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1 | INTRODUCTION

Linear Model Predictive Control (MPC) is the established strategy for
the supervisory regulation of discrete-time multivariable constrained
systems. Its ability to control plants with multiple inputs and outputs
and to impose constraint satisfaction have made MPC the widely
accepted process control paradigm by both academic and industrial
researchers and practitioners. By utilizing an MPC approach, the opti-
mal vector of inputs that minimize a performance index while consid-
ering (i) the process model, (ii) the constraint set, and (iii) a finite
prediction horizon is calculated; however, only the first control input
of the sequence is applied to the system. As soon as the next mea-
surement (or its estimate) is made available, the horizon is rolled
over by a single time step, and the optimization problem is resolved.
Such online process control procedure is repeated to achieve the
desired objective, and as a result facilitates an implicit feedback
strategy.

| Efstratios N. Pistikopoulos 2

A strategy that calculates an explicit state feedback policy to regulate constrained
uncertain discrete-time uncertain linear systems is presented. We consider uncertain
processes, affected by box-bounded multiplicative uncertainty as well as bounded
additive uncertainty with linear state and inputs constraints. The proposed method
includes (i) the calculation of a terminal set constraint and (ii) the robust reformulation
of state constraints in the prediction horizon. These features allow the derivation of
the desired policy by solving a single multiparametric quadratic programming problem
that guarantees feasible operation in the presence of uncertainty. Additionally, we
employ variable and constraint elimination approaches to enhance the computational
performance of the strategy. We demonstrate the steps and benefits of these devel-

opments with a numerical example and a chemical engineering case study.

explicit model predictive control, multiparametric programming, optimization under uncertainty,

Explicit/Multiparametric Model Predictive Control (mpMPC) aims
to precalculate and express the aforementioned vector of optimal
inputs as a function of the states of the system which can partially
describe the uncertainty vector of the model. That is achieved by
recasting the MPC problem to the equivalent multiparametric qua-
dratic programming problem (mpQP) and solving it. Besides the states,
(i) the outputs, (ii) the measured disturbances, and (iii) the varying set-
points can be treated in a similar manner, that is, as uncertain parame-
ters. The benefits of mpMPC are, (i) the analysis and understanding of
how future measurements and measured disturbances will affect
the control performance before the closed-loop simulation has
occurred, (ii) the alleviation of solving an online optimization pro-
gram at each sampling instant, highly beneficial for plants with fast
dynamics and without significant computational capacity, and
(iif) the ability to solve integrated (nested) optimization programs,
such as simultaneous design and control, multiobjective and multile-
vel optimization problems.*
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Being a model-based strategy, MPC approaches inevitably
depend on the accuracy of the underlying model. In practical applica-
tions, model uncertainty is prevalent due to the mismatch between
the real plant and the model used for the derivation of the control law
(endogenous uncertainty) and/or unmeasured disturbances which are
not captured by the model (exogenous uncertainty). Consequently,
the closed-loop behavior of the system is not as desired and con-
straint violations may occur, thus derailing the operation of the plant.
In an effort to address this challenge within the mpMPC literature,
strategies that account for additive and multiplicative (parametric)
uncertainty have been developed. For models with additive uncer-
tainty, the research focus of the contribution of Sakizlis et al.? was on
finding the worst-case uncertainty value of the constraint set through
the use of flexibility analysis tools, Kerrigan and Maciejowski® solved
a min-max problem to derive a robust solution, in Rodriguez-Ayerbe
and Olaru* a nominal explicit control law was found which is subse-
quently robustified to account for disturbances, while Rubagotti
et al.> created approximate robust control laws over simplicial parti-
tions of the state space. Other contributions include the utilization of
adjustable robust optimization® or tube MPC approaches that took
advantage of multiparametric programming as part of the algorithmic
procedure for their online implementation.” As far as plants with mul-
tiplicative uncertainty are concerned, Bemporad et al.® provided a
min-max solution strategy for models with a linear objective function
by solving a sequence of multiparametric linear programming prob-
lems and Kouramas et al.? solved the case of an uncertain plant with a
guadratic objective function and linear constraints using robust opti-
mization and dynamic programming techniques. Sheikhbahaei et al.'°
extended the results of the latter effort to derive fault-tolerant
mpMPC policies, Oberdieck? robustified the constraint set by calcu-
lating the robust counterpart and solving a multiparametric program-
ming problem at each stage which avoided the need for dynamic
programming. Furthermore, Sun et al.? found robust explicit control
laws of dynamic systems that track the necessary optimality condi-
tions, whereas Nguyen et al.'® calculated the robustness margins of a
derived piecewise affine control policy. We note that throughout the
article, the term uncertain in the context of mpMPC refers to
bounded and measured uncertainty compared to the one in the con-
text of robust optimization which refers to bounded but unmeasured
uncertainty.

