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Abstract

Electrical and Computer Eng. Degree

Physics Informed Neural Networks with Focus on the Solution of Inverse

Problems Arising in Vibrations of Rods

by Kalliopi Nikolou

Physics-Informed Neural Networks (PINNs) offer a transformative approach to solv-
ing complex problems governed by partial differential equations (PDEs). This thesis
investigates the application of PINNs for both forward and inverse problems in the
context of a vibrating rod system. The forward problem focuses on approximating
the rod’s displacement over time, given the governing PDE, initial conditions, and
boundary constraints. The inverse problem centers on identifying unknown parame-

ters, such as material properties, directly from observed data.

PINNSs eliminate traditional numerical methods’ reliance on mesh generation and ef-
ficiently handle challenges posed by high-dimensional systems, noisy data, and ir-
regular geometries. By leveraging their ability to integrate physical laws with obser-
vational data, PINNs achieve accurate solutions while reducing computational com-
plexity. This thesis further explores adaptive optimization techniques to improve
convergence and accuracy, particularly for inverse problems where initial parameter

estimates are far from their true values.

The results demonstrate that PINNs effectively model the physical behavior of the vi-
brating rod and accurately recover system parameters, showcasing their potential as a
robust alternative to classical numerical methods. This work highlights the versatility
and adaptability of PINNs, paving the way for future research into their application

in more complex, real-world systems.


HTTPS://WWW.ECE.TUC.GR/EL/ARCHI

v

IHepiinyn

Ta dvowa Evnuepopéva Nevpovikd Aiktva (PINNSs) arotedlodv o emovocstatikn
TPOGEYYION Y10 TNV ENIAVGT TOAVTAOK®V TPOPANUAT®V TOV TEPLYPAPOVTOL OO LLE-
PKEG drapopikeés eElomwaels. H mapovoa epyacio diepevva v epappoyn twv PINNs
1660 og opBd {ntfuata 660 Kol G€ aVTIGTPOPQ, GTO TANIGLO EVOG GUGTNLOTOS PA-
Bdov mov gpeaviletl xopaKTNPIoTIKG TOAGVTOONS. XT0 0pBO TPOPANLLO, ETIKEVTPO-
VOLOOTE GTNV TPOGEYYIoT TNG UETOTOMIONG TG PAPOOV GE GLVAPTNOT LE TOV XPOVO
Kol N 0€om g, dEdOUEVG TG VTTOKEIEVN G SLOLPOPIKNG EEIGMONG, TOV OPYIKADV GUV-
ONKOV Kol TOV 0PLaK®OV TEPLOPICUMY. ZTO AvTIGTPoPo {fTnHa, KOPLOg 6TOYOG gival

N €0PECT AYVOOTMOV TOPUUETPOV, OTMG Ol 1OIOTNTEG TOL VAIKOV.

To PINNs e&aleipovy tnv €£GpTNom TV mTopadosiok®y opliunTik®y nebddmv kat
AVTILETOTILOVY OMOTEAEGUATIKA TIC TPOKANGELS TMV TOAVIIGTATMV GLUGTNUATOV.
Expetailevopeva v KavoTnTd TOUG VoL EVEMUATAOVOLY PUGIKOVS VOLOVS GUVOLA-
OTIKA UE TEWPOUATIKEG Topatnproels, Ta PINNs wetvyaivouv axpipeig AMoelg evo
TOPAAANAO LELOVOLY TNV LTOAOYIGTIKY ToAvTTAoKOTNTO. H epyacia avtn egetdlet
EMIONG TPOCAPUOCTIKES TEYVIKESG PeATioTOTOINONG Yoo TN Pedtivon ¢ akpifetog, 1-
dlmg o€ avtioTpo@a {NTAUATO OOV Ol APYIKEG EKTIUNCELS TOV TOPUUETPOV OTEXOVV

ONUOVTIKA OO TIG TPOYHOTIKES TIUEG.

To amoteréopata amodetkviovv Ott Ta PINNs povteAomolohv amoTeAeGLOTIKA T
(QLOIKN CLUTEPLPOPA NG PAPSIOL TTOV EUEAVILEL TOAXVTADOGELS KO OVOKTOOV LE OKPi-
Beta TIC TOPOUETPOVE TOV GLGTNLOTOS, AVOOEIKVDOVTOG £TGL TN SUVAILIKT TOVG. AVTN
N epyacio vroypoppiler v gved&ia tov PINNs, avoiyovtag tov 0popo yio peAro-

VTIKY] £PELVA GTNV EPAPLOYT] TOVG GE O TOAVTAOK GUGTNHOTA.
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Chapter 1

Introduction to Machine Learning

1.1 AI and Machine Learning

In recent years, Artificial Intelligence (Al) and Machine Learning (ML) have trans-
formed various fields, from healthcare and finance to entertainment and transporta-
tion. These technologies enable computers to learn from data, identify patterns, and
make decisions with minimal human intervention. Al represents the broader concept
of machines being able to carry out tasks in a way that we consider “smart,” whereas
Machine Learning is a subset of Al that focuses on the development of algorithms

that allow computers to learn from and make predictions based on data.

