TECHNICAL
UNIVERSITY OF CRETE

SCHOOL OF PRODUCTION
ENGINEERING AND MANAGEMENT

MODELING AND CONTROL OF A PEM FUEL
CELL FOR USE IN HYDROGEN VEHICLES

Thesis by:

CHARALAMPOUS NIKOLAOS

Thesis Advisor:

IPSAKIS DIMITRIOS

Members of the Examination Committee:
Dr. Doitsidis Lefteris

Savvas Piperidis

Chania, 2025



ABSTRACT

This thesis focuses on the dynamic modeling and control of a Proton Exchange
Membrane (PEM) fuel cell stack intended for hydrogen-powered vehicle applications.
PEM fuel cells are increasingly important in clean energy technologies due to their high
efficiency, low emissions, and rapid dynamic response. The accurate modeling and
design of appropriate control strategies are thus critical to optimizing their performance
and integration into energy systems.

The system is first modeled using a set of nonlinear differential equations, which
describe the core state variables of the fuel cell stack, including chemical
concentrations, thermal dynamics, current production, and reactant flows. This
nonlinear model is then linearized using a Taylor series expansion around steady-state
points, resulting in a simplified linear form. Subsequently, the model is expressed in
state-space representation, enabling the application of advanced control methodologies.

Following model development, simulation results are presented for each of the three
models—nonlinear, linear, and state-space. These models are compared under nominal
and perturbed conditions by introducing +30% changes in hydrogen input flow and
coolant mass flow rate (air). The consistency of the results confirms the equivalence
and accuracy of the state-space model, making it suitable for control design.

In the final phase, two closed-loop control problems are addressed: regulating the
output current through hydrogen input and managing system temperature via coolant
flow. Controllers of type P, PI, and PID are designed using the Ziegler—Nichols and
Tyreus—Luyben tuning methods. Their performance is assessed using standard
performance criteria (ISE, IAE, ITSE, IATE). Simulation results indicate that the PID
controller tuned via Tyreus—Luyben performs best for current control, while the
Ziegler—Nichols PID configuration is more effective for temperature regulation.



IHHEPINAHYH

H mapohoo SIMAOUATIKY £pyacio EMKEVTIPMVETAL GTI) LOVTEAOTTOINGT KOl GTOV EAEYYO
pog otoifog koyehdv kowcipov tomov PEM (Proton Exchange Membrane), pe okond
N ¥PNON TS G€ GLOTHUATA LOPOYOVOKIVITOV OYNUAT®V. O KOYEAEG KOVGILOL TOTTOV
PEM mapovoidlovv 1dtaitepo evolo@épov AOy® NG LYNANG EVEPYELWOKNG TOVG
amdO0oNS, TG YOUNANG EKTOUTNG POTTOV KOl TNG YPNYOPNS OTOKPIONG GE OUVOLIKEG
amotnoels eoptiov. I'a Tov AdYo avtd, 1 akpIPfg mEPLYpaPT| TG AEITOVPYING TOVS Kot
N avanTLEN KATOAANA®V EAEYKTAOV OMOTEAOVV OLGLICTIKA PUoTo 7TPOg TNV
OMOTEAECLOTIKT] EVOOUATMGT] TOVG GE GUYYPOVES EVEPYEINKES EQAPLOYEGS.

H povtedomoinon tov GLGTHUOTOG TPOYUOTOTOLEITOL OPYIKA HECH UM YPOUUIKOV
SPOPIKDOV EEICMGEMV, 01 OTOIES TEPLYPAPOVV TIG KOPLEG LETAPANTES KATACTOONG Ko
TOL PUGIKOYN MK PavOpEVA IOV AaUPEvovy Ydpa VOGS TOL GLGTNUATOG TG GToiPag
KoyeAdv kavoipov. Tleprhapfavovtor petaforés TG GLYKEVIPAOGCEIS TOV OEPIOV
OLOTATIKOV, OeppKéc HETABOAES, NAEKTPIKT] 10YVC, NAEKTPOYNUIKES OTMAELEG KO POES
€16000v/e£0600v. AkoAoVOEL 1] d1001KAGT0 TG YPOUUIKOTOINOTG TOL LOVTEAOL LIE YPT|OM
¢ oepdc Taylor, yopw and tpokabopiopéva onpeio icoppomiog. To amotéAecua gival
éva, YPOUUKO HOVTEAD, TO OTOI0 OTN GULVEXEWN WETATPEMETOL GE HOVTEAD YMDPOL-
KOTAGTAONG, EXITPETOVTOS TIV EVKOAATEPT EPUPUOYT TEXVIKAOV EAEYYOV Kol AVAALGNG
(OMA. pe xpnom CLVOPTHGEMY UETAPOPAS). LTO OEVTEPO GTAO0, TPAYUAUTOTOLEITOL 1|
OVYKPION TOV TPIOV HOVTEA®V (UM YPOUUIKO, YPOUUIKO, YDPOVL-KATAGTACT|G.
E&etalovtar 010popeTiKéc apykéc cLVONKES KOl TPAYLOTOTO0VVTOL TPOGOUOIDGELS
v petaforég +30% oty mapoyn vOPOYOVOL Kol GTN POT| TOL YLKTIKOL LEGOL(AEPAG).
Ta amoteAéopato mopovctdloviol 6e HOPPT YPUPIKMOV TAUPUCTACENDY KOl 0VOAVOVTOL
pe otdéyo ™V emaAnBevon ™G SLVOUIKNG KOU OTOTIKNG OMHOOTNTOS HETOED TOV
povtédmv. To oOvoAo avTAG NG avAALONG AmOdEIKVVEL TNV oKpifelo kot ™
YPNOUOTNTO TOL HOVTEAOD YDPOV-KATAGTOONG WG LEGO EPOUPLOYNG EAEYYOV.

210 1pito HéPOC NG epyaciag eEetdletor N dtodikacio EAEYYOV UECH TNG avATTLENG
eleYKTOV KAEWTOO Ppodyov. Apywkd mopovoialetor 1 Oswpioa TV cvoTnuUdTOV
aVTOUATOV €AEYYOL, divovtog Eueaoct otov KaBopiopd g evotdbelag HEo® TG
TomoA0YioG TV mOAWV (root locus) Kot oty €0PecT KPIGIL®V TOPAPETPOV, OTMOG TO
kpiowo képdog Ker ko n kpioun nepiodog Per. Me Baon tig tipég avtés epappolovran
o1 néBooor Ziegler-Nichols kot Tyreus—Luyben yia ™ p0Ouion gheykrov tonmov P, PI
kot PID.

O1 eLeyKTéG 0E0AOYOVVTOL HEGH TNG TTPOGOLOIMONG TNG EMLOPACTIG TOVS GE dVO PacTKA
vrocvotiuate: (1) tov éheyyo tov TOpayOUEVOL PeONLOTOS £6000V HECH TNG POTS
V3poyoVoL Kot (2) Tov Edeyyo G Beprokpaciog €600V HEG® TNG PONG TOV YUKTIKOV
pésov . Ot amodOcELS TOV ELEYKTAOV GUYKPIvOVTAL LE TN YPNOY| TOCOTIKMV JEIKTOV
emidoong (ISE, IAE, ITSE, IATE), odnydvtog otnv £E0y@yr] GUUTEPUCUATOV GYETIKE
pe v amoteleopatikOTTa Kibe neBdd0v. ATTO TV avAALGT TPOKVTTEL OTL Y10 TOV
Eleyyo Tov PedIOTOC 0 To amodoTIKOG eAeykNg eivar o PID mov pvBuictnke pe
pébodo Tyreus—Luyben, evd yw tv Ogpuokpacio 1M KOAVTEPN GLUTEPIPOPA
napatnpeitor otov PID tng pebddov Ziegler-Nichols.



YVVOMKA, 1) TOPOVGA EPYACTO KATUOEIKVIEL TNV OVOYKOIOTNTO TNG LOVIEAOTOINONG LE
akpifelo Kot TG EMAOYNG KATOAANA®V €AEYKT®OV Yoo TN PeAtictomoinon g
Aertovpyiog pag KowéAng kowoipov tomov PEM, evicydovtag v aglomiotio TG og
TNYY EVEPYELONG Y10 EPAPUOYES KIVITIKOTNTOG.
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Chapter 1: MATHEMATICAL
MODELLING OF THE PEM FUEL CELL

Chapter introduction

The mathematical modelling of dynamic systems is a procedure that involves the
development of mathematical equations that will describe the main features of the PEM
Fuel Cell stack operation. It is highlighted that these features should include the
multiple phenomena taking place and evolve through time (dynamics). It is also
important, that the proposed model will be able to be verified (model validation) from
experimental data (if available).

Following this analysis, the mathematical modelling of the PEM fuel cell is carried out
using ordinary differential equations (ODEs). The equations describe the behavior of
physical quantities on the time scale, at the exit of the fuel cell and have been solved
with MATLAB.

It is noted that in many cases of describing mechanical devices with differential
equations, the solution proves to be difficult or even impossible due to their non-linear
nature. In cases where the model is non-linear it is necessary to linearize it so that to
enable its solution. For the linearization of the model, the Taylor series approach was
used.:

x(t;) = xg, which is called the steady state point and the derivative at it is

dx(ts) =0.

dt
Furthermore, as soon as the linear model is verified, the identical state-space model will
be provided in the following sections.

1.1 Dynamic modelling of the PEM fuel cell

The operation of a fuel cell depends on the amount of fuel input, i.e. hydrogen at the
anode inlet and oxygen/nitrogen (air) at the cathode inlet, which affects both the
operating temperature and the efficiency of the power output. At the same time, thanks
to the electrochemical reactions that takes place inside the cell (electrolysis), water is
also produced which exits from the cathode outlet. Afterwards, all the necessary
mathematical relations will be given in detail, both differential and non-differential,
describing how the process works in real terms conditions.

The first modelling phase for the description of the fuel cell's operation includes the
development of non-linear differential equations.