Even though there have been many developments to tackle the
challenges arising from uncertainty considerations in mpMPC, there is
a limited number of algorithms for systems with multiplicative uncer-
tainty, a quadratic objective function and linear constraints. This effort
aims to alleviate the need of solving multiple multiparametric optimi-
zation problems for this type of systems stemming from the use of
dynamic programming in the solution strategy. In this respect, and
inspired by the benefits of using robust optimization to account for
the impact of uncertainty, we build on our preliminary results** and
present an algorithm that derives a policy that hedges against uncer-
tainty which is defined within a prespecified interval. That is achieved
by solving, a single mpQP over a robustified constraint set. Further-

more, we preserve the linearity of the constraints, hence making the

off-the-shelf use of an existing multiparametric optimization solver
readily possible.

This contribution is organized in five sections. Following the
introduction, the problem formulation and the objectives of the study
are defined. The methodology and algorithmic developments to derive
an uncertainty-immune explicit control policy are exhibited in Sections
3 and 4 respectively. In Section 5 we analytically demonstrate the
steps of the approach on a numerical case study as well as on a chem-
ical engineering case study. Finally, in Section 6 we present the con-

clusions of this study.

2 | PROBLEM STATEMENT

In this work, we take into account system uncertainty by considering
that the model is not deterministic, but rather that it belongs to a fam-
ily of models specified within a range of uncertainty. Also, we assume
that the future states are influenced by the presence of additive
uncertainty. The objective of this study is to regulate a system whose

dynamics are dictated by the following linear state space description:

Xes1 = A(6A)x¢ +B(8B)ug + Cdy, (1)
where

A=A+15A. (2)

B=B+4B. (3)

SAEA={SAER™ M| —c,|A|<5A <€A} (4)

SBeB={6BeR™*"|—e4|B| <5B<e4/B|}. (5)

In Equation (1), xeR™, uc R" and d € RP are the vectors of the
states, control actions and additive disturbances of the system respec-
tively, while k represents the time index of the discrete model. We
assume that a matrix @ consists of elements ¢;;, then |®| consist of
elements |¢;;|. In contrast to classic mpMPC formulations, the consid-
ered model is uncertain and depends on the scalars €, and €, that are
used to form a box uncertainty set and is described in
Equations (2)-(5). Specifically, apart from the deterministic
(nominal) component of the model, specified by the matrices
AcR™™ and B e R™", there is also an uncertain component repre-
sented by the matrices A and B. This uncertain part of the model
depends on €, and e; which can realize values in [0,1) and define the
range that 6A and 5B can obtain based on their nominal values A and
B respectively. For instance, if €, =0.1 and €3 =0.2, each element of
the state matrix is allowed to deviate by 10% of its nominal value
while each element of the inputs matrix is allowed by 20% from its
nominal value.

Additionally, our system, described by model (1), is subject to con-
straints that dictate that boundaries of its operation or desired specifi-

cations are of the following form:
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g(Xk, Uk, dk) < 0. (6)

Note that the constraint set is also uncertain since it is a function
of the system states at time step k, the values of which change based
on the process model.

With that in mind, the problem definition of the study is to solve
the MPC problem, described by the formulation (7):

N-1
uOmiur)H xLPRxN + ; X,IQka + uIRuk
s.t. Xk+1 :A(tSA)Xk+B(5B)Uk+Cdk, k=0,..,N—1
A=A+5A
B=B+4B

SAEA={SAcR™M —e,|A|<5A<e,|A}
5B % ={6Bc R™"|—e4|B| < 5B <e€s|B|}

Xk € X, k:O,...,N

ug €U, k:O,...,N—l
de €D, k=0,.,N—1
XNET

xo =x(0)

The considered problem (7) includes a prediction horizon of N
steps into the future. Qz € R™™ and Re R™" are the cost weight
matrices penalizing the states and inputs, respectively, and Pgr € R™™
is a terminal matrix derived by solving the Riccati equation for discrete
systems. The Riccati equation needs to be solved before solving the
above MPC problem. The sets X,U/, and D require the states, inputs
and the additive disturbances to belong in them for all steps into the
future, while the terminal set constraint 7 enforces the states to exist
in it at the Nth time step. We assume that the terminal constraint con-
tains the origin in its interior. Additionally, we assume that the matri-
ces Qg and Py are positive semi-definite and that R is positive definite.