Neural Networks, a specific type of ML model, are designed to mimic the structure
and function of the human brain. They consist of interconnected layers of neurons”
that process information in ways that can capture complex, non-linear relationships
in data. This capability makes neural networks particularly powerful for tasks involv-
ing image recognition, language processing, and other applications requiring sophis-

ticated pattern recognition.

The combination of AI, ML, and Neural Networks has led to groundbreaking ad-
vancements in technology. Applications such as self-driving cars, virtual assistants,
medical diagnosis systems, and recommendation engines are becoming increasingly
common, changing the way we interact with the world and access information. These
technologies are shaping the future and opening new frontiers in areas previously

thought to be uniquely human domains.

This project explores the foundations of Machine Learning, Artificial Intelligence,
and Neural Networks, focusing on the mechanisms that allow these systems to learn
from data, make predictions, and improve over time. By understanding the funda-
mental principles of these technologies, we gain insight into how modern Al systems

are designed and how they can be applied to solve real-world problems.
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1.2 Artificial Neural Networks (ANNS)

Artificial Neural Networks (ANNs) are computational models inspired by the human
brain. They play a key role in machine learning, especially in tasks involving com-
plex patterns and high-dimensional data. ANNs consist of layers of interconnected
”neurons” that process input data to produce an output, similar to how biological

neurons operate.

Key Concepts in Artificial Neural Networks

X1

w1
y = g(w1x1 + waxy + b)

w»

X2

Figure 1.1: Illustration of a simple neuron structure highlighting
weights and bias

1.2.1 Neurons

The basic units in an ANN, also known as nodes or units, are called neurons. Each
neuron receives inputs, applies a weight to each input, sums them, applies an activa-

tion function, and produces an output. This process is inspired by biological neurons.

1.2.2 Layers

* Input Layer: This is where the network receives the initial data. The number
of neurons in the input layer usually corresponds to the number of features in
the dataset.

* Hidden Layers: These intermediate layers process the input data by applying
weights and activation functions. ANNs can have one or many hidden layers,
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and the model’s complexity increases with more layers. If an ANN has many

hidden layers, it is considered a deep neural network (DNN).

* Output Layer: The final layer that produces the network’s prediction or out-
put. For example, in a classification task, the output might be the probability

of each class.

1.2.3 Weights and Biases - wq, w,, b

Each connection between neurons has an associated weight, determining the signal
strength from one neuron to another. Biases are additional parameters that shift the

activation function, helping the network to fit the data better.

1.2.4 Activation Functions - g(x)

Activation functions decide whether a neuron should be “activated” based on the

weighted sum of its inputs. Common activation functions include:

+ Sigmoid: Outputs values between 0 and 1, often used for binary classification

tasks.
y

1

Sigmoid: ¥y = 1=

/
// x

0

Figure 1.2: Sigmoid activation function: mapping real numbers to the
[0,1] range

* ReLU (Rectified Linear Unit): Outputs zero for negative inputs and the input itself

for positive values, helping to address issues like vanishing gradients.
y

ReLU: y= max(0, x)

0

Figure 1.3: ReLU activation function: a popular non-linear function
in deep learning
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* Tanh: Similar to sigmoid but outputs values between -1 and 1, which can center the

data.
y

Tanh: y = tanh(x)

Figure 1.4: Tanh activation function: producing outputs from -1 to 1,
centered at zero

1.2.5 Forward Propagation

Forward propagation is the process by which input data passes through the network
layers, generating predictions. Each layer’s output is calculated by taking the weighted

sum of inputs, adding a bias, and applying an activation function.

1.2.6 Backward Propagation (Backpropagation)

Backward propagation is a training algorithm used to minimize the error by adjust-
ing weights and biases. During backpropagation, the network calculates the error
(difference between predicted output and actual output) and propagates it backward,

updating weights to minimize it using techniques like gradient descent.

