVs, all the traffic conditions that appear in the collected
macroscopic traffic data are reproduced with high accuracy.

1.1 Macroscopic traffic flow models for human drivers

Before presenting the proposed macroscopic models for CAVs, it is important to highlight the
most well-known macroscopic traffic flow models for human drivers. The first and most influ-
ential macroscopic traffic flow model was independently proposed by Lighthill and Whitham
(1955) and Richards (1956) (LWR model). The well-known LWR model is a first-order
model governed by one scalar hyperbolic PDE which is simply the continuity equation (con-
servation of mass)

P+ (P)e =0 (1.1)

where p > 0 is the vehicle density and ¥ is the mean speed, and both are combined with an
algebraic equation that determines the vehicle speed as a function of the vehicle density

V= F(p) (1.2)

where F' : R, — IR is a non-increasing function.

First-order traffic models, despite being widely studied, exhibit several shortcomings as
they fail to capture key aspects of real-world traffic dynamics. For example, in the LWR
model, vehicles are assumed to instantly adjust to a new equilibrium velocity following a
change in traffic conditions, implying infinite acceleration. Additionally, the transition from
free-flow to congested regimes occurs at a single critical density, without accounting for
phenomena such as capacity drop or hysteresis. While some of these limitations can be
mitigated through extensions of the LWR model (see Lebacque (2002), Leclercq (2007),
Daganzo et al. (1997), Laval and Daganzo (2006)), researchers have proposed second-order
models to achieve greater modeling fidelity, albeit at the cost of increased complexity due to
an additional PDE.

The most prominent second-order model for human-driven traffic is the ARZ model (see
Aw et al. (2002), Aw and Rascle (2000), Zhang (2002)), which comprises the continuity
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equation (1.1) and the following speed equation:
B+ (V4 pF'(p)) Ve = —5 (7= F(p)) (1.3)

where & > 0 is a constant.

A shared characteristic of both the LWR and ARZ models is their anisotropy — i.e., they
respond solely to downstream traffic conditions (Daganzo (1995)) — unlike the proposed
macroscopic models for CAVs. Another commonality is their hyperbolic nature and lack of
viscosity (or diffusion) terms.

It is worth noting that the LWR model can be seen as a special case embedded within the
ARZ model. Specifically, if the initial condition of the ARZ model satisfies the equilibrium
condition (1.2) everywhere, the ARZ solution coincides with the LWR solution (see Goatin
and Laurent-Brouty (2019), Li (2003)). This becomes evident by defining:

s=v-F(p) (1.4)
which is a Riemann coordinate of the ARZ model and satisfies the equation
St + Vsg = —0s. (1.5)

Both LWR and ARZ models have been widely employed in traffic control research (see
Bayen et al. (2022) — Yu et al. (2020)). Furthermore, the recent book by Yu and Krstic (2022)
offers numerous extensions of the ARZ model, including adaptations for multi-lane traffic,
multiple vehicle classes, and detailed designs of controllers and observers based on linearized
versions of the model on bounded domains with input at the boundaries.

1.2 An overview of the proposed macroscopic traffic flow models
for CAVs on lane-free roads

The CCs proposed in Karafyllis et al. (2022d) are constructed by means of Lyapunov func-
tions (see Appendix A.1) expressed in terms of the mechanical energy of vehicles and addi-
tional penalty terms that guarantee that all vehicle orientations remain within certain bounds.
For the construction of the Lyapunov functions, two main approaches are considered. The
first one is based on Newtonian mechanics while the second one is inspired by relativis-
tic mechanics, where the speed limits (+ the speed of light) are replaced by the two speed
limits for the vehicles (zero and the speed limit viax of the road, respectively). Depending
on the approach used for the construction of each Lyapunov function, the respective cruise
controller is called NCC or PRCC. More specifically, the NCC (see Appendix A.2) is based
on the Newtonian mechanical energy, while the PRCC (see Appendix A.3) is based on the
pseudo-relativistic mechanical energy. The vehicle movement with the NCC and PRCC con-
cerns roads of constant width and the same desired speed for all vehicles. For more complex
driving situations, such as the consideration of variable-width roads, the potential to have
different individual desired speeds for each vehicle, the possibility of each vehicle to move
within its own corridor, and the presence of on-ramps and off-ramps, the generalized case
of the above cruise controllers should be employed, i.e. the GCC. The construction of the
GCC is based on a Lyapunov-like function which follows a pseudo-relativistic setting (see
Karafyllis et al. (2025a), Karafyllis et al. (2025b) and Appendix A.1). However, it has many
differences compared to the Lyapunov function used for the construction of the PRCC, since
the general case is considered, where each vehicle has its own desired speed and its own
corridor.
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The performance of the NCC, PRCC, and GCC at the macroscopic level is evaluated by
using formally derived macroscopic traffic flow models i.e the macro-NCC, the macro-PRCC,
and the macro-GCC (see Karafyllis et al. (2025b)). The derived macroscopic models provide
information about the implications of the respective cruise controllers for the emerging traf-
fic flow. The present work is devoted to the study of the macro-PRCC and macro-GCC. The
macro-PRCC is a system of quasi-linear PDEs (see Section 1.2.1) and therefore it is more
manageable than the macro-NCC which is highly nonlinear (see Karafyllis et al. (2022d),
Karafyllis et al. (2025b), and Appendix B). The macro-GCC is more applicable to real com-
plex driving situations since it describes the traffic flow of vehicles under the effect of GCC.
Both models consist of two PDEs: a continuity equation and a speed equation. However,
a model reduction is possible for the macro-PRCC (see Section 1.2.2 and Chapter 2). The
reduced model consists of a single PDE which has the form of a nonlinear heat equation. The
forms of the macroscopic traffic flow models under consideration are given in the following
Section 1.2.1.

1.2.1 The macroscopic traffic flow models

The macro-PRCC consists of the continuity equation (1.1) and the following speed equation

3() (s +75) + P — L a0)7 G)5e)e - Fo—) (1.6)

for > 0 and £ € I(7), where I(7) C R is an appropriate interval that contains the vehicles
for times 7 > 0. The continuity equation (1.1) describes the mass (vehicle) conservation law
while the speed equation (1.6) expresses the dynamics of mean speed. The macro-PRCC is
to be considered with state constraints p(7, &) € (0, pmax), ¥(7,&) € (0,vmax) forall 7 > 0,
& € I(1), where p(t,&), ¥(t,£) are the traffic density and the mean speed, respectively, at
position £ € I(7) on a highway with py,x being the maximum density and vyax being the
maximum speed limit of the road, while v* is the speed set-point. Moreover, f : R — R is a
C! function with f(0) = 0 and £f(¢) > O forall £ # 0, g € C!(R) is an increasing function
with g’ (v) > 0 for all ¥ € R, and §(¥) is defined by

VmaxV + (Vmax - 2\7) v

2(Vinax — V)22

G(v) == v2, , forall ¥ € (0, vax)- (1.7)

The functions f : (0, pmax) — Ry, P : (0, pmax) — Ry are C' ((0, pmax)) and satisfy the
following properties
lim P(p) = o (1.8)

P—Pmax

, P(p) =0, forall p e (0,p], and ji(p) >0, P(p) > 0, for all
pE (p’pmax> (1.9)

=t

S
Il
=)

where the constant p € (0, pmayx) is called interaction density due to the fact that for all
o € (0, p] there is no interaction among vehicles (see (1.9)).

The form of the macro-GCC is given by the continuity equation (1.1) and the following
speed equation

i (BP" (p) )=y (F=v'G(F)) (1.10)
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fort>0and & € I(7) (I(7) € R is an appropriate interval) where

Fi= P’fﬁ)pf (1.11)
yoj

and y > 0 is a constant. The function P (p) satisfies the same properties as in the macro-
PRCC, given by (1.8) and (1.9), while & : R — (0, 1] is a non-increasing C? function that
satisfies

g(x)=1forx<eandd(x)x <Mforx>¢ (1.12)
sup (|67 (x)| + |67 (x)]) < +o0 (1.13)
xeR

where M and & are positive constants. Finally, the function Q(7, 7) is given by

VimaxV + (Vmax — 27) v*& (F)
2(Viax — V)92

O, 7) := V2 (1.14)

1.2.2 Analogy with traffic flow models for human drivers

Motivated by (1.5), a similar equation can be derived for the macro-PRCC by making specific
selections for the functions included in the respective cruise controller. More specifically, the
functions included in the PRCC (see Karafyllis et al. (2022d), Karafyllis et al. (2025b), and

Appendix A.3) can be selected in such a way that the corresponding functions 7 (p), fi(p)
g(9), f(¥) of the macro-PRCC are given as follows

P(7) = o%(p) (115)
a(p) = pr(p) (1.16)
g(7) = (1.17)
f-v") =GB (1.18)
where the function & : (0, omax) — R4 is C' ((0, pmax ) ) and satisfies
lim ®(p) = 4o (1.19)
p—>pmax
k(p) =0 forall p € (0,p] and &(p) > 0 for all g € (D, Pmax) (1.20)

while the function B : (0,vmaix) — R is given by means of the following formula (recall

(1.7))

B(F) = f " G(s)ds, for all 7 € (0, vmay). (121)

If we define

o(1.6) = B(0(1.€)) +&(p(1.6))p (1.€)pe(1.€), for t>0and £€I(r)  (1.22)

then, by virtue of (1.1), (1.6), (1.15), (1.16), (1.17), (1.18), and (1.21), we obtain the differ-
ential equation
G + V@ = =G . (1.23)

The similarity of (1.5) and (1.23) is striking. Moreover, if the interval /(7) C R is given by
the equation /(1) = (Z (1), E(T)) where
d

(0 =v(v.T" (1)) (1.24)
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d . o =
- L(1) =7(r.L7(7)) (1.25)
we can define the functional
3 1 (Lo )
W(r) = Eji‘() (7, &)@ (7, &)déE. (1.26)

In addition, if a classical solution of (1.1), (1.6) satisfies

p(r.TM (1)) <p. p(r.L7 (7)) <5 (1.27)
then, from (1.1), (1.23), (1.24), (1.25), (1.26), (1.27), it follows that
W(r) = —26W(r) = W(r) = exp(-26-7)W(0) for 7 > 0. (1.28)

Therefore, it becomes clear that the subset of the state space where @(7,&) = 0 is invari-
ant and exponentially attracting. On this invariant set, the solutions satisfy the following
nonlinear heat equation (see Chapter 2 and Theodosis et al. (2024) for more details)

pe+ (0B (-p~'(p)pe)), = 0 (1.29)

where 7! : R — (0, vinax) is the inverse function of 3 : (0, vmax) — R defined by (1.21).
The solutions of (1.29) approximate the solutions of the macroscopic model given by (1.1),
(1.6), (1.15), (1.16), (1.17), (1.18), (1.21).

The analogy with the traffic flow of human-driven vehicles is now clear. For human-
driven vehicles, the ARZ model has an invariant and exponentially attracting set, on which the
traffic flow is described by the LWR model. For CAVs, the macro-PRCC with the selections
given by (1.15), (1.16), (1.17), (1.18), (1.21) has an invariant and exponentially attracting set.
On this invariant set, the traffic flow is described by (1.29). Therefore, (1.29) is a reduced
model for CAVs; loosely speaking, it is the “LWR model for CAVs”.

1.2.3 Comparison with the 1-D Navier-Stokes equations

Both the macro-PRCC and macro-GCC can be classified as fluid-like models, as their respec-
tive speed equations — (1.6) and (1.10) — closely resemble the momentum equation found
in the 1-D Navier-Stokes equations for a polytropic compressible fluid. In particular:
e The term @ﬁ;, present in both (1.6) and (1.10), acts analogously to the pressure term
that appears in the Navier-Stokes equations.

e The term %(ﬁ(ﬁ)g’(f/)ﬁf)g in (1.6) resembles the viscosity term %(ﬂ(ﬁ)f/g) that ap-

VinaxV" 0" (F)

pears in Navier-Stokes equations. A similar role is played by the term —-22" " (5P (5) ¢ ) p

- ﬁ(vTax—\"/)v
in (1.10), provided that P’(p) > O for all 5 € (0,pmax) (i.e. when P(p) is non-
decreasing) . In this case, the term functions as a viscosity term — although it arises
as a consequence of pressure and is not an independent property of the system.

e The terms —f(¥ —v) and —y (¥ —v* (7)) in (1.6) and (1.10), respectively, can be
interpreted as friction or relaxation terms, comparable to —k(p, ¥)¥ in the Navier-Stokes
equations.

Table 1.1 outlines the structural similarities between the macro-PRCC, macro-GCC, and
the 1-D Navier-Stokes equations for a compressible polytropic fluid. It highlights key com-
ponents such as the continuity and speed equations, pressure and viscosity formulations, state
variables, and model-specific parameters.
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macro-PRCC macro-GCC 1-D Navier-Stokes
equations for a
polytropic
compressible fluid
Continuity Prt+(PV)e=0
equation

Speed equation

function that

satisfies (1.12), (1.13)

States P € (0,0max), V € (0, Viax) p>0,7eR
P: (O,pmax) - R—‘r’ ~11II} p(ﬁ) - —|—OO,
Pressure P Pma P(p) = Bp"
P(p) = 0, for j € (0,]
i : (0, - Ry, _
Viscosity = (0, pra) - a(p) = pP (p) fi: (0,+00) >
f(p) =0, forp € (0,7] (0, +c0) non-decreasing
Constants Pmaxs Vmax, V> & M > 0,v" € (0’ Vmax), pE (0’pmax) B>0,n¢ (13 2)
N~ = Vinax V4 (Vimax =27)v* max ¥+ (Vmax—29)v* & (7
Q(V’ r) vrznax 2\()Vm(,;_f,)2|7:)v vrznaxv vz(s,‘;ax_g)zlz 0—( ) 1
G pIS (7, 7) (1(p)E (7)Pe)e —
(v 7 Vinax V0" (F)
S(,7) 1 — S 1
J 1 Y K(p,7)
g:R-> R,
2() v v
g(¥)>0forveR
V(7) v v (F) 0
JF(T}) f: (_V*’ Vmax — V*) - R % v
d:R— (0,1]isa
~ non-increasing
Comments vf(¥) >0for v #0 k:(0,+0) xR —

Table 1.1: Macroscopic models for CAVs and 1-D compressible Navier-

Stokes equations

Despite these analogies, there are several fundamental differences between the macro-
scopic models for CAVs (macro-PRCC and macro-GCC) and the classical 1-D Navier-Stokes

equations:

o In compressible fluid flow, the density is only required to be positive, and the speed
can assume any real value (Lions (1998)). In contrast, the macro-PRCC and macro-
GCC models constrain the density to the interval (0, pmax ) and the speed to (0, viax )
to reflect physical limitations on vehicle spacing and road speed limits.

o In compressible fluid flow, the friction term tends to bring the fluid speed to zero; while
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in the macro-PRCC and macro-GCC, the friction term tends to bring the speed to the
given speed set-point v* € (0, Viax ).

o In compressible fluid flow, the pressure and viscosity terms are always present, and
they never vanish; while in the derived macroscopic models, the pressure and viscosity
terms vanish when the density is lower than a specific value (the interaction density)
(see (1.9)).

e In the macro-PRCC and macro-GCC, the acceleration term ¥, + ¥ is scaled by a
factor that blows up when the speed tends to zero or to the road speed limit. This
factor originates from the pseudo-relativistic energy structure employed in the design
of PRCC and GCC and is reminiscent of similar effects in relativistic fluid mechanics.

The similarities highlighted in Table 1.1 are not coincidental. They reflect the fact that
traffic flow under PRCC and GCC exhibits isotropic behavior, where vehicles act as "self-
driven" particles of a Newtonian fluid. Unlike conventional traffic models, where drivers only
respond to downstream vehicles, these CAV models incorporate nudging effects, enabling
vehicles to also respond to upstream vehicles.

1.3 Thesis outline

Chapter 2 is devoted to the study of the reduced model for CAVs. A concept of weak solution
as well as certain entropy-like conditions that characterize physically meaningful solutions
are defined for the reduced model. To approximate its solutions, a conservative finite differ-
ence numerical scheme is constructed that respects the entropy-like conditions, and certain
links between the weak solution and the solutions of the numerical scheme are established.
For the employed numerical scheme, a CFL-type condition is derived to ensure numerical
stability. Moreover, the traffic flow of CAVs is compared with that of human-driven vehicles
by considering a realistic traffic scenario and using the reduced model for CAVs and the LWR
model.

In Chapter 3, the particle method, that was used to derive the macro-PRCC, is utilized
as a numerical scheme for approximating its solutions. It is shown that the particle method
preserves certain differential inequalities that hold for the macro-PRCC. To evaluate its per-
formance, a comparison with other numerical methods for viscous compressible fluids is
provided. The produced numerical solutions are compared with the corresponding numerical
approximations provided for the solutions of the reduced model. In addition, a realistic traffic
scenario is adopted to compare the traffic flow of CAVs with that of human-driven vehicles
by using the macro-PRCC and the ARZ model.

Chapter 4 provides evidence that the proposed macroscopic models for the description of
the traffic flow of vehicles under the effect of the respective CCs are successful even in very
complex cases. More specifically, the macro-GCC is calibrated to fit traffic data collected
from microscopic simulation using the GCC. The accuracy of the macro-GCC is evaluated
by considering two independent traffic scenarios.

Finally, Chapter 5 concludes this thesis with some concluding remarks and future work.

1.4 Scientific work related to the PhD

The research conducted within the scope of this doctoral thesis has been published or is
pending publication in the following journal and conference papers.
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"A Nonlinear Heat Equation Arising from Macroscopic Automated-Vehicle Traffic
Flow Models". Journal of Computational and Applied Mathematics 437, p.115443.

e Titakis, G., Karafyllis, 1., Theodosis, D., Papamichail, I. and Papageorgiou, M. (2024).
"A Comparative Study of Numerical Methods for Approximating the Solutions of a
Macroscopic Automated-Vehicle Traffic Flow Model". Computers and Mathematics
with Applications 176, pp. 469-490.

o Titakis, G., Papamichail, I., Karafyllis, 1., Theodosis, D. and Papageorgiou, M. "Cali-
bration of a Macroscopic Automated-Vehicle Traffic Flow Model for Lane-Free Traf-
fic" (submitted to Physical Review E).
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Mediterranean Conference on Control and Automation (MED 2023). 1EEE, pp. 287-
292.
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Chapter 2

A nonlinear heat equation arising
from the macro-PRCC

2.1 Abstract

In this chapter, a new nonlinear heat equation is studied that arises as a model of the collective
behavior of automated vehicles. The properties of the solutions of this equation are studied
by introducing the appropriate notion of a weak solution that requires certain entropy-like
conditions. To obtain an approximation of the solutions of the nonlinear heat equation, a
new conservative first-order finite difference numerical scheme is proposed that respects the
entropy-like conditions, and certain links between the weak solution and the solutions of the
numerical scheme are provided. Finally, a traffic simulation scenario and a comparison with
the LWR model are provided, illustrating the benefits of the use of CAVs.

2.2 Introduction

The heat equation is a fundamental differential equation and among the most studied topics,
(see for instance Nilssen et al. (2003), Ladyzhenskaya et al. (1968), Melo (2014), N’ Gohisse
and Boni (2011), Popovych and Ivanova (2005), Rodriguez and Vazquez (1995), Truong
and Van Y (2016) and references therein). It describes the evolution of the density of some
quantity, such as temperature or chemical concentration, and finds immediate application in a
variety of topics such as financial mathematics, flow and pressure diffusion in porous media,
image analysis and many others.

In this context, a novel nonlinear heat equation is considered, whose diffusion/viscosity
coeflicient depends on both the density and the spatial derivative of density (see also Nilssen
et al. (2003), Ladyzhenskaya et al. (1968)), a feature that is rarely studied in the literature
where typically the diffusion coefficient exclusively depends on the density (see for instance
Melo (2014), N’Gohisse and Boni (2011), Popovych and Ivanova (2005), Rincon et al.
(2006), Rodriguez and Vazquez (1995), Truong and Van Y (2016) and references therein).
The nonlinear heat equation under consideration has been derived from the macro-PRCC
(see Karafyllis et al. (2022d), Karafyllis et al. (2025b) and Section 1.1) by making specific
selections for the functions included in the respective cruise controller, i.e. the PRCC.

In this chapter, it is shown that the solutions of the macro-PRCC can be approximated
by the solutions of this particular nonlinear heat equation. Furthermore, inspired by the me-
chanical energy of the macro-PRCC, certain functionals are defined, providing entropy-like
conditions that characterize physically meaningful solutions, (see Dafermos (2010), Smoller
(1994)). In particular, the concept of a weak solution is defined for the problem at hand
that is more demanding than the typical definition of weak solution (see Leveque (1992),
Smoller (1994)), as it requires that certain entropy conditions hold and, in addition, the mass
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is conserved. Finally, it is shown that, under certain regularity assumptions, this type of weak
solutions is equivalent to classical solutions (see Proposition 2.3.1).

The study of the nonlinear heat equation is inevitably related to numerical techniques in
order to obtain an approximation of its solutions. More specifically, several finite-difference
numerical methods have been proposed to study a variety of nonlinear heat equations (see
for instance Baines and Sarahs (2018), Beale (2009), Buckmire et al. (2009), Cho (2013),
Christou et al. (2008), Dratman (2013), Hajipour et al. (2018), Jovanovic et al. (2000), and
references therein). In this paper, a new first-order explicit finite difference numerical scheme
is proposed that, in addition to being conservative (Proposition 2.4.1), it also respects the
corresponding entropy-like conditions (Proposition 2.4.2 and Proposition 2.4.4). Moreover,
a condition on the step size is provided that is a nonlinear version of the CFL condition
(Proposition 2.4.3). Finally, a link between the numerical solutions produced by the proposed
numerical scheme and the corresponding weak solutions is provided (Proposition 2.4.5). To
demonstrate the properties of the solutions of the nonlinear heat equation, two examples are
presented: (i) an academic example, where the efficiency of the proposed numerical scheme is
illustrated; and (ii) a realistic traffic simulation scenario showing that the mean flow produced
by CAVs is much higher than that of the LWR (Lighthill and Whitham (1955) and Richards
(1956)) model.

Therefore, the contribution of this chapter is summarized as follows:

o The study of a novel nonlinear heat equation that arises in traffic flow theory for CAVs;

e The construction of a first-order finite-difference numerical scheme that can be applied
to nonlinear heat equations with an explicit condition for numerical stability;

o The study of the connection of the weak solutions of the nonlinear heat equation with
the solutions produced by the proposed numerical scheme.

The structure of Chapter 2 is as follows. Section 2.3 is devoted to the derivation of
the nonlinear heat equation. Section 2.4 presents the proposed numerical scheme and its
properties. Section 2.5 presents the two aforementioned examples. Finally, some concluding
remarks are given in Section 2.6. All proofs are provided in Section 2.7.

2.3 The nonlinear heat equation

2.3.1 Derivation of the nonlinear heat equation

When the domain is R (i.e. £ € R), the macro-PRCC (1.1), (1.6) is given by the following
PDEsfor7 >0, £ € R

pr + (p7)

=0 2.1
pa(3) e + pa(7) P9 + P (5)pe = (

¢ = (1(P)E (M)Pe)e —pF (7= ") (2.2)
with constraints 5(7,&) € [0, omax ), ¥(7,€) € (0,vmax) for 7 > 0, & € R, where ppmax > 0,
Vmax > 0, and v* € (0, vmax ) are constants. The states p(7,&), ¥(7, &) are the traffic density
and mean speed, respectively, at time 7 > 0 and position ¢ € R on a highway, while the
constants Pmax > 0, viax > 0, and v* € (0, vmax) are the maximum density, the maximum
speed, and the speed set-point, respectively. Moreover, f : R — R is a C! function with
£(0) =0 and £f(¢) > Oforall £ # 0, € C'(R) is an increasing function with g’ (%) > 0
for all ¥ € R, and g(¥) is defined by

VmaxV + (Vmax - 2\7) v
2(Vinax — V)22

G(¥) == Vi , for all ¥ € (0, Vinax)- (2.3)
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Model (2.1), (2.2) is a fluid-like model where the term P’ (;3),55 is a pressure term and
expresses the tendency of vehicles to accelerate or decelerate based on the (local) density;
while the term (71(9)g’ (7)V¢ )¢, is a viscosity term, by analogy with the theory of fluids, with
fi(p) playing the role of dynamic viscosity (see Karafyllis and Krstic (2022a), Lions (1998)).
The functions  : [0, pmax) — Ry, P : [0, pmax) — Ry are C' ([0, pmax)) and satisfy the
following properties

lim P(p) = +o0 (2.4)

P—Pmax

() =0, P(p) =0, forall pe0,p], and a(p) >0, P(p) > 0, forall
€ ( ,pmax) (2.5)

where the constant p € (0, Pmax ) 1s referred to as the interaction density due to the fact that
for all p € [0,p] there is no interaction among the vehicles (see (2.5)). The term f(7 —v*)
is a relaxation term that describes the tendency of vehicles to adjust their speed to the given
speed set-point v* € (0, vimax ). The functions i(3), g(p), f(7# —v*), P(p) are determined by
the properties of the cruise controller of the vehicles (see Karafyllis et al. (2022d)).

=t

™
kel

Remarks: (i) Model (2.1), (2.2) does not include non-local terms and has certain character-
istics from the kinematic theory of fluids. Traffic flow is isotropic, as in fluid flow, since the
vehicles are autonomous and do not react to downstream vehicles only (as in conventional
traffic), but also to upstream vehicles.

(ii) There are infinite equilibrium points, namely the points where ¥(£) = v* and p(&) < p
for all £ € R.

(iiii) The selection of fi(p), g(p) has several implications on the characteristics of the traffic
flow. The dynamic viscosity fi(9) makes the “traffic fluid” act as a Newtonian fluid. How-
ever, in contrast to actual fluids, the dynamic viscosity also satisfies (2.5). For isentropic
(or barotropic) flow of gases, the dynamic viscosity and the pressure are always increasing
functions of the fluid density (see the discussion in Truong and Van Y (2016)). Thus, a traffic
fluid can have very different physical properties from those of real compressible fluids.