The main challenge associated with solving problem (7) with
state-of-the-art multiparametric programming solvers is the presence
of left-hand side uncertainty in the constraint set. For clarification
purposes, assume the model box state bounds represented by x that
need to be satisfied for every time step and a prediction horizon of
one. For the state constraints at the end of the horizon this is

expressed as follows:

X1 S X. (8)

Propagating the states for arbitrary values of ¢,, €;, 6A, and 6B

we have:
A(8A)xo + B(6B)ug + Cdp < X. 9)

(A+58A)x0 + (B+8B)ug +Cdo < X. (10)

Since we do not have prior information of the uncertainty values,
we cannot substitute their values and solve it as an mpQP. Also, cur-
rent publicly available software implementations of multiparametric

optimization cannot consider left-hand side uncertainty in the

AI?BIFJ R NALJ?,;f10

problem description. There are contributions in the literature that can
solve this class of problems exactly, but that is the case for small-scale
problems because that requires the analytic solution of a nonlinear
system of equations.2® The objective of this work is to solve (7) explic-
itly and derive u=h(x,d) for all values within the uncertainty range of
SA and 6B, and as a result, there is an a priori guarantee of feasible

operation while obtaining the benefits of the offline policy.

3 | METHODOLOGY

The backbone of the proposed methodology is the enforcement of
constraints to the problem formulation that will prevent constraint
violation. That is achieved by reformulating the original state con-
straints with their robust counterpart that will guarantee feasibility
from the first time step until the Nth step, and by imposing a suitable
terminal set constraint, 7, that establishes the desired feasibility prop-
erty after the Nth time step.

3.1 | Robustification

As mentioned before, since the model is uncertain and allowed to vary
at each time step, we need to be able to find solutions that are
immune to uncertainty. In this work, that is achieved by employing
the robust counterpart of the original problem formulation.”¢
Assume that the elements of the nominal and uncertain matrices of
Equation (1) are &jj, E;J- and éa;; and &b;; respectively. In addition, ¢;; is
the (deterministic) element of the additive disturbance matrix (C).
Again, for clarification purposes, assume that we would like to robus-
tify the state constraints on the first time step of the prediction hori-
zon. Then for each constraint, i, and for zero infeasibility tolerance, we

need to satisfy the following expression:

j=m j=m j=n_
2 aiXoj + 2 16aij|Ixo| + 3 bijuoy
=1 ' j=1 ' j=1 (11)
J=n J=p .
+ Z ‘5b;ﬂ ‘Uo‘j‘ + Z Ci,idOU <X,
j=1 j=1
j=m j=m j=n_
Z ajjXolj +€4 Z |a,~J||x0U| + Z bi,}uOU
j=1 j=1 j=1 (12)

j=n j=p
+e€p 2; |bi;| o] + Z;C"JdOU <X,
j= j=

where xoj;, Ugyj, and do; represent the jth component of the state vec-
tor, input and additive disturbance vectors at the initial time step. The
left-hand side of the above state constraint is the worst (most tight)
formulation of the state constraints due to the addition of the abso-
lute values for the uncertain elements of the model. We repeat this
procedure for all state constraints in the prediction horizon. Conse-
quently, if the solution satisfies the robust counterpart of the con-

straints for all time steps until the Nth step of the horizon, then we
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ensure that the operation of our system will be feasible until this point
of time.