The anode/cathode volumetric flowrate and inlet concertation are given as:
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b Qin_anode = (Fin_fc_an * Rg * Tin_fc)/(Pfc) (11)

b Qout_anode = (Fout_fc_an * Rg * Tout_fc)/(Pfc) (12)
i Cin_fc_hydrogen = in_fc_hydrogen/Qin_anode (13)
o Qin_cathode = (Fin_fc_cat * Rg * Tin_fc)/(Pfc) (1°4)
o Qout_cathode_gas = (Fout_fc_cat_gas * Rg * Tout_fc)/(Pfc) (1°5)
o Qout_cathode_liquid = (Fout_fc_cat_liquid * 18 = 10_6) (1°6)

where Fin_fe/r oy, for refers to the hydrogen inlet and outlet flow in mol/s respectively,
Rg stands for the universal gas constant as 8.314 JJmol*K, T;,, T,y refers to the inlet
and outlet temperature in K and Px is the operating pressure of the system in bar or atm,
Fout fc cat_gas> Fout fc cat tiquia Tepresent the sum of the gas (O2 and N>) and liquid
(Water) flows present at the cathode side of the system, respectively.

i Cin_fc_oxygen_cat = Fin_fc_oxygen_cat/Qin_cathode (1-7)
i Cin_fc_nitrogen_cat = Fin_fc_nitrogen_cat/Qin_cathode (18)
i Cin_fc_water_cat = Fin_fc_water_cat/Qin_cathode (1-9)

where Fy, ¢, oxygencat /Fin_fc nitrogen_car Tefers to the oxygen and nitrogen inlet flow
fe_ ca fe_ .

in mol/s respectively.

The electrochemical equations will be carried out to explain the relationship between
voltage and power:

* Piotar = Ifc * Viotal (1-10)
* Viotar = Vfc *nc (1.11)

The operating voltage is described by the Nernst equation:
Vfc = Enerst — nact + Vohmic — Vconc , (1.12)

where,
e Enernst denotes the thermodynamically permissible voltage (in Volt) of the
fuel cell as described by the Nernst equation.

e Activation losses Vact: These arise due to the sluggish Kkinetics of
electrochemical reactions occurring on the surface of the electrodes. At the
initial stage of fuel cell operation, a portion of the open-circuit voltage is
consumed to facilitate electron transfer to and from the electrodes.

This phenomenon is analogous to the activation energy required for initiating any

chemical reaction.



e Ohmic losses Vohm: These are attributed to the internal resistance within the
system, including the resistance to electron flow between the electrodes and the
ionic resistance encountered by ions moving through the electrolyte.

o Concentration losses Vconc: These result from the gradual depletion in the
concentration of the supplied reactant gases, leading to a drop in their partial
pressures and subsequently causing a reduction in cell voltage.

< Enerst = 1.229 — (0.85-1073) * (T,y¢ rc — 298) + (4.3085 107°) =
Tout_fc * (log(Phydrogen_anode) + 0.5 * log(Poxygen_cathode)) (1-13)

< Vact =x1+x2 % Toye re + X3 % Toye re * (log(Ic)) + x4 % Toye g *
log (Coxygen_interface) (1-14)

>

7/
*

Vohmic = —I¢. * Rohm (1.15)
Veonc = —(Rg * Toyt sc/(ne * Far)) = log(1 — (I¢./(Ilim)))  (1.16)

L)

7/
X4

L)

where, nact is the dynamic activation voltage I, is the operating current of the system
in A, nc the number of cells, V. the voltage of a single cell in V/cell, Prygrogen anode
and Poxygen cathode Stands for the hydrogen and oxygen pressure in bar or atm,
Coxygen._interface 1S the concertation of the interface in mol/m®, ne number of electrons,
Far Faraday's constant and Ilim maximum allowable current

Furthermore, the thermal equations of the PEM fuel cell system are important and given
as.

<> Chemical Thermal Energy

Qchemfc = ((DHwarer_o — 0.5 * DHoxygen_o — DHuyprocen o) + (CpchATER
0.5 = CprOXYGEN - CprHYDROGEN) * (Tout_fc - Tref)) * RfC

(1.17)
% Electrical Thermal Energy
Qetecs, = NC * Ipc * (1.253 - Vfc) (1.18)
% Radiation
Qraq;, = € *sig x Afc*nc x ((Tout_fc4) ~ Tamp™) (1.19)
% Coolant Thermal Energy
Quootye = (Ufc * Afc *ne) * (Tour e — Teoot_sc) (1.20)
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The presented equations collectively form the thermal energy balance of a PEM fuel
cell system, aiming to quantify all major sources of heat generation and dissipation
during operation. The concept is based on capturing how energy enters, transforms, and
exits the system through chemical, electrical, radiative, and convective mechanisms.

The chemical thermal energy equation calculates the heat released from the
exothermic electrochemical reaction that forms water, incorporating both the
reaction enthalpy and temperature-dependent sensible heat contributions.

The electrical thermal energy term quantifies heat losses due to internal
inefficiencies in the fuel cell. It reflects the portion of electrical potential lost as
heat when the actual operating voltage is lower than the theoretical maximum.

The radiative heat loss accounts for thermal energy dissipated to the
environment via infrared radiation, following the Stefan—Boltzmann law, which
is critical at higher temperatures.

Lastly, the coolant thermal energy exchange describes the system’s ability to
remove excess heat through forced convection, thus stabilizing the fuel cell
temperature during prolonged operation.

Together, these expressions provide a framework for modeling the thermal dynamics of
the system, which is essential for efficiency optimization, control strategy development,
and ensuring safe and stable fuel cell performance.

After presenting the main equations that will accompany the main dynamic model, the
non-linear differential equations for temperature and species concentration is
provided in detail.

The operating temperature T ouc of the fuel cell during operation is given as:

ATour (_Qchemfc+Qelech_QcoolfC_Qradfc) (1.21)
dt Mec*CPfc '

The outlet concentrations at the anode and cathode of the hydrogen, oxygen,
nitrogen, and water components are given by the following four equations (Hz, Oz,

N2, H20O):
dCout.Hz _ Qin_anode*cin_fc_hydrogen_Qout_anode*Cout_fc_hydrogen_an_RfC (1 22)
V_anode ’
dCout,OZ _ Qin,cathode*Cin,fc,oxygen,cat_Qout,cathode,gas*Cout,fc,oxygen,cat_O-5Rfc (1 23)
dt V_cathode '
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dCout,NZ _ Qin_cathode*Cin_fc_nitrogen_cat_Qout_cathode_gas*Cout_fc_nitrogen_cat (1 24)

dt V_cathode
dCout,HZO _ (Qin_cathode*Cin_fc_water_cat_Qout_cathode_liquid*Cout_fc_water_cat"'RfC (1 25)
dt V_cathode )

The fuel cell will require to be cooled during operation. Hence, the coolant
temperature T'cool is given by the following equation:

AT cool __ Mool fc*CPcool_fc*(Tcool in_fe—Tcool_fc)+Qcool_fc (1 26)

dat Pcool_fc*Y cool_fc*CPcool_fc

The dynamic activation voltage of the fuel cell is preferred to be studied in relation
to the static activation voltage, as it provides the dynamic operating form of the fuel
cell, and its equation is given as:

dngct __

7 = (Ifc/CapaCity) * (1 + nact/Vact) (1-27)

The results of the simulation in the programming environment of the MATLAB will be
given for comparison with those of the linear model as well as the space-state model.
In the next section will be analyzed the Taylor linearization method and its application
to the creation of the linear model [16].

1.2 Linearization of the PEM fuel cell model

The operation of the fuel cell is described by a dynamic mathematical model composed
of non-linear differential equations. These equations involve derivatives of state
variables and non-linear terms, making them difficult to solve using classical analytical
methods. To address this challenge, the linearization method using Taylor series
expansion around equilibrium points is applied.

The general form of the Taylor series for a variable x around an equilibrium point X,
where f(x) = 0, is given by:

O =f@+La-n+1L@-02+.. (1.28)

In cases where x =~ X, higher-order terms can be neglected, so the equation is
approximated as:

fx) = f(x) +a-(x —x) (1.29)

Since f(x) = 0, the above form simplifies to:

x=a-(x — % (1.30)
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Defining the disturbance variable 6x = x — X, the linearized model is described as:

X =a - ox (1.31)

This linearization is locally valid and only applies near the equilibrium point. Its
accuracy depends on how non-linear the original function is.

In the case of the fuel cell model, the system's behavior is described by nineteen state
variables and corresponding non-linear equations. Specifically, these equations model
the output temperature of the fuel cell (Tou), the operating current (Ir), output voltage,
and the concentrations of hydrogen (Hz), oxygen (O2), nitrogen (N2), and water (H20)
at the anode and cathode outputs.

To handle such a multi-variable system, linearization is extended to multiple state
variables x;j and inputs u;, through the use of partial derivatives, given by the expression:

Fi(n o xBuy, ..., ul) ~ ¥ (ijj_)(xj — %) + 3 (ngj.)(“i —6)  (132)

Here, the equation fi describes the behavior of the i-th state variable, and the equilibrium
points X;, U are values that make all system equations equal to zero. Each equation of
the dynamic model will be linearized according to this expression, in order to enable
modeling through programming code in the MATLAB environment. In the next chapter
will present the solution and the comparison of the linear model with the non-linear one

[8][16].

1.3 State-space model description

In this section the basic description of the linearized dynamic model through state-space
representation is provided. The state equations are a description in the time field and
which can be exploited for a wide variety of systems.

The system of equations of state describing a space model - state model will be of the
form:

x=A -x(t)+B-ut)
y=C-x(t)+D - u(t)

A, B, C and D are called matrices of the state space. In the system of equations, the
matrix A is defined as square matrix of the system (state matrix) with dimensions n x
n which represents the physical system. Matrix B is of dimension n X m and is called
the input matrix. In the output equations y, matrix C is called the outputs and is k x n
dimensional, and finally the matrix D is called the output matrix and is k x n
dimensional (In this system D matrix equals to 0) [16] [17].
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In fuel cell modeling, nineteen state variables are used to represent the system that
results in a 19 x 19 state matrix A. The system inputs at the beginning consist of seven
variables like input molar flow rates (Fin), coolant flow rate (mcool), the overall
temperature (Tin_c) and the reference temperature (Trr). The input concentrations are
considered to be indirect ones because they only depend on the molar flow rates and
their adjustment. Hence, the concentrations do not belong to the active input set used
in the formulation of the state-space model since they do not contribute or have a
negligible effect towards the dynamic response.