Model (2.1), (2.2) is to be studied under the following conditions for all T > O:

Jim p(r.) =0 2.6)
glirf V(r,&) =Vv" 2.7
—+o00

f p(7,€)dé < +oo. (2.8)

Condition (2.6) expresses the fact that “far downstream and far upstream” the highway is
“empty”, i.e., there are no vehicles. Condition (2.8) expresses the fact that the total mass of
the vehicles in the highway is finite. Let r € IR be a given constant length. Using the variable

transformation ¢ = rx 4 v*7, x € R and the dimensionless quantities 7 = Lz, b = Mma—

R = % >1Lw=5p= %, we obtain the following dimensionless model for ¢ > 0,
xeR

pr+ (pw)x =0 (2.9)
pq(w)w: + pg(w)wwx + P’ (p)px = (1(p)g (W)wx)x = pf (W) (2.10)

with constraints p(7,x) € [0,R), w(t,x) € (=1,b) fort > 0, x € R, where R > 1, b > 0
are constants, g € C'(R) is an increasing function with g’(w) > 0 for all w € (=1,b),
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f:R — R with £(0) = 0is aC' function with wf(w) > 0 for all w # 0, and

2b+ (b—1)w
2(b-w)*(1+w)

g(w) = (1 +b)? > forall w e (~1,b). (2.11)

Moreover, the functions y : [0,R) — R4, P : [0,R) — Ry are C' ([0,R)) and satisfy the
following properties:

lim P(p) = +oo (2.12)
p—R~

u(p) =0, P(p) =0 forall p €[0,1], and u(p) >0, P(p) >0 forall p € (1,R). (2.13)

Model (2.9), (2.10) is studied under the following conditions for all # > O:

lim_p(r,x) = 0 (2.14)
lim w(t,x) =0 (2.15)
-+ o0

f p(t,x)dx < +oo. (2.16)

Let «: [0,R) — R be a function with
k(p) = 0 forall p € [0,1]and k(p) > O forall p € (1,R). (2.17)
Moreover, the function « : [0,R) — R is C' ([0,R)) and satisfies

lim «(p) = +oo. (2.18)

w forall w e (~1,b) (2.19)
= ok(p) (2.20)
= pk(p) (2.21)

)
)
)
B(W)Zfo q(S)ds:bJrl wib+ 1) )+ln(b(w+l))],f0rall (2.22)
(
)

b—w

= oB(w) (2.23)

where o > 0 is a constant, then, using definitions (2.19), (2.20), (2.21), (2.22), (2.23), the
PDE model (2.9), (2.10), becomes

pi+ (pw)x =0 (2.24)
pB (w)w; + pB' (w)wwy + ok(p)px = (pk(p)Wx)x — opB(W) (2.25)

with 1> 0, x € R.

Remark: (i) The selections (2.18), (2.19), (2.20), (2.21), (2.23) in addition to simplifying the
original model (2.9), (2.10), provides a straightforward methodology to approximate the so-
lutions of (2.24), (2.25) by the solutions of a single PDE (see the analysis below) . Moreover,
this particular selection is inspired by fluid flow models, since the resulting model (2.24),
(2.25) is very similar to isentropic compressible fluid flow models for Newtonian fluids (see
Lions (1998) and Smoller (1994)). Condition (2.18) makes the fluid behave like a solid when
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density tends to the maximum density R, while definition (2.19) is met in real fluid flows in
non-porous media (see Aronson (1986)).

(ii) By changing the functions and the parameters of the PRCC, it is possible to determine the
physical properties of the "traffic fluid" via the functions P, u, g, f, and design an artificial
fluid that approximates the emerging traffic flow. An alternative selection of the aforemen-
tioned functions will lead to a new model with a variety of properties.

Assume now that p(#,x) > 0 for # > 0, x € R and that (2.14), (2.15), and (2.16) hold.
Define

o(t,x) = p(t, x)B (w(t, x)) + k(p(t, x))px(t, x), forall > 0and x € R (2.26)

where B(w) is given by (2.22). Equations (2.24), (2.25) and definition (2.26) imply the
following equation for ¢ > 0, x € R:

@+ (we), = —oo. (2.27)
Next, define
~o(tx)
g(t,x) = exp(ot), forall £ >0 and x € R. (2.28)
p(t,x)

Thus, we get from (2.24), (2.25), (2.27), and (2.28) that
& +wgy=0. (2.29)

It follows from (2.29) that ||g[f]|| , < ||g[0]]|, for all # > 0, which, combined with (2.28),
implies that the following estimate holds:

¢[0)

for all ¢ > 0. (2.30)
p[0]

(o8]

:

pli]

< exp(-ot)

Inequality (2.30) and definition (2.26) imply that for all x € IR:

Jim (B (w(t.x)) +p7 (1. x)x(p(t. x))px(t. X)) = 0. (2.31)
Since B((—1,b)) = R, we can define the inverse function 4 : R — (—1,b) with 2(0) = 0
and /' (s) > O for all s € R. Thus, we get from (2.31) for all x € R:

zgﬂo (w(t, x)—h (—p_] (2, x)k(p(t, x) ) px(t, x))) = 0. (2.32)
Inequality (2.30) and equation (2.32) imply that the manifold described by the equation
w(t,x) =h (—p‘l (2, x)k(p(1, x))px (1, x)) is exponentially attracting.

Consequently, the solutions of (2.9), (2.10) are approximated by the solutions of the
following PDE that holds for ¢ > 0, x € R

pi+ (ph (=0(p)px)), =0
where
0 (p) :=p 'k(p) for p € (0O,R) . (2.33)

Notice that due to definition (2.33) and (2.17), it follows that 6(p) = 0 for all p € (0, 1] and
9(p) > O forall p € (1,R).
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2.3.2 The model and its properties

Motivated by the analysis of Section (2.3.1), we study hereafter the following model and its
properties
pi+ (ph (-6(p)px)), =0,1>0,xeR (2.34)

where 6 € C' ([0,R) ;IR;) with 8(p) = 0 forall p € [0,1] and 6(p) > 0 forall p € (1,R),
and h € C' (R;(=1,b)) with 2’ € L™ (R) and satisfies 21(0) = 0 and /#’(s) > 0 for all
s € R. In addition, the PDE (2.34) is studied under the condition:

lim (p(7,x)) =0, forallz >0 (2.35)

X—+00

with state constraint p(z, x) € [0,R) forall > 0 and x € R, and [ J;oo p(t, x)dx < +oo for all
t>0.

We notice that :

e There are infinite equilibrium points, namely the points where p(x) < 1 for all x € R.

e The nonlinear PDE (2.34) is not hyperbolic and is not parabolic. When p(z, x) < 1, we
get p,(7,x) = 0 (a zero-speed hyperbolic PDE) with the propagation speed being zero; and
when p(7, x) > 1, we get the following nonlinear heat equation

pi+h (=0(p)px) px — Pl (=0(p)px) € (0)px = ph' (=0(p)px) 0(p) . (2.36)

e The PDE (2.34) (see also (2.36)) is a nonlinear heat equation with the diffusion co-
efficient depending on both the density p and the spatial derivative of the density p,. This
feature is rarely studied in the literature, where the diffusion coefficient exclusively depends
on the density p (see for instance Melo (2014), N’Gohisse and Boni (2011), Popovych and
Ivanova (2005), Rincon et al. (2006), Rodriguez and Vazquez (1995), Truong and Van Y
(2016) and references therein). Notable exceptions are Ladyzhenskaya et al. (1968), Nilssen
et al. (2003), where the viscosity also depends on the spatial derivative of the state.

Define the set

X = {p e L' R)NnL® (R) : inf (p(x)) = 0, sup (p(x)) <R, lim (p(x)) = 0}. (2.37)

xeR xR X—+00

Using (2.34), it can be shown that for every classical solution p € C! (R4 X R; [0,R)) N
C? ((0, +o0) x R) of (2.34), (2.35) with p[t] € X for all ¢ > 0, it holds that

in(t) = 0 for 1> 0 (2.38)
where m(t) is the total mass
~+o0
m(t) = f o(t, x)dx. (2.39)

Therefore, the total mass remains constant. The fact that mass is conserved is of great impor-
tance, since it characterizes physically admissible solutions.

For any classical solution p € C' (Ry xR; [0,R)) N C? ((0, +c0) X R) of (2.34), (2.35)
with p[t] € X for all # > 0, we can define the following functionals

E\(f) = f :o p(t, ) H (=0(p(t, x))pa(t, X)) dx (2.40)
B = [ 0ptx)dx (2.41)

—00
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where "
H(w) = f h(s)ds for all w € (~1,b) (2.42)
0

0(p) = fl " (p—1)0(c) dr forall p € [0,R) . (2.43)

The above functionals are inspired by the mechanical energy of the original model (2.24),
(2.25), with the functional E in (2.40) expressing the kinetic energy and the functional E;
in (2.41) expressing the potential energy. A direct consequence of (2.34) and the functionals
defined by (2.40) and (2.41) are the following inequalities that hold for all classical solutions
peCH(Ry xR;[0,R)) NC?((0,+0) xR) of (2.34), (2.35) with p[t] € X forall ¢ > 0:

E(t) = - I+mp2(t, x)0 (p(t,x)) (h (=0(p(1, x))px(t, x)))idx <0,forr>0 (2.44)

o0

+00
Ex(1) = f p(t,x)0(p(1, x))px(t, x)h (—0(p(t, x) )px (1, x)) dx < 0, for > 0. (2.45)
Inequalities (2.44), (2.45) show us that both functionals (2.40), (2.41) are decreasing
along the classical solutions of (2.34). Inequality (2.45) gives an entropy-like condition (see
(2.50)) that characterizes physically meaningful solutions, (see Dafermos (2010), Smoller
(1994)).
Let the initial condition
pl0] =poe X (2.46)

be given. Next, the concept of a weak solution is given for the initial-value problem (2.34),
(2.35), (2.46).

Definition 2.3.1 A pair of maps p,w : Ry — L' (R) N L™ (R) with

inf (p(t,x)) =0 forallt >0, sup (p(t,x)) <R (2.47)
x€R xR, >0
-1< inf (w(t,x))< sup (w(t,x))<b (2.48)
x€R, >0 xeR,1>0
—+00 —+00
f o(t, x)dx = f po(x)dx, forallt >0 (2.49)
—+ 00 —+00
0 (p(t,x))dx < 0 (po(x)) dx, forallt > 0 (2.50)

for which (2.35) holds, is a weak solution of the initial-value problem (2.34), (2.35), (2.46),
if. for every function ¢ € C? (R4 xR) of compact support, the following equations are
satisfied:

7 400, x)po () = fo - f 7 () ({6 1) (1,3) + 0 (1,0)) dadr 251

[T [T 6enpmen -6y peanaa=o e

Definition 2.3.1 is more demanding than the typical definition of weak solution (see for
instance Leveque (1992), Smoller (1994)) since, in addition to (2.51) and (2.52), it also
requires that the mass is conserved (see (2.49)) and the entropy-like condition (2.50) also
holds.
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Proposition 2.3.1 Suppose thatp € C' (R; xR; [0,R)) NC? ((0,4+00) X R) is a classical
solution of the initial-value problem (2.34), (2.35), (2.46), that satisfies (2.47) and

0(p)px € L (R4 XR) (2.53)
plt] € X, forall t > 0. (2.54)

Then, the pair p,w is also a weak solution of (2.34), (2.35), (2.46), where w is given by

w = h(-0(p)px). (2.55)
Moreover, if the pair p, w is a weak solution of the initial-value problem (2.34), (2.35), (2.46)
withp € C' (R xR; [0,R)) N C? ((0,+00) x R), then p is also a classical solution of the
initial-value problem (2.34), (2.35), (2.46) that satisfies (2.53), (2.47), and (2.54).

2.4 A numerical scheme and its properties

Using finite-differences for (2.34) with time-step 6¢ > 0 and spatial discretization dx > 0, we
next study the following explicit numerical scheme

ot
P! :p;«+_(G§<_1_G§),iez,kez,kzo (2.56)
ox
where
Gt =piwk =plh(-q}). i€ Z. keZ k>0 (2.57)
Q' (pf,,) = Q' (o}
gk = —p(wk) = ““3; (’),ieZ,keZ,kZO (2.58)
X
with p¥ € [O,R) for i € Z,k € Z, k > 0 and M = sup (pi‘) < R be given and
i,keZ

B : (-1,b) > R being the inverse of & : R — (—1,b). Here p; is the numerical value
of density at the point x = idx and at time ¢ > 0, while pﬁ.‘ is the numerical value of density
at the point x = idx and at time ¢ = kot. The numerical scheme (2.56)-(2.58) is a first-order
accurate discretization and is appropriately designed to respect the entropy-like condition
(2.45), for sufficiently small time-step 6¢, and to satisfy certain very important properties,
such as conservation of mass, that are discussed in detail below.

A direct consequence of the discretization (2.56)-(2.58) above, is that the mass m(t)
remains constant showing that the numerical scheme is conservative, (see Leveque (1992)).
Indeed, this becomes clear in Proposition 2.4.1.

Proposition 2.4.1 For every sequence pf.‘ €[0,R),i€Z keZ k>0with Yz pf.‘ < +o0,
it holds that ¥cz p¥™' = Yicz p*.

Notice that Proposition 2.4.1 implies that lim, .o (0} ') = infiez (pf"") = 0 for every
sequence p¥ € [0,R), i € Z,k € Z, k > 0 with Y.z p" < +oo. The proof of Proposi-
tion 2.4.1 is trivial and is omitted. To complete the discretization of model (2.34), the above
scheme has to be supplemented with a suitable time-step for certain properties to be pre-
served. In the following propositions, an upper bound on the time discretization step ot is
obtained, for a given space discretization dx, which guarantees that the functional E, defined
by (2.41) is non-increasing (in a discretized sense) and that (2.45) holds (again in discretized
sense). In particular, it is proved that, in addition to the numerical scheme being conservative,
it respects the entropy condition (2.45).
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Proposition 2.4.2 Define f(5t) = 6x Yz Q05 t") for all 6t > 0. Then, it holds that
75 (0) = 6x Nz piath (-gF) <.

Proposition 2.4.3 Suppose that 1 > % (b + 2%};”‘” [nax_ (H(p))) Then pf“ € [0, M] for
<p<

all ieZ, ke Z, k>0, where M = sup(pi.‘) <R.
i€Z

For given 6x, the bound on the time-step provided in Proposition 2.4.3, establishes that
pi.‘ is non-negative and remains bounded by M = sup (pf) <R forallieZ, keZ, k>0.
ieZ

It should be noted that the condition on the time-step is an analogous nonlinear version of
the well-known CFL condition, (see Thomas (1995)). Finally, under the same bounds on
time-step ot, as in Proposition 2.4.3, it is shown next that the functional E; in (2.41) is non-
increasing in a discretized sense.

Proposition 2.4.4 Suppose that 1 > & (b + 2%};”‘” Jnax (H(p))) Then
<p<

Siez QP ) < Siez Q(of) + o1 (1 - o max (9(p))) Yiez Phaih (~4f)

= Sz O(pF) - ot (1 - or e max (9(p))) Tiez PiwiB (w})
< Yiez 0(})-

The following proposition provides the link between the numerical solution produced by
the numerical scheme (2.56)-(2.58) and the corresponding weak solution of (2.34), (2.35),
(2.46).

(2.59)

Proposition 2.4.5 Let py € X be given. Let dx,0t > 0 be given constants. Consider the
sequence {p¥ : i,k € Z , k > 0} defined by the recursive formula

1

5t Q' () - Q' (ot Q' (0f) - Q' (pf,))
o = o+ Pl Vi) - QW) _ = (2.60)
0x 0x 0x
foralli,k e Z, k >0 with
1 [l+D)ex
o) =— po(s)ds, forieZ. (2.61)
0x Jisx
Define the functions psy st Woxst - R4 X R — IR by means of the formulas:
Poxar(1:X) =} o 2.62
Woxor(t, x) = Wf-{ = h(—Q (P,-);f (pM)) (2:62)

for x € [iox, (i +1)6x), t € [két,(k+1)6t), i,k € Z, k > 0. Then for every function
¢ € C? (R4 xR) of compact support, the following equations hold:

—+00 +o0
f Psx.or(t, x)dx = f po0(x)dx, forall7 >0 (2.63)

o0 —00

400 +00 00
—I #(0, x)po(x)dx = fo‘ f:m Pox.ot(t, xX) (Wex.oe (1, )by (2, x) + ¢ (2, x)) dxdt

(o)
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+ P, (2.64)

fo - f_ :0 (¢ (1, x) B (Woxai(t,x)) — bx (1,x) Q" (Psx,5¢(t, x)) ) dxdt = P, (2.65)

where

Ot (i+1)s
Z f f 0, i6x)psx.o: (1, x)dxdt
i0X

ieZ

i0X
—l—6tZZpl Wi_ lf 6xﬁ bxx(két, s)dsdé

k>0 ieZ

+axzzpk+1f

(i+1)s.
¢tt (1, léx)dldr— f f 00(x)¢x(0,1)dldx
i0x i0X

k>0 icZ kot kot icZ
k+1 1+1 t
_ Z Z f f ( bex (1, 8)ds + bu (T, iéx)d‘r)p(sx,(;,(t, x)dxdt
>0 i€Z i6:x kot
(k+1)s: iox X t
_ZZf f (f ¢xx<t’ S)ds-}- ¢xt(T’ (i_ 1)5X)dT)
>0 icZ i—1)6x \J (i-1)dx kot

X Psx.ot (1, X)Wox. (1, x)dxdt
(k+2)5t  ,(i+1)6x [ ((k+1)8
- f f ( f ¢,,(T, iéx)df) (2.66)
>0 iez, ¥ (kt1)dt Jiox

and

Zka+l f&lH ( Gax (2, S)dS)Q,(pax,(s;(t,x))dxdt

k>0 ieZ

k-‘rl H—l ox X
Zf f ( ¢¢(7,i6x)dT + by (1, i.f)df)ﬁ(w(;x,(;,(t, x))dxdt
ks i6x kot i6x

k>0 ieZ

(k+1)s: (i42)s (i+1)s 1
_ Z f f (f gbxx(t, s)ds + b (T, iéx)dT)
(i+ i0x kot

k=0 iez ko
X Q (psxsi(t, x))dxdt

l+1
—|—6tZ Z ) le f b (kSt, 5)dsdé. (2.67)

k>0 ieZ

Furthermore, if 1 > 9L b+2”p°” coll o max (8 )and 1> 6tw max (6
/ ( ox 0<ps|mo||m( (0) (62> o<p<ilpolle, (0)

then we also have for allt > 0:

~+o00 —+00
O (psx.se(t. x)) dx < 0O (po(x)) dx (2.68)
0= ;gﬁf{ (poxst(t,x)) < Suﬂg (Poxot (1, %)) < llpolle (2.69)

Proposition 2.4.5 is not adequate to guarantee existence of weak solutions in the sense
of Definition 2.3.1. To be able to show existence of a weak solution using Proposition
2.4.5, we need to show additional properties. For instance, we may need to show the ex-
istence of two sequences: a sequence {(6x)q >0:qg¢€ ]N} which converges to zero and
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. oyl (61)g lloolleo 1A lloo
a sequence {(6t)q >0:q¢€ ]N} satisfying 1 > 3 e b+2 oy g aX (6(p)) | and

1> (6t)qw max (6(p)) for all g € IN for which there exists a constant L > 0
(6x)g 0<p<lipolls

(independent from (67), and (6x),) such that the corresponding numerical solution with
6t = (6t)4 and 6x = (6x)4 satisfies

|0 (05,1) — Q' (0F)| < Lox, for i, k€ Z, k > 0. (2.70)

Finally, the following proposition, shows the asymptotic behavior of the numerical scheme.
It also shows that the possibility of an inequality like (2.70) to be satisfied by the computed
numerical solution is large.

Proposition 2.4.6 Suppose that the inequalities 1 > £ (b + 2% 0<£r<lﬁp)§)|| (0(p))

4llolleoll 1o
and 1> o1==Gs=s Oglr)rglmnw(e(p)) hold. Then

Jim (pf|Q'(6f) - @ (el 1)) = 0, forall i € Z. 2.71)

2.5 Numerical experiments

2.5.1 An academic example

The aim of this example is to demonstrate the numerical solutions of model (2.34) and the
convergence of the functionals defined by (2.40) and (2.41). In order to apply the numerical
scheme (2.56)-(2.58), the interval [—1, 3] and the following functions are used:

h(s) = tanh(s), s€ R (2.72)
0 ,0<p<1
_ 12
G(p)—{c(p 1) d<p<R (2.73)
R-p

The constant ¢ > 0 is a parameter that allows to increase or decrease the viscosity. Notice
also that: (i) #(0) = 0, ”’ € L® (R) and /’(s) > 0 for all s € IR; and (ii) the function
6(p), defined by (2.73), is a C! function with 6(p) = 0 for all p € [0,1], (o) > O for all
p€(1,R) andpli)r[reli (6(p)) = +oo.

Using (2.73) and definition (2.43) it follows that

0 ,0<p<1
2
p t+p+1 p+2R+1
~1 R- _2R
0p) =] 1) 3 TR-p) T —+p | (2.74)
,1<p<R
) R—1
+(R-1) (p—R)ln(R_ )

Let M = 1.4, where M = sup (pi) < R (recall Proposition 2.4.3), spatial-step 5x = 0.04
(n = 100) and consider the 1n1t1al condition:
0] = 025(x—&1)*(x—&)? ,e1<x<&
PEL= 0 otherwise

where & = —0.52 and &, = 2.52. Using R = 2, b = 1, due to definition (2.72) and the
fact that 6(p) in (2.73) is an increasing function, it follows that [max (0(p)) = 6(M) and
<p<
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Figure 2.1: The density profile p[5] for different values of the constant c.
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Figure 2.3: The profiles p[z] (top) and w[z] (bottom) for ¢ = 1.

W |l = 1. Itis also used that 6 = 10~*, which satisfies

5x2
ot <
Sxb+ 2M ||W||.. 6(M)

(2.75)

for all values of ¢ € {1, 5,10, 15}. Figure 2.1 displays the density profile for different values
of constant c. By increasing the value of the constant ¢, the convergence rate of the nu-
merical solution to an equilibrium p(x) < 1, w(x) = 0 is faster. This is also illustrated in
Figure 2.2 that shows the convergence of the logarithm of the functionals E;(¢)/E;(0) and
Ez(l‘)/El (0)

In addition, Figure 2.3 shows the profiles p[t] and w[t] for ¢ = 1 and 6x = 0.04,
6t = 1073 at different times indicating the convergence to an equilibrium p < 1, w = 0,
where w(t, x) = h(-6(p(t, x))px(t, x)). Note that the highest resolution of the solutions pro-
duced by the numerical scheme (2.56)-(2.58) can be achieved by obtaining grid-independent
solutions. However, in order to achieve grid-independence a fine grid of a large number of
grid-points should be used. As you can see in Figure 2.4, even by using 2000 grid-points,
the solution is not still grid-independent. Although a fine grid achieves higher resolution
of the solution, the increase in the number of grid-points has an impact on the value of the
time-step and as a result can also affect the CPU time. More specifically, as the number of
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Figure 2.4: Sup-norm of the difference between the density solutions ob-
tained by using a gradually increasing number of grid-points and 6z = 107>,

the grid-points is increased, the value of the time-step should be decreased significantly to
satisfy the time-step condition provided by Propositions 2.4.3 and 2.4.4 and consequently
more CPU time is required. Therefore, in order to achieve grid-independent solutions, an
extremely small time-step should be used, given that the profile solutions in Figure 2.3 have
been obtained by using 6t = 1073 and n = 100 grid points. In Figure 2.4, the sup-norm of
the difference between the density solutions obtained by using a gradually increasing number
of grid-points and 6t = 107 is illustrated.

The numerical scheme (2.56)-(2.58) is explicit and is supplemented with a suitable time-
step for the preservation of certain properties (recall Propositions 2.4.3 and 2.4.4). This re-
striction in the size of the time-step can be removed when implicit finite-difference schemes
are used. To this purpose, it is interesting to compare the solution of the explicit numeri-
cal scheme (2.56)-(2.58) with the solution of an implicit numerical scheme. The implicit
analogue of numerical scheme (2.56)-(2.58) is the following:

8t .
Pt =pf+ (G -GiM).ieZ ke Z k20 (2.76)
where
Gl = Wi = gl (=gt Y) i€ Z ke Z.k 2 0 (2.77)
Q' (p)) - Q' (™)

g =-pwith) = i€ZkeZk>0. (2.78)

ox

In Figure 2.5, the sup-norm of the difference between the solution of the implicit scheme
(2.76)-(2.78) and the solution of the explicit scheme (2.56)-(2.58) is illustrated. By increas-
ing the time-step of the implicit scheme, which is represented in the horizontal axis, and
using time-step 6t = 10~* for the explicit scheme, the sup-norm of the difference between
the solution of the implicit and the explicit schemes is also increased. Furthermore, it is
obvious that lim \|pimp[t] = Pexplt]]|., = 0 and lim |[Wimp [£] = wexplf]||., = 0. indicating that
the solutions of the two schemes coincide as they converge to the equilibrium p(x) < 1,
w(x) = 0. This is also illustrated in Figure 2.6 which shows the sup-norm of the difference
between the solution of the implicit scheme (2.76)-(2.78) using time-step 6t = 1072 and the
solution of the explicit scheme (2.56)-(2.58) using time-step 6t = 1074,



Chapter 2. A nonlinear heat equation arising from the macro-PRCC 25

0.05 T T T T T T T |

0.045

0.04 -

-+

W
wWoow
o

0.035
2

0.03
0.025 -

0.02

19,100+ 9oy

0.015 -

0.01

0.005 -

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
log(6t)

=103

= 00w

N

- o,

I -
N

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 (0]
log(dt)

Figure 2.5: Time-evolution of ||p,~mp[t] = Pexp [t]”oo (top) and
||w,-mp[t] _Wexp[t]”oo (bottom) using time-step 6 = 107 for the ex-
plicit scheme and different time-steps for the implicit scheme.