1.3 Mean Squared Error (MSE) and Gradient Descent
Algorithms

1.3.1 Mean Squared Error (MSE)

Mean Squared Error (MSE) is a widely used loss function, particularly in regression
tasks. MSE measures the average squared difference between predicted values 1J; and
actual values y;. By squaring the differences, MSE penalizes larger errors more than
smaller ones, which can be helpful when we want to avoid large deviations in our

predictions [6].
The formula for MSE is as follows:
1 n

MSE = = Y " (y; — §)°
ni3
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The goal during training is to minimize the MSE by adjusting the model’s parame-
ters. Lower MSE values indicate that the predictions are closer to the actual values,

signaling better model performance.

1.3.2 Gradient Descent Algorithms

Gradient descent is an optimization technique used to minimize the loss function, such
as MSE, by iteratively adjusting the model parameters. Several variants of gradient
descent exist, each with unique features and applications. We will discuss some of
the most widely used algorithms: Adam, RMSProp, and L-BFGS-B.

RMSProp (Root Mean Square Propagation)

RMSProp adapts the learning rate for each parameter by maintaining a moving av-
erage of the squared gradients, which stabilizes the updates and accelerates conver-
gence. It is particularly effective for non-stationary objectives, making it suitable for

many deep learning applications [35].

Adam (Adaptive Moment Estimation)

Adam combines ideas from Momentum and RMSProp. It keeps an exponentially
decaying average of past gradients (momentum) and past squared gradients (adaptive

learning rate) to stabilize and accelerate convergence [14].

L-BFGS-B (Limited-memory Broyden—Fletcher—Goldfarb—Shanno with Box con-

straints)

L-BFGS-B is a quasi-Newton optimization method that approximates the second-
order derivatives (Hessian matrix) of the loss function to optimize the parameters
[19]. Unlike standard gradient descent, which only considers the gradient, L-BFGS-B

uses approximations of the inverse Hessian matrix to provide more accurate updates.

1.4 Example: Neural Network Regression with For-

ward and Backward Propagation

This example demonstrates a simple neural network performing regression using one
hidden layer and the sigmoid activation function. We will go through the forward
pass, compute the Mean Squared Error (MSE), and then use backpropagation to up-
date the weights.
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1.4.1 Network Architecture

Consider a neural network with:
* 1 input neuron,
* 1 hidden layer with 2 neurons,
* 1 output neuron.
Let:
* x denote the input,
* w11, w12 be the weights from the input to the hidden layer neurons,

* Wy, Wy, be the weights from the hidden layer neurons to the output.

Hidden Layer

Output Layer

Figure 1.5: A simple feedforward neural network structure demon-
strating forward pass

1.4.2 Forward Propagation

For an input x, the network computes the following steps:

Hidden Layer Activation

Each neuron in the hidden layer computes an activation as follows:

211 = W11 X and Z1p = W12 X
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Using the sigmoid activation function:

1
a1 =0(z11) = [
1
M2 =0la2) =

where a7 1 and a1 » are the activated outputs of the hidden neurons.

Output Layer Activation

The output neuron computes:

Zp =Wy - a1,1 + W2 - 4a1p

Assuming a linear activation function for regression, the output 7 is:

:ZZ

<>

1.4.3 Loss Calculation

We use the Mean Squared Error (MSE) as the loss function:

where v is the actual target value, and 7 is the predicted output.

1.4.4 Backpropagation

To minimize the loss, we need to compute the gradients of L with respect to the

weights w11, W12, W21, and w2.

Gradient at the Output Layer

For the output layer, we calculate:

OL _ oL 9
aZZ_a;I? aZQ

Since i = zp, we have:
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oL R
a_zz_(y_y)

Now, the gradients with respect to the weights w1 and w » are:

oL L 9z
awz,l - aZZ alel

oL _ oL o0z —(G—y)-a
awZ,z N 02> 8w2,2 A 12

= (f—y) a1

Gradient at the Hidden Layer

For the hidden layer neurons, we need to compute:

Using the sigmoid derivative 0/ (z) = 0(z)(1 — 0(z)), we get:

8111 1
7 — 1 _
321,1 ﬂ1,1( al,l)
Therefore,
oL
—— — (- - . 1—
9711 (J—y) wr1-a11(1—a11)
Similarly,
oL ~
55 = W —y) wap-a1p(l—ar)
21,2

Finally, the gradients with respect to wj 1 and w  are:

N i = —y) wy1-a11(1—ay1)-x
dwyi; 0z17 Owyy Yy—Yy) wz1-a11 11

oL oL .321,2_(A_ ) t0sz 3121 — 1) %
dwip 0z1p Owin Yy—y) wrp-a1p 12

1.4.5 Weight Update

Using gradient descent, we update each weight w with a learning rate «:
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oL
w11 =W — &
awlll
oL
Wip = W12 — &
asz
oL
Wr1 = Wy — &
ale
oL
Wop = Wpo — &
szlz

These updates are applied iteratively to minimize the loss function L and improve the

model’s predictions.