Table 1.1: Input variables

INPUT VARIABLES
ui Fin_fc nydrogen Hydrogen molar flow
rate, will be used in
control

W2 | Fiy e oxygen_cat Oxygen molar flow rate

U3 | Fiy e nitrogen cat | Nitrogen molar flow rate

ug Fin_fc water cat Water molar flow rate,
equals to zero
us Tin fc Overall inlet temperature
Us Trer Reference temperature,
used as dummy input
u7 Meool Coolant flow rate, will be

used in control

Table 1.2: Output variables

OUTPUT VARIABLES
yl Tyut Operating temperature
y2 Cout,H, Hydrogen outlet concentration
y3 Cout,0, Oxygen outlet concentration
v4 CoutN, Nitrogen outlet concentration
Y5 | Coutnyo Water outlet concentration
y6 Teoo Coolant temperature
y7 nact Dynamic activation voltage
y8 Iy, Operating current
y9 Py Operating power
y10 | Fouen, Hydrogen outlet flow rate
yll | Fouro, Oxygen outlet flow rate
y12 | Fouen, Nitrogen outlet flow rate
y13 | Fourn,o Water outlet flow rate

There are also 6 auxiliary variables not stated at the above table. Thus, the input matrix
B is defined with a size 19 x 3, which corresponds to the two molar flow inputs
(Hydrogen and Oxygen) and the coolant flow. The system output y(t) is defined
according to the operator's requirement to measure certain state variables. Output

14



matrix C is constructed in terms of ones and zeros such that ones indicate the state
variables to be measured and zeros for the non-interest variables.

Similarly, feedthrough matrix D is also defined in terms of ones and zeros for inputs,
depending upon whether they affect the output directly.

Also, certain elements of the A and B matrices are represented by complex expressions
that are coefficients in the differential equations of the model. To avoid making matrix
representation too complicated, these are shortened by dummy variables a-s, ba-bl and
1-7, the letter represents the row of A and B matrices respectively and the numbers the
column. This is merely for convenience in the presentation of the model without any
loss of accuracy.

Below are given in detail the tables that will represent the space model for the PEM
type hydrogen cell as follows:

Table 1.3: Matrix A physical system dimensions 19%19

A =
al 0 0 O O a6 0 a8 O 0 0 0 0O 0 0 0 0 O
b1 b2 0 0 O O O b8 0 b»10 O 0 0O 0 0 0 0 O
cl 0 ¢c3 0 0 O 0 0 O 0 c¢11 ¢12 0 0 0 O 0 O
dl 0 0 d4 0 0 0 0 O 0 di1 d12 0 0 0 0 0 O
0 0 0 O e5 0 0 e8 O 0 0 0 e13 0 0 0 0 O
fn 0 0 O O f6 0 0 O 0 0 0 0O 0 0 0 O O
0 o o o0 o O o 0 O 0 0 0 0O 0 0 0 O O
0 0O 0 0 0 O 0 g8 O 0 0 0 0 0 0 0 O O
0 0 0 O O O 0 A8 h9 O 0 0 0O 0 0 0 0 O
0 o o0 O O O o0 8 0 i10 0 0 0O 0 0 0 0 O
0 o o O O o0 o0 j8 O 0 Jj11 0 0O 0 0 0 0 O
0 o o0 o0 O O o0 o0 o0 0 0 k12 0 0 0 0 0 O
0 0o 0 0 O O o0 8 O 0 0 0 113 0 0 0 0 O
0 o o0 o0 O O o0 o0 o0 0 0 0 0O 0 0 0 0 O
0 o o0 o0 O O 0 o0 O 0 0 0 0O 0 0 0 0 O
0 o o0 o0 O O 0 o0 O 0 0 0 0O 0 0 0 0 O
0 o o0 o0 O O 0 o0 o0 0 0 0 0O 0 0 0 0 O
0 o o0 o0 O O 0 o0 o0 0 0 0 0O 0 0 0 0 O
-0 0O 0 0O O 0 0 s8 O 0 0 0 0O 0 0 0 0 O
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Table 1.4: Matrix input B dimensions 19*7

0
bb1

bcl
bd1

0

0
0

bh1
0

B = bj1
bk1
bl1l

S
N
S
w

O OO OO DO OO OO O HOOD OO O

O OO OO DO OO OO O HOOD OO O

S OO O OO

Table 1.5: Matrix output C dimensions 19*19

o
o
o
o
o
o
o
o

S O O OO OO O OO OO OO O OO

[N eleololeoNoleoloNeoBololNoloNeoNeo o el =
[N eleololoNololoNeoBolololoNoNoNol =N =]
=N eNeleoleoleoleoleolololoNoloNoN el =]
=N eNeleoleoleoleoleolololoNoloNeoN ==l
[N eNeoleoleoNoleoNoNeBoloNol ol ==l
OO OO OO OO OO RO OO oo
SO OO OO OO OO OO R OOCOO o oo
SO OO O OO OO OO R OO OOOoO oo
SO OO OO OO OO R OO OOCOOo o oo
SO OO OO OO PR OO OCOOC OO oo
S OO OO OO R OOOOCOO OO oo
SO OO O OO R ODOOOOOOOCOO o oo
O OO OO R OO OO0 oo oo
OO OO R OODODOOOOOCOO oo oo
SO OO R OO OO ODOOOOOOCOO O oo
OO R OO0 OO ODOOOOOOCOOC OO Oo
O R OO OO OO OO OCOOC O oo
_ OO O OO OO OO0 o oo

r
)

The variables denoted as a-s in matrices A and B, which represent mathematical
expressions, are further analyzed in Appendix, located at the end of the main body of
the study. In many state-space models, in addition to the four core matrices A, B, C, and
D, a fifth matrix is often included to represent disturbances that may affect the system.
This matrix is known as the disturbance matrix E. However, in this particular linear
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mode, no type of disturbance is considered for any of the state variables. As a result,
this matrix is deemed negligible and is considered to be zero.

The developed state-space model is implemented in the MATLAB programming
environment for the purpose of simulation. Through this implementation, graphical
representations of the state variable responses are generated and will later be compared
with those of the linear model in Chapter 2. This follows a similar methodology
previously applied when comparing the dynamic and linearized models [8] [16].

1.4 Transfer functions (Gp) in State Space model

The term “transfer function”, often denoted as Gp(s) in the Laplace domain, refers to
a mathematical model that describes the dynamic behavior of a system or process in
relation to its inputs and outputs.

A SISO continuous-time transfer function is expressed as the ratio:

N(s)

w =Dy

of polynomials N(s) and D(s), called the numerator and denominator polynomials,
respectively. [22]

In the previous section, the state-space model was analyzed in detail. From this model,
the transfer functions Gp will be derived for each of the main variables of the system.
These transfer functions will represent the dynamic relationship between the system’s
inputs and its key state variables, enabling further analysis and controller design based
on the behavior of each individual component.

» Starting from the transfer function of the temperature (Tou):

_ (0.3826-1.2307+10™*)«(2515xs + 8556)—0.1429

G = 1.33
PTout 60.2599+52+205.4189*s+1 (1.33)

» The transfer function of the Coolant Temperature (T cool):

964.2418 4.7322%107°

G = - -
pTCOOl (5%s + 1)*(60.2599%s"2 + 205.4189*s + 1) (60.2599*52+ 205.4189*s + 1)
3.3226%(145.0910%s + 1
( ) (1.34)

(60.2599%s2+4 205.4189%s + 1)

» Transfer functions of the operating current and the delivered power are:

G _ 1.0149+10° 135

Prgc = (5%s + 1) (1.35)
1.5767%10°

GPrre = st 17 (1.36)

» Transfer functions of the line-molecular flow rates of the components at the
anode and cathode outlet are:

1 _ 0.9340 137
T (4xs+1)  (4%s+ D)x(5*s + 1) (1.37)
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0.4670 1
(4*s + 1)*(5*s + 1) (4*s+1)

GDF, o, (1.38)

Below is a schematic representation of the relationship between the input variables
u and the output variables y, indicating how each input affects specific outputs. This
mapping highlights the direct influence paths within the system, providing insight
into the input—output coupling structure.

mcool Tout
GpTout

Y
A J

FinH2 Ifc
Gplfc

A J
Y

Picture 1.1: Schematic Representation of Input—QOutput Variable
Relationships
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Chapter 2: SIMULATION OF PEM FUEL
CELL SYSTEM MODELS

Chapter introduction

In this chapter, the simulation results for each of the models previously analyzed will
be presented Additionally, a further simulation will be carried out by changing two key
system variables — the hydrogen inlet molar flow rate (Fin_H:) and the coolant flow
rate (Meool) — by £30%. In this way, we will achieve two goals a) check their suitability
as control variables and b) ensure that the linear model is a descent representation of
the original linear model [14] [16].

2.1 Comparison of Models

All three models that have been developed share the same initial parameters and data,
which are presented in detail in the table below:

Table 2.1: Initial parameters for all models

Description Symbol Value and Units
Volume of anode V_anode 50*107 m?
Volume of cathode V_cathode 50%10° m?
Number of cells nc 28
Number of electrons ne 2
Faraday constant Far 96485 Cb/mol
Fuel cell efficiency n f 1.0
Fuel cell pressure P _fc 1.3 bar
Inlet temperature of fuel Tfc in 298 K
cell
Universal gas constant Rg 8.314 J/K-mol
Gas constant in Rg 1 82.06 <10 atm-L/mol-K
Formation enthalpy of DH WATER o -241.82-10° J/mol
water
Formation enthalpy of DH OXYGEN o 0 J/mol
oxygen
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Formation enthalpy of | DH HYDROGEN o 0 J/mol
hydrogen
Reference temperature Tref 298 K
Heat transfer coefficient Ufc 900 J/m?-s-K
of fuel cell
Fuel cell surface area Afc 5-10° m?
Coolant density pcool fc 1.25 kg/m?
Volume of coolant Vcool fc 0.0l m?
Specific heat capacity of cpcool fc 1006 J/K-kg
coolant
Emissivity e 0.9
Stefan-Boltzmann sig 5.678-10% J/s-K*-m?
constant
Ambient temperature Tamb 293 K
Capacity Capacity 1000 F
Maximum current [lim 100 A
Oxygen-hydrogen ratio O H 1.5
Inlet coolant temperature Tcool in fc 298 K
Time constant t fc 5s
Specific heat capacity of Cp_anode 2247.2 J/K-kg
anode
Specific heat capacity of Cp_cathode 1032 J/K-kg
cathode
Utilization factor Ut factor 0.934
Fuel cell mass m_fc 0.16xnc + 2.1
Fuel cell heat capacity Cp _fc 100xnc J/K kg
Internal resistance Rohm 2.2e-3 Ohm
Parameters describing the electrochemical actions of the anode/cathode
Model constant x1 -0.944
Model constant x2 0.00354
Model constant x3 -1.91e-4
Model constant x4 7.6e-5
Model constant x5 3.3e-3
Model constant x6 -1.2e-5
Model constant x7 1.1e-6
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Starting the simulation with the non-linear model, the initial data must be taken into
account conditions of the state variables at time t=0. These data are presented in the
following table:

Table 2.2: Initial parameters of the non-linear model

State Variables Initial conditions (t=0)

Tout fc 298 K
Cout_fc_hydrogen 10 mol/m’
Cout_fc oxygen cat 10 mol/m’
Cout_fc nitrogen cat 0.0 mol/m’
Cout_fc water cat 0.0 mol/m’

Tcool fc 298 K

nact 0.0V

Ifc 0.0A

Pfc 0.0 W
Fout fc_hydrogen 0.0 mol/s
Fout fc oxygen cat 0.0 mol/s
Fout fc nitrogen cat 0.0 mol/s
Fout fc water cat 0.0 mol/s

V_fc real 0.0 V
Fout fc hydrogen an help 0.0 mol/s
Fout fc oxygen cat help 0.0 mol/s
Fout fc nitrogen cat help 0.0 mol/s
Fout fc water cat help 0.0 mol/s

Tsp 298 K

The graphic plots to be studied will not concern all nineteen state variables that describe
the fuel cell model, but rather those considered to be the most critical for the analysis
of the model. These include the temperature Tou, the heat removal by the cooling
medium in terms of Tcool temperature the line-molecular flow rates of hydrogen Fou 12
and oxygen Fout 02, as well as the operating current I¢. and the generated power Pr.
Since, the efforts of this study is the development of the control system, the analysis of
the following figures is not provided in detail.
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Figure 2.1: Operating temperature curve diagram of Touwt PEMFC.

The Touw curve appears to have a smooth and rapid path towards stabilization at

approximately 319.5 K.

The temperature Tcoo1 €xhibits fluctuations as it does not stabilize at a single value but

oscillates between 303.8 K and 304.7 K (non-linearity).
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Figure 2.2: Cooling temperature curve diagram of Tout PEMFC.
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Figure 2.3: Operating current curve diagram of It PEMFC.

The curve that describes the operating current Ifc based on the values of the parameters
that have been defined is given in the form above. The response of the operating current,
according to the dynamic model, shows rapid stabilization at a value 37.9 A.
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Figure 2.4: Power output curve diagram of P PEMFC.

In contrast to the graph of Ifc, there is initially a low overshoot that reaches the levels
of 800W before its stabilization at 732.2W.
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Figure 2.5 Molar flow curve diagram of H> at the outlet of PEMFC.

The hydrogen flow at the outlet of the fuel cell is directly related to the fuel inlet flow
as well as the operating current. The outlet flow stabilizes at 0.000389 mol/s relatively

quickly and remains constant for the rest of the simulation.

The oxygen flow at the outlet of the cell shows a negligible overshoot at the start of
simulation, but it almost immediately stabilizes its value at 0.0061 mol/s and remains

unchanged.
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Figure 2.6 Molar flow curve diagram of O; at the outlet of PEMFC.
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2.3 Solution and Presentation of Diagrams of the Linear
Model

Starting the section on the solution of the linear model, it is deemed necessary to define
the steady-state points for each state variable, as well as the new form these variables
will now take. More specifically, since there are nineteen state variables, there will be
fourteen equilibrium points (as the remaining five are auxiliary in the code and will not

concern us), the values of which are given in the table below:

Table 2.3: Steady-State Variables and Their Values

State variable

Steady-state variable

Value

Tout fc

Tout fc ss

319.52K

Cout_fc hydrogen an

Cout_fc hydrogen an_ss

18.919 mol/m’

Cout_fc oxygen cat

Cout_fc oxygen cat_ss

7.572 mol/m’

Cout_fc nitrogen cat

Cout_fc nitrogen cat_ss

41.364 mol/m?

Cout_fc water cat

Cout_fc water cat ss

329.106 mol/m?

Tcool fc Tcool fc ss 304.278 K
Ifc Ifcss 37.978 A
Pfc Pfcss 732.196 W
Fin fc hydrogen Fin fc hydrogen ss 0.0059 mol/s
Fout fc hydrogen an | Fout fc hydrogen an ss 0.00039 mol/s
Fout fc oxygen cat Fout fc oxygen cat ss 0.00609 mol/s
Fout fc nitrogen cat | Fout fc nitrogen cat ss 0.03329 mol/s

Fout fc_water cat

Fout fc water cat ss

0.00551 mol/s

Tsp

Tspss

0.53*Ifcss +26.01 +273 K

Following the definition of the steady-state variables, the simulation of the linear model
is carried out, accompanied by a graphical representation of its results, similarly to the
procedure applied to the nonlinear model. Subsequently, a comparative analysis of the
two models is performed in order to validate their dynamic similarity.
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Figure 2.7: Operating temperature curve diagram of Towe PEMFC for Linear Model.
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Figure 2.8: Cooling temperature curve diagram of Tcoot PEMFC for Linear Model.

The operating temperature curve in the linear model perfectly coincides with that of the
nonlinear model in Fig. 2.1. The curve gradually increases and subsequently stabilizes
at exactly the same values and with the same response characteristics as observed in the
dynamic system diagram. The simulation exhibited no deviations or delayed response,
a fact which demonstrates the reliability of the linear model in accurately capturing the

state variable that describes the operating temperature of the fuel cell.

Similar to the operating temperature curve, the cooling temperature also demonstrates
accuracy compared to the nonlinear model in Fig. 2.2. However, the significant
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difference compared to the dynamic model is that it does not exhibit the same
fluctuations and instead stabilizes at a value slightly above 304 K, specifically at 304.27
K. This gives the impression that the linear model operates with greater accuracy
regarding the cooling temperature.
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Figure 2.9: Operating current curve diagram of I, PEMFC for Linear Model.

The curve describing the current behavior according to the linear model appears
identical to that of the nonlinear system in Fig. 2.3. Its response is equally fast, reaching
approximately 40 A with absolute accuracy compared to the dynamic model. The
operating current eventually stabilizes at 37.9 A by the end of the simulation.
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Figure 2.10: Power output curve diagram of Pt PEMFC for Linear Model.
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Similarly, the behavior of the power variable exhibits exceptional accuracy and a very
fast response in reaching the value at which it stabilizes, namely 732.1 W. It differs
significantly from the corresponding graph of the nonlinear model in terms of the initial
overshoot, which is not present in the case of the linear model. However, the model
stabilizes the power at the same level as the previous one.

The diagram of the molar flow rate of H: at the outlet also appears identical to the
corresponding one in the nonlinear model in Fig. 2.5. The instantaneous increase
observed at the beginning of the simulation, which appears as a peak, as well as the
subsequent stabilization of the variable’s value, are presented in the same manner as in
the corresponding diagram of the dynamic model. Similarly, the diagram of the molar
flow rate of O: at the outlet is exactly the same, showing no difference whatsoever from

the previous model.
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Figure 2.11 Molar flow curve diagram of H; at the outlet of PEMFC Linear Model.
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Figure 2.12 Molar flow curve diagram of O at the outlet of PEMFC Linear Model.
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In summary, the comparison of the response curve diagrams between the nonlinear and
the linear model leads to the conclusion that the accuracy and reliability of the linear
model in simulating the overall operation of the fuel cell—through the state variables
that describe it—are indisputable. This conclusion is drawn from the analysis conducted
above regarding the most critical variables, as well as from the rest of the graphical
representations produced during the simulation. The linear model has the capability to
capture the dynamic behavior of the fuel cell without missing almost any detail in the
response curves of each variable, and thus it successfully reflects its realistic
performance.

2.4 Solution and Presentation of Diagrams of the Space-State
Model

In this section, the graphical representations of the state-space model are presented and
are expected to be identical to the previous ones. The results shown below will be
compared with those of the linear model and, by extension, with the dynamic model’s
plots in terms of the similarity of their curves. In order for the graphs produced by the
state-space model to be considered accurate, they must demonstrate similar response
and shape to those of the linear model. This determination will be based on the visual
comparison of the corresponding graphical representations.

In the previous chapter, the matrices defining the state-space model were presented in
detail, so will proceed with its solution.

As with the previous models, in the state-space model as well, the final operating
temperature starts from the initially defined point and smoothly reaches the stabilization
point slightly below 320 K. An exact similarity with the previous models is also
observed. Regarding the graph for the system's cooling temperature, it appears to be
identical to the graph in Figure 2.8 but with a significant difference compared to Figure
2.2. Just like in the linear model, in the state-space one as well, the graph smoothly
approaches the stabilization point at 304.28 K without any fluctuation or deviation.
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Figure 2.13: Operating temperature curve diagram of Toue PEMFC for State-Space
Model.
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Figure 2.14: Cooling temperature curve diagram of Tcoot PEMFC for State-Space
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Figure 2.16: Power output curve diagram of P PEMFC for State-Space Model.
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Figure 2.17 Molar flow curve diagram of H at the outlet of PEMFC State-Space
Model.
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Figure 2.18 Molar flow curve diagram of O» at the outlet of PEMFC State-Space
Model.

2.5 Simulation of Tests on the PEM Fuel Cell System

The goal of this section is to further test and verify the accuracy of the three
mathematical models developed throughout this study, as well as to assess their
consistency in representing the behavior of the variables that define the operation of the
fuel cell under investigation. More specifically, the tests conducted on the dynamic,
linear, and state-space models will involve variations in specific parameters that directly
affect the fuel cell's variables and indirectly its overall performance. The parameters
considered in these tests are the molar flow rate of hydrogen at the inlet Fin H: and the
flow rate of the cooling medium meoo1 [16].

2.5.1 Increase of Hydrogen Inlet Molar Flow Rate Fin_H: by +30%

The first test applied across all three models involves a 30% increase in the hydrogen
inlet flow rate. This test aims to evaluate the impact of this change on the three most
critical state variables that characterize the fuel cell system's behavior. Each model—
dynamic, linear, and state-space—will be analyzed for consistency and accuracy in
reflecting these variable responses under the modified input condition.