2.5.2 A realistic traffic scenario and comparison with the LWR

In this section, a traffic scenario is considered to compare the density and flow of (2.34) with
one of the most well-known traffic flow models for human drivers, the so-called LWR model
(Lighthill and Whitham (1955), Richards (1956))

pr+ (A7) =0,7>0,6€R (2.79)
with the speed ¥ given by
1(p(r,€)\"
P(1.€) = v exp (—; (@) ) (2.80)

where v; > 0 is the free-flow speed, p. is the critical density, and @ > 0 is a parameter.
Our model (2.34), in the original variables 7 > 0, £ € IR, is given by equation (2.79) with
the speed ¥ defined by

(r,€) = v*(l +h(—e(ﬁ(;’f))ﬁ§(;§) )) (2.81)
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Figure 2.6: Time-evolution of ||p,~mp[t] = Pexp [t]”oo (top) and
||w,-mp[t] _Wexp[t]”oo (bottom) using time-step 6 = 1072 for the im-

plicit scheme and 6t = 10~ for the explicit scheme.

(recall the transformation ¢ = rx 4 v*7, x € R and the quantities T = v—’*t, w= V;,}’ -, p= g,
with r = 1), where
h(s) =B7"(s),s e R (2.82)
with B(w) defined by (2.22), and 6(p) given by
) { 0 ,0<p<l1 .
0lp) =3 L= :
Cm 1< p < R

where ¢ > 0 is parameter. Model (2.79), (2.81), is a CAV model.

A single-lane motorway is considered with vy = 102 (km/h), pmax = 180 (veh/km),
pc = 33.3 (veh/km), and a = 2.34 that were estimated in Kotsialos et al. (2002) based on
real data from a part of the Amsterdam A10 motorway. In this scenario, it is assumed that
the initial density on the road is characterized by a congestion belt in the interval [1.5,2.75 |
(km) as shown in Figure 2.7 with go(¢) = 0 for £ < 0 and & > 0. Note also that outside the
congested area, the density is below the critical density p..

For the parameters of the CAV model (2.79), (2.81), the speed set-point has been selected
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Figure 2.7: Initial density go(£).
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Figure 2.8: Density profiles for the LWR (top), and density profiles of AV
model (bottom).
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Figure 2.9: Density profiles of the AV model with v* = 102 (km/h).

to be v* = 70 (km/h) (significantly smaller than the speed limit), the viscosity constant
¢ = 40, the interaction density p = 31, the speed limit vy,x = 110 (km/h) and recall that
the quantities R and b are given by R = ‘% >land b = V“”;‘—*_V*, respectively. For the CAV
model, the explicit scheme (2.56)-(2.58) is used, since the numerical solution obtained from
the implicit scheme has only minor differences, recall Figure 2.6. For the LWR model, the
interval [0, 120] is considered and the Godunov’s method is used to obtain its solution:

. g ot . . ~
Pfﬂ =pf - a(mm(F (mln(pf,p(;)) , F(max(pﬁ_l,pc))))

+ g(min(F (min(ﬁf_l,pc)) , F(max(ﬁf,pc)))).
Note that the above formula of the Godunov’s scheme follows immediately from Leveque
(1992) and the fact that flux F(p) := pv, with ¥ defined by (2.80) is strictly increasing on
[0, oc] and strictly decreasing on [p., +0). For both schemes, 6x = 0.04 is used, which
corresponds to n = 3025 grid points on the interval [~1, 120] and 6z = 107,

The density profiles for both models over a simulation time of 14 are shown in Figure
2.8. It is shown that the density of both models dissipates along the road. However, for
the LWR model the dissipation is much stronger and the density is spread over a large road
interval for increasing 7 > 0. More specifically, for 7 = 1 (k), the density is non-zero over
the interval [90, 106] (km), which implies that the vehicles retain large inter-vehicle distances

while the maximum density is equal to Flax ] (p[1]) = 11.8 (veh/km). On the other hand,
£€[90,106

for the CAV model, the density dissipates at a lower rate but the vehicles remain in a 4km

stretch of the road (£ € [70,74] (km)), since the desired speed is v = 70 (km/h)), as was

the case in the initial density, and with maximum density I[nax | (p[1]) = 34.83 (veh/km)
£€[70,74

(near the critical density p.). However, note that the travel time of the CAV model is higher
since the vehicles are moving with a significantly lower speed (v* = 70 (km/h)). Note also
that the density for the CAV model converges towards an equilibrium where ¥(¢) = v* and
p(€) <p <pe.

Moreover, the case where the speed set-point is equal to the free-flow speed v* = v, =
102 (km/h) is also considered. The density profiles of the CAV model with v* = 102 (km/h)
are shown in Figure 2.9. Note that when vehicles are moving with free-flow speed v* = 102
(km/h), the overall travel time is lower with the CAV model, since, for 7 = 1 (h), the vehicles
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CAV model CAV model
(2.79), (2.81) with | (2.79), (2.81) with LWR
v = 70 (km/h) v = 102 (km/h)

Mean Flow 2232 (veh/h) 3201 (veh/h) 926 (veh/h)

Table 2.1: Mean flow
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Figure 2.10: Speed profiles for the LWR (top), and the speed profiles of AV
model(bottom) with v* = 102 (km/h).

are in the interval (102, 106) (km), whereas with the LWR, the vehicles are in the interval
(90, 106) (km), compare with Figure 2.8 (top).

The speed profiles for both models are shown in Figure 2.10. It is obvious that with the
CAV model (2.79), (2.81), the mean speed converges to the speed set-point v* much faster
than that of the LWR to the free-flow speed v, causing a decrease in the overall travel time
for model (2.79), (2.81), as also observed in Figure 2.9.

Since with the CAV model (2.79), (2.81) the density converges towards an equilibrium
near the critical density, while vehicles are spread in a small space interval (recall Figures
2.8, 2.9) it is expected that the flow ¢ = /7 of the CAV model is much higher than the flow
of the LWR model. Equivalently, vehicles equipped with the PRCC proposed in Karafyllis
et al. (2022d) will retain smaller inter-vehicle distances (higher density) than human-driven
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vehicles. Indeed, to compare the mean flow for each model, we define

T rb(r) 5
Mean Flow = 1 f f Y Mdm’t
T Jo Ja@r) b(t) —a(t)

where T > 0 denotes the maximum time and [a(7),b(7)] denotes the interval where
p(7,.€) £ 0 for £ € [a(7),b(7)] at each time instant 7 > 0. The following cases are consid-
ered: (i) v = 70 (km/h) - the speed set-point is much lower than the free-flow speed; and
(i) v* = 102 (km/h) - the speed set-point is equal to the free flow speed v;. The mean flow
for both models and T = 1 (&) is shown in Table 2.1. In both cases, the mean flow for the
CAV model is much higher than the mean flow of the LWR. In particular, when the vehicles
are moving with free-flow speed, the mean flow of the CAV model is 346% higher than the
mean flow of the LWR model.

Finally, it should be noticed that the macroscopic model (2.79), (2.81) follows directly
from the corresponding CCs in Karafyllis et al. (2022d), whose design has many degrees of
freedom and can influence the characteristics of (2.79), (2.81). For instance, just by increas-
ing (or decreasing) the value of the viscosity constant ¢ > 0, we can influence the dissipation
rate of the density p and speed ¥ to an equilibrium (recall Figure 2.1).

2.6 Conclusions

A nonlinear heat equation arising from the macro-PRCC has been presented showing that
its solutions approximate the solutions of the macro-PRCC. Moreover, a concept of weak
solution was defined and certain entropy-like conditions were derived. A conservative finite
difference scheme was also proposed that respects the corresponding entropy conditions and
certain links between the weak solution and the numerical scheme were provided. Finally, a
traffic simulation scenario and a comparison with the LWR model were provided, illustrating
the benefits of the proposed macroscopic traffic model.

2.7 Proofs

Proof of Proposition 2.3.1 We first show thatif p € C! (R4 X R; [0,R)) N C? ((0, +o0) x R)
is a classical solution of (2.34), (2.35), (2.46) that satisfies (2.53), (2.47), and (2.54), then the
pair p, w with w defined by (2.55), is also a weak solution of the initial-value problem (2.34),
(2.35), (2.46). First notice that by virtue of (2.51), (2.35), (2.34), (2.41) and (2.45), it follows
that (2.49), (2.50) hold. Furthermore, it follows from (2.53), definition (2.55) and the fact
that 7(R) = (=1,b), 8(p)px € L (R4 X R) that (2.48) holds. Equation (2.35) is a direct
consequence of (2.54) and definition (2.39).

Let ¢ € C? (R, xR) be a function with compact support in QO := [0, T] x [~a, a], for
T,a > O sufficiently large. Multiplying (2.34) by ¢ and using (2.55), we obtain

fom _:o o (1, x) (i (1, x) + (w(t, x)p(t, x)) ) dxdr = 0. (2.84)

Integrating by parts (2.84) and using (2.47), (2.48), Fubini’s Theorem, (2.46) and that ¢ has
compact support in ) we obtain

—+00 -+ o0
0= f 6(t,%) (01 (8, %) + (w(t, X)p(1,x)).) dedx
0 —00
= j: o(t, x)¢(t, x) ZJ(X) dx— I j(; ¢ (2, x)p(t, x)dtdx

o0 o0
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+f0+w(¢(f,x)w(f’x)l7(f,x) ifoo)dt—f:w I:wp(t,x)W(t,x)¢x(t,x)dxdt
+oo 00 oo
=- ¢(0,X)po(X)dx—f0 f_m (p(t, x)w(t, x)px(t, x)) dxdt

—00

—+o00 —+o00
- f ¢(t, x)p(t, x)dxdt (2.85)
0 —00

which implies (2.51). Notice that due to definition (2.43), and the fact that 8 is the inverse of
h, (2.55) is written as follows:

B(w(t,x)) + (Q'(p(t,x))), = 0. (2.86)
Using (2.86) and integrating by parts the equation
+o0 oo

| 8(t.x) (BOw(1.2)) + (€' (p(r.x))),) dxdi = 0 2.87)

we obtain
00 00 ~+o0 x=+00

[ [ etnpm0) -o 00 ol s+ [ 6t0Q e |
=0

and due to the fact that ¢ has compact support in (), equation (2.52) follows, establishing that
the pair p, w is a weak solution.

Conversely, suppose that the pair p,w is a weak solution of (2.34), (2.35), (2.46) as
per Definition 2.3.1. Since p € C! (Ry xRR; [0,R)) N C?((0,400) X R), it follows by
definition (2.43) that Q’(p) € C' (R x R).

Let arbitrary T, a > 0 be given. Define

O :=(0,T) %X (-a,a). (2.88)

Let an arbitrary function ¢ € C? (R, x R) with compact support in ). From (2.55) and
using integration by parts we obtain the following equation

o- [ fQ (6 (1,2) B (w(1,)) = e (1) © (p(t, %)) dixdr

X=a

- f f B(t,x) (BOw(t,x)) + (' (o1, x))),.) dxdt + f o600 (o(x) | dr
O 0

X=—-a

=[] 000 B(000) + (@ (1. 2))),) e, 289)

Moreover, compactness of () and (2.48) (which imply that 8(w) € L® (Q) < L*(Q)),
definition (2.43) (which implies that (Q’(p)), = 6(p)px) and (2.53) (which implies that
(Q'(p)), € L™ (Q) c L' (QO)) give that f(w) + (Q'(p)), € L' (QQ). Corollary 4.24 on page
110 in Brezis (2010) gives that

Bw(t,x))+ (Q'(p(t,x))), = 0ae. in Q)
or (using (2.43))
w(t,x) = h(-0(p(t, x))px(1,x)) ae.in Q
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where £ is the inverse of 8. Finally, due to continuity of i (—k(p)p,), we get thatw € C° (Q))
and using (2.88) we get

w(t,x) = h(=0(p(t, x))px(t,x)) in Q = [0,T] X [-a, a]. (2.90)

Since p € C!' (Ry xR; [0,R)) N C?((0,+o) xR) and since T,a > 0 are arbitrary, we
obtain that w € C° (R4 xR; (=1,b)) N C' ((0, +00) X R) and (2.55) holds for all (¢,x) €
Ry xR.

Let arbitrary a > 0, T > 9 > 0 be given. Define

QO := (1,T) x (-a,a). (2.91)

Next, let arbitrary function ¢ € C? (R x IR) with compact support in () be given. Since p €
C' (Ry xR; [0,R)) NC? ((0,+00) xR), w € C° (R xR; (=1,b)) N C' ((0, +0) xR)
and since ¢ has compact support in (), it follows from equations (2.51) and (2.55) by direct
integration by parts that the following equation holds

fQ #(t,x) (o (2, x) + (o(t, x)w(t,x)) ) dxdt = 0. (2.92)

Since p; + (ow), € C°(Q) c L' (Q)), Corollary 4.24 on page 110 in Brezis (2010) gives
that

pi(t, x) + (ow)«(2,x) = O ae. in Q.
Since p; + (ow), € C? (Q), we get from (2.91):

pi(t,x) 4+ (ow)x(t,x) = 0in Q = [ty, T] X [~a, a].

Since a > 0, T > 1y > 0 are arbitrary we obtain that p, + (ow), = 0 for all 7 > 0 and x € R.
Consequently, using (2.55) we conclude that (2.34) holds for all # > 0 and x € IR.

Inclusion (2.53) is a direct consequence of (2.48) and (2.55). Inclusion (2.54) is a direct
consequence of definition (2.40), (2.47), (2.35) and (2.49).

We complete the proof by showing that (2.46) holds. Using (2.51), Fubini’s theorem,
integration by parts and the fact that p; + (ow), = O forall 7 > 0 and x € R, we get for every
function ¢ € C? (R4 x R) of compact support:

-+ 00

[ 50, x)po(x) a’x—fﬂofﬂo () (w(t, X)hs (1 %) -+ 1 (1, x)) dixt

+oo —+o0 —+o0 —+00
f f o(t,x)¢; (1, x dtdx—l—f f (¢, X)w(t, x)py (1, x) dxdt

:_eroo (0,x)¢ (0,x) dx — erooeroop,tx)qﬁ(t x) dtdx

+oo +oo
f f p(t, x)w(t,x)), ¢ (1, x) dxdt
00

— —jjw p(0,x)¢ (0, x) dx_j:m j_‘:’" (o (1, x) + (p(t, x)w(t,x)) ) ¢ (1, x) dxdt
= —I+mp(0,x)¢(0,x) dx.

(o8]

Thus, we conclude that for every function ¢ € C? (IR) of compact support it holds that:
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—+oco

#(x) (p(0,x) —po(x)) dx = 0. (2.93)

Using (2.93), Corollary 4.24 on page 110 in Brezis (2010), the fact that pg € X c L' (R) n
L™ (R) and the fact that p[0] € X ¢ L' (R) N L™ (R) we get that p(0, x) = po(x) for x € R
a.e.. Since p[0] € C! (R), it follows that py € C! (IR) and that p(0, x) = po(x) for all x € R.
Therefore, (2.46) holds. The proof is complete. «

Proof of Proposition 2.4.2: Notice first that from (2.56) we have that

k41 Gk _

dp; \
L = Z,keZ, k>0. 2.94
dot 6x i€ € 2:54)

Using (2.56) and (2.94) and definition of f we get

k+1

d d
dg 1) —6ng:Q ot 5& éQ’(pﬁf“)(G{?_l—Gf)
= NG - o () GE
- S - 26t
ieZ
Qz( ic+l) Qz( k+1)
—(5ng: = — h(-qt). (2.95)

The desired inequality is a direct consequence of (2.95), definitions (2.57), (2.58), and the
fact that A(-) is increasing with 2(0) = 0. This completes the proof. <

Proof of Proposition 2.4.3: From (2.56) and definitions (2.57) and (2.58) we have for i €
Z,ke Z,k>0

Ak Y Ak (oK) — O (pk
pk+1_pl+%(p§_lh[g<p,-_l> Q(p,y]_p?h[Q(p,) Q(pﬁl)]) o6

ox

It follows from (2.43), (2.96), the facts that M = sup (pf) and 7’ € L* (R), and assumption
ieZ

ot Ml oo
1> (b—|—2 p Og})%(e( ))) that

00! :l_gh(Q’( o) -0 >]
6/05.C ox ox
k 7 ( Ak —_ (K ’
—g—ie((g;)(pé{_lh,(Q(pi_llx Q(pl)]—Fp{(h/[Q( ) 5XQ( 1+1)))
kY Zor(ph (0¥) - O (o
1_%) 5(6( ;)z[flh'( (pi_l)axQ@l)]“{‘ch/(Q(pl)5xQ(le))J
> 1= Spooar Wl o (8(0)) > 0. (2.97)

(6x)% o0spsMm

Inequality (2.97) implies that pk“ is increasing with respect to pi.‘. Therefore, by the defini-

tion of M and (2.96) we get that the following inequalities hold fori e Z, ke Z,k >0
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pk+l <Myt (Pz 1 (Q’<Pf—1> _Q'(M)]_Mh(Q/(M) _Q’(pé{—i—l)]] (2.98)

ox o0x
k1 o O ¢ Q’(Pkl)
ot > —pf | —==. (2.99)
! ox ! ox

Since Q’ is a non-decreasing function (recall definition (2.43)) and since pf.‘_l < M, itfollows
7 (K _n
that Q’(p* |) < Q’(M) and consequently h (M) < 0. Moreover, since p¥, | < M,

Q' (M)-0Q'(},,)

it follows that Q’(p 5x

o +1) < Q'(M) and consequently h(

) > 0. Thus, (2.98)
v ( Ak
implies that pf“ < M. Moreover, @ (p* ) > 0 and consequently, h(%) > 0. Hence,

from (2.99) we get pi.‘“ > 0. This completes the proof. «

Proof of Proposition 2.4.4: Recall that f(67) = 6x Yz Q(p*t!). Using definitions (2.6),
(2.56), (2.57), equation (2.94), and inequality pl <M,ieZ,keZ, k>0 we obtain

d ].hLl d l.<+1
) = D A0 () Tk = Y etk i ()
i€ icZ
_Zp k+11 G Gi(+l Zp ) )Gk | —G*
Pt ox
ieZ icZ
~G*
= 2,0 g (ki (~4ty) - ptn(~4))
lEZ
1 2
= 5 L0 (6L ) s 5 max (000) 3 (G, ~G)
4 4
< Sl 00D 2, <G;«)2 = ez, 000) 35 (1) (-
M _AM I s
< v o, (O épi% ) < 5 g, (00) 2t (=)
AM |1 || oo
- ox O<p<M ép’ 6], qf)
AM |1 || oo
=5y omax (0 gzlpfl = (2.100)

From Proposition 2.4.2 and equation (2.100) we finally obtain

f(6t) < £(0) + 61 (1 M )5xzpf‘

(6x)? 0<p<M P

which implies inequality (2.59). The proof is complete. <

Proof of Proposition 2.4.5: For any ¢ € C* (R4 x R) with compact support, define ¢f =
¢ (kot,iox) for i, k € Z, k > 0. We have from (2.60) and definition (2.61) after adding and
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subtracting terms that

k+1 ¢k

0
_Z ¢ _ZZ tl ¢ ‘/’,1 +ZZ k+1¢ (2.101)

i€Z k>0 ieZ k>0 ieZ

Moreover, from (2.101), (2.61), and (2.62) we obtain

(i+1)6 ¢ ¢k (k+1)6
_Z¢ f ( )d = £ jl: f . pax(;,(t X)W(sx(;,(t x)dxdt

i€Z 1€Z

k+1 ¢k (k+2)5t  (i+1)6x
+Z povar(t,x)dxdt.  (2.102)
(k+ iox

i€Z

Notice that since ¢ € C? (R4 x R) we have that the following equations hold for k, i € Z,
k>0

1 (k+1)01
—— = (két, idx) + — f ¢u(1,i6x)dldr
! ot kot kot
¢ g (2.103)
i 7=l

e = ¢y (kot, (i — 1)6x) f f b (kOt, §)dsdé.

Combining (2.103) with (2.102) we get

(i+1)6x
S [ o

i€Z

¢k+1 ¢k

(k+1)6
f f (i — 1)6x) psx.oe (£, X)Wex.se (£, x)dxdrt
ko 6x

(k+1)st  (i+1) 5x
f f ¢ (k6t, i6x) psx.se (£, X)dxdt
i€Z ko i6x

(i+1) 6x
_ Z f f ¢ (0,i6x) psx. (2, x)dxdt
iox

i€Z

+6t2pl Wi lf f} by (KOt s dsdf—l—éprka ¢,, (1, i6x)dldr

ieZ kot

(i4+1)s.
f [ mws0.naias
i0X iox

(k+1)8t  pibx y
f]: f ( ) ¢y (7, (i — 1)6x) dT)p(;x,(g,(t, X)Wt (2, X)dxdt
i—1)0x ot

i€eZ

icZ

k+2 l+1 6x
f f (6 (K6t i6%) — by ((k + 1)61, i6)) pawan (1, x)d . (2.104)
k+ i0x

i€Z

Using (2.104) it is straightforward to obtain (2.64) with P; defined by (2.66). Notice next
that definition (2.58) implies that

k
> B(w) ek = > 0ok ) ¢’“ i (2.105)

X
i€Z i€Z
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and due to (2.103) we obtain that

k+ 1 H— 1
f f 6 (Kot i6) B (waesr (1, x)) dxdt
i0X

icZ, kot

(k+1)6t (i42)s
= Zf f « (két,i6x) Q" (psx.ei(t, X)) dxdt
ko (i

icZ i+1)0x
(i+1)s
+ot Y 0 (ok,) f f brx (KST, 5)dsdE. (2.106)
i€Z

From (2.106) and expanding the integrals fk;t ¢y (7, i6x) dt and fl.;cx ¢x(t,€)dE we can obtain
the following equation

(k+1)s (i+1)s
Z f f B (Wsxei(t, x)) dxdt
ké iOx

ieZ

( 610, £)4E) (s 1.2)

1)
1)
( ¢y (1, i6x) dr)ﬂ (Wexse(t, X)) dxdt
kot
+1)5
(t,i6x) Q" (psxse(t, X)) dxdt

f (k+ f (i+1)6
f (k+ f (i+1)6
f (k f (i+1)s

fk+] le + 1)dx) — ¢x (1,i6x)) O’ ( (t,x)) dxdt
l€Z (i P (1, Poxo\L,

1+1
+ot Y 0 pH_] f¢” kot, s)dsdé

i€Z

(k+1)s (i42)s
f f ( by (T,106x) dT) Q' (psx.6:(t, x)) dxdt. (2.107)
ko (i+ kot

i€Z

Equation (2.107) implies (2.65) with P, defined by (2.67). Finally, inequalities (2.68) and
(2.69) are a direct consequence of Proposition 2.4.2 and Proposition 2.4.3. The proof is
complete. <

Proof of Proposition 2.4.6: Define

Vi =D 0(e}) (2.108)
ieZ
Wi =" plwip (wh (2.109)
i€Z

and notice that due to definitions (2.22) and (2.46), V, > 0 and W, > O for all £k > O.

Moreover, let
4loolleo 1710

max
(6x)2  0=ps<llooll.,
Definitions (2.108), (2.109), (2.110) and inequality (2.59) imply the following estimate

=1-6t ) > 0. (2.110)

Vig1 £ Vik—cot Wy
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which recursively gives that
k=1

Ve <Vo—cot ) W 2.111)
J=0

Since Vi > 0, we obtain from (2.111) the following implication

ZW]<—V0:> lim [Zp wiB (w J—o:> lim (pfwig(wh)) =0. (2112

k—+o0 k—+o0

Suppose that hm (p |w |) = 0 is not true for some i € Z. Then there exists € € (O, mi“(l’b))

R

> ¢cforalln = 1,2,.... It follows

and an increasing sequence {k, : n = 1,2, ...} with p

that ’w ”| £ and p mdxfl ) foralln = 1,2,. Slnceﬁ is increasing with 8(0) = 0
we get that w; ”,B( ) (I%B( ) ( —)) for all n = 1,2, .... Consequently, we have
pl. l. (wf") 2 o 1 ) ( ;ﬁ( ), R,B (——)) for all n = 1,2,..., which contradicts the

fact that kEToo( : l.,B( l)) 0. Therefore, hm (p |w |) = 0 forsome i € Z.

Suppose that kliT (pﬂ ) Q' (p; +1)|) = 0 is not true for some i € Z. Clearly,
this cannot happen if [|pg|l,, < 1. Consequently, ||ooll, > 1. Then there exists € > 0 and
an increasing sequence {k, : n = 1,2,...} with p}" |Q’(pf ) =0 (p 1+1)’ > gforaln =

l )l 4 ﬁ k R
1,2, ... Tt follows that |Q —Q'(p l+])| > £ and pl zk — S foralln = 1,2, ...
Since h is increasing with 2(0) = 0 and since w =h (%) we get that |w."| >
min (h(%),—h (—I%C)) for all n = 1,2,... Consequently, we have pf” >
mmin (h(%) —h( Réx)) for all n = 1,2,..., which contradicts the fact that

kEI—Ql:loo (pk|wk’) = 0. Therefore, hm ( 5.‘|Q’(pi.‘) —Q’(pf?+l)|) = 0 for some i € Z. The

proof is complete. <
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Chapter 3

A comparative study of numerical
methods for approximating the
solutions of the macro-PRCC

3.1 Abstract

In this chapter, a particle method is used to approximate the solutions of the macro-PRCC. It
is shown that this method preserves certain differential inequalities that hold for the macro-
scopic traffic model: mass is preserved, the mechanical energy is decaying and an energy
functional is also decaying. To demonstrate the advantages of the particle method under con-
sideration, a comparison with other numerical methods for viscous compressible fluid models
is provided. Since the solutions of the macro-PRCC can be approximated by the solutions of
its reduced model (Chapter 2), the numerical solutions produced by the particle method are
also compared with the corresponding numerical approximations provided for the solutions
of the reduced model. Finally, a traffic simulation scenario and a comparison with the ARZ
model are provided.

3.2 Introduction

In contrast to traffic flow models for human drivers, the macro-PRCC derived in Karafyllis
et al. (2022d) via the design of a bidirectional cruise controller for CAVs is isotropic, as in
other fluids, with the principle that vehicles react to both upstream and downstream vehicles.
Isotropy, as well as many other characteristics of the compressible fluid flow that are present
in the macro-PRCC, follow from the fact that nudging and lane-free vehicle movement are
allowed by the respective CC. Moreover, a link with the underlying microscopic CC (i.e.
the PRCC) is provided in Karafyllis et al. (2022d), which allows to determine the physical
properties of the “traffic fluid” by changing the functions or the parameter values included in
the PRCC.