1.5 From small to deep neural networks

In recent years, deep neural networks (DNNs) have transformed fields ranging from
computer vision and natural language processing to healthcare and finance. Deep
neural networks are essentially artificial neural networks (ANNs) with multiple hid-
den layers. These layers allow DNNs to learn complex representations and capture
intricate patterns in data, making them powerful tools for tackling complex tasks [17,
9]. This section explores why deep neural networks have become indispensable in

modern machine learning and artificial intelligence.

1.6 Ability to Learn Hierarchical Representations

A fundamental factor behind the effectiveness of deep neural networks is their abil-
ity to learn complex hierarchical representations from data. In traditional machine
learning, feature engineering is often required to transform raw data into meaningful
features for a model to use. However, in DNNs, each layer builds upon the previous

one, gradually learning higher-level, more abstract representations of the data [5].

* Low-Level Features: In the early layers of a DNN, the model learns low-level
features, such as edges and textures in image data or basic word representations

in text data.

* Mid-Level Features: Intermediate layers capture more complex patterns, such

as shapes in images or phrases in text.

* High-Level Features: In deeper layers, the network learns high-level features

that are more abstract, like objects in images or semantic meaning in text.
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The hierarchical nature of deep neural networks enables them to handle raw data
directly, reducing the need for feature engineering and allowing the network to auto-

matically learn meaningful features for the task at hand [17].

1.6.1 High Capacity to Model Complex Patterns

The depth of a neural network, or the number of layers, significantly impacts its ability
to model complex patterns. DNNs with many layers can represent highly non-linear
functions, allowing them to capture complex relationships within data [9]. This is
especially advantageous in tasks where traditional models, which are often limited to

linear or shallow non-linear representations, may struggle.

* Non-Linear Transformations: Each layer ina DNN applies a non-linear trans-

formation, enabling the network to learn non-linear relationships.

* Universal Approximation: According to the universal approximation theo-
rem, neural networks can approximate any continuous function given suffi-
cient depth and neurons. Deep networks can model intricate functions with

fewer neurons per layer compared to shallow networks.

1.6.2 Scalability with Large Datasets

Deep neural networks thrive in data-rich environments. As the size of available
datasets has grown exponentially, so too has the effectiveness of DNNs [8]. Un-
like traditional machine learning models that may overfit or underperform with very
large datasets, DNNs can scale effectively, learning more accurate representations as

more data is introduced.

1.7 Versatility and Flexibility

Deep neural networks are highly versatile and can be adapted to various architectures

to tackle different types of data and tasks. For example:

* Convolutional Neural Networks (CNNs): Specialized for spatial data, CNNs
excel in image processing tasks by leveraging convolutional layers to capture

spatial hierarchies [15].

* Recurrent Neural Networks (RNNs): Designed for sequential data, RNNs

are commonly used in natural language processing and time-series analysis

[9].
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* Transformer Networks: Introduced for sequence-to-sequence tasks, trans-
formers have become the state-of-the-art architecture for NLP, enabling models

to capture long-range dependencies in text data [36].

1.7.1 Transfer Learning and Pretrained Models

One of the practical advantages of deep neural networks is the concept of transfer
learning [26]. Transfer learning involves taking a pretrained model on a large dataset
and fine-tuning it on a specific task or domain, which can drastically reduce the train-

ing time and improve performance on smaller datasets.

1.7.2 Robustness to Noise and Variability

Deep neural networks are more robust to noise and variability in data due to their
ability to learn robust representations [9]. This robustness allows DNNs to generalize

well even when the input data contains noise or variations.

1.7.3 Applications and Real-World Impact

The power of deep neural networks has led to their widespread adoption in vari-
ous industries, significantly impacting modern society. Notable applications include

computer vision, NLP, healthcare, and autonomous systems [17].
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Chapter 2

Vibrating Rod Physics and Physical
Informed Neural Networks (PINNS)

2.1 Introduction

In Chapter 1, the fields of application of artificial neural networks and their basic
operating principles were thoroughly discussed. In this chapter, we will analyze how
neural networks can address issues in physics and mathematics. Scientists constantly
seek new and efficient ways to mathematically model the world for detailed study.
For instance, the birth and death of a population are influenced by external factors.
If one can mathematically correlate these phenomena, it becomes possible to make

long-term predictions about the future of specific populations on various planets.