The following is an analysis of the graphs, beginning with the operating temperature
variable Tou for each of the three models, as shown below:
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Figure 2.19 Operating temperature curves Tou from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

Starting with the operating temperature, it is easily observed that all three models are
in complete agreement both in terms of response and the shape of the curve. Beginning
at 298 K, the temperature rises smoothly and stabilizes for the remainder of the
simulation just above 325 K. Continuing with the heat removed by the cooling medium
(Tcool), the corresponding graphs are presented below.
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Figure 2.20 Cooling temperature curves Tcool from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

As observed, the non-linear model does not stabilize at a fixed value but rather oscillates
around approximately 306 K. In contrast, the other two models exhibit identical
behavior, as they both initiate from the same starting point and converge smoothly to a

steady-state value slightly above 306 K.

Below is the analysis of the operating current curves that produced by the three models
are given below as follows.
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Figure 2.21 Operating current curves If from the non-linear model (curve a), linear
model (curve b), and state-space model (curve c).

The graphs of all three models follow the same trajectory and are identical. They all
reach the steady-state point almost instantaneously, slightly below 50 A, and remain at
that point until the end of the simulation.

At the end of this specific simulation, the graphs for the power output are presented
below.
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Figure 2.21 Power output curves Ps from the non-linear model (curve a), linear
model (curve b), and state-space model (curve c).

The power output curves produced by the three models in response to this variation
exhibit overall similarity. They all increase rapidly, reaching approximately 900 W with
comparable response characteristics. However, a slight dip is observed in the nonlinear
model around 800 W, followed by a gradual return to values close to 900 W. A further
noteworthy difference is that, in the state-space model, the generated power exceeds
this level and eventually stabilizes at approximately 1000 W, indicating a higher final
steady-state output compared to the other models.

Table 2.4: Steady-State Points for the increase of Fin_H2 +30%

Steady-State Points (Increase Fin_H2 +30%)

Variables Non-Linear Linear State-Space
Tout 326.55 K 326.15 K 325.18 K
Tcool 306.06 — 306.76 K 306.23 K 305.98 K

Ifc 49.37 A 49.37 A 49.37 A
Pfc 900.7143 W 1011.27 W 1011.27 W
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Here we have to highlight that this deviation between the non-linear and the linear (and
state-space) model is due to the fact that the voltage is calculated based on the equations
provided in chapter 1, where a mean value was used in the other models (was not
included in the lineartization).

2.5.2 Decrease of Hydrogen Inlet Molar Flow Rate Fin_H: by -30%

In this part, a reduced fuel flow rate by 30% (i.e., the input variable for H2 supply,
Fin_H>) is applied to the fuel cell, essentially the inverse scenario of the first part of the
section. A similar analysis of the resulting diagrams from the models will follow, along
with a comparison of their mutual agreement. The state variables under examination
are presented in the same order as in the previous section, beginning with the operating
temperature Tout.
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Figure 2.22 Operating temperature curves Toue from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

It is observed from the above curves that the first two models are identical to each other,
both in shape and in the steady-state value, which stabilizes slightly above 312 K. In
contrast, the state-space model exhibits a similar response pattern; however, its steady-
state value differs significantly, reaching just below 314 K. The analysis for the cooling
temperature will then be presented.
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Figure 2.23 Cooling temperature curves Tcool from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

As observed in the previous case, a significant deviation is noted in the nonlinear model,
which fails to stabilize at a specific value and instead oscillates within the range of 302
to 302.5 K. In contrast, the other two models exhibit identical behavior, showing no
discernible differences and maintaining a stable response.
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Below is the analysis of the operating current and operating power curves generated by
the three models. The corresponding plots are presented as follows.
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Figure 2.24 Operating current curves Is from the non-linear model (curve a), linear
model (curve b), and state-space model (curve c).
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Figure 2.25 Power output curves Pg from the non-linear model (curve a), linear

model (curve b), and state-space model (curve c).

As demonstrated above, the curves of the operating current are identical across all three
models, showing no differences whatsoever. However, in the case of the operating
power curves, a distinction once again emerges in the non-linear model. Specifically, it
exhibits an abrupt rise followed by a slight but sharp drop before beginning to stabilize.

Table 2.5: Steady-State Points for the decrease of Fin_H2 -30%

Steady-State Points (Decrease Fin_H2 -30%)

Variables Non-Linear Linear State-Space
Tout 312.72 K 313.15K 313.73 K
Tcool 302.00 — 302.65 K 302.40 K 302.57 K

Ifc 26.58 A 26.58 A 26.58 A
Pfc 542.56 W 453.12 W 453.12 W
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2.5.3 Increase of the coolant flow mc.0 by +30%

In this section and the next, coolant flow changes in the system. Initially the flow will
be increased by 30%, which means that the system will be able to dissipate greater
amounts of heat, making it cooler and cooler and reduce the overall operating
temperature. At the same time, this change is not expected to affect the electrical load
and power and power produced by the cell (or only as an insignificant effect), as shown
in the graphs below. It is highlighted that this temperature refers to the overall stack
temperature (unified across the stack).

Initially, the operating temperature of the Tout system and the cooling temperature Tcool
will be presented.
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Figure 2.26 Operating temperature curves Toue from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).
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Figure 2.27 Cooling temperature curves Tcool from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

As can be clearly identified, the output temperature curves of the system are nearly
identical across all of the three models. The only noticeable difference lies in the non-
linear model, where the simulation stabilizes at a slightly lower temperature compared
to the others. However, this deviation is minor and does not significantly affect the
reliability or validity of the system's performance. Regarding the system’s cooling
temperature, slightly more variations are observed among the models; however, these
differences remain small and insufficient to compromise the system’s overall reliability.
Specifically, the expected fluctuations appear again in the non-linear model, as noted
in previous simulations. Aside from this, with closer examination, one can discern a
further distinction: the linear model reaches and stabilizes at its steady-state point more
rapidly, and this point is marginally higher compared to that of the state-space model.
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The following section presents the curves for the system’s output operating current and

power.
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Figure 2.28 Operating current curves Is from the non-linear model (curve a), linear
model (curve b), and state-space model (curve c).
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Figure 2.29 Power output curves Pg from the non-linear model (curve a), linear
model (curve b), and state-space model (curve c).

The behavior of the operating current variable remains consistent across all three
models, mirroring its response in the initial scenario without any parameter changes.
The curves exhibit no variation in shape or response time and yield comparable results
among the models. Similarly, with regard to the operating power of the system, no
significant deviations are identified across the models—except for the nonlinear model,
which exhibits a typical initial irregularity at the beginning of the simulation. However,
it ultimately converges to the same steady-state value as the other two models.

Table 2.6: Steady-State Points for the increase of Mcoo +30%0

Steady-State Points (Increase mcool +30%)

Variables Non-Linear Linear State-Space
Tout 318.08 K 319.52 K 319.14 K
Tcool 302.55-303.21 K 304.28 K 304.05 K

Ifc 37.98 A 37.98 A 37.98 A
Pfc 731.21 W 732.20 W 732.20 W

2.5.4 Decrease of the coolant flow mcoa by -30%

In the fourth and final variation applied to the system, which involves a 30% reduction
in the coolant flow rate, the variables of each model will be compared, as previously,
in terms of their behavior and graphical representation. The variables expected to be
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directly affected are the operating temperature (Tou) and the heat removed by the
coolant (Tcool), both of which are theoretically anticipated to exhibit a relative increase.

Starting with the analysis of the operating temperature across the three models, the

corresponding plots are presented as follows:
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Figure 2.30 Operating temperature curves Tou from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

As it is shown, all three models exhibit similar behavior in both form and response time.
The only notable difference lies in the final stabilization point of the nonlinear model,
which levels off at a slightly higher value—approximately 322 K—compared to the
other two models, which stabilize just below 320 K. However, this deviation is
considered negligible and does not compromise the overall reliability of the system.

The analysis of the cooling temperature follows next.
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Figure 2.31 Cooling temperature curves Tcool from the non-linear model (curve a),
linear model (curve b), and state-space model (curve c).

Exactly as observed in previous cases, the curves for the coolant temperature show no
deviation between the linear model and the state-space model. The same fluctuation is
observed in the nonlinear model, oscillating around 307 K, consistent with earlier
simulations. Moreover, another noticeable difference is the steady-state value: the
nonlinear model reaches at a slightly higher temperature of approximately 307 K,

compared to around 304.6 K in the other two models.

The final variables to be analyzed are the operating current and the power of the system.
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The operating current variable is not affected by the variation introduced in this section.
Consequently, the shape of the three curves produced by the models remains identical
to that of the previous scenario. These results are considered entirely satisfactory.

Similarly, the operating power variable also remains unaffected by this change. Each
model produces a curve consistent in shape with those presented in the previous section,
where the power increases and stabilizes slightly above 700 W. The only noticeable
difference is a slight irregularity at the beginning of the simulation in the nonlinear
model. However, this behavior is consistent with previous cases and does not affect the
overall reliability of the system.

Table 2.7: Steady-State Points for the decrease of Mcool -30%

Steady-State Points (Decrease mMcool -30%)

Variables Non-Linear Linear State-Space
Tout 322.18 K 319.52 K 319.94 K
Tcool 306.69 — 307.40 K 304.28 K 304.70 K

Ifc 37.98 A 37.98 A 37.98 A
Pfc 734.03 W 732.20 W 732.20 W
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Chapter 3: ANALYSIS ON THE CONTROL
SYSTEM OF THE PEM FUEL CELL

Chapter introduction

In this chapter, an extensive analysis will be carried out, with the aim of introducing a
suitable controller for the as-modelled fuel cell. More specifically, a theoretical
framework of control systems will be presented, followed by an analysis of the most
well-known controllers, which will be classified based on their effectiveness and
suitability.

Subsequently, the control process for the existing system will be described — that is,
which variables will be subject to control and how the modeling was performed within
the MATLAB environment. Finally, the results derived from MATLAB simulations will
be presented as a comparison between the different controllers. The most efficient(s)
will be selected.

3.1 Theory on Control Systems

Control systems theory is a fundamental discipline in engineering and applied sciences
that focuses on the behavior of dynamical systems and the design of controllers to
regulate system outputs. It provides a mathematical framework and practical tools to
ensure that systems perform desired tasks with stability, accuracy, and robustness
despite internal uncertainties and external disturbances. Control theory finds
applications across diverse fields, including mechanical, chemical, process and
electrical engineering, biological networks, and industrial automation. At its core, a
control system consists of several key components:

e the plant, which is the physical system or process to be controlled, such as a
motor, chemical reactor, or biological organ; In our case it is the fuel cell.

e the sensor, which measures the output or state of the plant; In our case the
sensors will measure the temperature and the power/current.

e the controller, which adjusts the control input based on the difference between
the desired reference and the measured output (error);

e the actuator, which implements the control input to influence the plant; In our
case is the coolant flow and the hydrogen flow

The primary objective of control theory is to design the controller so that the system
output follows a desired reference signal while maintaining stability and performance
criteria.