This chapter deals with the approximation of the solutions of the macro-PRCC which
follows from certain selections of the functions involved in the PRCC (see Theodosis et al.
(2024) and Chapter 2). These selections, in addition to providing more “fluid-like” character-
istics, enable a model reduction (Chapter 2). This fact is analogous to the human-driven ve-
hicles case, where the ARZ model reduces to the LWR model (Li (2003)). For the derivation
of the macro-PRCC, a particle method was proposed in Karafyllis et al. (2022d), in which the
vehicles are considered as “self-driven” particles of a fluid. This method is a modified ver-
sion of the particle method presented in Karafyllis and Papageorgiou (2023) for compressible
fluids, and it is used for approximating the solutions of the macro-PRCC. It is shown that all
differential inequalities that hold for the macroscopic model (described in Section 3.3) are
preserved by the particle method (see Proposition 3.3.1 and Proposition 3.3.3 below). It is
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noted that, to the best of our knowledge, a numerical study of the particle method and com-
parison with other numerical methods has never been performed in the literature for viscous
compressible fluid models. Therefore, a main goal of this chapter is the numerical study of
the particle scheme and the derivation of important conclusions about its effectiveness.

Although many numerical methods have been used for compressible fluid models with
constant viscosity (see for example Al-Taki et al. (2021), Ansanay-Alex et al. (2011), Gal-
louét et al. (2019), Haack et al. (2012), Hosek and She (2018), Karper (2013) and references
therein), there are very few articles that cover the case of density-dependent viscosity (see
Bresch et al. (2007), Caggio and Donatelli (2021), Gunawan (2014), Guo and Zhu (2010),
Karafyllis and Papageorgiou (2023), Katsaounis and Simeoni (2002), Nishida (1986)) and
most of them utilize an approximation scheme for proving existence of solutions. Since the
macro-PRCC is similar to compressible fluids with density-dependent viscosity (see Sec-
tion 3.3), the particle method proposed in Karafyllis and Papageorgiou (2023), Karafyllis
et al. (2022d) is compared with the so-called “method of lines” used in Guo and Zhu, 2010,
Nishida (1986) for proving existence of solutions for compressible fluid models with density-
dependent viscosity, as well as with the numerical method used in Gunawan (2014) for ap-
proximating the solutions of the viscous Saint-Venant equations.

A common characteristic between the method of lines (Guo and Zhu (2010), Nishida
(1986)) and the particle method proposed in Karafyllis and Papageorgiou (2023), Karafyllis
et al. (2022d) is that in both methods the solutions of the macroscopic model are approxi-
mated by solving a system of ODEs. However, with the method of lines, the solutions are
approximated at fixed grid-points in Lagrangian coordinates, and, as a result, the actual co-
ordinates of the vehicles remain unknown. Therefore, a variable transformation is required
to obtain the solutions in Eulerian coordinates, which, in addition to having an impact on
the computational cost, (see Section 3.5), may create an additional error in the approxima-
tion of the solutions. On the other hand, the approximation of the solutions with the particle
method proposed in Karafyllis and Papageorgiou (2023), Karafyllis et al. (2022d) is given
directly in Eulerian coordinates, and the computational cost, in terms of CPU time, is much
less compared to the method of lines and the numerical method used in Gunawan (2014).

To demonstrate the advantages of the particle method as well as the properties of the
macro-PRCC, two examples are presented. The first example focuses on evaluating the per-
formance of the proposed particle method, while the second example includes also a realistic
traffic simulation scenario for comparing the macro-PRCC with the ARZ model. In both
examples, the particle method is compared with the method of lines (Guo and Zhu (2010),
Nishida (1986)) and the numerical method used for the viscous Saint-Venant equations (see
Gunawan (2014)) showing that, although the difference between the numerical solutions is
small, higher accuracy approximations are provided by the proposed particle method, since it
better preserves a differential inequality that holds for the macro-PRCC and indicates energy
conservation. Comparisons with the numerical solutions of the reduced model (see Theo-
dosis et al. (2024) and Chapter 2) are also provided for both examples, indicating the latter’s
high accuracy approximations.

The contribution of this chapter is summarized as follows:

e The study of the macro-PRCC under specific selections for the functions included in
the PRCC;

e The use of a particle method for approximating the solutions of the macro-PRCC and
a comparison with other numerical methods in the literature for compressible fluid
models, showing that the employed particle method, in addition to having much less
computational cost, it provides better approximations compared to the other numerical
methods;
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e The numerical approximations provided for the solutions of the macro-PRCC are com-
pared with those provided for the solutions of its reduced model, derived in Chapter 2,
showing that the reduced model provides high accuracy approximations.

The structure of Chapter 3 is as follows. Section 3.3 presents the particle method used for
approximating the solutions of the macro-PRCC. Section 3.4 is devoted to the presentation
of some numerical methods used in the literature for approximating the solutions of viscous
compressible fluid models. Section 3.5 presents the two aforementioned examples. Finally,
Section 3.6 gives the concluding remarks of the present work. All proofs are provided in
Section 3.7.

3.3 A particle method for the macro-PRCC

3.3.1 The macro-PRCC

The macro-PRCC (1.1), (1.6) under the selections (1.15)-(1.18), (1.21) is given by the fol-
lowing equations for all 7 > 0, £ € (Z(T), ﬂ(T)):

pr+ (p9)e =0 (3.1)

P8 (7)Vr + B’ (V)9 + 0&(D)pe = (PR(D)Ve)e = TPB(7) (3.2)
%Z(T) =¥ (r.T7(7)) (3.3)

LL(r) =7 (n (1)), (3.4)

The states [(7), L(7) € R yield the interval (i(T),I:(T)) that contains the vehicles for times
7> 0;p(7,€) € (0, pmax), ¥(7,€) € (0, vmax) are the traffic density and mean speed, respec-
tively, at position & € (7 (1), Z(T)) on a highway, with ppax > 0, vimax > 0 being the maximum
density and speed limits, respectively; v* € (0, vmax) is the speed set-point and & > 0 is
a constant. Moreover, the function B(7) is defined by (1.21) and & : (0, pmax) — R is a
function of class C! ((0, pmax)) that satisfies (1.19), (1.20). It should be noted that outside

the interval (7 (1), ﬂ(r)) the highway is “empty” and therefore:
p(r,€) = 0for ¢ <I(r) and &> L(7), 7> 0. (3.5)

As shown in Chapter 2, it is possible to approximate the solutions of (3.1)-(3.4) by the solu-
tions of a reduced model that consists of the following single nonlinear heat-type PDE:

e+ (pB~ (=p~"&(p)pe) )e = 0. (3.6)

Moreover, notice that the speed PDE (3.2) is strongly reminiscent of the momentum equation
for 1-D polytropic compressible fluid flow since it contains a viscosity term with density-
dependent viscosity (5k(p)V¢ )¢, a pressure term 6&(p)7¢ and a friction term —6pB(7v) (by
analogy with the relaxation term involved in the macroscopic traffic flow models for human
drivers, Aw and Rascle (2000), Zhang (2002)). The pressure term 6 ()¢ describes the ten-
dency of vehicles to accelerate or decelerate based on the (local) density, the term (pk(p) Ve )¢
is a viscosity term with pk(p) playing the role of viscosity and making the “traffic fluid” act
as a Newtonian fluid, while the friction term —355(7) expresses the tendency of vehicles to
adjust their speed to the given speed set-point.
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Remarks: (i) In contrast to conventional traffic, the traffic flow for model (3.1)-(3.4) is
isotropic, as in fluid flow, since the vehicles are automated and react to both upstream and
downstream vehicles.

(i) The selection of k(p) to satisfy condition (1.19) has the effect of making the fluid behave
like a solid when the density tends to the maximum density popax.

Assume that r > 0 is a given constant length. Using the variable transformation ¢ = rx+v*r,
x e (I(1), L(1)) where (1) = 027 p(p) = Ho=r

r
S

T=Lgbp= "t R = b > Lw =5 p=
dimensionless model for all # > 0, x € (I(¢), L(z)):

and the dimensionless quantities

~
™

, 0 = -0, we obtain the following

pr+ (pw)y =0 (3.7)

pB' (W)wy + pB (W)wwy + ok (p)px = (pk(p)wx)x = opB(W) (3.8)
d .

(1) = w17 (1)) (3.9)

L) = w(t,.L (1)) (3.10)

dt

with state-constraints p(t,x) € (0,R), w(t,x) € (-1,b) fort > 0, x € (I(¢),L(r)),
where R > 1, b > 0, 0 > 0 are constants. The function B(w) is defined by (2.22) and
k1 (0,R) — R, is a function of class C! ((0, R)) that satisfies the following properties:

lim «(p) = +oo G.11)
p—oR”
k(p) = 0forallp € (0,1] and x(p) > O forall p € (1,R). (3.12)

Notice that outside the interval (I(z), L(z)) it holds that:
p(t,x) = 0for x <I(¢) and x > L(z), 1> 0. (3.13)

The solutions of (3.7)-(3.10) can be approximated by the solutions of the following dimen-
sionless reduced model (see Section 2.3.1):

pi+ (0B (=p~'k(p)px))x = 0. (3.14)

The relations between the functions S, « of the dimensionless model (3.7)-(3.10) and the
functions S, & of the original model (3.1)-(3.4) are given in Table 3.1.

Dimensionless model (3.7)-(3.10) Original model (3.1)-(3.4)
1.
B(w) B (w+1))
L
«(p) — k(o)

Table 3.1: Relations between the functions g, « of the dimensionless model
(3.7)-(3.10) and the functions f, % of the original model (3.1)-(3.4).

For any classical solution of model (3.7)-(3.10) we can define the following functionals:

L(1)

m(t) = f p(t, x)dx (3.15)
(1)
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L(t) L(t)
E(r) = f p(t.x)H(w(t,x))dx + f 0(p(1,x))dx (3.16)
1(1) 1(1)
1 [H0 _ 2
W(t) = 5 fl;t) o) (p(t, X)B(w(t,x)) + o (P(p(t, x)))x) dx (3.17)
where . wz(b N 1)2
H(w) :fo B (3)ds = 5B forallwe (<1.D) (3.18)
0
0(p) =p f 2P (1) dr, forall p € (0,R) (3.19)
1
0
P(p) = o‘f k(7)dr, forallp € (O,R). (3.20)
1

Notice that definitions (3.19), (3.20) in conjunction with (3.12) imply that Q(p) > 0, P(p) >
0 for all p € (0, R). The functional (3.15) expresses the total mass and the functional (3.16) is

inspired by the mechanical energy of model (3.7)-(3.10) where fl(Ltgt) o(t, x)H(w(t, x))dx de-

notes the kinetic energy and fl(Ltgt) O(p(t, x))dx the potential energy. Moreover, the functional
(3.17) is an energy functional that has been constructed using the following transformation

o(t,x) = p(t, x)B(w(t,x)) + o (P(p(t,x))), . (3.21)

The transformation (3.21) has been used in the literature of isentropic, compressible
fluid flow (see Karafyllis and Krstic (2022b), Karafyllis and Krstic (2022c), Karafyllis et
al. (2022c), Karafyllis et al. (2023), Kazhikhov and Shelukhin (1977), Shelukhin (1977),
Shelukhin (1978), Smoller (1994)) and has the effect of making the viscosity disappear from
equation (3.8), which then becomes

¢+ (wp), + (P(p)), = —opB(w). (3.22)
If a classical solution of (3.7)-(3.10) satisfies
p(tit(0) <1, p(t.L™(1) <1 (3.23)
then using (3.15)-(3.20), (3.7)-(3.10) and (3.23) we get the following estimates:

m(f) =0 (3.24)

(3.25)

) L) B
W(t) = —o f( oy PR e0) +07 (Plo ) fdrso 326

which hold for all # > 0. Definition (3.24) implies that the total mass, defined by (3.15),

remains constant while (3.25), (3.26) show that the functionals defined by (3.16), (3.17) are
non-increasing.
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3.3.2 The particle method

Several particle methods in the literature have been used for the numerical solution of partial
differential equations (see for example Chertock and Levy (2001), Y. and Seibold (2009)).
Here, a particle method is considered that was initially proposed in Karafyllis et al. (2022d)
to derive model (3.7)-(3.11) by designing a cruise controller on a microscopic scale. A
similar particle method (without a friction term) was also recently presented in Karafyllis
and Papageorgiou (2023), that provided approximations that converge to a weak solution of
the Navier-Stokes equations for the 1-D flow of a viscous compressible fluid. The parti-
cle method follows by considering n vehicles/particles with coordinates L) (1) = x; (1) >
x2(f) > ... > x,(f) = 1" (1) which move according to the following equations (recall that
b>0,0>0,R>1):

Si — Xi—-1 — Xi, = 2, ey 1 (3.27)
B=w, i=1,..n (3.28)
B (wi)wi = —oB(wy) —na® (nasy) + n*ak (nasy) (wa —wi) (3.29)

B (wihwi= — oB(w;) +na® (nas;) —na® (nasiy ) + n*ak (nas;) (wi.; —w;) (3.30)
+n*akK (nasiy1) (wig —wi), i =2,..,n—1 '
B (W )oy = —aB(w,) +na® (nas,) + n*ak (nas,) (w1 —wy) (3.31)

with state-space
O, ={(x1, s X, Wiy ey wyy) € R" X (=1,0)" : na(xi—y —x;) > 1/R, i =2,...,n} (3.32)

where a is a positive constant and B(w) is defined by (2.22). The functions P : (1%, +oo) -
Ry, K : (11_e’+°°) - R, & € C% K e C? satisfy the following equations for all
s € (,1—e +<><>) :

a (1
D(s) = sQ(%). (3.34)

It follows from (3.12), (3.19), (3.20), (3.33), and (3.34) that
1
K(s),®P(s) > 0forall s € (I_Q 1) and K(s) = ®(s) =O0forall s > 1. (3.35)

Moreover, by virtue of (3.34), (3.19) and (3.20) we get that:

lim (®(d)) = +oo (3.36)
d—(1/R)"
and
1/s 1
D' (5) = —o-f k(7)dt for all s € (1—( +oo). (3.37)
1

Notice that equations (3.33), (3.37) provide a link between the function (o) used in the
macroscopic model (3.7)-(3.10) and the functions K(s), ®’(s) used in the particle method
(3.27)-(3.32). This fact implies that by changing the functions K (s), ®(s) we can determine
the physical properties of the “traffic fluid” through the function «(p).
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We next define the following functions:
1 < 1 <
E,(t) = — ) H(wi(t — > i(t 3.38
<ang;wm+mg<mo> (3.38)
1 n—1
LI
Walt) = 5 ; 3 (1) (3.39)
where
@i(1) = B(wi(t)) + o 'na (' (nasi1(1)) = ® (nas;(1))) . (3.40)

For the parameterized family of finite-dimensional systems (3.27)-(3.31) defined on (), (re-
call (3.32)) with initial conditions (x;(0), ..., x,(0), w;(0),...,w,(0)) in Q,, the following
propositions hold.

Proposition 3.3.1 For every solution of (3.32)-(3.36) the following equation holds

Eq(f) = -n Z K (nasi(1)) (i (1) —wi(1))? = < D wi)B(wi(t)) <0 (3.41)

as long as the solution of (3.27)-(3.31) is defined.

Inequality (3.41) is the discretized version of inequality (3.25) and shows that the discretized
mechanical energy E, is not increasing.

Proposition 3.3.2 Every solution of (3.27)-(3.31) is defined for all t > 0 .

Proposition 3.3.3 For every solution of (3.27)-(3.31) the following equation holds for all
t>0

Walr) = == " g2(1) <0. (3.42)

Inequality (3.42) is the discretized version of inequality (3.26) and shows that the discretized
energy functional W, is not increasing.

Let a solution (x;(7),w;(¢)), i = 1,...,n of (3.27)-(3.31), defined for ¢ > 0, be given. We
define for all # > O:

1 .,
pi(t) = ey g s S 2, ... (3.43)
1
p1(1) = pa(1) a0 =) (3.44)
P (12) = pile) + (pic1 (1) = i) (25727 )- (3.45)
X € [xi(t),xi_l(t)) ,i=2,..,n—1
W (1,3) = wile) + (wiea (1) = wile)) (55225 ). (.46)
x € [x(1),xi-1(2)), i=2,..,n—1

x = x (1)

), x € (x,(2), x0-1 (1)) (3.47)

), x € (x,(1), xp-1(r))  (3.48)
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(1) = (1)
LW (1) = x1(2).

The functions p : o {f} X (x(2), x1(2)) = (0,R), w = Upo {8} x (xu(2), x1(1)) —
(=1,b) are C! on the set s {(2,x) : x € (x,(2), x1(2)), x # x;(t), i =2,...,n— 1} and can
be used to approximate the solutions of (3.7)-(3.10). In Karafyllis and Papageorgiou (2023),
it was proved that similar approximations converge to a weak solution of the Navier-Stokes
equations for the 1-D flow of a viscous compressible fluid.

It should be noted that the particle method (3.27)-(3.32) is a mesh-free method, uses
only special discretization that depends entirely on the spacing s; of the vehicles/particles,
may be non-uniform and varies with time. Moreover, the particle method consists of a set
of 2n ODEs whose accuracy and numerical stability is influenced by the choice of the time
integration method, (see Hairer et al. (1993)). The solution of the particle method is based
on the interactions between particles, via the functions & and K, while the equations (3.43)-
(3.49) are used to approximate the solutions of model (3.7)-(3.10).

(3.49)

3.4 Numerical methods for viscous compressible fluids

To evaluate the performance of the proposed particle method (2.32)-(2.37), it is of great im-
portance to compare it with other numerical methods in the literature that are used for the
numerical approximation of viscous compressible fluid models with density-dependent vis-
cosity. Equation (3.8) can be written in the following form for all 7 > 0 and x € (I(¢), L(z)):

(B(W)): + (pwB(w) + P(p))x = (ok(p)Wx)x = TpB(w) (3.50)

where B(w), P(p) are defined by (2.22), (3.20), respectively. Equation (3.50) is similar
to the momentum equation of the 1-D compressible Navier-Stokes equations with density-
dependent viscosity (see Guo and Zhu (2010), Karafyllis and Papageorgiou (2023)). There-
fore, it is interesting to compare the particle method under consideration with the so-called
“method of lines” used in Guo and Zhu (2010) for proving existence of global weak solutions
to the 1-D compressible Navier-Stokes equations, as well as with the numerical method used
in Gunawan (2014) for the numerical approximation of the viscous Saint-Venant equations.
However, there are crucial differences between the momentum equations used in Gunawan
(2014), Guo and Zhu (2010) and equation (3.50) related to the functions B(w), P(p), u(p)
and the friction term (see Table 3.2). Therefore, appropriate modifications should be made
to compare the proposed particle method with the aforementioned numerical methods. Note
that apart from the differences described in Table 3.2, the momentum equation used in Gu-
nawan (2014) includes also an additional term gpz,, where z is the topography of the fluid
and g is the acceleration of gravity (used also in the pressure function (see Table 3.2)).

To obtain a numerical approximation of the solutions of model (3.7)-(3.10), the numerical
method used in Gunawan (2014) is modified by omitting the additional term gpz, from the
momentum equation and substituting the functions B(w), P(p), u(p) as well as the friction
term with the corresponding functions of equation (3.50) (see Table 3.2). Thus, the modified
version of the numerical method discussed in Gunawan (2014) reads as follows:

1 Xit+1/2

~ ox

0(0,x)dx, i€ Z (3.51)

Xi-1/2

o

1 Xit-1
Wl L, = 5_f w(0,x)dx, i€ Z (3.52)
X Jx;
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Momentum equation | Momentum equation
Equation (3.50) used in Gunawan used in Guo and Zhu
(2014) (2010)
Blw) =
b1 | _w(b+1)
= [(w+1)(h—w) B(w) =w Bw) =w
b(w+1)
()
Pressure P(p) = O’flp k(t)dr P(p) = op® P(p) = op”,y > 1
o>0 a:%g,g>0 o=1
(o) = u(p) = u(6p? + enp")
Viscosity u(p) = pk(p) HP) = Hp
0 0 0,1
40 >0, n€(0,1)
u=1
K
Friction Term —opB(w) iz No friction term
Ku>0

Table 3.2: Differences between equation (3.50) and the momentum equa-

tions used in Gunawan (2014), Guo and Zhu (2010).

1
0 _ .
Wy = = fm w(0,x)dx, i € Z (3.53)
5t ,
P =0+ - (GLip=Glp) i€ Z k€Z. k20 (3.54)
k k k k
w. + |w: w; —|w.
k i+1/2 | z+1/2| k i+1/2 ’ 1+1/2’ k .
Gh, = 5 ok + 5 P i€Z, keZ, k>0 (3.55)
k k k k
Wist2 T |Wis1/2 Wici2 = Wic1/2 .
e p— 2' il |pj.<_1+ ! 2| ! |p{.<, i€Z, keZ k=0  (3.56)
1
k _ k k :
Gl =5 (GLijp+Gliip) i€Z keZ k20 (3.57)
1 .
Pl =3 (O +pk)). i€Z keZ k20 (3.58)
. . Bk ).Gk>0
BE = p(wk :{ -1/20 ,i€Z keZ, k>0 (3.59)
=AU BWiy1),),Gi <0
B =B(We ) i€Z, keZ, k20 (3.60)
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B, =Wl ,), i€Z keZ, k=0 (3.61)

k+1 kel 1 (PR 5t k+1 k+1 kpk
Pif1 Bt = 1+mst( - '81+1/2 + o (P(pi )= P(p Pit1 ) +Gip; - +1:81+1)

Wk _
k-i-l) 1+1/26x i-1/2 i€ Z, ke Z, k > 0

(3.62)
with 6¢, 6x > 0 being the time-step and spatial discretization step and the functions B(w),
P(p) being given by (2.22), (3.20), respectively. Moreover, p , ok

k
St | k41, k1 Yizz o™ t1/2 k1
tox i+lK(pi+1) ox 0 k(p;

koo ok
ir1/2 > Wis Wipp/p &€
the numerical values at the points x; = i6x, x;+1/2 = (i + 1/2)d6x and at time #; = kdt
while pkH, pf‘j:]l /20 w’.‘Jrl wf.‘j:]l /, are the numerical values at the points x; = iox, x;41/0 =
(i+1/2)6x, and at time 1 = (k+ 1)6t
The next numerical method used, is the so-called “method of lines” (see Guo and Zhu
(2010), Nishida (1986)). In this method, the states (density and mean speed) are approxi-
mated at fixed grid points in Lagrangian coordinates. Therefore, in order to use this numeri-
cal method, it is required to transform equations (3.1), (3.2) into Lagrangian coordinates by

making the following transformation (see also Guo and Zhu (2010)):

s = f p(t,z)dz, h = . (3.63)
I()

Thus, in the Lagrangian coordinates, equations (3.1), (3.2) become

pn+ % =0 (3.64)
BE))n+ (P(p))s = (P°R(P)7s)s — TA(V) (3.65)
forall h > 0and 0 < s < /it where m = fl(L())p(T Q)dz. P(p) = & [ k()dr for all

P € (0, pmax) and B(¥) defined by (1.21). Model (3.64), (3.65) is studled under the following
boundary conditions:
p(h,0) = p(h,m) = 0. (3.66)

The “method of lines” is applied by discretizing the spatial derivatives of model (3.64), (3.65)
with respect to s and leaving the time variable continuous. Therefore, the following system
of 2n ordinary differential equations is obtained:

d Voir1(h) — Py (h
%ﬁZi(h) +{;52i(h)}2vz+l( >6SV2 1(#) =0 (3.67)
4 B(5yi(h)) + P(pi(h)) 5s(p2' 2 () _ 52)2 {Gai(h) (P2is1 (h) = 2i_1 (R)) (3.68)
=Gaica (h) (V2i-1 (1) = P2i-3(h) )} = 6B(V2i-1(h))
with boundary conditions
po(h) = pan(h) =0 (3.69)
and initial data P P
N AN . , s
52(0) = fo (213),\/21'_1(0) = 7 ((21 - 1)5) (3.70)

where i = 1,2, ...,n, Gai(h) = p5,(h)&(p2i(h)), -1 (h) = V21 (h) = v* and 6s = 2 for a
given number n of grid-points.
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3.5 Numerical experiments

3.5.1 Academic example

In this example, the particle method (3.27)-(3.32) is applied, and the equations (3.43)-(3.49)
are used to approximate the solutions of model (3.7)-(3.10). Moreover, the numerical solu-
tions obtained by applying the proposed particle method are compared with the numerical
solutions of the modified numerical methods presented in Section 3.4. Finally, a comparison
with the numerical approximations provided for the solutions of the reduced model (3.14) is
included, indicating the effectiveness of the employed particle method as well as the high-
accuracy approximations of the reduced model.

In order to approximate the solutions of the ODE systems (3.27)-(3.32) and (3.67)-(3.70)
involved in the particle method and the method of lines, respectively, an adaptive step size
numerical scheme is used (see Hairer et al. (1993), pages 167-169) consisting of the explicit
Euler and Heun schemes. For these schemes, the new step size is given by the formula:

1
St = Of MiN {p, 0.9 ,/—} (3.71)
err

where
U (Xipuder — Xitton\© 1 o (YisEuler = ViHeun )
Lculer 1 eun LcLuler L eun
= 4= - — - 3.72
e 2n ; ( SCxi ) + 2n ;( sCyi ) (3.72)
and

scy; = Atol + Rtol max {|xi| , |xi,Heun|} Ji=1,...n (3.73)
scy; = Atol +Rtolmax{|y,-| , |yl~,Heun’} ,i=1,..,n (3.74)

for a given number 7 of state variables.

The constant Afol > 0 denotes the tolerance for absolute errors, Rtol > 0 is the tolerance
for relative errors, and p > 1 is a constant factor which determines the magnitude of a possible
increase of the step size. In addition, X; gyier » Vi Euler a0 Xi Heun» YiHeuns i = 1, ..., n are the
components of the solution by the respective schemes, where (x,-, y,-) = (xl-, w,-), i=1,..,n
for the ODE system (3.27)-(3.32) and (x;,y;) = (p2i, 2i), i = 1,...,n for the ODE system
(3.67)-(3.70). For the particle method, (3.27)-(3.32) the aforementioned adaptive numerical
method with A,y = Ry = 1074, p = 2, and the parameters of Table 3.3 are used.

n b R | o a
Particle method (3.27)-(3.32) | 225 | 0.0606 | 1.9 | 30 | 0.4653

Table 3.3: Parameters of the Particle Method (3.27)-(3.32).