Furthermore, a nuclear physicist, understanding how the fuel of a nuclear reactor
interacts with the surrounding temperature, can maintain the safe operation of the
nuclear facility at desired levels. Many such scenarios are modeled using ordinary
differential equations (ODEs). Differential equations arise in various mathematical
and scientific contexts (both social and physical). Modern mathematical descriptions

alter the use of differential notation.

Numerous mathematicians have studied differential equations and contributed to this
field, including Isaac Newton, Gottfried Wilhelm Leibniz, the Bernoulli family, Ric-
cati, Clairaut, Jean le Rond d’ Alembert, and Leonhard Euler. An elementary example
is Newton’s second law, expressing the relationship between the displacement x and

time ¢ of an object with force F through the differential equation:

m = F(x(t)) (2.1)
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This formulation characterizes the motion of a mass m, where F denotes the acting
force and x is the position as a function of time t. A large number of physical pro-
cesses can be described using partial differential equations (PDEs). A classic example
is the Navier—Stokes system of equations [3], which stems from fundamental conser-
vation principles—specifically, conservation of mass, momentum, and energy—and
governs the behavior of fluids. By solving these equations within a specific domain
and under appropriate initial and boundary constraints, one can simulate and predict

fluid motion with precision.

However, exact analytical solutions to these PDEs are rarely attainable in real-world
cases, which makes numerical strategies such as the finite difference method, the
finite element method, or the finite volume method indispensable. These compu-
tational techniques rely on prior assumptions, equation linearization, and accurate

discretization across both temporal and spatial dimensions.

Recently, the intersection of deep learning and differential equation solving has given
rise to a new research area within scientific machine learning (SciML). This paradigm
leverages the powerful approximation properties of neural networks [11], which are
capable of modeling high-dimensional functions when trained with sufficient data [1].
Nonetheless, conventional deep neural networks do not inherently incorporate the
physical constraints of the underlying phenomena. Their predictive accuracy still
hinges on the problem’s geometry and the completeness of initial and boundary data.
In the absence of such constraints, solutions produced by the network may be physi-

cally invalid or non-unique.

To overcome these limitations, Physics-Informed Neural Networks (PINNs) have
been introduced. These networks embed physical laws directly into their training
objectives, allowing them to learn not only from data but also from the differential
equations that govern the system’s dynamics. Consequently, PINNs can generalize
well even when data is sparse or partially missing, provided that some information

about the physical problem is available [2].

PINNSs enable the solution of diverse problems in scientific computing and represent
a significant advancement in the design of neural PDE solvers. Once trained, a PINN
can be used to infer values over different computational grids or geometries with-
out retraining [20]. Furthermore, they employ automatic differentiation (AD) [4] to
compute derivatives involved in the governing equations—an efficient and modern
alternative to symbolic or numerical differentiation that is particularly suited to neural

network applications.
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Figure 2.1: PINN

PDE: L(u(x,t),0) = g
NN(w, b) Yy YN

2.2 State of the art

In contemporary literature, the first comprehensive proposal for the use of Neural
Networks (NNs) in solving differential equations, accompanied by implementation,
is recognized as the work titled Artificial Neural Networks for Solving Ordinary and
Partial Differential Equations [16]. This work, affiliated with the Department of
Computer Science at the University of loannina, is considered crucial. It’s worth not-
ing that the initial idea of using neural networks for solving differential equations was
proposed in the early 1990s through theoretical works, some of which are referred to
in the bibliography. Examples include the work titled Neural Algorithms for Solving
Differential Equations [18] and The Numerical Solution of Linear Ordinary Differ-
ential Equations by Feedforward Neural Networks [21]. The researchers mentioned
above mainly came from scientific fields, particularly applied mathematics and com-
puter science. The method was introduced to the field of mechanics, specifically
in structural analysis, through the work titled 4 Neural Network Approach to the
Modelling, Calculation and Identification of Semi-Rigid Connections in Steel Struc-
tures [34].

A characteristic work that presents the PINN) method in its current form is titled
Physics Informed Deep Learning (Part 1): Data-driven Solutions of Nonlinear Par-
tial Differential Equations [29], where the principles of the method are defined, its
programming implementation is analyzed, and it is applied to the partial differen-
tial equations Burger’s Equation and Schrodinger Equation. This work serves as an

excellent guide for someone starting to engage with the topic.
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The study of the PINNs method has gained particular momentum from 2017 onwards.
Besides the works mentioned above, several additional studies have been published
by researchers worldwide. Recent works from the last year include Physics-Informed
Machine Learning and Physics-Informed Neural Networks for Elastic Plate Prob-
lems [27], where the method is applied to solve the differential equation related to the
Kirchhoff Plate Bending problem.