Control systems are broadly categorized into open-loop and closed-loop (feedback)
systems. Feedback control uses output measurements to dynamically adjust inputs,
providing robustness against disturbances and model uncertainties. This feedback loop
is central to modern control theory and enables self-correcting behavior. Feedforward
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control anticipates disturbances and compensates without relying on output
measurements, often complementing feedback control to improve overall system
performance. Mathematical modeling is fundamental in control theory, where system
dynamics are described by differential equations or other types of models. Two primary
frameworks are commonly used: the transfer function approach, which represents
systems in the frequency domain using Laplace transformations to facilitate analysis of
stability, frequency response, and transient behavior; and the state-space representation,
which describes systems using a set of first-order differential equations in vector form,
enabling analysis of multi-input multi-output (MIMO) systems and modern control
design techniques [23].

Proportional (P), Proportional-Integral (PI), and Proportional-Integral-Derivative (PID)
controllers are fundamental types of feedback controllers widely used in control
systems. The P controller indduces an output proportional to the current error, providing
a simple and fast response but often leaving a steady-state error (offset). The PI
controller adds an integral term to eliminate this offset by integrating the error over
time, improving steady-state accuracy, but potentially slowing the response. The PID
controller further incorporates a derivative term that predicts future error trends,
enhancing stability and transient response by reducing overshoot and oscillations [24].

The Ziegler—Nichols method involves a strategy where increasing the proportional gain
leads the system output to oscillates continuously at the ultimate gain Ku with period
Pu. Controller parameters are then adjusted using empirical formulas derived from Ku
and Pu. This method typically results in aggressive tuning with faster response but can
cause significant overshoot and oscillations.

The Tyreus-Luyben method modifies the Ziegler—Nichols approach to yield more
conservative tuning parameters, aiming for less oscillatory and more robust control. It
uses the same Ku and Pu values but applies different formulas to calculate the PI and
PID gains, generally resulting in smoother responses with reduced sensitivity to process
changes.

In practice, the choice between these tuning methods depends on the specific system
requirements: Ziegler—Nichols is often preferred when faster response is critical and
some overshoot is acceptable, while Tyreus-Luyben is favored for processes requiring
smoother control and greater stability [11] [17].

3.2 Modelling of the Control System

In this section, the control modeling procedure will be presented, along with the
methodology through which the system identified the appropriate controllers. More
specifically, two distinct control loops will be implemented for the current system. The
first concerns the regulation of the hydrogen inflow in relation to the generated current,
while the second focuses on the coolant flow rate as it affects the operating temperature.
Each control objective will be addressed through dynamic analysis and tuning strategies
aimed at achieving stability, responsiveness, and effective disturbance rejection.
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3.2.1 Root Locus Analysis for Power Control

One of the fundamental challenges in the design of automatic control systems lies on
determining the appropriate parameters of a controller, so that the closed-loop system
poles are placed at desired locations in the complex plane. These pole locations directly
govern the system’s stability and significantly influence its transient response
characteristics.

In its simplest form, a controller may be implemented as a proportional controller,
where only a single parameter, Kc, is adjusted. Varying this gain results in a shift of the
closed-loop poles across the complex plane. The root locus method provides a graphical
means of tracking the movement of these poles as Kc varies, and constitutes the primary
focus of this section.

Once the root locus has been determined, it becomes possible to identify two critical
values: the ultimate gain (Ker) and the ultimate period of oscillation (Per). With these
values known, one can proceed to the systematic design of P, PI, and PID controllers
using the Ziegler—Nichols tuning method. Additionally, the design of PI and PID
controllers may also be carried out using the Tyreus—Luyben tuning method, which will
be addressed in detail in the following section [10] [11].

Essentially, it is assumed that the controller employed in the system is a proportional
(P) controller, characterized by the proportional gain Kc. The purpose of this
assumption is to enable the construction of the root locus of the system, which in turn
facilitates the determination of the ultimate gain Kcr and the ultimate period of
oscillation Pcr.

The characteristic equation of the closed-loop system is given by:

G(s) = Gp(s) - Gv(s) - Ge(s) - Gm(s) 3.1

where,

Gp(s): Transfer function of the process (plant)

oy 64369 7 10°
p= 5xs + 1
3.2)
Gv(s): Transfer function of the actuator
Cp = 1
VT T0%s+1
(3.3)
Gc(s): Transfer function of the controller
1
Gec=Kcx*(1 +§+Tds)
(3.4)
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Gm(s): Transfer function of the measurement element (sensor)
1

Gm = S 0vs+ 1

(3.5)

This transfer function expression is used to compute the root locus, which graphically
illustrates how the closed-loop poles migrate in the complex plane as the gain Kc
varies.

Using MATLAB’s computational tools, the root locus is plotted and visualized,
typically as shown in a figure such as Figure 3.1. In this diagram, the horizontal axis
corresponds to the real part of the complex frequency s, while the vertical axis
represents the imaginary component. The position and movement of the poles in this
plane provide direct insight into the stability and dynamic behavior of the system under
varying control gain conditions.
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Figure 3.1: Root locus Analysis for H»

It is evident that since the initial point of each root locus branch lies to the left of the
imaginary axis—i.e., all system poles have negative real parts—the system under
investigation is classified as stable.

From Figure 3.1, three distinct branches of the root locus are identified. The number of
branches corresponds directly to the number of roots of the open-loop transfer function
G(s), which in this case is n=3. The calculated poles of the system are located at:
—0.2000, —0.1, and —0.0333. Which shows that the system is quite sensitive in model
parameters.

Symmetry of the root locus with respect to the real axis is also observed, which is a
typical property of root locus plots in linear time-invariant systems.
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Figure 3.2: The intersection chosen point for H»

From the information obtained in Figure 3.2, one can determine the key parameters
required for this section, namely the critical Kcr and the critical oscillation period Pcr.

e K. = Gain = 0.00216
e Pole = —0.000192+ 0.173-i , w = 0.173 and P, =

2T — 36.32

w

3.2.2 Ziegler—Nichols Tuning Method and Tyreus—Luyben for Power
Control

The method assumes that the system under control can be brought to the verge of
instability by gradually increasing the proportional gain Kc, while keeping the integral
and derivative actions deactivated. This leads to a condition where the system exhibits
sustained oscillations. The gain at which this occurs is called the critical gain Kcr, and
the period of the oscillations is the critical period Pcr.

Once Kcr and Pcr are identified—typically through root locus—these values are used
to compute the controller parameters according to a predefined set of empirical
formulas [9] [10].

Table 3.1: Ziegler-Nichols Setting in general form

Controller Type K, T Tp
P 0.5K,, o 0
. 1
PI 0.45K, () P 0
PID 0.6'Kc, 0.5P, 0.125°P,,
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where,

Kc : Proportional gain

1l : Integral time constant
1D : Derivative time constant

Table 3.2: Ziegler-Nichols Setting in this system

Controller Type K, T Tp
P 0.0011 o 0
PI 9.72 x 10™* 30.27 0
PID 0.0013 18.16 4.54

The Tyreus—Luyben method is an empirical controller tuning approach developed as
a refinement of the Ziegler—Nichols method, particularly suited for chemical process
control systems and systems that require greater robustness and reduced oscillatory
behavior.

This method also uses the ultimate gain (Kcr) and ultimate period (Pcr) obtained from
the system's sustained oscillations under proportional-only control. However, compared
to Ziegler—Nichols, Tyreus—Luyben tuning leads to less aggressive controller settings,
enhancing stability margins and making it more appropriate for slower or integrating
processes.

Table 3.3: Tyreus—Luyben Setting in general form

Controller Type K. T Tp
PI Ker 2.2-Pe; 0
3.2
PID Ker 2.2°Pey Per
2.2 6.3

Table 3.4: Tyreus—Luyben Setting in this system

Controller Type K, T Tp
PI 6.75 % 10~% 79.90 0
PID 9.82 % 107% 79.90 5.76




3.2.3 Root Locus Analysis for Temperature

As in the previous section, in order to determine the key parameters required for
controller tuning, the root locus method will once again be employed—this time
focusing on the temperature control loop of the system. This analysis will be conducted
in its simplest form, that is, assuming a proportional-only controller.

Through this approach, it becomes possible to identify two critical tuning parameters:

The ultimate gain Kcr, which is the gain value at which the system begins to
exhibit sustained oscillations

The ultimate period of oscillation Pcr, corresponding to the period of these
sustained oscillations

These two values will be used as the foundation for tuning PI and PID controllers using
empirical methods such as Ziegler—Nichols or Tyreus—Luyben.

The characteristic equation of the closed-loop system will remain structurally identical
to that used in the previous analysis (Equation 3.1). The only modification lies in the
replacement of the transfer functions, which now correspond to the temperature control
subsystem.

The transfer functions are the following:

Gp(s): Transfer function of the process (plant)

_ (0.3826 — 1.2307 * 10™*) % (2515 * s + 8556) — 0.1429

Gp 60.2599 52 + 2054189 * 5 + 1
(3.6)
Gv(s): Transfer function of the actuator
Gy = 1
VT 10+s+1
3.7)
Gc(s): Transfer function of the controller
1
= —+T
Gc=Kcx*(1 +Tl-s + Tys)
(3.8)
Gm(s): Transfer function of the measurement element (sensor)
1
Gm = s +1
(3.9)

Using MATLAB, the root locus method will be visually represented, allowing for a
clear and intuitive analysis of how the closed-loop poles move in the complex plane as
the controller gain Kc varies.
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Figure 3.3: Root locus Analysis for Temperature

As shown in the figure above, since none of the root locus branches intersect the
imaginary axis, it is not possible to directly determine the critical gain Kcr and the
corresponding oscillation period Pcr from a standard crossing point.