A challenge associated with Equations (11) and (12) is the inclu-
sion of the absolute values for the states and inputs of the model
which cannot directly be fed into multiparametric optimization
solvers. The alleviation from such a challenge can be achieved by
replacing the absolute values with artificial variables and their corre-

sponding box constraints:

j=m _ j=m j=n_ j=n _ j=p .
Z ajjXo|j + €4 E |a,»J\zo‘,~ + Z b;JUo‘i + €p Z |biJ|VOU + Z C;Jdo‘j <X
j=1 j=1 j=1 j=1 j=1
(13)
with
—Zp|j < Xo|j < 20} (14)
—Voy < Uojj < Voyj- (15)

Similarly, this process can be illustrated further by considering

state constraints for the second step of the prediction horizon:

X2 S)’(\,'. (16)

By following the robustification approach that we described, we
obtain the following result:

j=m j=m j=n_ j=n _ j=p .
Z ajjX1)j +e€q E |a,»J\zl‘,- + Z biJul\i +€p Z |b,’J|V1U + Z C,'J'dw <Xi
=1 =1 =1 =1 =1
(17)
with
—Z7)j S Xq)j £ Zq). (18)
—Vijj Suq = Vi) (19)

However, the expression contains x; which depends on the matri-
ces A and B, and hence, it needs to be further robustified.

Specifically:

jom m jom
> aaXo; +€q 331135120 + 3 @ijbjivo)
=1 j=1 =1

j=m _ j=m j=m j=n_

+€/3 Z |§;J‘ ‘bjy,“Vou + Z a’,»ch,;doU + +€4 Z |§iJ‘Z1U + Z b,‘JU1U (20)
=1 =1 =1 =1
j=n _ j=p N

+ep > [bijlva+ 3 cijday <X,
=1 =1

with
—Z1 SX1 S 21 (21)

~Vajj S Uy S Vay. (22)
—2o|j < Xolj < Zp)- (23)
—Vo|j < Ugjj < Voj;- (24)

The procedure that we just followed for the state constraints at the
initial time step is repeated for all time steps, and the constraint set is
concatenated. Note that we do not need to robustify the box input con-
straints since we have full control of the decision variables of the prob-
lem. As far as the objective function is concerned, we assume that a
nominal scenario is realized and not a worst-case scenario, and conse-
quently it is not robustified. As it can be seen from the derived expres-
sions, the robustification process introduces artificial variables and the
corresponding constraints. Naturally, this introduces computational chal-

lenges which we address in the following section of the article.

3.2 | Terminal set calculation

The robust counterpart prevents from constraint violation until the

Nth step of the prediction horizon. The feasibility of the system after

that point in time is warranted through the construction of a terminal

set constraint. Specifically, we calculate a robust control invariant set

and impose it as a terminal constraint to the problem formulation.
Definition (Reference 17): A set C is a robust control invariant set

for system (1) if:

Xk € C= Jux e U|A(8A)xk + B(6B)uy + Cdy € C,Vd € D,Vt 2 0. (25)

In essence, we are looking for a set of states, such that there is a
control input which will ensure that the propagation of the system will
still exist in the same set.

The calculation of the robust control invariant set can be achieved

through the determination of the one-step backward reachable set

Pre(X) ={x|3u e U|A(5A)x+B(6B)u+Cd € X,vd € D, (26)
VoA € A, V6B e B}.

Based on that, the calculation of the robust control invariant set
is a repetitive calculation during which starting from the initial set of
states of the system, X, we perform the following calculation

Sri1 =Pre(S;) NS, (27)

where Sp = X. This procedure is repeated until S, 1 =S,. As soon as
this set is calculated, it is set as the terminal set of our problem, 7.
Hence, state feasibility after the end of the horizon is ensured. Over-
all, the robustification procedure guarantees that the states will enter
the terminal set, and because the states can never violate this set, the

states are guaranteed to exist in this region which contains the origin.
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Please note that such a terminal set might not be possible to be found
due to the terminal set algorithm not converging, something that we
have not experienced when applying the algorithm to the case studies
that we considered. We refer the reader to the excellent works of

Blanchini'® and Bertsekas'? for further information on the topic.

4 | ALGORITHM FOR EXPLICIT MPC

In the previous section, we presented the required robustness consid-
erations of the proposed control strategy. Apart from that, here we
present further developments on how this approach can be material-
ized from an algorithmic implementation point of view.

4.1 | Fourier-Motzkin elimination

The robustifed problem has an updated set of inequality constraints in
its description, due to the robust counterpart reformulation and the
inclusion of the terminal set constraint. Importantly, the artificial vec-
tors of variables, z and v, are now part of the model. It is established
in the multiparametric programming literature and practice, that con-
structing the map of critical regions for a multiparametric program
depends on the number of its variables and constraints. That is crucial
especially for algorithms that rely on exploring a tree whose nodes are
the combinations of active constraints that define a multiparametric
solution.?° Hence, before constructing our problem and passing it to a
multiparmetric programming solver, we would like to make it more
computationally friendly. Fourier-Motzkin elimination is an algorithm
that aims to that cause.