Notably, researchers such as Georgios E. Stavroulakis and Aliki D. Mouratidou from
the Technical University of Crete have made significant contributions to the applica-
tion of PINNs in computational mechanics. In their work A Gentle Introduction to
Physics-Informed Neural Networks, with Applications in Static Rod and Beam Prob-
lems [23], they provide an accessible introduction to PINNs, applying them to static
rod and beam problems, thus serving as a foundational resource for understanding

the implementation of PINNS in structural mechanics.

Furthermore, in the study titled Ensemble of Physics-Informed Neural Networks for
Solving Plane Elasticity Problems with Examples [24], Mouratidou and Stavroulakis
explore the use of ensemble PINNSs to solve plane elasticity problems, demonstrating
the effectiveness of combining multiple neural networks to enhance solution accuracy

in elasticity equations.

Additionally, their research presented at the 16th World Congress in Computational
Mechanics, Nonlinear Interaction in Composites Using Physics Informed Neural Net-
works [25], investigates the integration of unilateral contact mechanics laws within
the PINN framework, showcasing the potential of deep learning approaches in ad-

dressing complex contact mechanics problems in composite structures.

These contributions underscore the versatility and effectiveness of PINNs in address-
ing complex problems in computational mechanics, particularly in modeling interac-

tions within composite materials and structural elements.

2.2.1 Modeling and Computation

A general nonlinear hyperbolic partial differential equation (PDE), such as the wave

equation, can be written as:

uy + Nu; Al =0, x€Q, te€][0,T],

where u(t, x) is the solution, N -; A] is a nonlinear operator parameterized by A, and

Q C RP is the spatial domain. Hyperbolic PDEs describe wave-like phenomena
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such as vibrations and oscillations in mechanical structures, including bars, strings,

and membranes.

In the presence of measurement noise or incomplete knowledge of the physical model,
Physics-Informed Neural Networks provide a powerful framework to address two

main types of problems:
» Data-driven solutions
 Data-driven discovery

of hyperbolic partial differential equations.

Solving Data-Driven Hyperbolic Partial Differential Equations

The data-driven PDE solution ([29]) involves estimating the unknown state u(f, x)
based on measurements z, assuming the form of the PDE and its parameters A are

known:

up+Nul =0, x€Q, te€][0,T],

We define the residual function f(¢, x) as:

f = Uy +N[u],

and use a neural network to approximate u (¢, x), training it by minimizing the total

loss function Lys:

Ltot = Lu + Lf;

where L, = u — z, with u being the network’s output and z the real measurements.
The term L represents the mean squared error of the residual, calculated by substi-
tuting the network output into the PDE.

This method enables the integration of physical laws and data for modeling hyperbolic

systems, such as bar oscillations, in a computationally efficient manner ([30]).

Discovering Data-Driven Hyperbolic Partial Differential Equations

In the case of incomplete system state measurements z, the data-driven discovery of
the PDE ([28]) aims to recover both the unknown state u (¢, x) and the underlying

model parameters A from the observed data. The PDE is expressed as:
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uy + Nu; Al =0, x€Q, te][0,T],

Defining:

f = utt+N[u;)\],

the neural network is trained to minimize:

Lot = Ly + Ly,

where L, = u — z and Ly is again the mean squared residual error based on the

governing hyperbolic PDE.

This approach allows for the discovery of dynamic models governed by hyperbolic
PDEs, enabling the creation of fully differentiable surrogate models suitable for pre-

diction, control, and interpretation of wave-like phenomena ([31, 22, 7]).

2.3 Formulation of Motion Equations through Newto-

nian Principles

In mechanical systems composed of discrete masses, motion equations can be con-
structed by applying Newton’s second law individually to each mass in its respective
direction of movement. The total number of such equations matches the number of

degrees of freedom, as does the number of natural vibration modes.

Conversely, in continuous systems—such as rods or beams—mass and elasticity are
distributed throughout the structure. These systems theoretically possess an infinite
number of degrees of freedom. For example, a simply supported beam can exhibit
an infinite array of vibration modes, each involving a different number of half-wave
shapes. This raises an important question: does one need an infinite number of motion

equations to describe such systems?