Therefore, a representative point is arbitrarily selected along the cyan branch, as
indicated in the plot. This selected point serves as a practical approximation to extract
useful system behavior for controller tuning. While it does not represent the theoretical
limit of marginal stability, it allows for the estimation of gain and oscillation
characteristics that can still be used to design stable and responsive controllers,
especially when applying empirical tuning rules such as those of Ziegler—Nichols or
Tyreus—Luyben.
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Figure 3.4: Root locus Analysis for Temperature
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From the information obtained in Figure 3.2, one can determine the key parameters
required for this section, namely the critical Kecr and the critical oscillation period Pcr.

e K. = Gain = 0.0462
e Pole = —0.000175

However, since the imaginary part ® cannot be zero—given that it is required to define
an oscillatory response—we assign it a nominal value of 0.5 for the purposes of the
continuation of this study.

This assumption allows us to approximate the oscillatory behavior of the system at the
selected point on the root locus and proceed with the estimation of the critical
oscillation period:

° Pcr=2—n=2—n= 12.57
w 0.5

3.2.4 Ziegler—Nichols Tuning Method and Tyreus—Luyben for
Temperature Control
After determining the values of the critical gain Kcr and the critical oscillation period

Pcr, the corresponding parameter tables for the Ziegler—Nichols tuning method are
constructed below.

This method provides empirical formulas for calculating the proportional gain Kc,
integral time Ti, and derivative time Td based on the values of Kcr and Pcr, with the
goal of designing P, PI, and PID controllers

Table 3.5: Ziegler-Nichols Setting in this system

Controller Type K. T T
P 0.0231 00 0
PI 0.0208 10.4750 0
PID 0.0277 6.285 1.5713

Next, the table corresponding to the Tyreus—Luyben tuning method is presented. This
method, like Ziegler—Nichols, uses the critical gain Ker and the critical period of
oscillation Pcr, but provides more conservative tuning rules aimed at improving
stability margins and reducing overshoot.

Below are the standard Tyreus—Luyben tuning formulas for PI and PID controllers:
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Table 3.6: Tyreus—Luyben Setting in this system

Controller Type K, T Tp
PI 0.0144 27.6540 0
PID 0.021 27.6540 1.9952

3.3 Solution and Presentation of Diagrams of the P, PI, PID
Controllers for Power Control

In the previous sections, five controllers were designed using the Ziegler—Nichols (P,
PI, PID) and Tyreus—Luyben (PI, PID) tuning methods. These controllers are now to be
implemented and simulated within the MATLAB environment to evaluate their
performance [11].

The objective of this section is to carry out a series of simulations focusing on the
hydrogen input—generated current output feedback control loop. Each of the five
controllers will be applied to the same system, and their performance will be analyzed
and compared based on their ability to drive the system to its desired steady-state value
(set point). The selected controller will represent the most efficient and reliable choice
for regulating the current output via hydrogen input in the PEM fuel cell control system.

The simulation begins with the implementation and evaluation of the P (Proportional)
controller. As the simplest form of control, the P controller adjusts the control signal
proportionally to the error between the system output and the desired set point. In this
case, it acts on the hydrogen input flow to regulate the generated current. The exhibited
overshoot is about 40A.

20 1 1 1 1 L 1 1 1 L
0 50 100 150 200 250 300 350 400 450 500

time,sec

Figure 3.1: Output Response y(t)/ operating current in A of P (Proportional)
controller Ziegler-Nichols
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Figure 3.2: Input Response u(t)/ hydrogen flow rate in mol/s of P (Proportional)
controller Ziegler-Nichols

As observed in the diagrams above, the performance of the P controller does not meet
the desired specifications. Specifically, in Figure 3.1, the current response fluctuates
around the set point but never actually reaches it. This behavior indicates that the system
fails to stabilize at the target value, resulting in a persistent steady-state error. The
proportional action alone is insufficient to fully eliminate the offset, which is a common
limitation of P-only control. While the system demonstrates a degree of responsiveness,
the absence of integral correction prevents it from converging precisely to the
equilibrium point. Consequently, the P controller cannot adequately stabilize the system
at the desired output level in this case. The presentation continues with the
implementation of the PI (Proportional-Integral) controller. The exhibited overshoot
is about 40A.
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Figure 3.3: Output Response y(t)/ operating current in A of PI (Proportional-
Integral) controller Ziegler-Nichols
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Figure 3.4: Input Response u(t)/ hydrogen flow rate in mol/s of PI (Proportional-
Integral) controller Ziegler-Nichols

It is easy to observe the significant difference between the P and PI controllers. Initially,
the PI controller reaches much closer to the desired set point which is 112A, exhibiting
similar oscillatory behavior but with improved convergence.

The third controller in sequence is the PID (Proportional-Integral-Derivative)
controller. This configuration combines the advantages of the previous controllers by
integrating proportional, integral, and derivative actions into a single control law. The
exhibited overshoot is about 50A.

y(t)

30 Il Il 1 1 Il L 1 1 1
0 50 100 150 200 250 300 350 400 450 500

time,sec

Figure 3.5: Output Response y(t)/ operating current in A of PID (Proportional-
Integral-Derivative) controller Ziegler-Nichols
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Figure 3.6: Input Response u(t)/ hydrogen flow rate in mol/s of PID
(Proportional-Integral-Derivative) controller Ziegler-Nichols

As shown in Figure 3.5, the PID controller exhibits the most effective response
compared to the previously examined controllers. It reaches the set point quickly and
efficiently, demonstrating a significantly improved dynamic performance. More
importantly, once the desired value is reached, the system maintains it with high
precision and minimal deviation. The combined action of proportional, integral, and
derivative terms enables the PID controller to minimize overshoot, eliminate steady-
state error, and provide excellent stability. This results in a well-balanced and robust
control response, confirming that the PID configuration offers the most accurate and
reliable performance among the controllers analyzed so far. Following the presentation
of the controllers tuned using the Ziegler—Nichols method, the analysis proceeds with
the implementation of the PI and PID controllers designed according to the Tyreus—
Luyben method. The exhibited overshoot is about 35A.
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Figure 3.7: Output Response y(t)/ operating current in A of PI (Proportional-
Integral) controller Tyreus—Luyben
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Figure 3.8: Input Response u(t)/ hydrogen flow rate in mol/s of PI (Proportional-
Integral) controller Tyreus—Luyben

Regarding the results of the PI controller tuned using the Tyreus—Luyben method,
several notable differences are observed when compared to the controller tuned with
the Ziegler—Nichols method.

Firstly, the Tyreus—Luyben PI controller reaches the set point more quickly, and does
so with significantly fewer oscillations. In addition, the amplitude of the fluctuations is
substantially smaller, indicating improved damping characteristics. Importantly, the
output does not drop below zero on the y-axis, suggesting enhanced stability and
reduced overshoot.

Last but not least, the presentation concludes with the simulation of the PID controller
tuned according to the Tyreus—Luyben method. The exhibited overshoot is about 33A.
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Figure 3.9: Output Response y(t)/ operating current in A of PID (Proportional-
Integral-Derivative) controller Tyreus—Luyben
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Figure 3.10: Input Response u(t)/ hydrogen flow rate in mol/s of PID
(Proportional-Integral-Derivative) controller Tyreus—Luyben

In Figure 3.9, the control of the hydrogen inflow—generated current relationship, using
a PID controller tuned via the Tyreus—Luyben method, demonstrates a very fast and
efficient response. The system reaches the desired set point rapidly and without
generating significant oscillations or overshoot. This behavior confirms the controller's
ability to deliver a well-damped and stable performance, ensuring precise tracking of
the reference value.

As a conclusion from the above analysis, it becomes evident that controlling the
hydrogen flow in relation to the generated current can be a complex task, due to the
dynamic behavior and sensitivity of the system. However, through the implementation
of appropriately tuned controllers, it is possible to achieve a highly satisfactory
performance in terms of both response speed and overall efficiency.

Among the controllers evaluated, the PID controllers—tuned using either the Ziegler—
Nichols or Tyreus—Luyben methods—demonstrated the best results. Although both
configurations performed effectively, the PID controller based on the Tyreus—Luyben
method showed a slight advantage, primarily due to the reduced amplitude of
oscillations during transient disturbances.

Table 3.7: Performance Criterion of Control

Performance P ZN PI_7ZN PID_7ZN PI TL PID_TL
Criterion
ISE 3.795%10° | 3.133*10° | 1.896*10° | 2.980*10° 1.798*10°
IAE 769.72 536.70 301.15 441.94 290.57
ITSE 1.121%10° | 8.473*10° | 4.948*10° | 7.833*10° 4.625%10°
IATE 2.523*10° | 1.561*10° | 7.797*10* | 1.217*10° 8.079*10*
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Utot 3.592 3.646 3.693 3.653 3.6532
Ytot 2.305%10% | 2.339*10% | 2.369*10* | 2.344*10* 2.344*10*
Total_Energy 0.1924 0.195 0.1977 0.196 0.1956

The table above presents the various performance criteria used to quantitatively
evaluate the efficiency and effectiveness of the controllers. These indices are based on
the error signal e(t)=r(t)—y(t), where r(t) is the reference signal (set point) and y(t) is the
system output. Each index captures a different aspect of the controller’s behavior over
time.

ISE (Integral of Squared Error):
ISE = f e?(t) dt
0

Emphasizes large errors more heavily. It is useful when penalizing large deviations is a
priority.

IAE (Integral of Absolute Error):
IAEzj le(t) | dt
0

Penalizes total error over time equally, regardless of magnitude. It tends to produce
smoother control actions.

ITSE (Integral of Time-weighted Squared Error):

[ee)

ITSE =f t-e?(t)dt
0

Places more weight on errors that persist over time. It helps reduce long-term error.

IATE (Integral of Time-weighted Absolute Error):

IATE:f t-le() | dt
0

Similar to ITSE but gives linear weight to errors over time, focusing on sustained error
reduction [24][26].

The PID controller with the Tyreus—Luyben method (consistently performs best in
terms of error minimization, making it the most balanced and robust choice overall. The
P_ZN controller is lowest in energy and effort, but its high error values indicate poor
performance in precision-critical systems. It is also observed that the Utot (total control
effort) values are relatively similar across all controllers, particularly among the PI and
PID configurations, indicating that the control energy required does not significantly
vary between these more advanced control strategies.
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Finally, in terms of Total Energy, the controller associated with the highest energy
output appears to be the PID ZN.

More specific, from Table 3.7, two of the performance criteria select the PID controller
tuned with the Ziegler—Nichols method, while the other two criteria favor the PID
controller tuned using the Tyreus—Luyben method.