The functions &’ () and K(s) are obtained by using (3.33), (3.37) and the function

(0) { ( 0’)9 <=t (3.75)
k(p) = —1 .
P/(JR—P)’I <p<R

for the state-dependent viscosity term in (3.7)-(3.10). Finally, the approximations of the
solutions of (3.7)-(3.10) are obtained by using the equations (3.43)-(3.49) and the initial
condition: ) 5
] 025(x=1(0))" (x—L(0))", 1(0) < x < L(0)
pl0] = :
0, otherwise
~0.158 (x=0.5)* (x—1.5)*, 0.5<x< 15
wl0] =
0, x € (1(0),0.5] U[1.5,L(0))

(3.76)
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Figure 3.1: Solution profiles of model (3.7)-(3.10) produced by applying the
particle method (3.27)-(3.32).

n ot ox o
Numerical method 1 (NM1) (3.51)-(3.62) | 225 | 0.0033 | 0.0178 | 30

Table 3.4: Parameters of the numerical method (3.51)-(3.62) (NM1).

where /(0) = —0.52 and L(0) = 2.52.

Figure 3.1, shows the solution profiles and their convergence to an equilibrium point
(p,w) with 0 < p(x) < 1 and w(x) = 0 for all x € (I(z), L()) as time increases. Figure 3.2
and Figure 3.3 illustrate the time evolution of the discretized functionals defined by (3.38),
(3.39). Notice that both functionals E,, W, are not increasing, showing that the differential
inequalities (3.41), (3.42) are preserved.

Next, the numerical solutions produced by applying the proposed particle method are
compared with those of the numerical method (3.51)-(3.62) (NM1) and the method of lines
(3.67)-(3.70) (NM2). For the numerical method (3.51)-(3.62) (NM1), the parameters of Table
3.4 are used.

To compare the solutions of the particle method with the solutions of the method of lines
(3.67)-(3.70) (NM2), the solution of (3.67)-(3.70) is transformed from Lagrangian to Eule-
rian coordinates and its physical dimensions are removed through the variable transformation
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Figure 3.2: Time-evolution of the discretized functional E, defined by
(3.38) obtained by using the particle method (3.27)-(3.32).

%107

0 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
t

Figure 3.3: Time-evolution of the discretized functional W, defined by
(3.39) obtained by using the particle method (3.27)-(3.32).

n o s v r P Pmax | Vmax
Numerical Method 2 | 225|990 | 1.3665 | 33 1 | 63.1579 120 35
(NM2) (Method of lines)
(3.67)-(3.70)

Table 3.5: Parameters of the numerical method (3.67)-(3.70) (NM2).

& = rx + v*r and the dimensionless quantities 7 = L¢, b = MV R — fmax 5 ]y, — SV
v v P Vv

p = %, o= v—ﬁé’, where the values of &, v*, r , 0, Pmax » Vmax are given in Table 3.5. Note

that the transformation was made by integrating the differential equation & = ¥;,i = 1,...,n,
using the trapezoidal rule.

To obtain the numerical solution of (3.67)-(3.70), the aforementioned adaptive step size
scheme with A,y = Ry, = 1074, p = 2, is used again. Note also that the expressions of
the functions 3(¥), P(p), k(p) used in the ODE system (3.67)-(3.70) can be found by using
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Figure 3.5: Time-evolution of the quantities 'W,’f article ] _ yNM1[4) |,
IWgarl[cle [[] _ WrIlVM2 [t] |’ |WrILVM1 [t] _ WI{LVMZ [[] |

the function P(p) = & fﬁ k(t)dr, for all p € (0, pmax ), the definitions (3.75), (2.22) and the
relations of Table 3.1.

Figures 3.4 and 3.5 illustrate the small difference between the discretized functionals
E,[t], W, [t] obtained by applying the proposed particle method (3.27)-(3.32) and the numer-
ical methods (3.51)-(3.62) (NM1), (3.67)-(3.70) (NM2). Moreover, the sup-norms of the
difference between the numerical solutions for the states p, w are depicted in Figures 3.6, 3.7.
It is obvious that as time increases, and the solution converges to the equilibrium point where
0 < p(x) < 1, w(x) = 0, the difference between the numerical solutions becomes even
smaller.

Notice that (3.42) along with (3.39) imply the differential equation W, (t) = —20W,(t)
with analytical solution W, (1) = W,(0) exp(—207t). Figure 3.8 shows that the discretized
energy functional W, obtained by using the particle method is closer to the analytical solu-
tion of the differential equation W, () = —20-W,,(¢). Indeed, by plotting the time evolution
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of In(W,(#)/W,(0)) in Figure 3.9, it is shown that when the values of W, become very
small, the discretized functional W, produced by applying the particle method (3.27)-(3.32)
remains closer to the analytical solution W, (1) = W, (0) exp(—20t) compared to the dis-
cretized functionals of the numerical methods (3.51)-(3.62) (NM1), (3.67)-(3.70) (NM2),
which diverge. This fact implies that the differential inequality (3.26) is better preserved by
the particle method. Note also that a better approximation of the solution can be achieved
with the particle method by using smaller values for the tolerances Afol, Rtol.

However, the number of particles used, affects significantly the performance of the parti-
cle method with respect to the energy conservation. As shown in Figure 3.10, the differential
inequality (3.26), which indicates energy conservation, is better preserved with an increased
number of particles. More specifically, Figure 3.10 shows that for n = 225 particles, the
discretized energy functional W,, produced by the particle method, almost coincides with
the analytical solution of the differential equation W,,(t) = —20"W, () compared to the dis-
cretized energy functionals produced with smaller number of particles.
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Figure 3.9: Time-evolution of the quantities In(WZ"““[s]/W,[0]),

(WML (] /W, [0]), and In(WNM2[1] /W, [0]).

In addition, the computational cost for each numerical method is compared by means
of CPU time needed. Table 3.6 shows the corresponding results for the overall simulation
time #max of 33 time units, demonstrating that the CPU time needed for the proposed particle
method is significantly less than the corresponding CPU times of the numerical methods
(3.51)-(3.62) (NM1), (3.67)-(3.70) (NM2). It should be mentioned, that even in the case
of smaller tolerances (Ay,y = Ry = 10‘8) for the particle method, its execution time was
no more than 20 seconds. On the other hand, NM2 failed to give a result even after 2h.
The simulations were performed on Matlab R2021a and a laptop with Intel(R) Core(TM)
i7-7700HQ CPU 2.80GHz.

Finally, the numerical solution of model (3.7)-(3.10) produced by applying the particle
method (3.27)-(3.32) is compared with the numerical solutions of the reduced model (3.15)
obtained by using the numerical scheme (2.56)-(2.58) proposed in Theodosis et al. (2024)
with time-step 6t = 0.0033 and spatial discretization step é6x = 0.0178. Figure 3.11 and
Figure 3.12 show that the selection of the constant o plays an important role in the deviation
between the numerical solutions of the two models.
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Numerical Method CPU time (sec)
Particle Method (3.27)-(3.32) 18.65

NM1: (3.51)-(3.62) 274.52

NM2: (3.67)-(3.70) 171.97

Table 3.6: CPU times needed for the proposed particle method (3.27)-(3.32)
and the numerical methods (3.51)-(3.62), (3.67)-(3.70) with t,,x = 33 time

units.

As the value of constant o increases, the convergence of the solution of model (3.7)-
(3.10) to the solution of the reduced model becomes faster and therefore the difference be-
tween the numerical solutions is faster suppressed. Figure 3.13 illustrates the small difference
between the numerical solution of model (3.7)-(3.10) and the numerical solution of the re-
duced model (3.15). Although a different initial condition w[0] is given for each model, it is
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obvious that the sup-norm of the difference between the numerical solutions becomes small
very fast, indicating the high accuracy provided by the reduced model.

3.5.2 A realistic traffic scenario and comparison with the ARZ

In this section, a traffic scenario is considered to compare the density, mean speed, accelera-
tion, and flow of the macro-PRCC (3.1)-(3.4) with a well-known second-order macroscopic
traffic flow model for human drivers, the so-called ARZ model (see Aw and Rascle (2000),
Zhang (2002)). For this scenario, the numerical solutions produced by applying the particle
method (3.27)-(3.32) are also compared with the numerical solutions of (3.51)-(3.62) (NM1),
(3.67)-(3.70) (NM2) and the numerical solutions of the reduced model (3.6). Note that this
example is an analogue of the traffic application presented in Section 2.5.2, where the re-
duced model (3.6) was compared with a first-order traffic flow model for human drivers, the
so-called LWR model (see Lighthill and Whitham (1955), Richards (1956)). Using the Rie-
mann coordinate s = ¥ — F(p) (see (1.4), (1.5)), the ARZ model (1.1), (1.3) with & = %,
0 > 0, can be written in the following form:
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Pr+ (v 4+ PF(5))e = 0 (3.77)

v 07fp + ¥F(p))e = (3.78)

where y = ps and F(p) is the equilibrium speed profile given by the expression:

F(p) = vyexp (-% (ﬁ)d]. (3.79)

c

Note that d is a positive constant, p. is the critical density, vy is the free-flow speed and
0 is the relaxation time. In this scenario, a single-lane motorway is considered with vy =
102 (km/h), pmax = 180 (veh/km), d = 2.34 and p. = 33.3 (veh/km) that were estimated
in Kotsialos et al. (2002) based on real data from a part of the Amsterdam A10 motorway.
The initial condition used for this scenario is illustrated in Figure 3.14. Notice that the initial
density on the road is characterized by a congestion belt in the interval [1.5,2.75] (km) with
Po(€) = 0foré <1(0) = 0and & > L(0) = 4. Moreover, the density has been selected to be
lower than the critical density p, outside the congested area. For the macro-PRCC (3.1)-(3.4),
the particle method (3.27)-(3.32) is applied by using the adaptive step size numerical scheme
discussed in Section 3.5.1 with p = 2 and tolerances Atol = Rtol = 107>. The following
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function is also used:

() { et (3.80)
k(p) =cq (-1 '
p(R—p)’l<p<R

where ¢ > 0 is a constant that is used to increase or decrease the viscosity. For the comparison
with the ARZ, the value ¢ = 40 is used. Note that the functions K (s),®’(s) are given by
means of (3.80) and (3.33), (3.37), while the expressions of the functions 5(¥), ¥(p) involved
in the macro-PRCC (3.1)-(3.4) can be found by using (3.80), (2.22) and the relations of
Table 3.1. Moreover, the parameters v* = 102 (km/h) (equal to the free-flow speed vy ),

p =31 (veh/km), r =1 (km), & = 3060 (1/h) are used, and recall that the quantities R,

b, and o are given by R = £u& > ], p = “mecl Y and o = L7, respectively.

To approximate the solutions of the ARZ model (3.77)—(3.79), a second-order central
scheme for balance laws described in Liotta et al. (2000) is used, which is the extension
of the Nessyahu-Tadmor scheme for conservation laws proposed in Nessyahu and Tadmor
(1990). By expressing the ARZ model (3.77)-(3.79) in the following conservative form:

U:+ (f(U))e =R(U) (3.81)
P y+pF(p) ] [ 0 ]
where U = , f(U) = - - |,and R(U) = , the scheme reads as
[ y ] 1) [yz/p+yF(p) W= s
follows:
1, , , ot
Utkj:ll/Z = E(Uk + Ul+l> + g(U UH-I) 6{; (f(Ulk—:rll/z) f(Utk+1/2))
3 3 ) (3.82)
k+1/3 k+1/3 k+1
+5T(§R(Ui )+ = A R(U. )+4 (UlH/Z))
where
U! = min mod(U%, | - U, Uf - UL,)) (3.83)
U2 = Uk+5 ( (U172 ) (3.84)
5 .
Uk+1/3 Uk Uk+1/3 385
+ 3 6§ (3.85)
f/ = minmod(f (U, ) - f(U¥), £(UF) - F(U)) (3.86)
" () min (1. b)) if sen(x) = sgn(y)
. | sgn(x)min (|x|,|yl), if sgn(x) = sgn(y
min mod(x,y) = { 0. otherwise (3.87)
with 67, 6¢ > 0 being the time-step and the spatial discretization step. Moreover, Uk Ukl

i+1/2
are the numerical values at the points & = i6¢, &1/ = (i + 1/2)6& and at times 7, = k6T,

txr1 = (k+ 1)o7, while UlHl/z, U;‘+1/3 are the numerical values at the point & = i8¢ and
attimes 1,2 = (k+1/2)67, t111/3 = (k+ 1/3)67, respectively.

By selecting § = 20 (), 6¢ = 0.04, 67 = 107 for the numerical scheme (3.82)-(3.87)
and a = 0.2411, n = 226 particles/vehicles on the interval (I(0), L(0)) (km) for the particle
method, the density and speed profiles illustrated in Figure 3.15 and Figure 3.16 are obtained.
Figure 3.15 shows that the dissipation of density is much stronger for the ARZ model while
the density is spread over a large road interval for increasing 7 > 0. More specifically, for
7 = 1(h), the density is non-zero over the interval (90, 106) (km), which implies that the
vehicles retain large inter-vehicle distances. Notice also that the density for the macro-PRCC

model converges towards an equilibrium where ¥(¢) = v*, p(€) < p < p.r and the travel
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Figure 3.15: Density profiles for the ARZ model obtained by using 6 =
20 (s) (top), and density profiles of the macro-PRCC (3.1)-(3.4) with v* =
102 (km/h) (bottom).
time is lower using the macro-PRCC, since, for 7 = 1 (h), vehicles are in the interval

(102,106) (km), while with the ARZ model, vehicles are in the interval (90, 106) (km).

Due to the fact that the use of the macro-PRCC (3.1)-(3.4) causes the convergence of
density towards an equilibrium near the critical density, while vehicles are spread in a small
space interval (see Figure 3.15), it is expected that the flow ¢ = p¥ is much higher for the
macro-PRCC compared to the ARZ. Indeed, this can be noticed in Table 3.7 where the mean
flow for each model is compared using the definition:

T rb(t) 5 5
Mean Flow = 1 f f . dedt
T Jo Jawy b(1)—alr)

where T > 0 denotes the time horizon and [a(7), b(7)] denotes the interval where p(7,£&) # 0
for & € [a(7),b(7)] at each time instant 7 > 0. Notice that the mean flow obtained with the
ARZ model is achieved with the macro-PRCC (3.1)-(3.4) by using a significantly smaller
desired speed v* = 30.8 (km/h) than the free-flow speed vy = 102 (km/h) of the ARZ.

Figure 3.17 displays the sup-norms of the accelerations by using the ARZ and the macro-
PRCC (3.1)-(3.4). Since the vehicles with the macro-PRCC obtain the desired speed v* faster
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macro-PRCC macro-PRCC macro-PRCC ARZ using
(3.1)-(3.4) with | (3.1)-(3.4) with | (3.1)-(3.4) with | § =20 (s)
v = |V = |V = |and vy =
102 (km/h) 70 (km/h) 30.8 (km/h) 102 (km/h)
Mean Flow 3388 (veh/h) 2229 (veh/h) 963 (veh/h) 963 (veh/h)

Table 3.7: Mean Flow.

compared to the ARZ (see Figure 3.16), the maximum accelerations of the vehicles using
the macro-PRCC (3.1)-(3.4) are decreasing faster compared to those of the ARZ model,
which fluctuate at the first time instants and then converge to lower values. Notice also
that the acceleration of the macro-PRCC (3.1)-(3.4) is close to the acceleration of the ARZ
model. This occurs due to the selection of the parameter & which appears on the friction term
—-6pB(¥) of the speed PDE (3.2). The constant & has the potential to affect the tendency of
vehicles to adjust their speed to the speed set-point v*. Consequently, by changing the value
of the parameter & we can increase or decrease the acceleration of vehicles.
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Figure 3.17: Sup-norm of the acceleration of the ARZ model and the macro-

PRCC.
Numerical Method CPU time (sec)
Particle Method (3.27)-(3.32) 391.32
NM1: (3.51)-(3.62) 2034.76
NM2: (3.67)-(3.70) 1602.21
numerical scheme (2.56)-(2.58) 2104.13

Table 3.8: CPU times needed for the proposed particle method (3.27)-(3.32),
the numerical methods (3.51)-(3.62) (NM1), (3.67)-(3.70) (NM2) and the
numerical method presented in Chapter 2 for the reduced model (3.6).

Next, the numerical solutions produced by applying the particle method (3.27)-(3.32)
are compared with the numerical solutions of (3.51)-(3.62) (NM1), (3.67)-(3.70) (NM2) and
the numerical solutions of the reduced model (3.6) produced by using the numerical scheme
(2.56)-(2.58). Figures 3.18, 3.19 illustrate the profile solutions of the macro-PRCC (3.1)-
(3.4) produced by applying each one of the aforementioned numerical methods. It is obvious
that the difference between the numerical solutions is very small and it tends to be even

*

smaller as time increases and the solutions converge to the equilibrium point ¥(£) = v,
p(&) <p.£e(i(x).L(x)).

The computational cost of each numerical method, in terms of CPU time needed, is given
in Table 3.8 for the overall simulation time of #n,x = 0.1 (k). Again, the CPU time needed
for the proposed particle method is significantly less than the corresponding CPU times of
NM1 (3.51)-(3.62), NM2 (3.67)-(3.70) and the numerical method presented in Chapter 2 for
the numerical approximation of the reduced model (3.6). The simulations were performed
on Matlab R2021a and a laptop with Intel(R) Core(TM) i7-7700HQ CPU 2.80GHz.

Moreover, the proposed particle method (3.27)-(3.32) provides higher accuracy approxi-
mations compared to the numerical methods (3.51)-(3.62) (NM1), (3.67)-(3.70) (NM2) with
respect to the discretized energy functional W, defined by (3.39) preserving the inequality
(3.42). This conclusion can be reached by plotting the time evolution of In(W,(7)/W,(0))
in Figure 3.20. It is shown that the discretized functional W, obtained by using the par-
ticle method coincides with the analytical solution of the differential equation W, (1) =
—20"W,(t) while the discretized functionals produced by applying the methods (3.51)-(3.62)
(NM1), (3.67)-(3.70) (NM2) diverge. This fact implies that the differential inequality (3.26)
is strongly preserved by the particle method.
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Figure 3.18: Density profiles of the macro-PRCC (3.1)-(3.4) at = 0.2 (h),
r=05(h), v =0.75(h), and v = 1 (h).

It should be noted that the solutions of the macro-PRCC (3.1)-(3.4) can be influenced by
increasing (or decreasing) the viscosity function (3.80) through the constant ¢ or replacing
the entire function with a different one. For instance, the use of a variety of ¢ values for the
viscosity function (3.80) yields the density profiles illustrated in Figure 3.21. It is shown that
the convergence rate of density becomes faster by increasing viscosity through the constant
c¢. Since the density decreases faster by increasing viscosity (Fig. 3.21), by replacing the
function (3.80) with the following

0,0<p<l1
ey < p <y
o) =1 g, (3.88)
cp[()R—p) +A(r _p)3(P - ”1)3,1‘1 <p<n
(p-1)
Compy 2 <P <R

where A = 27 x 10%, r; = 1.3, r, = 1.9, the highly congested parts of the highway can be
relieved of congestion. By using ¢ = 1 for both functions (3.80), (3.88), Fig. 3.22 shows
that the dissipation of density along the congestion belt is stronger with the use of (3.88).
More specifically, at 7 = 0.005(%) (see Fig. 3.22 (top)), the density obtained by using (3.88)
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Figure 3.19: Speed profiles of the macro-PRCC (3.1)-(3.4) at 7 = 0.2 (h),
r=05(h), v =0.75(h), and T = 1 (h).

achieves roughly the same level of maximum density with that produced by using (3.80),
while the vehicles are spread over a large road interval. At v = 0.5(h) (see Fig. 3.22
(middle)), the maximum density obtained by using (3.88) is significantly less than that of
(3.80), while at T = 5(h) (see Fig. 3.22 (bottom)), the level of maximum density achieved
with both functions (3.80), (3.88) is almost the same.

3.6 Conclusions

A particle method for approximating the solutions of the macro-PRCC has been presented.
This method preserves all the differential inequalities that hold for the macroscopic traffic
model: mass is preserved, the mechanical energy is decaying and an energy functional is
also decaying. To evaluate the performance of the employed particle method, a compari-
son with other numerical methods for viscous compressible fluid models is provided. It is
shown that although the difference between the numerical solutions is small, the proposed
particle method produces sharper accuracy in the numerical solutions, as it better preserves
a certain differential inequality for energy conservation that holds for the macroscopic traf-
fic model. Moreover, the particle method under consideration has much less computational
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Figure 3.21: Density profiles of the macro-PRCC (3.1)-(3.4) for a variety of
¢ values.

cost, in terms of CPU time, compared to the numerical methods used for viscous compress-
ible fluid models, since both the fixed time step used in the numerical method (3.51)-(3.62)
(NM1) and the transformation from Lagrangian to Eulerian coordinates required in the nu-
merical method (3.67)-(3.70) (NM2), affect significantly the CPU time. On the contrary,
both the fact that the solution of the ODE system involved in the particle method is approx-
imated by using an adaptive step size numerical scheme, and the fact that the approximation
of the macro-PRCC'’s solution is given directly in Eulerian coordinates, lead to lower CPU
times. In addition, since the solutions of the macroscopic traffic model are approximated
by the solutions of a reduced model consisting of a single nonlinear heat-type partial differ-
ential equation, the numerical solutions produced by the proposed particle method are also
compared with the numerical solutions provided for the reduced model, verifying its high ac-
curacy approximations. Finally, the properties of the macro-PRCC model are demonstrated
by applying a traffic simulation scenario. In this scenario, the macro-PRCC is compared with
the ARZ model showing that the mean flow is much higher with the use of CAVs and the
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Figure 3.22: Density profiles of the macro-PRCC at 7 = 0.005(k) (top),
7 = 0.5(h) (middle), and 7 = 5(h) (bottom) using the functions (3.80),
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acceleration remains close to the acceleration produced by the ARZ model.
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3.7 Proofs

Proof of Proposition 3.3.1: Using (3.38), (3.27), (3.28) and (3.18) we get:

— % Z H’ (wi(0) Wi (1) + Z @’ (nas;(t))si(t)

- EZWL ))wi(t —l—zq) (nas;(t)) (wi-1 () = wi(t))

- %wl (0 (w1 (1)) (1) + %Wn(t)ﬁ om0 (1)

+ % = wi (1) (wi(1))wi(t) + Zn: @’ (nas; (1)) (wi—1 (t) —w;(t)) (3.89)
i=2 i=2

Moreover, using (3.29), (3.30), (3.31) we get from (3.89) that:

o

En(1) = ——wi(1)B(w1 (1)) = wi (1)@’ (nasa (1)) + nwi (1)K (nasz (1)) (w2 (1) = wi (1))
= = (DB(wa (1)) + i (1) (nasi (1)) + mow (1)K (nasi(£)) (w1 (1) = wi (1))
- % Zwi(t)ﬁ(wf(t)) * 2 wi(1)®' (nasi(t)) - : wi ()@’ (nasit1(t))
o : wi()K (nasi(t)) (wi-1 () —wi(t)) +n ’;_; wi(1)K (nasiy1(2)) (wit1 (1) = wi(1))
+ ; D' (nasi(1)) (wi-1(£) = wi()) (3.90)

Since Y/7 w;i(t)®’ (nasit1(t)) = 3", win1® (nas;(t)), it follows by rearranging terms in
(3.90) that:

E,(t) = —nwi (1)K (nasy (1)) (w1 (1) = wa(2))? = nw, (1)K (nas, () (w1 (£) = wa(2))?

S wil)K (nasi(0)) (wict () = wil1) 0 S wilt)K (nasisn (1)) Qv (1) = wi(1)
=3 i=2
= 2 iOBO(0) = =n 3 K(nasi(0) (vt (1) = wil0) = - 57 wil0)B(wi(1))

Recall that from (3.35), K(s) > 0 for all s € (%,—i—oo). Therefore, it holds that

", K(nasi(t))(wi—1(t) = wi(t))? > 0. Moreover, the fact that 3,7, w;(£)B(wi(t)) > 0
is a direct consequence of the fact that f(0) = 0 and the fact that 8'(w) = g(w) =
(1+ b)z% > 0 for all w € (=1, b), which implies that the function S(w) defined

by (2.22) is increasing. Consequently, we obtain from (3.91) that:

= —nZK nas; (1)) (wi_i (t) —wi(1))? = — Zwi(f)ﬁ(wi(t)) <0.