Surprisingly, the answer is no. In most practical scenarios involving bars, shafts, or
slender beams, a single governing equation of motion suffices, despite the presence
of infinitely many possible mode shapes. While some structures like arches or shells

may require multiple equations, their number remains finite and manageable.
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To derive such an equation for a continuous medium, one typically considers an in-
finitesimally small segment of the system and applies Newton’s second law locally.
This leads to a partial differential equation (PDE) that describes the system’s dynamic
behavior. Once this general equation is obtained, boundary conditions are applied to

find its specific solutions.

Solving these boundary-specific equations often produces a characteristic equation
involving complex mathematical functions, known as the frequency equation. In
special cases, this equation can be solved analytically to yield exact expressions for
the system’s natural frequencies. More often, numerical methods are employed to

estimate these values with sufficient accuracy.

This approach, commonly referred to as the “exact method,” can yield highly accu-
rate results for many canonical engineering problems. However, deriving the required
equations can be analytically challenging or even infeasible for complex geometries.
Therefore, approximate numerical techniques—though less precise—are often pre-

ferred for such cases.

Engineers and researchers using such approximations should validate them by com-
paring with known exact solutions in simpler systems. For instance, when analyzing
a complex mechanical structure like a robotic arm with variable cross-sections, it’s
advisable to test the method on a simpler uniform beam under known loading, to

ensure reliability.

Figure 2.2: Schematic application of Newton’s law to an infinitesimal
segment (Source : [12])

Numerical simulations are typically suited for exploring the effects of varying pa-
rameters by running multiple input scenarios. However, the exact method provides
deeper theoretical insight and allows for analytical validation. For this reason, we
will begin by laying out the standard procedure for deriving equations of motion in

continuous media.
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Figure 2.3: Sample structural system: rod with loading (Source : [12])

Summary of Procedure for Motion Equation Derivation:

» Step 1: Identify a differential segment of the vibrating structure and draw the
corresponding free-body diagram.

 Step 2: Express internal forces and moments in terms of the displacement vari-

able, using:
— (a) stress-resultant relations,
— (b) constitutive laws (stress—strain),
— (c) geometric relations (strain—displacement).

 Step 3: Combine all relevant force components in the direction of motion to

compute the net internal action.

* Step 4: Include any applied dynamic forces, projecting them in the direction

of motion.

» Step 5: Relate the total net force or moment to the mass times acceleration

using Newton’s second law, yielding the governing PDE.

2.3.1 Undamped Free Vibrations

In scenarios involving free vibration, there are no externally applied forces, and thus
Step 4 of the general procedure becomes redundant. The governing differential equa-
tion is solved by incorporating the boundary conditions relevant to the specific prob-
lem. This process produces what is known as the characteristic or frequency equation,
usually represented in determinant form. The roots of this equation correspond to the

system’s natural frequencies.

Furthermore, once these frequencies are known, the associated mode shapes (or natu-
ral modes) can be computed using the same general solution, constrained by the origi-
nal boundary conditions. This concept will be made clearer through practical demon-

strations in the next sections. Initially, we will focus on fundamental one-dimensional
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structures—such as rods, shafts, and beams—before extending the analysis to more
complex, two-dimensional frameworks. This chapter will strictly examine the cal-
culation of natural frequencies and vibration modes; the analysis of motion resulting

from specific initial conditions will be addressed in a later chapter.

2.3.2 Axial Vibrations in Uniform Bars

Motion Equation Development:

We begin by considering axial (longitudinal) vibration in a bar—one of the simplest
examples of continuous vibration systems. Figure 2.4 illustrates a small segment of
a bar with variable cross-sectional area A(x), composed of a linear elastic material
with density p and Young’s modulus E. At time ¢, the longitudinal displacement at

position x is given by u(x, t), and the internal axial force by F(x, t), assumed positive

when tensile.

u Ou+ox
LA_J L@c
(0]
Z n
Displaced Element

Element in Equilibrium

Figure 2.4: Displacement and force in a bar segment (Source : [12])

We now derive the equation of motion step-by-step:

Step 1: Consider a differential bar element of length dx, and draw its free-body dia-

gram, as shown in Figure 2.5.

Figure 2.5: Free body diagram of a bar element (Source : [12])
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Step 2: Express the internal force F in terms of displacement via physical laws:
* (a) Axial force and stress: F = Ao

* (b) Hooke’s Law (stress-strain): ¢ = Ee

. . . P )
(¢) Strain and displacement: € = §-

Combining the above, we get:

ou
F = EAa

The variation of force across the element is:

0 ou

Step 3: The net internal axial force on the element is simply J F, since opposing forces

cancel.
Step 4: No external loads are acting, so JF is the total dynamic force.