Given a constraint of form (26), assume that the vector 7 is the
concatenation of the state, input and disturbance vector as well as the
artificial variables generated from the robustification,
n= [xTquTszT] T, then a state constraint of the problem can be

rewritten in a compact form as:

j=l
Z‘; oijij S X, (28)
j=

where | =2n+2m+p and ¢;; are the coefficients multiplying the vec-
tor . Assume that we would like to eliminate the variable 5. Then we
can isolate this variable as follows:

1 j=-1
nms— ()? Z [T,‘Jﬂj), (29)

oiJ =

or

1 i1
nz o <X Z UI,j’?oj): (30)

=1

depending on the sign of the coefficient ¢;;. By following this proce-

dure we calculate an upper bound (see Equation 29) or a lower bound

AI?BIFJ R NALJE’;f10

(see Equation 30) depending on the sign of the inequality. The
Fourier-Motzkin elimination requires that this procedure is performed for
all constraints that include 7, and calculates a series of lower and upper
bounds for this particular variable. If a value for the variable that we
would like to eliminate, 7, which satisfies the conditions that can be
found such that each upper bound exceeds each lower bound, then the
variable can be eliminated. In our considered mpMPC application, we
would like to eliminate the artificial state variables, z, because they do
not play any role in our optimization problem. Nevertheless, due to
the pairing of the lower and upper bounds in additional constraints, we
increase the complexity of the formulation from a constraints standpoint.
Thankfully, many of these constraints are redundant which we can eliminate.

4.2 | Constraint set reduction

The redundant constraints of the problem can be removed by solving

a linear programming problem for each constraint that is checked.

Assume that t is a scalar variable, and that we have a constraint set.
The redundancy of the ith constraint can be identified if we solve

the following optimization problem:2!

mﬂin t
s.t. gn+|gll,t<b Vi#i (31)
3n=b;

If the problem is feasible with t >0, then the constraint is nonre-
dundant since there exists a ball of radius t that can be created. If
t =0 then the constraint intersects the feasible region at a point and it
is weakly redundant. If the problem is infeasible, the constraint does
not play any role in the description of the feasible region. Hence, if
the problem is feasible with t =0 or it is infeasible, the ith constraint is
removed from the problem. We repeat this preprocessing procedure
for all constraints of the problem. A graphical representation of the
constraint redundancy methodology is presented in Figure 1. After
removing these unnecessary constraints, the problem can be passed

to an mpQP solver to derive the uncertainty-immune control policy.

43 | Strategy summary
After performing the afore-described methodological and algorithmic
steps, and by propagating the states using the state space model (1), the

original problem is equivalent to an mpQP problem of the following form:*

1

m‘jn EmTQernTHTHJrHTQEH

st. Aw <b; 4+ FO ' (32)
Pp6 <Py

where Q € R0 H e g2n=<2m Q, ¢ R2m<2M while @ = [uTvT}T ERM is
the vector of decision variables and 6= [x"d"] € R™*9 is the vector of

uncertain parameters. The linear constraints of the problem, written in
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t>0 t=0

compact form, are defined by the matrices A, F, and the vector b,
while the matrices P, and P, define the boundaries of the uncertain
parameters. Many mpQP algorithm exist to solve such a problem.
Many of them are available to be utilized through an off-the-shelf
fashion. Ultimately, the computational performance of the algorithm
depends on the ability of the underlying multiparametric optimization
algorithm to solve the problem. Recently, our group has published the
PPOPT solver,? that among other features includes, parallel imple-
mentations of multiparametric optimization algorithms. The overall

strategy presented in this work is presented in Table 1.

5 | PRACTICAL APPLICATIONS

51 | Numerical case study

Consider the following system described by the following uncertain

discrete-time model of form (1)

where A= [1 1],and§:[ 0 }
01 0.6

The states are equal to the outputs of the system, which are

assumed to be measurable at each time instant, k. The weights of the

1
objective function of the mpMPC are QR:{O J, R=0.01,
4 Po 2.633 1.649
ANATR= 11 649 2.694]"

We consider a prediction horizon, N =2, and that bounds for the

states and inputs as:
—7<xs7, Vk=0,1,2. (33)

~1su<1, Vk=0,1. (34)

The uncertainty ranges for the matrices of the states and inputs
are, ¢, = €45 =0.2. The objective is to stir the system to the original as
presented in formulation (7).