The proof is complete. «
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Proof of Proposition 3.3.2: A direct consequence of Proposition 3.3.1 is the following
inequality:

Eu(t) = = 3 HOwi(0) + = 3" @(nasi(r)
i=1 i=2
< E,(0) = % Z H(wi(0)) + i Z ®(nasi(0)) (3.92)
i=1 i=2

as long as the solution of (3.27)-(3.31) is defined. Using the fact that H(w) > 0 for all
w € (—1,D) (see (3.18)) and the fact that ®(s) > 0 for all s € (%, —|—oo) (a consequence of
(3.35)), we get from (3.92) that:

®(nas;(1)) < i H(w;(0)) + i ®(nas;(0)), fori =2,...n (3.93)
j=1 =2
H(wi(1)) < iH(wj(O)) + i@(nasj(O)), fori=1,...,n (3.94)

Using the fact that lim H(w) = linbl H(w) = 4o and (3.94) we conclude that
w—0"

wo(=1)F

there exist constants —1 < Win < Wmax < b such that w;() € [Wmin, Wmax] fori = 1,...,n
as long as the solution of (3.27)-(3.32) is defined. Using (3.36) and (3.93) we also conclude
that there exists a constant sy, > ﬁ such that s;(¢) > smin for i = 2,...,n as long as
the solution of (3.27)-(3.31) exists. Notice that boundedness of w;(f) € [Wmin, Wmax], for
i = 1,...,n as long as the solution of (2.27)-(3.31) is defined, implies that §;(¢) are bounded
for all i = 2,...,n . Moreover, by virtue of (3.35) and since s;(¢) > smin We also obtain
boundedness of @’ (s;) and K (s;), which in conjunction with continuity of 8’(w) and the fact
that w;(¢) € [Wmin, Wmax], for i = 1, ...,n, as long as the solution of (3.27)-(3.31) is defined,
implies that v'v,-(t), are bounded for all i = 1, ...,n. The latter, in conjunction with (3.41) of
Proposition 3.3.1, and Theorem 1 in Karafyllis et al. (2025a), implies that every solution of
(3.27)-(3.31) is defined for all t > 0. «

Proof of Proposition 3.3.3: Using (3.37) we obtain

o (s) = %K(l)

N

which due to definition (3.33) implies that

" (s) = %K(s). (3.95)

Combining definition (3.40) and (3.95) we get that fori = 2,...,.n—1

¢i(t) = B (wi(0)wi(1) + n*aK (nasii (1)) (wit) = wis1 (1))
—n*ak (nas;i(t)) (wie1 (1) = wi(1)) . (3.96)

Next, using (3.30), (3.39), (3.40), and (3.96) we get:

n—

W, (1) = @i(t)¢i(t)

1
na

Il
IS}

i
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= Z ¢i(t) (—oB(wi(t)) + na®’ (nas;(t)) —na® (nasi+(t))

na
i=

+n’akK (nasi(1)) (wi-1 (1) = wi()) + n*aK (ﬂaSi+1(f)) (Wit (2) - Wi(f)))

+n Z ei(t)K (nasi1(1))(wi(t) =wir1(2)) —n Z wi(t)K(nas;(t)) (wi—1 (1) = wi(t))
--= ”2 (1) (BOn(1)) + 07 na (& (nasye1 (1) - (nasi())). G97)
i—2

Using again definition (3.40), we get from (3.97) that

This completes the proof. «
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Chapter 4

Calibration of the macro-GCC

4.1 Abstract

This chapter provides evidence that the proposed macroscopic models for the description of
the traffic flow of vehicles under the effect of CCs are successful even in very complex cases.
More specifically, the macro-GCC is calibrated to fit traffic data collected from the micro-
scopic simulation with a lane-free vehicle movement strategy. The considered macroscopic
model was formally derived - using a particle method - from the particular microscopic move-
ment strategy. To evaluate the accuracy of the calibrated macro-GCC, two traffic scenarios
are considered. In the first scenario, a highway stretch with an off-ramp and an on-ramp
is used, while in the second scenario a funnel-like narrowing of the road is considered. In
both cases, it is shown that the calibrated macro-GCC reproduces with high accuracy all the
dynamically changing traffic conditions that appear in the microscopically produced traffic
data.

4.2 Introduction

In the previous chapters, a specific selection of the functions involved in the PRCC enabled
a model reduction for the formally derived macroscopic model i.e. the macro-PRCC. The
theoretical properties of the reduced model’s solutions were studied in Chapter 2 and a nu-
merical scheme was constructed to approximate its solutions. In Chapter 3, several numer-
ical methods were compared to approximate the solutions of the macro-PRCC. However,
the most crucial issue is the performance evaluation of the proposed macroscopic models in
complex driving situations. At first glance, the answer to this question seems uncertain since
the macroscopic models under consideration have been formally derived from the respective
CCs under the assumption that the movement of vehicles is lane-based (see Karafyllis et al.
(20224d)) (i.e., itis 1-D movement). Therefore, when the vehicles are allowed to change lanes
or even move in a lane-free road and when there are on-ramps, off-ramps and changes in the
road width then one cannot be sure that the macroscopic models will describe accurately the
traffic flow. The present work is the first attempt to give an answer to this question.

This chapter provides evidence that the proposed macroscopic models for the description
of the traffic flow of vehicles under the effect of CCs are successful even in very complex
cases. Indeed, two distinct traffic scenarios are studied, each involving a different kind of
traffic bottleneck, for which macroscopic traffic data are collected from microscopic simu-
lations using the GCC (Karafyllis et al. (2025b)). The GCC is the generalized case of the
CCs proposed in Karafyllis et al. (2022d) and allows the consideration of many real complex
driving situations, including the presence of on-ramps and off-ramps, the consideration of
variable-width roads, the possibility of each vehicle to move within its own corridor, and the
potential to have different individual desired speeds for each vehicle. The first scenario deals
with a highway stretch that includes an on-ramp and an off-ramp. In the second scenario,



Chapter 4. Calibration of the macro-GCC 70

a highway with a width-reducing funnel is employed. In both cases, each of the vehicles
involved has its own desired speed, which leads to a realistic traffic environment with vivid
overtakes. Also, in both cases the vehicle speed reduces, and congestion is formed at the
respective bottleneck, i.e. at the on-ramp merge area and at the width-narrowing funnel. By
calibrating the formally derived macroscopic model (i.e. the macro-GCC), it is shown that
all the traffic conditions appearing in the microscopically produced data are reproduced with
high accuracy. Moreover, all formulas that link the CC parameters and the “traffic fluid”
physical properties (see Table 4.1 below) are verified. In addition, the calibrated macro-GCC
model estimates properly the congestion spillback, the acceleration of vehicles downstream
of the congestion area as well as the capacity drop and the hysteresis phenomena observed in
the microscopic data in both scenarios (see Section 4.6 below).

In summary, the structure of this Chapter is as follows. Section 4.3 presents the continuous-
time and the derived discrete-time microscopic models, the latter used for simulation to pro-
duce macroscopic traffic data. Section 4.4 is devoted to the presentation of the continuous
and the discretized macro-GCC models to be calibrated. The calibration procedure is de-
scribed in Section 4.5. Section 4.6 presents the two traffic scenarios and calibration results.
Finally, Section 4.7 gives the concluding remarks of the present work.

4.3 Microscopic model

4.3.1 Continuous-time model

In this context, the microscopic model that is employed to describe the vehicle movement is
the bicycle kinematic model. This model has been widely used in the literature (Polack et al.
(2017), Rajamani (2012)) and is given by the following set of ODEs (Ordinary Differential
Equations), where subscript i refers to vehicle #i:

%i = vicos (6;)

yi =V sin (9,)
9,' = (rl._lvitan ((5,’) “.1)
vi = Fj

fori = 1,...,n. The variables of model (4.1) are visualized in Fig. 4.1, where (x;,y;) is the
vehicle’s reference point which is placed at the midpoint of the rear axle, with x; being the
longitudinal position and y; being the lateral position of the vehicle in an inertial frame with
Cartesian coordinates (X, Y); v; > 0 is the vehicle speed at the point (x;,y;), 6; € (—g, 7_2r) is
the vehicle orientation with respect to the X-axis, and o; > 0 is the vehicle length. Finally,
0; and F; are the control inputs of the i-th vehicle, where ¢; is the steering angle of the front
wheels relative to the orientation §; and F; is the acceleration.
Let vimax > 0 be the road speed limit and ¢ € (0, ’%) be an angle that satisfies:

cos (¢) > max (4.2)

where v € (0,vmax) is the speed set-point of each vehicle i = 1,...,n. Inequality (4.2)
is a technical condition that ensures that the maximum orientation angle of the vehicles is
restricted, i.e. 6; € (—¢,¢). This mild restriction is necessary for the safe movement of
vehicles. Moreover, it is assumed that each vehicle i = 1,...,n follows a path which is
contained in the set (corridor)
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Y

Yi

Figure 4.1: The bicycle kinematic model.

Yi={(xy):xeR, ai(x) <y<pBi(x)} (4.3)

with @; : R - R and 8; : R — IR being C? functions (the corridor boundaries), for which
there exist constants rmax > rmin > 0 and Ymax, Ymin € IR With yimax > Ymin such that the
following hold forall x e R, i =1, ..., n:

Ymax = ﬁi(x)’ a’i(x) 2 Ymin 4.4)

Fmax = Bi(x) — @i(x) = rmin > 0 4.5)

max sup (21 sup (1)) < an(e) 6
£eR £eR

su}g (I (x)] + 18 (x)]) < +o0. 4.7

Inequalities (4.5) specify the maximum and minimum width of each corridor Y;, i = 1, ..., n.
The boundedness of the corridor boundaries in (4.4) is not only a technical requirement but
also shows that if yyax is small and yp;, is large, then, due to (4.5) the width of the corridor
(4.3) would also be small. In addition, inequalities (4.6) are used to ensure that the rate of
change of each corridor boundary will not exceed the maximum orientation angle of each
vehicle. It should be noted that it is possible for a corridor Y; not to have common points with
a corridor Y; (with j # i) of a different vehicle. In the case that all vehicles share the same
corridor, i.e. @;(x) = a(x) and B;(x) = B(x), then the functions a(x) and B(x) constitute
the boundaries of the road.
In what follows, the distance between vehicles is defined by

di,j = \/(xl- - Xj)2 +p (y,' —yj)z fori,j=1,..,n (4.8)

where p > 0 is a constant that is used to adapt the distance metric to the rectangular shape of
the vehicles.
Let
o ! 4n
W = (X1, cees Xty Vs ees Yits Ol eees Oy V14 oy V) € R™. (4.9)
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Non-Interaction Area

on-Intrusion Area

Interaction Area

Figure 4.2: Interaction and non-intrusion areas around a vehicle.

Define also the set

(xi7yi) €Y,i=1,..,n
Q:={weR": v e (0,vmx), 0l<p, i=1,..,n (4.10)
dij>L, i,j=1,.,n, j#i

where L > 0 (Fig. 4.2) is a safety distance that prevents collisions (non-intrusion area). The
set () describes all possible states of a system of n vehicles. More specifically, the vehicles
should stay within the corridor boundaries, i.e. (x;,y;) € ¥;, no vehicle can move backwards
or exceed the road speed limit, i.e. v; € (0,vmax), the vehicles should not be able to turn
perpendicular to the road, i.e. |6;| < ¢, and the minimum intervehicle distance should always
be greater than L to avoid collisions, i.e. d; j > L.

Next, a potential function V is defined, which will be used to create repulsion forces
among vehicles depending on their distance. Let V : (L, +c00) — IR, be a C? function that
satisfies the following properties

lim (V(d)) = 4.11
Jim (V(d)) = +oo .11
V(d) =0, foralld > (4.12)

where A > L is a constant which determines the required real-time information zone around
each vehicle (Fig. 4.2) (interaction area). In the case that the intervehicle distance d; ; be-
comes greater than A, the condition (4.12) implies that there is no repulsion, hence no infor-
mation exchange between the vehicles.

A potential function to account for repulsion from the corridor boundaries is also consid-
ered. This is the C? function U : (—1,1) — IR that satisfies

U (0) =0 4.13)
lim (U (s)) = +oo, lir? (U (5)) = 0. (4.14)
o (=1)" s—1-

The potential functions V and U have been extensively used in the literature for avoiding
collisions and road boundary violation, respectively (see Karafyllis et al. (2022d), Wolf and
Burdick (2008)).
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It should be noted that in Karafyllis et al. (2025b), where the GCC was initially proposed,
the constant p involved in (4.8), the safety distance L, as well as the potential function V were
defined for pairs of vehicles, i.e. p;;, Lij, Vij, i,j = 1,...,n,i # j, allowing the interactions
between different vehicle pairs to vary. However, in the present work, the same p, L and V
are considered for all vehicle couples for simplicity. Moreover, in Karafyllis et al. (2025b)
the potential function U was defined as U;, i = 1, ..., n, meaning that the interaction between
each vehicle i and the corridor boundaries can be different for each vehicle. For convenience,
in the present work, the same potential U is considered for all vehicles.

Let & : R — (0, 1] be a non-increasing C? function that satisfies

g(x)=1forx<eandd(x)x <Mforx>¢ (4.15)
sup (|67 (x)| + |67 (x)]) < +o0 (4.16)
xeR

where M and ¢ are positive constants. The function & is used in the controllers to adjust the
desired speed of each vehicle based on the distance and the repulsive force produced by the
potential function V from neighboring vehicles within the interaction area (see (4.20) below).
Essentially, vehicles reduce their desired speed if there are more close vehicles interacting
with them. It should be also noted that the function & induces and plays the role of viscosity
as it will become clear from the macroscopic version of the GCC (Section 4.3).

The GCC, applied to each vehicle i, receives real-time information and produces the
vehicle’s control inputs F;, ;. The required real-time information comprises: the state
(xi,yi, 6;, v;) of the vehicle i, the relative positions and relative speeds of all vehicles given by

(Xj = XiyYj = Vi Xi — Xj, Vi — y]) that are in distance di,j = \/(xi - Xj)2 + p(y,' - yj)2 less than
A, the values of its own boundary functions @;(x), 8;(x) and their derivatives a/(x), 8}(x)
and o (x), B! (x) at the current x-coordinate of the position of the vehicle. The GCC equa-
tions are given as follows:

(v (vicos (6:) = &i(W)) + i(W) + &ixi yi) Zi(W))

Fi=- !
q(vi, 0;, &i(W))
o2 5;
maxﬁ v? sin(6;) tan( )) win
Q(Vz, 0;, gz( ))Vi(vmax - Vi)
where
X — x; )
= > V'(di) , for e Q) (4.18)
J#I i’j
Ei(w) = ; pV'(d;j) (yidz;;j), forw e Q (4.19)
& (W) =via (P; (W) + gi (xiyi) Ei (W)) (4.20)

fori =1,...,n, and

 (cos (6;) — cos (¢) )
i = arctan(zo-l_( (6) (¢)) (—l”vi2 (sin(6;)gi(xi, yi) cos(6;))

erznaxvihi (-xi’ yi’ei)

oy (i (Bi(x) 4 a@ixi))
_O'p-q(W) U( ﬂi(xl')_ai(-xi) )
207

*Bilx) — () )) .21

_ 5 oicos(6;)ki(x;,yi, 0;)
T cos(6;) — cos(p)
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where b,y,T > 0 are constants and Ww € ()

(Bi(x) —y)ai(é) + (v - ai(x))B;(x)

iXy) = 4.22
&%) Bi(x) — ai(x) @22
for all (x,y) € Y;,
- d
Z,'(W) = V?d” (q)l(W) + gi(x,-,y,-)E,-(W)) E (q),(ﬂ/) + g,-(x,-,yi)Ei(W)) (423)
foralweQ,i=1,..,n
5 (v. 6. _ .2 VmaxV COS(Q) + {Vmax — 24y 4.04
q(V {) Vinax ’ (vmax B V)2 v2 ( )
forall v € (0,vmax), 0 € (—¢,¢) , L € R
hi(x,y,60) = 2cos(6) (cos(#) —cos(¢)) + sin’(0)
+ sin(0)gi(x,y)(cos(0) —2cos(¢)) (4.25)
forall (x,y) € Y;,0€ (—p,0),i=1,...,n
(o . yi_ai(xi) " _ yi_ai(xi) "o
ki 0) = cos) 5280 + (1SS ot )
(i) = s(x2)) sin(8) — g () cos(9)) LG o)

(Bi(xi) — ai(xi)”

forall (x;,y;) € Yi,0 € (—p, ), i = 1,...,n.

In controller (4.17), the term y (v; cos (6;) — ¢;(W)) is used to regulate the speed of the
vehicle i towards its desired speed while the term ®;(Ww) is used for collision avoidance,
the term g;(x;,y;)Z;(W) counteracts the change of the vehicle’s angular movement, and fi-
nally, the term Z;(#) considers the relative speeds of neighboring vehicles. Similarly, for the
steering angle (4.21), the term I'v? (sin(6;) — g;(xi, y;) cos(6;)) regulates the vehicle’s lateral
speed relative to the rate of change of the corridor boundaries, the potential U’ is responsible
for the vehicle i to stay within the corridor boundaries, while the remaining terms of (4.21)
affect the vehicle’s steering angle based on the corridor boundaries. From a fluid-like perspec-
tive, each of the terms included in (4.17) has specific meaning, as it will become clear from
the macroscopic version of the GCC (Section 4.3). More specifically, y (v; cos (6;) — &i(W))
is a friction term, ®;(W) is a pressure term, and Z;(W) + o7 'v? sin(6;) tan(g;) is a viscous
term.

The feedback control laws (4.17), (4.21) were designed in Karafyllis et al. (2025b)
following a Lyapunov based methodology (using a pseudo-relativistic mechanical energy
function as a Lyapunov function (see (A.5))) and ensure the following property: For any

w(0) € Q, we have w (r) € Q for all + > 0, which (recall definition (4.10)) rigorously
guarantees that:

e there are no collisions between vehicles (i.e., d; ; (t) >Lfort>0,i,j =1,..,n,
J#FIL)
e no vehicle will exit its corridor set (i.e., (x;(7),yi(r)) € Y;for t > 0);

e no vehicle will exceed the road speed limit or move in the upstream direction (i.e.,
vi(t) € (0, vmax ) for z > 0);
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o the orientation of each vehicle is always bounded by the given value ¢ € (O, %) (i.e.,
|6:(2)| < ¢ for t > 0).

4.3.2 Sampled-data model

A common approach to using a continuous-time cruise controller in practical frameworks
is to implement it as a digital controller (see Theodosis et al. (2022), Naderi et al. (2024),
Hetel et al. (2017)). More specifically, by using the sampled version of the system’s state
w (k) at each sampling instant k7 , k = 0,1,2,..., with T being the sampling period, the
control inputs F;, §; given by (4.17), and (4.21), respectively, can be digitalized and produce
a sequence of control values F; (k), 6; (k). This way, a discrete-time version of the bicycle
kinematic model can be obtained through analytically integrating (4.1), while considering
that the control inputs F;, 6; are constant on the time interval kT, (k+ 1) T) ,k=0,1,2, ...
Defining

wi (k) := o7 tan (6; (k)), fori=1,...,n, (4.27)
the discrete-time bicycle kinematic model is derived as follows:
If w; (k) # 0 :
x(k+ 1) = x; (k) + wil(k) (sin (ei (k) + (v,- (k) + F; (k) E)wl (k) T)
— sin (0; (k)) ) (4.28)
yi(k+1) = yi (k) - wil(k) (cos (61 () + (v (0) + Fi (0) 5 ) (0) )
—cos (6; (k)) ) (4.29)
T
6 (k+1) =6 (k) + (v,- (k) + F; (k) E)wi (k)T (4.30)
vi(k+1) =v; (k) + Fi (k)T 4.31)
and if w; (k) =0
i (k1) = 3 () + (vi (6) + i (&) g)cos 6 (k)T 4.32)
i (k1) = 31 () o+ (v () + F () g) sin (6, (k) T 433)
6; (k+1) = 6; (k) (4.34)
Vi (k—|— 1) =V; (k) + F; (k)T (4.35)

where the states x; (k), y; (k), 0; (k), v; (k) denote the longitudinal position, the lateral po-
sition, the orientation, and the speed of the vehicle i at the time instant k7', k = 0, 1,2, ...,
while the control input values F; (k), &; (k) denote the acceleration and the steering angle
of the vehicle i at the time period [kT, (k+ 1) T). The acceleration F; is saturated and is
limited to stay within the range [F ‘mins F maX], where Fin, Fmax are the lower and upper ac-
celeration limits, respectively. More specifically, with a slight abuse of notation, we consider
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that F; (k) = sat (F; (k)) where

Fmax, Fz' (k) 2 Fmax
sat (F,' (k)) = F,‘ (k) s F,‘ (k) € (Fmin, Fmax) (436)
Fmin’ Fi (k) < Fmin

4.4 Macroscopic model

4.4.1 Continuous macro-GCC model

In the literature, various methods have been used for the formal derivation of macroscopic
traffic flow models from microscopic models (see Aw et al. (2002), Di Francesco and Rosini
(2015), Helbing (2009), Helbing (2001), Holden and Risebro (2018a)). In the present work,
the employed macroscopic traffic flow model has been formally derived from the micro-
scopic model (4.1) based on a particle method (see Karafyllis et al. (2025a)), by adopting
a methodology that is inspired by Di Francesco and Rosini (2015), Holden and Risebro
(2018a), Holden and Risebro (2018b). The particle method provides the link between the
macroscopic model and the microscopic model (4.1) under the control inputs (4.17), (4.21).
More specifically, following the same derivation process that was first given in Karafyllis
et al. (2022b) and neglecting the lateral movement of vehicles, the macro-GCC model is
obtained

pr+ (V) = 0 (4.37)
00,7) (3 + ) + oL = T O (e 515 (v () @
OV, 7) (Vr + V¢ F Pe = (v =) PP (p)Ve)e =y (V—va(F (4.38)
7= P/~(~),55 (4.39)

5

fort > 0 and ¢ € I(7), where I(7) C R is an appropriate interval. The macroscopic model
(4.37)-(4.39) is to be considered with state constraints 0 < 3(7,€) < Pmax> 0 < ¥(7,€) < Vinax
forall 7 > 0 and & € (1), where p(1,£), ¥(7,&) are the traffic density and mean speed,
respectively, at position £ € I(7) on a highway, with py,x being the maximum density, and
Vmax being the maximum speed limit of the road; v* is the speed set-point and vy > 0 is a
constant.

In addition, the function P : (0, pmax) — Ry is C! ((0, pmax )) and satisfies

lim P (p) = +o (4.40)
J R
P(p) > 0forp € (p,pmax) and P (p) = 0 for p € (0, p] (4.41)

where p is a constant that is called “interaction density”, since for p € (0, p|, it follows from
(4.41) that P (p) = 0 which reflects the fact that there is no interaction among vehicles (see
Table 4.1 below). Indeed, at the microscopic level, when the distance between vehicles is
greater than A, there is no vehicle repulsion (see (4.12)). Furthermore, the function & (7) is
the same function used in the control input F; (see (4.17), (4.23)) and satisfies the properties
(4.15), (4.16). Finally, the function Q (¥, 7) corresponds to the function (4.24), involved in
the control input F; and given by

VmaxV + (Vmax - 2‘7) Ve (’7)
2(Vmax - \7)2172

O, 7) := V2. (4.42)

The continuity equation (4.37) describes the mass (vehicle) conservation law, while equation
(4.38) resembles the momentum equation for 1-D polytropic compressible fluid flow since it
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Vo5 ()
ﬁ(vmax*{})ﬁ

of speed according to density; a pressure term #ﬁg that describes the tendency of vehicles
to accelerate or decelerate based on the (local) density; and a friction term —y (¥ — v*6 (7))
(by analogy with the relaxation term involved in the macroscopic traffic flow models for
human drivers Aw and Rascle (2000), Zhang (2002)) that expresses the tendency of vehicles
to adjust their speed to the given speed set-point.

The parameters pmax, 0, €, ¥ involved in the viscosity, pressure, and friction terms will
play a significant role in the calibration procedure (see Section 4.6), since they have the po-
tential to affect the density and speed solutions of the macro-GCC model. More specifically,
the impact of the maximum density pm,x follows from the fact that the pressure function
P (p) increases as the density solution approaches ppay (see (4.40)), reflecting the tendency
of vehicles to accelerate and causing an increase in speed. The interaction density p deter-
mines the required level of density for which the vehicles start to interact with each other.
If the value of p is not exceeded by the density solution, then there is no interaction among
vehicles (see (4.41)) and consequently there is no change in speed, since the viscosity and
pressure terms are not activated. The constant € has also the potential to activate or disactivate
the viscosity term affecting the speed solution, since for 7 < ¢ it follows that & (7) = 0 (see
(4.15)), and therefore the viscosity term becomes zero. Finally, the constant y involved in
the friction term, reflects the tendency of vehicles to adjust their speed to the speed set-point,
and can also affect the produced speed solution.

The fact that the macroscopic model (4.37)-(4.39) and the microscopic model (4.1) under
the GCC are linked through the particle method (see Karafyllis et al. (2025b)), provides
certain relations between the microscopic and the macroscopic quantities and parameters as
shown in Table 4.1, where m > 0 is the total “mass” of all vehicles which may not be the real
physical mass of vehicles and its units may be veh (see Karafyllis et al. (2025b) for details).
In particular, the interaction density p equals the mass m divided by the interaction distance
A, while the maximum density pmax equals the mass m divided by the safety distance L.
Therefore, the macroscopic parameters p, pmax are inversely proportional to the microscopic
parameters A, L, and we have ‘% = % Moreover, the pressure function P (p) of the macro-

GCC model is linked with the potential function V (d) used in the GCC through the relation

contains a density-dependent viscosity term — (PP’ (p) v¢) ¢ that affects the change

Macroscopic Microscopic

5 m

p 1

Pmax %

Vmax Vmax

Y Y

— —Tm

P (p) mv’ (2)

Table 4.1: Relations between macroscopic and microscopic quantities and
parameters.
P(p) = -mV’ (%) These relations imply that by changing parameter values or functions

included in GCC, e.g. the potential function, we can affect the physical properties of the
emerging “traffic fluid”, e.g. the pressure function. In this sense, we may talk about an
engineered or artificial designed traffic fluid that approximates the actual emerging traffic
flow. The parameters vp,y,y are the same for both the microscopic and the macroscopic
models.

It should be noted that the macroscopic model (4.37)-(4.39) cannot explicitly consider
the case of width-varying roads, since its derivation is based on a string of vehicles moving
on a single lane. This issue can be addressed by defining p as the number of vehicles per
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road-surface unit, e.g. measured in veh/(km-m) (vehicles per kilometer length and meter
width), and introducing the changing road width w(x) at location x through the change of
variable

p=pw (4.43)

in equations (4.37)-(4.39). This modification is also used for the discretized version of the
macro-GCC model in the following Section 4.4.2 to enable consideration of roads with vari-
able width.