More specifically:

e The IATE and ISE criteria indicate better performance for the Ziegler—Nichols
PID, suggesting slightly improved response in terms of accumulated absolute
error over time and output magnitude.

e On the other hand, the ITSE and IAE metrics—both of which are widely
considered primary indicators of tracking accuracy and error minimization—
show superior performance for the Tyreus—Luyben PID, with lower error values
and better damping behavior.

This balanced outcome highlights that while both PID controllers exhibit strong
performance, the Tyreus—Luyben PID tends to provide more stable and accurate
control, especially in systems where minimizing steady-state and transient error is
critical.

3.4 Solutions and Presentation of Diagrams of the P, PI, PID
Controllers in Temperature Control

In this section, the results concerning the temperature control of the system in relation
to the coolant flow rate are presented. These results were obtained through simulations
in MATLAB and aim to identify the most suitable controller for this specific subsystem.

The objective is to regulate the fuel cell's operating temperature by adjusting the coolant
input, ensuring both thermal stability and dynamic performance. The process begins
with the evaluation of the system’s behavior under various control strategies, following
the methodology used in the previous sections. The same tuning methods—Ziegler—
Nichols and Tyreus—Luyben—will be applied, and their performance compared based
on time-domain response, accuracy, and energy efficiency.

The analysis begins with the implementation of the P (Proportional) controller.
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Figure 3.11: Output Response y(t)/ total temperature in K of P (Proportional)
controller Ziegler-Nichols
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Figure 3.12: Input Response u(t)/ coolant flow rate in kg/s of P (Proportional)
controller Ziegler-Nichols

As observed in the graphical representation of the P controller, the system initially
reaches the desired temperature set point (approximately 322.55 K). However, this is
followed by a noticeable decline, with the temperature eventually stabilizing slightly
below 319 K. This behavior indicates that the proportional controller alone is
insufficient for maintaining the output at the target value. The presentation continues
with the implementation of the PI (Proportional-Integral) controller.

58



3197 L 1 1 1 L 1 1 1 L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

time,sec

Figure 3.13: Output Response y(t)/ operating temperature in K of PI
(Proportional-Integral) controller Ziegler-Nichols
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Figure 3.14: Input Response u(t)/ coolant flow rate in kg/s of PI (Proportional-
Integral) Ziegler-Nichols

As illustrated in Figure 3.13, the response initially starts approximately at the set point.
It is followed by a slight downward trend, after which the system rapidly recovers and
converges smoothly to the desired temperature. This behavior indicates that the
controller effectively corrects the initial deviation and ensures fast stabilization,
achieving accurate set-point tracking with minimal overshoot.

The final controller presented using the Ziegler—Nichols tuning method is the PID
controller.
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Figure 3.15: Output Response y(t)/ operating temperature in K of PID
(Proportional-Integral-Derivative) controller Ziegler-Nichols
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Figure 3.16: Input Response u(t)/ coolant flow rate in kg/s of PID (Proportional-

Integral-Derivative) Ziegler-Nichols

In Figure 3.15, a similar response is observed with the application of the PI controller;
however, the system exhibits a faster response and improved effectiveness. Specifically,
the temperature reaches the desired set point 0of 322.55 K at a higher rate, demonstrating
the superior dynamic performance of the PI controller in terms of both response time
and accuracy.
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The analysis now proceeds with the presentation of results obtained using the PI
controller with Tyreus—Luyben tuning method.
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Figure 3.17: Output Response y(t)/ operating temperature in K of PI
(Proportional-Integral) controller Tyreus—Luyben
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Figure 3.18: Input Response u(t)/ coolant flow rate in kg/s of PI (Proportional-
Integral) controller Tyreus—Luyben

As illustrated above, the response curve of the PI controller closely resembles those of
the two previous controllers, indicating that it is both rapid and effective in reaching the
desired set point with relatively high speed.

The final controller examined in this analysis is the PID controller tuned using the
Tyreus—Luyben method.

61



1 1 1 1 1 1 1 1

319.7 :
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

time,sec

Figure 3.19: Output Response y(t)/ operating temperature in K of PID
(Proportional-Integral-Derivative) controller Tyreus—Luyben
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Figure 3.20: Input Response u(t)/ coolant flow rate in kg/s of PID (Proportional-
Integral-Derivative) controller Tyreus—Luyben

Finally, as shown in Figure 3.19, the PID controller reaches the set point (322.55 K)
with considerable speed and effectiveness, similarly to the three previously analyzed

controllers.
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Table 3.8: Performance Criterion of Control for Temperature

Performance P ZN PI_7ZN PID_7ZN PI TL PID_TL
Criterion
ISE 440.38 86.04 67.01 85.91 85.91
IAE 660.40 170.78 133.62 173.87 173.87
ITSE 1.142%10° 5.363*10* 3.517*10* 5.451*10* 5.452*10*
IATE 1.690*10° 1.398*10° 8.676*10* 1.479%10° 1.479%10°
Utot 15.21 40.41 42.29 40.26 40.26

The PID_ZN controller clearly dominates across all key performance criteria related to
error minimization, including ISE, ITSE, and IATE, demonstrating its ability to provide
both precise and stable temperature regulation. In contrast, the P ZN controller
achieves the lowest total control effort (Utot), which aligns with expectations for a
proportional-only strategy. However, this lower actuation cost is offset by significantly
higher error metrics, indicating poor tracking accuracy and inadequate control
performance. Therefore, while P ZN may be suitable in applications where control
energy must be minimized and precision is not critical, for high-performance
temperature control, PID ZN offers the most effective balance between responsiveness,
accuracy, and long-term stability.

In summary, while PI TL demonstrates competitive performance in certain areas,
especially in long-term error distribution, the PID with Ziegler-Nichols controller still
delivers the best overall performance, striking the most effective balance between
precision, responsiveness, and robustness in the temperature regulation of the system.
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CONCLUSIONS

This thesis focused on the dynamic modeling, linearization, and control of a Proton
Exchange Membrane (PEM) fuel cell stack, aiming to analyze its behavior and optimize
its performance through the implementation of appropriate control strategies.

In Chapter 1, a nonlinear mathematical model of the system was developed, based on
differential equations that describe the electrochemical, thermal, and mass dynamics of
the fuel cell stack. The model was then linearized using a Taylor series expansion
around selected steady-state operating points. The resulting linear model was
transformed into state-space representation, enabling further analysis and the
application of advanced control techniques.

In Chapter 2, simulations were carried out using MATLAB to solve the three models
developed in Chapter 1: the nonlinear model, the linearized model, and the state-space
model. The graphical results demonstrated that all three models produce consistent
outcomes, validating the reliability and repeatability of the state-space model. To
further verify the consistency of the models, a series of simulations was conducted
under altered initial conditions, introducing £30% variations in the hydrogen input flow
rate (Fin_H2) and the coolant mass flow rate (mcool). These sensitivity tests confirmed
that all models maintained accurate and comparable behavior under dynamic scenarios.

Chapter 3, the most critical part of the thesis, focused on the design and evaluation of
control systems. It began with a theoretical discussion on feedback control,
emphasizing the root locus method to identify the system poles and extract the critical
parameters Kcr and Pcr. Based on these parameters, P, PI, and PID controllers were
tuned using both the Ziegler—Nichols and Tyreus—Luyben methods. The control
strategies were applied to two key subsystems:

e The output current (Ifc) with respect to the hydrogen input flow (Fin H2), and
e The output temperature (Tout) with respect to the coolant flow rate (mcool).

The performance of each controller was assessed using several standard performance
indices, including ISE, IAE, ITSE, IATE, and total control effort (Utot). The results
showed that for current control, the PID controller tuned via Tyreus—Luyben
demonstrated the best performance, offering a balance of responsiveness and minimal
oscillations. For temperature regulation, the PID controller using Ziegler—Nichols
was marginally superior, primarily due to its faster convergence to the set point and
stable behavior.

In conclusion, this thesis demonstrated that precise mathematical modeling, combined
with appropriate controller design and tuning, is essential for the efficient operation of
PEM fuel cell stacks, especially in high-performance applications such as vehicle
propulsion. The methodologies and analyses presented form a robust framework for
understanding, simulating, and controlling PEM fuel cell systems and offer a solid
foundation for future research and optimization.
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APPENDIX

The following section presents in detail the equations corresponding to the state
variables used for the construction of the state-space matrices described in Section
1.3. Each equation is accompanied by the respective notation, as defined in the
reference table.

al = M CPfe * ((_(CprWATER — 05+ CPreoxveen ~ CprHYDROGEN) * ((nc »
Ifcss)/(ne x Far)) *nf) — (Ufc* Afc*nc) — 4 *sig * Afc * nc *
((TOUtfc_ss)A3)) (2°1)
ab = ——— * (Ufc x Afc xnc) 2.2)
a8 = W * (—((DHwargr o — 0.5 * DHoxygen o — DHuyprocen o)

+ (CprWATER — 0.5+« CprOXYGEN - CprHYDROGEN) * (Toutse s
—Tref)) * ((nc)/(ne * Far) *n_f) + nc » (1.253 = Vfc))

(2.3)
—lFout *Rg
_ 1 fchydrogenanss
bl = Vanode * Pfc*105 * Cout_fc_hydrogen_an_ss) 2.4)
- t *Rg+*Tout
b2 = Ly (L drosenanss ) 2.5)
Vanode Pfcx105 .
1 nc
b8 = * (= * 7 2.6
Vanode ( nexFar f) ( )
_ 1 Rg*Toutgc ss
b10 = Vanode *(— Pfc*105 ) * Cout_fc_hydrogen_an_ss (2-7)
1 Foutfcoxl’gencatss +Foutfcnitrogencat )*Rg
cl = * (— = * Cout_fc_oxygen_cat_ss
Vcathode ( Pfc+10° ) —f _oxygen_ -
(2.8)
3 (—(F F R Touts.
CoOo =" —*(— + * ,—
Vcathode Outh‘nygencatss outfcnitrogencatss) g Pfc * 105
2.9)
1 nc
c8 = * (—0.5 x *n 2.1
Vcathode ( nexFar f) ( 0)
_ 1 Rg*Tout_fc_ss
cl1= Veathode |\ Pfes10s Cout_fc_oxygen_cat_ss) (2.11)
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Veathode Pfcx105 * Cout_fc_nitrogen_cat_ss)
2.13)
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2.21)
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h8 = 2 (2.23)
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i10 = —3 (2.26)
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113 = (1/4) * (=1) 231
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