Based on the presented steps of our strategy, we firstly calculate
the terminal set 7, and include it in the constraint set of the problem.
The system is subsequently robustified, and after the implementation
of the Fourier-Motzkin elimination and the removal of redundant

constraints the desired control policy is calculated. The overall

e FIGURE 1 Graphical
Am < b \\ representation of identifying of
Y redundant constraints in problem
RS (7). Left to right: nonredundant
\\\ constraint, weakly redundant
M constraint, redundant constraint.
Infeasible

TABLE 1 Framework for the solution of multiparametric
quadratic programming problems with multiplicative and additive
uncertainty.

Step 1: Formulate the general problem MPC formulation as presented
in Equation (7).

Step 2: Calculate a robust control invariant set through (27) and set it
as the terminal set, 7.

Step 3: Robustify the state constraints for all stages by constructing
their robust

counterpart reformulation (26).

Step 4: Remove the artificial state variables through Fourier-Motzkin
elimination.

Step 5: Remove redundant constraints by solving the linear
programming problem (31)

for each constraint.

Step 6: Solve a single multiparametric quadratic programming problem
to obtain

an uncertainty-immune control policy.

calculation time for all the above steps was 20.95 s. The system is
then simulated in closed-loop for two arbitrarily chosen values for A
and B, starting from the initial point, xo = [—1,4]T. Figure 2 shows the
evolution of the states in closed-loop over time.

We observe that the controller manages to stir the system to the
original. Furthermore, from the same initial point, we perform
50 closed-loop simulations, during each on of them the system matri-
ces are randomly varied at every time step. Figure 3 demonstrates the
effectiveness of the controller to guarantee feasibility for all of these
realizations of the time varying system, where the evolution of the
states for all scenarios is plotted on top of the map of critical regions.

Finally, to further illustrate the benefits of the proposed
approach, we arbitrarily choose the initial point XO:[1.3,0.7}T and
random values for the system matrices A and B. We successfully per-
form a closed-loop simulation using the proposed approach. However,
when we implemented a classical (i.e., nominal—without any robustifi-
cation) controller, we see that the applied nominal policy fails to
achieve the operational target and system becomes infeasible after
21 time steps. These behavior of the robust and the nominal systems
is presented in Figure 4.

Nevertheless, there is a price that we need to pay to guarantee

feasibility: the reduction of the overall feasible space. Specifically,
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FIGURE 2 Closed-loop simulation of the numerical case study
model by applying the robustified control policy.

051

FIGURE 3 Multiple closed-loop simulations of the numerical case
study model by applying the robustified control policy while varying
the matrices of the model at each time step.

from the three illustrations presented in Figure 5, we see the feasible
state space of the system for three separate cases of ¢, and ¢, start-
ing from the 10% uncertainty in the system's matrices up to 20%
uncertainty. On the one hand, we enforce constraint satisfaction for a
wider range of values for the system which is particularly beneficial
for systems where we can describe them with high accuracy, but we
are allowed to operate our system in a shrank range of states. In the
end, the choice of the desired uncertainty range that needs to be
respected depends on the practitioner and by taking into account the
characteristics of the process, for example when a system is operated

at critical conditions.

5.2 | Chemical engineering case study

In this case study, we consider the operation of a bioreactor with sub-
strate inhibition. The objective of this problem is to demonstrate how
the developed robust optimization strategy can be used to handle

uncertainty in practical applications arising in engineering. The
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FIGURE 4 Closed-loop simulation of the system considered in
the numerical case study. Top figure: robust solution, lower figure:
solution without robustification.

information about the considered high fidelity model is adopted from
Reference 23. The aforementioned reactor produces biomass, X, by
using substrate, S. Due to the growth dynamics, large values of sub-
strate inhibits the production of biomass. The following dynamic

model of the reactor describes its operation:

dX

dat (n—D)X

ds X

= = (5=9) —"7 (35)
ﬂmaxS

n= Ky +S+ Kk S%

where y is the specific growth rate, D the dilution rate, S the concen-
tration of the substrate feed, u,,, the maximum specific growth rate,
Y the biomass yield, and k,, and k4 kinetic constants. Table 2 includes
the parameters used in the model.