4.4.2 Discretized macro-GCC model

Before proceeding with the calibration procedure, we first need to discretize the macro-GCC
model in space and time. For the discretization, a finite volume method is employed, that was
initially used in Gunawan (2014) to approximate the solutions of the Saint-Venant equations;
and modified in Chapter 3 (see (3.51)-(3.62)) to approximate the solutions of the macro-
PRCC. In order to apply the finite volume method, an appropriate modification of equation
(4.38) is needed, such that its resulting form be similar to the conservative form of the mo-
mentum equation included in the Saint-Venant equations (see Gunawan (2014)). To this end,
the following functions are defined:

A() = f " a(s)ds, 7 € (0, viay) (4.44)
B(¥) = f " b(s)ds, 7 € (0, vmar) (4.45)
B(5,7) = A (V) + B (¥) & (7) (4.46)
where
~ V?nax ~
O G < O @40
and

Vinax (Vmax = 27) v*

b(v) = ,V € (0, Vimax) - (4.48)
2 (Vimax — )% 72 "
Then, the function (4.42) can be written as follows
O(w,7):=A"(¥)+ B (v)5 (F). (4.49)

Using (4.37), (4.49) and adding and subtracting the terms ;A (V) and & (7) p,B (V), equation
(4.38) takes the following form:

a (7). (4.50)

Equations (4.37), (4.50) are discretized in the sense of the finite volume method used in
Gunawan (2014) and Chapter 3. The obtained discretized macro-GCC model considers,
apart from the discretization in time, the discretization of the highway in a finite number n of
sections having equal length 6¢. Each section i (where i = 1, ..., n) of the highway may have
an on-ramp (Fig. 4.3) or an off-ramp at its upstream boundary. The on-ramp flow (if any) of
section i is denoted by u;_; /> (k), while the off-ramp flow (if any) of section i is denoted by
si-1/2 (k). The time is also discretized with uniform intervals §7. For each discrete time k7,
where k = 0, 1,2, ... is the discrete time index, the discretized macro-GCC model calculates
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Figure 4.3: Discretization of a highway with an on-ramp within the dis-
cretized macro-GCC model.

at each section i its density g; (k) and the mean speed ¥; (k). Moreover, it calculates the exit
flow G;11/2 (k) crossing the boundary between sections i and i + 1 during the time interval
(két, (k+ 1) 67] (see Fig. 4.3). In the following discretization, the variables p; /2 (k),
Vit1/2 (k), gi (k) are also used for the calculation of the section’s density, mean speed, and
flow, where V11,5 (k) and p; 11,5 (k) are the average speed and average density, respectively,
of the sections i and i + 1 at time k67 (see the respective equations (4.56) and (4.60)), while
Gi (k) is the flow at the center of section i during the time interval (ké7, (k + 1) 67| (see (4.72)
and Fig. 4.3). The equations of the space-time discretized macro-GCC model are given as
follows:

ot

pi (k+1) = p; (k) + 5 (Gic1/2 (k) = Gig1/2 (k) + uimy 2 (k) = si21/2 (K)) 50)
i=1,...,n
Z],'_l/z (k) = \7,'_1/2 (k) ﬁi—l (k) ,i=1,.,n+1 (452)
qi—i—l/Z (k) == \71'+1/2 (k) ﬁ,‘ (k) . i= 0, . n (453)
3o (k) — 1 (k
P12 (k) = M (4.54)
Bio1 o (k) = M i=1,..n (4.55)
Bis1/a (k) = L;“(k) i=0,..,n—1 (4.56)
3, (k) —v,1 (k
5t sa (k) = oK) = Fut (K) 4.57)

2
Buiayo (k) = 30,012 (k) = 27, (k) (4.58)
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pi-1 (k) + pi (k)

ﬁi—l/Z (k) = 3 s i= 1, ) (459)
0; (k) + pi+1 (k) .

Briin (k) = P )+2p+1( ) iz0,n-1 (4.60)
30, (k) —pn-1 (k

i1 /a (k) = o (k) 2.0 1 (k) (4.61)

Pn+1 (k) = 2p,y1/2 (k) = pu (k) (4.62)

Pni3/2 (k) = 3ppi1/2 (k) = 2pn (k) (4.63)

Ai 1/2( ): ( Vi— 1/2( )) = 0,...,n+1 (464)

1+1/2 (k) (V,_H/z (k)) , 1= 0 s (465)

l 1/2 ( ) (Vl 1/2 (k)) 1= , ) + 1 (466)

H—l/ (k) (VH-I/Z (k)) ,i1=0,..,n (467)

Fioryn (k) = P +3/2(5(§;)>)+1/2 ((Z ne2k) g, (4.68)
iy P(pii (k) =P (pi (k) .

Fi (k) = 5 51 () ,i=0,..,n (4.69)

Biv12 (k) =B (Fir1/2 (k) Fiy12 (k) = Air1/2 (k) + Big1/2 (k) & (Fip1/2 (k) 70)
i=0,..n '

Bz (k+1) = (Aix1/2 (k) + Bi1/2 (k) & (Fir2 (K +1 )))f%
ot G ()

+E(Ai—l/2( )+Bz 1/2 (k) (rl (k_|_ )))m

- S i1 () + B (05 Gk + 1 )))%

73
Pz(k-i-l)
— 57 (k _pPi\ET )
i (kF )Pz+1/2(k+ 1)

vi vie (7 (k+1)) ot

— ) .
ﬁi+1/2 (k + 1) (Vmax - ‘71'—5—1/2 (k)) ‘71'-0-1/2 (k) 0

(ﬁi+1 (k+1) P (Biv1 (k+1))

Vit3/2 (k) = Vir1/2 (k) Vig1/2 (k) = Vic1/2 (k))
<2l pi(k+ 1) P (py (k1) =
pi(k+1) s _
—yéTm (Vixr0 (k) =v'a(Fi(k+1))), i=0,..,n 4.71)
Gi(k) = Vi-1/2 (k) pici (k)2+9i+1/2 (k) pi (k)’ P— 0 nt1 472)
Vi (k+1) =B Biaja (k+1)), i=0,..m (4.73)

BE) =B@Fprp(k+1)),i=0,..n,

7
it /o (k1) 4 ¥i1 /0 (k4 1
(1) = Dz )J;V’“/Z( D i (4.75)

€ (0, Vmax) (4.74)
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Symbol Name Unit

ot Discrete time-step h

o0& Length of each sectioni | km

k Discrete time index 0,1,2,...

pi (k), pi (k) | Density, density per | veh/km,
width unit of the i—th | veh/(km-m)
section at time kot

v; (k) Mean speed of the i—th | km/h
section at time kot

Pir1/2 (k), Average density, average | veh/km,

Pir1/2 (k) density per width unit of | veh/(km-m)
the sections i and i 4- 1 at
time kot

Vir1/2 (k) Average speed of the | km/h
sections i and i 4 1 at
time kot

Git1/2 (k) Exit flow of the | veh/h
i—th  section during
(két, (k+ 1) 67]

gi (k) Flow at the center of | veh/h
the i—th section during
(két, (k+ 1) 67]

ui_1,2 (k) On-ramp flow of the | veh/h
i—th  section during
(két, (k+ 1) 67]

si—1/2 (k) Off-ramp flow of the | veh/h
i—th  section during
(két, (k+ 1) 67]

w; Width of the i—th section | m

Pmax Maximum density veh/km

p Interaction density veh/km

Vmax Maximum speed limit of | km/h
the road

v Mean speed set-point km/h

0% Friction term constant 1/h

e Viscosity term constant | dimensionless

Table 4.2: Variables and parameters involved in the discretized macro-GCC
model.

where (4.51) is the discretized version of the continuity equation (4.37) and (4.71) is the
discretized version of the momentum equation (4.50). Moreover, ;5 (k) is the mainstream
demand, while ¥ (k), po (k) are the given origin speed and density. The variables v_y /5 (k),
Pnt1(k), Pryssa(k), ¥i3/2(k), given by (4.54), (4.62), (4.63), (4.58), are used for the mean
speed calculation of the most upstream and downstream sections, i.e. ¥ (k+ 1) and ¥, (k + 1),
through equations (4.71)-(4.75), while the function g (7, 7) is given by (4.46). Note that this
is essentially an explicit numerical scheme, since some variables with discrete-time argu-
ment (k4 1), appearing on the right-hand side of some equations, may be replaced via a
corresponding equation involving only variables with argument (k).
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In equation (4.71), the terms
Vi e (7 (k+1)) ot

" piriy2 (k1) (Vmax — P12 (6)) D12 (k) 0
o Vivss (k) = Vip1/2 (k)

(ml (k+1) P (pis1 (k+1))

i (k1) P (s (k1)) S (k) = ¥i12 (k)

6 =
" pi(k+1)
otii(k+1) ———
ik )ﬁi+1/z(k+1)
pi(k+1) -
ﬁéim (Vig1/2 (k) =v'a (7 (k+1)))

are the discretized versions of the viscosity term, the pressure term, and the friction term,
respectively, included in equation (4.50). Starting with the discretized viscosity term, apart
from the parameters vy, v* that are explicitly used, the parameters pmax, 0, and € are also
included through the functions P’ (p; (k+ 1)) (see (4.40), (4.41)) and & (7 (k+ 1)) (see
(4.15)), respectively. The discretized pressure term includes the parameters pmax, p through
the discrete values 7; (k + 1) (see (4.69) and (4.70), (4.71)), and finally the discretized fric-
tion term includes the constant & through the function & (7 (k+ 1)) (see (4.15)), and the
parameters y, v*.
To cover the case of width-varying roads, the following variable changes

po (k) = po (k) w1, pry2 (k) = p1/2 (k) wi,

Pt (k) = Pi1 (k) Was B3z (k) = Putasa (k) was
pi (k) = pi (k) wi, pis1/2 (k) = pigr2 (k) wi, i=1,...n

are used in equations (4.71)-(4.75), where all p variables are densities per road width unit at
the corresponding sections and times, and w; is the width of the i—th section. In case section
i has changing width (e.g. being a funnel section), the parameter w; equals its average width.
The variables and parameters involved in the discretized macro-GCC model are summarized
in Table 4.2.

4.5 Model calibration procedure

Given ground-truth traffic data from a highway, the calibration (or parameter estimation or
model identification) of a macroscopic traffic flow model aims at specifying the free model
parameters such that the macroscopic model, fed with appropriate initial conditions and
boundary and external data, reproduces the available traffic data of the highway with the
highest possible accuracy (see Papamichail et al. (2023), Spiliopoulou et al. (2017)). It is
noted that, apart from macroscopic traffic flow models, also microscopic or micro-macro
traffic models may undergo a calibration procedure (see Papathanasopoulou et al. (2016),
Tang et al. (2024), Punzo et al. (2021), Punzo et al. (2014), Monteil et al. (2014), Pasquale
et al. (2018)) to improve their modelling accuracy. In lack of real traffic data and accord-
ing to the aims of this study, the discrete-time GCC is applied to individual vehicles within
microscopic simulation of two traffic scenarios, described in Section 4.6, to produce two
corresponding sets of ground-truth data to be used in the calibration procedure.
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Figure 4.4: Calibration procedure.

The discretized macro-GCC model equations presented in Section 4.4.2 may be summa-
rized and expressed in the following general discrete-time state-space form

x(k+1) = f[x(k),d(k),p], k=0,1,...K—1

X(0) = %, (4.76)

where x stands for the state vector, d is the external variable vector, and p is the free-
parameter vector. In particular, for the discretized macro-GCC model, the state vector x
includes the section densities gy (k) , ..., 0, (k) and mean speeds ¥ (k) , ..., ¥, (k); the exter-
nal variable vector d consists of the origin speeds ¥ (k) and densities gy (k), the mainstream
and on-ramp inflows denoted by G, > (k) and u;_ /5 (k), respectively, and the off-ramp flow
si_1,2 (k); while p holds the unknown model parameters pmax, P, £,y that need to be speci-
fied. Note that p may also include a design parameter ¢ used in the expression of the pressure
function P (p) (see Section 4.6).

If the initial state X is given and the external vector d(k) is known over the time horizon
k=0,1,...,K — 1, then the parameter estimation problem can be formulated as a nonlinear
least-squares output error problem which aims at the minimization of the discrepancy be-
tween the model estimations and the ground-truth data by use of the following quadratic cost

function )
Jp) =D Iyt -y" (0 (4.77)
keM

subject to (4.76), where Q is a positive definite diagonal weighting matrix, and y(k) =
g(x(k)) is the model output vector. In the present study, the output vector y(k) includes the
flows and mean speeds of all sections of the highway. Accordingly, the ground-truth vector
y" (k) includes the flows and speeds of all highway sections, resulting from the microscopic
simulation with the discrete-time GCC. Finally, M C {1,2, ..., K}.

Since the parameters of the macroscopic model are linked with the parameters of the
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microscopic GCC through the relations of Table 4.1, the parameter values of the discretized
macro-GCC model may be searched for in a region around the values of the correspond-
ing microscopic parameters. The described parameter estimation problem is a non-convex
least-squares optimization problem that has multiple local minima, hence gradient-based al-
gorithms are not appropriate. Therefore, to calibrate the discretized macro-GCC model, the
Nelder-Mead algorithm is used (see Lagarias et al. (1998), Nelder and Mead (1965)), which
is a derivative-free optimization algorithm that is more likely to locate a good local mini-
mum. The model calibration procedure is carried out by use of the CALISTO software tool
(Spiliopoulou et al. (2014)). Thus, as the Nelder-Mead algorithm requires, for any choice of
the parameter vector p, the value of the cost function is computed as illustrated in Fig. 4.4.
The routine attempts to improve the value of the cost function in subsequent iterations, until
a local minimum is reached.

4.6 Macro-GCC model calibration results

4.6.1 Microscopic simulation settings

In this section, two infrastructure scenarios are presented for which the discretized macro-
GCC model is calibrated to fit macroscopic traffic data (section flows, densities, and mean
speeds) collected from microscopic simulation using the sampled-data model (4.27)-(4.36)
under the control inputs (4.17), (4.21) provided by the GCC for each individual vehicle. In
the first scenario, a highway with an on-ramp and an off-ramp is considered, while in the
second scenario a highway that includes a width-reducing funnel is considered.

For both scenarios, the time horizon of the microscopic simulation was 1 h. The length of
each vehicle is set to 0; = 4 m and the width equals 1.93 m. Moreover, the desired speed of
each vehicle is chosen randomly (with uniform distribution) within the range [25,32] m/s =
[90, 115.2] km/h. For both scenarios (ramps case and funnel case), the sampled-data model
(4.27)-(4.36) was applied with Fppj, = =3 m/ s and F max = 2 m/ s for the acceleration
limits, the values of the parameters shown in Table 4.3, and the functions:

Parameters Values
L (m) 5

Vinax (M/8) 35

@ (rad) 0.45

v (1/s) 0.05

A (m) 100

£ 1073

¢ 3x107*
p 5.3

r 1

b 0.9

c 1.6

Table 4.3: Values of the microscopic parameters used for both calibration
scenarios (ramps case and funnel case).

¢((1-L) (30-3L-2)In(%%)
+(1-64+3L) (1-d)

¢ ((
( (4.78)
+%(ﬂz—d2)+%),L<dSﬂ '

0,d>A
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U(y) = (1‘17_6)2’ ye(_l’_\/i’j U(ml) 4.79)
O,ye[— =y 2—1]
s 1, 7<e¢
a(7) :{ exp (- (7_8)3), ie g (4.80)

The functions (4.78), (4.80) are involved in the control input F; (4.17), while the function
(4.79) is used in the control input 6; (4.21). Recall that the potential function (4.78) is used
for avoiding collisions and satisfies (4.11), (4.12), while the potential function (4.79) is used
for preventing road boundary violation and satisfies (4.13), (4.14). Moreover, the constant
¢ included in (4.78) is a design parameter that allows to increase or decrease the repulsion
strength between vehicles.

The highway in both scenarios has a length of 3 km and is subdivided into 10 sec-
tions of 300 m length each. Outflow, mean speed, and density measurements were col-
lected every 10 s for each section as ground-truth data for the calibration procedure and
for further assessment. More specifically, the outflow is measured as the number of vehi-
cles that crossed the downstream edge of each section within every time interval of 10 s,
the mean speed is the average of the vehicle speeds inside each section at the time instants
t = 10k (s), k =0,1,...,360, while the density is measured as the number of vehicles in-
side each section at the time instants #, = 10k (s), k = 0, 1, ..., 360, divided by the length of
the section.

4.6.2 Macroscopic simulation settings

Using the relations P(p) = -mV’ (%) and p = 7 (see Table 4.1), it follows that the pressure
function of the discretized macro-GCC model is given by

P(p) = -apV (A@) (4.81)
p

where A is the interaction distance used in the microscopic GCC (see Table 4.3), p is the in-
teraction density, and V : (L, +c0) — IR} is the potential function used in the control input
(4.17), given by (4.78). Notice that the design parameter ¢ is also included in (4.81) through
(4.78). Therefore, a link between the potential function (4.78) used for the microscopic GCC
and the pressure function (4.81) of the discretized macro-GCC model is provided. By chang-
ing the values of the microscopic parameters included in (4.78) or even the entire function,
we can influence the produced model estimations through the pressure function (4.81). In
real conditions, parameter values or functions included in the GCC for vehicle movement
may be leveraged to ‘create’ a traffic fluid with desired properties.

The parameters pmax, P, €, ¥, € are chosen to be calibrated, while the constant A and the
maximum speed limit of the road v, are fixed and take the same values used for the micro-
scopic simulation (see Table 4.3). The speed set-point v* is also fixed and is set to be equal
to 102 km/h, i.e., the average of the range of vehicle desired speeds used in the microscopic
simulation. The parameters pmax, 0 used in the discretized macro-GCC model and the mi-
croscopic parameters A, L are linked through the relations pmax = 7 and p = 4 (see Table
4.1). However, it is not possible to know in advance the total mass m of vehicles, and for
this reason the parameters pnyax, p are included in the calibration. Moreover, the constant &,
has the potential to activate or disactivate the discretized viscosity term (see Section 4.4.2),
affecting the model’s speeds. Thus, it needs to be optimized to capture a possible speed re-
duction in the merging area. Since the design parameter ¢ is involved in both the potential
function (4.78) and the pressure function (4.81), the value shown in Table 4.3 could be used.
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Figure 4.5: Sketch of the highway stretch for the ramps case.
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Figure 4.6: Mainstream and on-ramp demands.

However, for the pressure function, the parameter ¢ may need a different value than that
of the microscopic simulation (Table 4.3), to reflect the tendency of vehicles to accelerate or
decelerate and therefore it is chosen to be calibrated.

For the resulting optimal values of the parameters pmax, P, it is expected that ‘% = % as
follows from the relations of Table 4.1. In addition, it is expected that the parameter y should
be close to the value used for the microscopic simulation (Table 4.3). For the time step, the
value 67 = 2.8 x 107 h is used.

For the calibration procedure, the diagonal elements of the diagonal weighting matrix
Q, used in the cost function (4.77), that correspond to speeds are set to 1, while those that
correspond to flows are set to 0.01 due to higher flow values. These values, as well as the
values used for the parameters of the Nelder-Mead algorithm were selected based on previous

works (see Papamichail et al. (2023), Spiliopoulou et al. (2017)).
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Figure 4.7: Traffic flows of highway links (sections): Ground truth (black)
versus macroscopic model estimations (red) — Ramps case.

4.6.3 Ramps case

In the ramps case, the highway stretch of 3 km in length features a constant width of 10.2
m (corresponding to the width of 3 conventional lanes) and includes an on-ramp and an
off-ramp. A sketch of the highway stretch is presented in Fig. 4.5. The stretch is divided
into 10 sections (S1-S10), with a length of 300 m each, that match the sections used for the
macroscopic model. Section 5 includes an off-ramp while section 6 includes an on-ramp.
The demand trajectories at the highway entrance and the on-ramp feature a trapezoid profile
and are illustrated in Fig. 4.6.

After calibrating the discretized macro-GCC model, the resulting optimal values of the

parameters pmax, 0, Y were 498 veh/km, 24.8 veh/km, and 181 1/h, respectively. Thus, ’% =

% ~ 20 = % which means that the resulting optimal values of pp.x, p Were close to the

expected ones. Also, the optimal value of the parameter y was expected, since 181 1/h =~
0.05 1/, showing that it is roughly the same as the value used for the microscopic simulation
(see Table 4.3). The optimal values for the rest of the calibration parameters, namely ¢, &,
were 2 x 1074, and 1072, respectively, which are also close enough to the corresponding
values of the microscopic simulation (see Table 4.3).

The calibration of the discretized macro-GCC model for fitting the ground-truth traffic
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Figure 4.8: Mean speeds of highway links (sections): Ground truth (black)
versus macroscopic model estimations (red) — Ramps case.

data produced via the microscopic (4.27) - (4.36) vehicle model, yields the trajectories illus-
trated in Figs. 4.7 - 4.9. It may be seen that, during the pick of the mainstream and on-ramp
demand, from around 0.33 h to 0.67 h (see Fig. 4.6), congestion is created in the merging
area (section 6), due to the on-ramp inflow, and the congestion spills back on section 5. In
section 7, the vehicles start to accelerate and obtain again the free flow speed when they
reach section 8. A small capacity drop can be observed in the flow diagram of section 6
during congestion (Fig. 4.7), particularly when speed decreases and density increases more
strongly.

The Figs. 4.7 - 4.10 show that the calibrated macroscopic model reproduces with high
accuracy the traffic conditions that appear in the microscopic simulation of lane-free traffic
for automated vehicles using GCC. More specifically, the discretized macro-GCC model
reproduces the speed reduction in section 6, the occurring spillback onto section 5, as well as
the acceleration of the vehicles in section 7. Moreover, it reproduces the slight capacity drop
observed in section 6 (Fig. 4.7).

The fundamental diagrams (flow versus density) that arise from the microscopically pro-
duced data for each section of the highway are presented in Fig. 4.11. Interesting hysteresis
phenomena can be observed in the fundamental diagram of section 6 implying that the vehicle
spacing is different under acceleration conditions. The hysteresis phenomena are reproduced
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Figure 4.9: Densities of highway links (sections): Ground truth (black) ver-
sus macroscopic model estimations (red) — Ramps case.

by the calibrated macroscopic model as shown in Figs. 4.7 - 4.10.

Figure 4.12 shows how the value of the cost function (4.77) is affected by using a range
of different values for one parameter at a time, while optimal values are used for the rest of
the parameters. Starting with the sensitivity diagram of p, it is observed that the value of the
cost function increases for values much different than the optimal one. Using small values
for the interaction density p (e.g. 5 to 15 veh/km), implies that the viscosity and pressure
terms are activated at low density, which microscopically means that there is interaction
even between very distant vehicles. As a result, the vehicles start slowing down even in
cases where there is enough space to accelerate. Therefore, a huge difference between the
model’s speed outcomes and the microscopically produced speeds is observed, especially
in the highway sections where free flow conditions hold, causing an increase in the cost
function value. As we approach the optimal value 24.8 veh/km, the actual level of density
for which the vehicles interact is reached and consequently the model’s estimations match
better the measured traffic data, as shown in the obtained small value of the cost function. In
the case of using higher values than the optimal one (e.g. 30 to 50 veh/km), the viscosity and
pressure terms are not activated even at high densities, which microscopically implies that a
vehicle does not interact with its surrounding vehicles even when they are close enough. As
a consequence, there is no sufficient reduction in speed, failing to reproduce the congestion
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Figure 4.10: Space-time diagrams of microscopically produced speed (top)
versus macroscopic model’s speed estimations (bottom) — Ramps case.

observed in the merging area (section 6). This is also reflected in the increased value of the
cost function.

In the sensitivity diagram of pn.x, using values lower than the optimal one (e.g. 410 to
450 veh/km) indicates that the value of ppax is approached at lower densities and therefore
the pressure function P (p) goes fast to infinity (see (4.40)). At the microscopic level, this
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Figure 4.11: Fundamental diagrams with the microscopic simulation data —
Ramps case.

means that the vehicles start accelerating earlier than the time observed in the microscopically
produced speed. Consequently, the model cannot predict the right place and time and the
right duration and extent of the occurring congestion in section 6, causing an increase in the
cost function value. As we get closer to the optimal value of 498 veh/km, the improvement
of the cost function reflects the model’s ability to reproduce the occurring congestion in the
right place and time. For higher values than the optimal one (e.g. 510 to 590 veh/km), the
value of pmax is never approached enough by the model’s density outcomes, causing longer
duration of the congestion in the merging area, since the pressure function P (5) goes slower
to infinity (see (4.40)). Microscopically, this means that the acceleration rate of the vehicles
becomes slower, making the duration of the congestion longer. Therefore, the discrepancy
between the model’s outcomes and the measured traffic data is increased as reflected in the
increased cost function value.

Apart from the interaction density p included in the pressure function P (5), the viscosity
term can be activated or disactivated based on the values used for the constant £. If € is
small enough (e.g., 107 to 1073), as shown in the sensitivity diagram of & (Fig. 4.12), it
can be easily exceeded by the values 7; (k + 1) (4.69) making the value of & (7; (k+ 1))
nonzero and activating the viscosity term. Note that the viscosity term can be activated only
if the pressure term is nonzero. In a different case, 7; (k + 1) becomes zero, meaning that it
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Figure 4.13: Sketch of the highway stretch for the funnel case.

is always smaller than the positive constant €. Hence, & (7; (k+ 1)) = 0 as follows from
(4.15), and the viscosity term is never activated. Therefore, using very small values for
implies that there are no times that only the pressure term is activated, since almost always
7i (k+ 1) exceeds &. Thus, the viscosity and pressure terms are simultaneously activated
causing a stronger speed reduction in the merging area (section 6) than that of the measured
traffic data, and consequently an increase of the cost function. As we get closer to the optimal
value 1072, the activation of the viscosity and pressure terms is adjusted according to the
conditions in the microscopically produced data, improving the cost function. For higher
values, the opposite case is observed, where it is more difficult to have the value of £ exceeded
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Figure 4.14: Mainstream demand for the funnel case.

by 7 (k+ 1) and therefore the viscosity term is not activated as many times as previously.
This causes a weaker speed reduction in the merging area (section 6) and hence an increase
in the cost function value.

In the sensitivity diagram of the design parameter ¢, there is a low sensitivity area from
1070 to 2 x 1074, where 2 x 10~* is the obtained optimal value. The small increase in the
cost function value observed in this area is due to weaker reduction in speed in the merging
area, which is less than the speed reduction in the measured traffic data. It should be noted
that zero value cannot be used for ¢, because then the viscosity and pressure terms would
be completely dropped and a constant speed solution would result for all highway sections,
which obviously contradicts the dynamic conditions appearing in the traffic data. Microscop-
ically, the use of ¢ = 0 implies that the potential function (4.78) used for avoiding collisions
is completely omitted and therefore the collision occurrence is inevitable. For higher values
than the optimal one, the pressure function increases, meaning at the microscopic level that
the vehicles start accelerating earlier at the congestion head than the time observed in the
microscopically produced speed. Consequently, the actual duration of the congestion can-
not be reproduced accurately by the macroscopic model, and the value of the cost function
increases.