The goal of this control problem is to regulate the biomass and
subsrtate concentrations around the steady state of X; =1.512 %w/v
and S;=0.175 %w/v. Directly using the dynamic model in a multi-
parametric programming formulation is challenging. Hence, we
develop a surrogate linear state space model of the original high fidel-
ity model. That is achieved by performing step changes to the dilution
rate, which is our manipulated variable, which affects the biomass and
substrate concentrations which are our controlled variables.
MATLAB's System ldentification Toolbox is used for this purpose. The
fitted state space model is able to capture the behavior the high fidel-
ity model as shown in Figure 6. Note that the figure is plotted by sub-
tracting the values at desired for operation steady state. The nominal

0.918 0.425 —  [-0.027
0.018 0.104} and B= [ 0.299 }

Nevertheless, there is a 19% and 16% deviation of the two out-

matrices of the model are A= [

puts, respectively, between the two models, due to the linear and dis-
crete approximation of the surrogate model. Based on that, we define
that e, = €4 =0.2 to take into account the uncertainty when designing

the robust controller. Following the aforementioned strategy, we
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FIGURE 5 Comparison of the feasible space
of the problem based on the for different values
of €, and ¢; that are used for the robustification
against the uncertainty. Top figure: ¢, = ¢4 = 0.1,
middle figure: €, = €5 =0.15, lower figure €, = €5
=0.2.
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TABLE 2 Chemostat operational information adopted from
Reference 23.

Process description Notation Value
Nominal substrate concentration (%w/v) Sk 4
Nominal dilution rate (h*l) Ds 0.30
Inhibition constant (%w/V) kq 0.45
Saturation constant (%w/v) km 0.12
Maximum specific growth rate (h~1) Hmax 0.53
Biomass yield (g g 1) Y 0.40

State space model
High fidelity model

0.6 [ 4

§ 04 State space model

< High fidelity model

5

g

2

k]

=

@

02 | i
I I I I I I I I
1 15 2 25 3 35 4 4.5 5 55
Time (s)

FIGURE 6 Comparison of the high fidelity bioreactor model with
the fitted linear state space model. Top figure: biomass, lower figure:
substrate.
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FIGURE 7 Closed-loop simulation of the of the high fidelity
dynamic model using the robustified control policy. The evolution of
the states is illustrated on top of the map of critical regions.
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develop the robust explicit control actions. The weights of the objec-

10
tive function of the mpMPC are QR:{ R=0.01, and

0 1]'
3575 1.222
R 1.222 1580

explicit solution is comprised by 520 critical regions. The derived con-

}. A prediction horizon of 4 is considered. The

trol actions are applied in closed-loop to the original high fidelity bio-
reactor model. The closed-loop simulation of the high fidelity model
using the robustified control policy is illustrated in Figure 7.

From the aforementioned simulation it is shown that the control-
ler can drive the system to the desired operating point. As also dem-
onstrated in the numerical case study, a balance needs to be struck
between the desired level of robustness and the reduction of the fea-
sible state space as a result of the robustification. This level depends

on the application considered at each case.

6 | CONCLUSION

In this work, we developed a multiparametric programming-based
strategy for the regulation of constrained uncertain discrete-time lin-
ear systems in the presence of additive and multiplicative uncertainty.
Specifically, we robustified the constraint set of the problem and cal-
culated a suitable terminal set that guarantee an uncertainty-immune
operation of the considered system. Also, we enhanced the computa-
tional performance of the underlying explicit MPC problem by remov-
ing redundant constraints and artificial variables. A key benefit of the
approach is that the derivation of the explicit state feedback control
law is achieved by solving a single multiparametric programming prob-
lem. We demonstrated the algorithmic steps and the application of
the proposed approach through a numerical case study as well as
through a chemical engineering problem. Our findings show that the
derived control laws manage to regulate the system in the presence
of any considered value of uncertainty within the considered uncer-
tainty range. As far as the computational cost related to deriving the
robust solutions is concerned, the considered case studies required
less than a minute each to derive the full explicit solution. However,
there is price that is paid when deriving the robust solution, namely
the inherent conservativeness and the increased size of the problem
stemming from the robustification procedure. Moving forward, there
are multiple research avenues that can followed and can be based on
this work since this can act as the backbone of methodologies for
simultaneous design, control and scheduling, multiobjective MPC and

many more applications that utilize multiparametric optimization.
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