Finally, the parameter y is included in the friction term and describes the tendency of
vehicles to adjust their speed to the given speed set-point v*. Using lower values than the
optimal one (e.g., 36 to 108 1/h), microscopically means that the vehicles have the tendency
to adjust their speed to the speed set-point very fast, failing to reproduce the speed reduction
observed in sections 5, 6, and 7 of the measured traffic data. This is reflected in the increased
value of the cost function. As the optimal value 181 1/h is approached, the tendency of
vehicles to obtain the speed set-point is adjusted according to the conditions that appear in
the microscopically produced data, and therefore the cost function value is improved. For
higher values than the optimal one, the vehicles are more sluggish in approaching the speed
set-point, and as a result there is a delay in obtaining again the free flow speed after the
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Figure 4.15: Traffic flows of highway links (sections): Ground truth (black)
versus macroscopic model estimations (red) — Funnel case.

congestion in section 6. Hence, the model is less accurate in reproducing the microscopically
produced speed of sections 7 - 10 causing a worse value for the cost function.

4.6.4 Funnel case

In this scenario, a funnel-like narrowing of the road is considered. Specifically, the highway
stretch consists of 3 parts with different widths. The first part is the longest and widest part
having length 1500 m and width W = 13.6 m (corresponding to the width of 4 conventional
lanes); followed by a width-reducing funnel of length 300 m, that leads to the narrower part
of the highway that has length 1200 m and width w = 6.8 m (corresponding to the width of
2 conventional lanes). A sketch of the highway stretch is presented in Fig. 4.13. The stretch
is divided into 10 sections (S1 - S10), with a length of 300 m each, that match the sections
used for the macroscopic model. Moreover, the demand trajectory is illustrated in Fig. 4.14.

After calibrating the discretized macro-GCC model, the resulting optimal values of the
parameters pmax, 0, ¥ were 500 veh/km, 25.1 veh/km, and 178 1/h, respectively. Hence,
’% = % ~ 20 = % meaning that the resulting optimal values of ppax, p Were very close
to the expected ones and practically the same as in the ramps case. Also, the optimal value of
the parameter vy is very close to its corresponding value used for the microscopic simulation
(Table 4.3), since 178 1/h ~ 0.05 1/s. The optimal values for the rest of the calibrated
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Figure 4.16: Mean speeds of highway links (sections): Ground truth (black)
versus macroscopic model estimations (red) — Funnel case.

parameters, namely ¢, &, were 2 X 107, and 1072, respectively, again close enough to the
corresponding values of the microscopic simulation (see Table 4.3) and of the ramps case
(Section 4.6.3).

The calibration of the discretized macro-GCC model for fitting the traffic data collected
by using the sampled-data model (4.27) - (4.36), yields the trajectories illustrated in Figures
4.15 - 4.17. It is seen that during the pick of the mainstream demand, from around 0.33 h to
0.67 h (see Fig. 4.14), congestion is created at the funnel (section 6), due to the narrowing of
the road, and spillback occurs onto section 5. In section 7, the vehicles start to accelerate and
obtain again the free flow speed in section 8. In addition, a capacity drop can be observed
in the flow diagram of section 6 during congestion (Fig. 4.15), particularly when speed falls
below 45 km/h.

In Figures 4.15 - 4.18 it is shown that the calibrated macroscopic model reproduces with
high accuracy the traffic conditions that appear in the microscopic simulation of lane-free
traffic for automated vehicles. More specifically, the discretized macro-GCC model repro-
duces the speed reduction of section 6, the occurring spillback onto section 5, as well as
the acceleration of the vehicles in section 7. Moreover, it also reproduces the capacity drop
observed in section 6 (Fig. 4.15).

Fig. 4.19 depicts the fundamental diagrams of the highway sections that arise from the
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Figure 4.17: Densities of highway links (sections): Ground truth (black)
versus macroscopic model estimations (red) — Funnel case.

traffic data of the microscopic simulation. Interesting hysteresis phenomena can be observed
in the fundamental diagram of sections 5, 6 and 7, implying that the vehicle spacing is dif-
ferent under acceleration conditions. The hysteresis phenomena are reproduced by the cali-
brated macroscopic model as shown in Figures 4.15 - 4.18.

Finally, it should be noted that parameter sensitivity properties in the funnel case are
similar as in Figure 4.12 and are omitted. More generally, the parameters obtained through
independent calibration for the two scenarios, addressing two different infrastructures (ramps
case and funnel case), are practically identical, something that highlights the consistency and
robustness of the macro-GCC model that may in fact be used in future works even without
calibration.

4.7 Conclusions

Lane-free automated-vehicle traffic has been recently proposed and studied using a variety of
vehicle movement strategies. In this chapter, a vehicle movement strategy based on nonlinear
feedback control is used. More specifically, a class of cruise controllers was used, namely
the GCC, that allows the consideration of many real complex driving situations, including
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Figure 4.18: Space-time diagrams of microscopically produced speed (top)
versus macroscopic model’s speed estimations (bottom) — Funnel case.

the presence of on-ramps and off-ramps, the consideration of variable-width roads, the pos-
sibility of each vehicle to move within its own corridor, and the potential to have different
individual desired speeds for each vehicle. The GCC was applied in microscopic simulation
to produce macroscopic traffic data, by adopting a methodology that enables the discretiza-
tion of the continuous-time bicycle kinematic model. Subsequently, the macro-GCC was
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Figure 4.19: Fundamental diagrams with the microscopic simulation data —
Funnel case.

discretized and calibrated to fit these data. The macro-GCC has been directly derived from
the bicycle kinematic model under the GCC, which provided for certain relations between
the microscopic and the macroscopic quantities and parameters.

To evaluate the accuracy of the calibrated macroscopic model, two distinct infrastructure
scenarios were considered: first a highway stretch with an off-ramp and an on-ramp; and,
second, a highway stretch with a funnel-like narrowing of its width. In both cases, it was
shown that the macroscopic model reproduces with high accuracy all the traffic conditions
that appear in the microscopically produced traffic data. In particular, the macroscopic model
could reproduce the speed reduction caused by the on-ramp inflow and by the narrowing of
the road in the respective scenarios, as well as the occurring spillback upstream. In addition,
the calibrated macro-GCC model estimates properly the acceleration of vehicles downstream
of the congestion area as well as the capacity drop and the hysteresis phenomena observed
in both scenarios. Finally, the resulting optimal values for the calibrated parameters of the
macroscopic model verified the existing relations between the microscopic and the macro-
scopic parameters i.e. the optimal values were very close to each other and to the values of
the corresponding microscopic parameters used for the microscopic simulation. This high-
lights the consistency and robustness of the macro-GCC model that may in fact be used in
future works even without calibration.
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Chapter 5

Conclusions and future work

5.1 Conclusions

The revolution of lane-free AV traffic has already begun with the design and use of many
related vehicle movement strategies. In this thesis, the traffic flow emerging from recently
proposed decentralized CCs (i.e. the PRCC, and GCC) that can describe the 2-D lane-free
movement of CAVs, has been studied. The CCs have been designed using nonlinear feed-
back control, i.e a control Lyapunov methodology with the Lyapunov function expressed
on measures of the total energy of the system. The emerging traffic flow is investigated
through macroscopic models that have been formally derived from the bicycle kinematic
model (Polack et al. (2017), Rajamani (2012)) under the PRCC, and GCC, respectively. The
derived macroscopic models involve the continuity equation and an additional PDE for the
mean speed. The speed PDE is strongly reminiscent of the momentum equation for 1-D
polytropic compressible fluid flow since it contains an inertial term, a viscosity term with
density-dependent viscosity, a pressure term, and a friction term (the analogue of the relax-
ation term in macroscopic traffic flow models for human drivers). Therefore, it is justified
to say that the derived macroscopic models are "fluid-like" models. The presence of many
characteristics of the compressible fluid flow (including isotropy) in the obtained macro-
scopic models stems from the fact that lane-free movement and nudging are allowed by the
respective CCs. The derivation is based on particle methods, in which the vehicles are con-
sidered as "self-driven" particles of a fluid ("the traffic fluid"). The particle methods link the
proposed macroscopic models with the CCs since certain relations between the CC micro-
scopic parameters and the physical properties of the "traffic fluid" are provided. In this sense,
by changing the microscopic parameters, an artificial traffic fluid can be constructed , with
specific physical properties, that can approximate the actual emerging traffic flow.

Based on that, specific selections for the functions included in the PRCC enabled a model
reduction (Chapter 2), which is the analogue of the human-driven vehicles case, where the
ARZ reduces to the LWR. The reduced model consists of a single PDE that has the form of a
nonlinear heat equation and approximates the solutions of the macro-PRCC. The properties
of the reduced model’s solution were studied in Chapter 2 by introducing the appropriate
notion of a weak solution, which is more demanding than the typical definition, since it
requires mass conservation and certain entropy-like conditions to be hold. Moreover, a first-
order finite difference numerical scheme was constructed to approximate the solutions of the
reduced model. For the employed numerical scheme, a CFL-type condition was derived to
ensure numerical stability. In addition, certain links between the weak solution and the nu-
merical solution were established which imply that the employed numerical scheme provides
high resolution approximations for the solutions of the reduced model. Furthermore, a real-
istic traffic scenario was considered to compare the mean flow produced by CAVs with that
of human drivers by using the proposed reduced model for CAVs and the LWR model. It
was shown that the mean flow produced by CAVs is much higher than that of human-driven
vehicles.
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The particle method used for the formal derivation of the macro-PRCC can be also used
as a numerical scheme for approximating its solutions. This is justified, since the particle
method under consideration is a modified version of the particle method for 1-D compressible
fluid flow presented in Karafyllis and Papageorgiou (2023), which can be used both as a
numerical method and as a tool for proving existence of solutions. In Chapter 3, the resulting
numerical approximations were compared with those of other numerical methods for viscous
compressible fluids, as well as with the numerical approximations provided for the solutions
of the reduced model. Although a small difference between the numerical solutions was
observed, the employed particle method requires much less computational cost compared to
the other numerical methods and produces sharper accuracy in the numerical solutions, as
it better preserves a differential inequality for energy conservation that holds for the macro-
PRCC. In addition, by analogy with the traffic example used in Chapter 2, the macro-PRCC
was compared with the ARZ model showing that the density obtained with the use of the
macro-PRCC converges towards an equilibrium near the critical density as time increases
and the vehicles are spread in a small space interval. Therefore, it follows that the mean flow
produced by CAVs is much higher than that of human-driven vehicles.

The main concern with the proposed macroscopic models is whether they can sufficiently
and accurately capture traffic phenomena involving automated vehicles on lane-free roads
under the 2-D CCs, since their derivation assumes lane-based (i.e., 1-D movement). Never-
theless, Chapter 4 provided evidence that they perform successfully even in complex traffic
situations. More specifically, the macro-GCC was calibrated to fit macroscopic traffic data
collected from microscopic simulations using the GCC. For the microscopic simulations, two
distinct traffic scenarios were considered, each involving a different kind of bottleneck. In the
first scenario, a highway stretch with an off-ramp and an on-ramp was used, while in the sec-
ond scenario a funnel-like narrowing of the road was considered. In both cases, it was shown
that the calibrated macro-GCC reproduces with high accuracy all the dynamically changing
traffic conditions that appear in the microscopically produced traffic data.

5.2 Future work

Since the microscopic and macroscopic models studied in this thesis are linked through par-
ticle methods, a natural and promising direction for future research is to further explore the
performance, applicability, and robustness of the proposed macroscopic models in a wider
range of traffic environments. Several directions are detailed below:

1. The fact that the macroscopic models follow directly from CCs whose design has mul-
tiple degrees of freedom offers significant flexibility, since there is a wide range of
selectable functions and parameters that may lead to very different behaviors at the
microscopic and macroscopic levels. As demonstrated in Chapter 2, specific selec-
tions for the functions embedded in the PRCC lead to a reduced macroscopic model.
Moreover, in Chapter 3, Figures 3.21, 3.22 show that modifying the viscosity function
directly affects the produced density.

In future work, a more systematic exploration of different functional forms and param-
eterizations in the CCs could lead to a broader class of artificial designed traffic fluids
with tunable macroscopic properties. This offers a unique opportunity to design traffic
flow by shaping microscopic interactions.

2. The general setting and derivation of the CCs is not limited to the 2-D lane-free move-
ment of CAVs, but it can be further extended to other types of agents operating in
different spatial domains. For instance, autonomous aerial vehicles (e.g. drones) in
3-D environments (e.g. She and Ouyang (2021), She and Ouyang (2024)) or marine
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vessels (e.g. Yip (2013), Wen et al. (2022)) navigating in congested waters may ben-
efit from the employed decentralized feedback laws. In these contexts, the lane-free
paradigm is not only natural but also essential.

Future research could therefore focus on adapting the proposed CCs and macroscopic
derivation techniques to these domains, and evaluating whether the resulting PDE mod-
els can accurately capture the aggregate behavior of such agent systems. This could
also include identifying new macroscopic observables (e.g. altitude layers in aerial
traffic) and verifying model validity through simulations or experimental data.

3. One of the key transitional stages towards fully automated traffic systems is the co-
existence of human-driven and "self-driven" vehicles. The decentralized nature of the
NCC, PRCC, and GCC makes them suitable candidates for deployment on the CAVs
into such mixed traffic scenarios, as these CCs do not rely on centralized coordination
and can function effectively in heterogeneous settings.

However, the proposed macroscopic models assume a homogeneous population of
CAVs. Extending the derivation to heterogeneous agents with different dynamics, re-
action delays, or behavioral characteristics remains an open and practically relevant
problem. Therefore, future work could focus on:

o Developing multi-class macroscopic traffic models that can explicitly capture the
dynamics of both CAVs and human-driven vehicles (see e.g. Ciaramaglia et al.
(2025), Imran et al. (2024)).

o Investigating stability and interaction effects between classes. In the multi-class
macroscopic traffic models, each vehicle class (CAVs or human-driven vehicles)
would be described by its own density and speed fields. Moreover, interaction
terms could be used in the PDEs accounting for cross-class influence (e.g. the
impact of CAVs on human-driven vehicles and vice versa). This would allow
for the investigation of how the proportion of CAVs, their control parameters,
and the interaction dynamics affect overall traffic performance, stability, and flow
capacity.

4. Urban traffic environments present additional challenges due to the presence of pedes-
trians, cyclists, and other dynamically moving obstacles. While decentralized CCs may
still guide CAV motion effectively in such settings, they must incorporate uncertainty
and reactivity to spontaneous pedestrian behavior or occlusions.

At the macroscopic level, this motivates the development of models that may:

o Represent non-conserved flows due to pedestrian interaction. In classical macro-
scopic traffic flow models (like the LWR), the vehicle number is conserved. How-
ever, in urban settings, vehicle flow is disrupted by e.g. pedestrians crossing
streets unexpectedly, vehicles yielding at crosswalks or intersections, and tem-
porary halts or detours caused by non-vehicular agents. These events break the
conservation assumption locally and the number of vehicles may decrease tem-
porarily in a segment (as they stop or slow down) without necessarily moving
elsewhere. Therefore, there is a need for macroscopic models that allow for local
non-conservation e.g. by modifying the continuity equation to include loss terms
representing interruptions due to human activity.

o Include source/sink terms (see e.g. Pereira et al. (2024)) to account for unex-
pected disruptions. ‘““Source” and “sink” terms in PDEs represent inflow and
outflow not accounted for by simple vehicle motion. More specifically, source
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terms represent vehicles entering from side streets or parking areas and sink
terms represent vehicles stopping for deliveries, parking, or yielding to pedes-
trians. Without these terms, the macroscopic dynamics will lack realism in urban
environments.

5. The macroscopic traffic flow models presented in this thesis are formally derived from
the bicycle kinematic model under the proposed CCs, using particle methods. While
the formal derivation provides valuable intuition and enables consistent numerical ap-
proximations (see Chapter 4), the rigorous mathematical justification remains an open
and significant research question.

This is in line with a long-standing challenge in applied mathematics: establishing
the exact relationship between microscopic particle-based descriptions and continuum-
level PDE models, a challenge famously posed in Hilbert’s 6" problem. However, re-
cent progress has been made in rigorously justifying macroscopic models using particle
methods, particularly in the context of 1-D compressible fluid flows. In this regard, the
work by Karafyllis and Papageorgiou (2023) provides an important milestone, offering
rigorous convergence results of the particle methods for 1-D compressible fluid flows.
These developments support the broader feasibility of establishing links between par-
ticle methods and macroscopic models in traffic flow.

Nevertheless, extending such rigorous results to the lane-free traffic setting addressed
in this thesis, which includes two-dimensional movement, introduces new theoretical
difficulties. Future research could aim to solve this problem, ultimately leading to a
mathematically sound foundation for the continuum modeling of controlled, automated
traffic flow.
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Appendix A

Cruise controllers for CAVs

A.1 Controller design

The family of CCs proposed in Karafyllis et al. (2022d) for vehicles operating on lane-free
roads of constant width are constructed by means of Lyapunov functions expressed in terms
of the mechanical energy of the vehicles and additional penalty terms that guarantee that all
vehicle orientations remain within certain bounds. The constraints of the lane-free movement
of CAVs on constant width roads are described by the following open set

Q= Vi € (0,vmax)s 10il <@, i=1,...n (A.])

(xi,yi) € Rx (-a,a), i=1,...,n
{W e R*:
di,j >L, i, j=1,.,n, j#i

Where W = (X1, ee, Xny V1o vees Vs Oy oy Ops V1, ooy vn), € R* is the state vector, (x;,y;) is the
vehicle’s reference point with x; being the longitudinal position and y; being the lateral po-
sition of the vehicle in an inertial frame with Cartesian coordinates (X, Y) (see Fig. 4.1);
a is the road width, v; is the vehicle speed at the point (x;,y;), 6; is the vehicle orientation
with respect to the X-axis, d; ; is the inter-vehicle distance given by (4.8), U, V are potential
functions that satisfy (4.11)-(4.14), vimax is the speed limit of the road, ¢ € (0, ’5’) and L is the
safety distance between the vehicles i, j.

Two main approaches can be considered for the construction of the Lyapunov function.
The first one is based on Newtonian mechanics, and the Lyapunov function is given by the
formula

IS b ,

H(w) =3, (vi cos(6;) —v*)z + EZ 2 5in? (6;)
+ZU()’1) + %ZZV(CI’/)
n 1 1
4 ; (COS(Qi) —cos(yp) - cos((p)) (A.2)

where b,A > 0 are constants, v* € (0, vmax ) is the given desired longitudinal speed of all
vehicles, and

v*

cos (¢) > (A.3)

Vmax

The first two terms § 7, (v; cos(6;) — V)2, by v2sin®(6;) are related to the kinetic en-
ergy of the system of n vehicles relative to an observer moving along the x—direction with

speed v* and zero, respectively. The third and fourth terms 37, U(y;), 3 21, X s V(dij).
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are based on the potential functions involved in (4.11)-(4.14) and are related to the poten-

tial energy of the system. Finally, the last term of (A.2) A 3", (cos(6 )1 O 1_C;S (w)) isa

penalty term that blows up when 6; — *¢.

In the second approach, the Lyapunov function is inspired by relativistic mechanics where

the speed limits of relativistic mechanics (+ the speed of light) are replaced by the two speed

limits for vehicles (zero and the speed limit of the road vpax, respectively). In this case, the
Lyapunov function is given by the formula:

H(i0) = Vi o (vicos(6;) — v )+ bv? sin’(6;)

2 4 (Vmax Vi)vi

n

i=1

- 1 1
+A Z (cos(@,-) —cos(yp) - cos(go)) (A4)

For the design of the GCC (see Chapter 4) that allows the consideration of many real
complex driving situations such as the presence of on-ramps and off-ramps, the consideration
of variable-width roads, the potential of each vehicle to move within its own corridor Y; given
by (4.3), and the possibility to have different individual desired speeds for each vehicle, the
following Lyapunov-like function is used

2
~~ maxZ i ())

H(w)
Vmax Vl)Vl
n Evrznax (sin(6;) - gi(xi,yi) cos(6;))?
2 4 cos(6;) — cos(yp)
1 n
+5 Z Z V(di;)
i=1 j#i

+ Z U (2” _ @i(x"); af(x"») (A.5)

where ; : R - R and 8; : R — R are C? functions that satisfy (4.4)-(4.7), and the
functions &;(Ww), gi(x;, y;) are given by (4.20) and (4.22), respectively. The function (A.5) has
many differences from the Lyapunov function (A.4), since here the general case is considered
where each vehicle has its own desired speed and its own corridor . Notice that the Lyapunov-
like function (A.5) follows a pseudo-relativistic setting where the kinetic energy tends to
infinity when the speed tends to zero or the speed limit vp,x.

It should be mentioned that in Karafyllis et al. (2022d), Karafyllis et al. (2025b) where
the NCC, PRCC, and GCC were initially proposed, the constant p involved in (4.8), the
safety distance L, the function ¥ € C'((L,+o0),R. ) involved in the NCC and PRCC (see
Sections A.2, A.3)), as well as the potential function V were defined for pairs of vehicles,
ie. pij, Lij, Kij, Vij,i,j=1,..,n,i# j, allowing the interactions between different vehicle
pairs to vary. However, here, the same p, L, k and V are considered for all vehicle couples
for simplicity. Moreover, in Karafyllis et al. (2022d), Karafyllis et al. (2025b) the potential
function U was defined as U;, i = 1, ..., n, meaning that the interaction between each vehicle
i and the road/corridor boundaries can be different for each vehicle. For convenience, in the
present work, the same potential U is considered for all vehicles.
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A.2 Newtonian cruise controller (NCC)

The NCC obtained from the Lyapunov function (A.2) is given by

6 = arctan[2 [Z,-(W) -U'(yi) - Z V'(d,-,j)M - bsin(@,-)Fi]

v,- 2. a:;
y (V* s (6,-)A— T s (b= 1))_1] (A6)
F;= _cosl(ei) (ki (%) (vicos(8;) = v*) + Ai(W)) (A7)
e ) =y + Dy (v:mcszgég’ L ) (A8)
Z;(w) = ~Tvisin(6;) + ; k(dij) (3(v;sin(6;)) - g(v;sin(6)))) (A.9)
SCEDY Vi) P - ) (§(se0s0)~5Oos0))) (410

where o is the vehicle length, y,T > 0 are constants, { € C'(R), g € C'(R), k €
C'((L,+o),R.) fori, j=1,...,n, j # i are functions that satisfy

max (0, x) < ¢(x) for all x € R (A.11)
7 (x) > 0forall x € R (A.12)
k(d) =0foralld > A. (A.13)

Moreover, ¢; and F; are the control inputs of the i-th vehicle, where 6; is the steering angle
of the front wheels relative to the orientation 0; and F; is the acceleration. It should be
noted that k; (W) is a state-dependent controller gain, appropriately designed to guarantee that
vi(t) € (0, vmax ). The feedback control laws (A.6), (A.7) were designed in Karafyllis et al.
(2022d) following a Lyapunov based methodology (using the Lyapunov function (A.2)) and
ensure the following property: For any w (0) € Q) (recall (A.1)), we have w (1) € Q for all
t > 0 (for more details see Karafyllis et al. (2022d)).

A.3 Pseudo-relativistic cruise controller (PRCC)

The PRCC obtained from the Lyapunov function (A.3) is given by

gi
0; = arctan| ———
[ﬁ(w’ 0;)
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where
Gi(w) = —f(visin(6;)) + Z (8(v;sin(0;)) — g(visin(6;))) (A.16)
J#i
Ri(W) = —f(vicos(6;) —=v*) + Z (8(vjcos(0))) — &(vicos(6;))) (A.17)
J#
and

VimaxV €05(6) = 2vv* + v Vax

2
q(v.0) = Vi I (A.18)
(v,6) = A 2 (b—1)vcos(6) +v* AL19)
lv.6) = (cos(8) —cos(p))? Vmax Viax — V (A
3 .
&(v,0) = Lmaxsin(0) (A.20)

2(Vimax — v)2v°
The C! functions f : (=v*,vmax = v*) = R, f : (~Vax, Vmax) — R involved in (A.16),
(A.17) satisty

xf(x) > 0and xf(x) >0 for x # 0 (A.21)

andg e C 1 (]R) satisfies (A.12). Moreover, ¢; and F; are the control inputs of the i-th vehicle,
where ¢; is the steering angle of the front wheels relative to the orientation 6; and F; is the
acceleration. The feedback control laws (A.14), (A.15) were designed in Karafyllis et al.
(2022d) following a Lyapunov based methodology (using the Lyapunov function (A.4)) and
ensure the following property: For any w (0) € Q) (recall (A.1)), we have W () € Q) for all
t > 0 (for more details see Karafyllis et al. (2022d)).
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Appendix B

The formally derived macroscopic
model for the NCC

The macro-NCC has been formally derived from the microscopic model (4.1) under the con-
trol inputs (A.6), (A.7), based on a particle method (see Karafyllis et al. (2022d), Karafyllis et
al. (2025a)), by adopting a methodology that is inspired by Di Francesco and Rosini (2015),
Holden and Risebro (2018a), Holden and Risebro (2018b). The particle method provides
the link between the macroscopic model and the microscopic model (4.1) under the con-
trol inputs (A.6), (A.7). More specifically, following the same derivation process that was
first given in Karafyllis et al. (2022b) and neglecting the lateral movement of vehicles, the
macro-NCC model is obtained

prt+(PV)e=0 (B.1)
ot i+ g L 005 ()70~ T(G) (- ) 8.2)
6 =P L @), ®.3)

fort > 0 and & € I(7), where I(7) C R is an appropriate interval. The macroscopic model
(B.1)-(B.3) is to be considered with state constraints 0 < p(7,&) < Pmax, 0 < ¥(7,&) < Vmax
forall 7 > 0 and ¢ € I(1), where (7, £), ¥(t, &) are the traffic density and mean speed,
respectively, at position £ € I(7) on a highway, with py,x being the maximum density, and
Vmax Deing the maximum speed limit of the road; v* is the speed set-point and y > 0 is a
constant. The functions i : (0, omax) — Ry, P : (0, pmax) — Ry are C' ((0, pmax)) and
satisfy (1.4), (1.5). Moreover, the function § € C'(IR) satisfies (A.12), while J(G) is given
by

j(G) :f},_|_vmax—€(G)_g (B.4)

V¥ (Viax —V*)  V*

where y > 0 is a constant and the function £ € C'(R) satisfies (A.11).
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