Step 5: Apply Newton’s second law:

9%u

This yields the following governing partial differential equation:

9 ou %u
x (EAa) =PA5a

In the case of a homogeneous bar with constant E and A, the equation simplifies to:

Ed*u  0%u

ol oE
or, rearranged:
Ed’u d%u

oo o Y

2.4 The Role of Initial and Boundary Conditions in
Differential Equations for Rod Analysis

In solving differential equations that describe the behavior of rods, initial and bound-

ary conditions are fundamental. These conditions provide specific information about
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the rod’s placement, constraints, and external forces acting on it, all of which are es-
sential to determine an accurate solution to the differential equation governing the
system’s dynamics. By defining initial and boundary conditions, we can simulate
the real-world physical constraints that influence the behavior of a rod, whether it is

fixed, free, or subjected to other configurations.

2.5 Importance of Initial and Boundary Conditions

In the context of rods, the primary differential equation often takes the form of the
wave equation or Euler-Bernoulli beam equation, depending on whether we’re mod-
eling longitudinal vibrations or bending behavior. Boundary conditions specify the
behavior of the rod at its endpoints, while initial conditions define its state at the

beginning of observation (usually time { = 0).

+ Initial Conditions: These define the initial displacement and/or velocity of the
rod. For example, an initial condition could specify that the rod starts from rest
or that it has an initial velocity along its length. This initial information sets

the basis for how the rod will behave dynamically over time.

* Boundary Conditions: These define constraints at the endpoints of the rod and
vary based on how the rod is fixed or allowed to move. Boundary conditions
are essential for accurately simulating the physical setting of the rod, as they
define the degrees of freedom at the endpoints. The nature of these conditions
(fixed, free, or mixed) dramatically influences the solution to the differential

equation and thus the rod’s behavior.

2.6 Types of Boundary Conditions and Their Physical

Interpretations

Boundary conditions are typically classified based on the nature of constraints at the
rod’s endpoints. These constraints are often dictated by physical setups such as fixed-

fixed, free-free, and fixed-free conditions:

2.6.1 Fixed-Fixed Boundary Conditions

In a fixed-fixed configuration, both ends of the rod are anchored, preventing displace-
ment and rotation. This type of boundary condition is common in structures where
both ends are immobile, such as beams anchored in concrete supports. Mathemati-

cally, fixed-fixed conditions imply:
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* Displacement Boundary Condition: 1#(0,f) = 0 and u(L,t) = 0, where
u(x,t) is the displacement along the length of the rod (from x = 0to x = L)

at any time f.

Fixed-fixed conditions create high constraints on the rod, resulting in specific vibra-
tion modes and frequencies that differ from other configurations. This setup restricts
the rod’s degrees of freedom, yielding higher natural frequencies and a distinct vibra-

tional behavior.

2.6.2 Free-Free Boundary Conditions

In a free-free configuration, both ends of the rod are unconstrained, allowing for dis-
placement and rotation without any external restriction. Such conditions apply to rods
that are suspended in space or only loosely connected at the ends. Mathematically,

free-free conditions can be expressed as:

« Neumann Boundary Condition: §“(0,#) = 0 and 2%(L,t) = 0, indicating

that there is no external force applied at the ends.

Under free-free conditions, the rod can move more freely, often resulting in lower
natural frequencies compared to the fixed-fixed setup. The lack of external constraint
at the ends allows for more complex vibrational modes, including rigid-body modes

where the entire rod translates or rotates as a unit without deformation.

2.6.3 Fixed-Free Boundary Conditions

In the fixed-free configuration, one end of the rod is anchored (fixed), while the other
is free to move or rotate. This setup is frequently seen in cantilever beams, such as

diving boards or projecting structures. Mathematically, these conditions are:

* Fixed Boundary Condition at One End: u(0,t) = 0, restricting displace-

ment at the anchored end.

* Free Boundary Condition at the Other End: g—z (L,t) = 0, allowing the free

end to move without an external force constraint.

This boundary condition creates an asymmetric response in the rod. The fixed end
resists movement, while the free end has maximal displacement, leading to a unique
set of natural frequencies and vibrational modes. The fixed-free setup typically ex-
hibits a combination of bending and longitudinal motion, depending on the applied

force and initial conditions.
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2.7 How Initial and Boundary Conditions Define Vi-

brational Modes

The initial and boundary conditions collectively influence the vibrational modes, res-

onant frequencies, and dynamic behavior of the rod.

* Fixed-Fixed Rod: Constrains both endpoints, leading to symmetric vibration
modes where nodes (points of zero displacement) appear at both ends. The
vibration frequencies are generally higher, and the rod behaves similarly to a

taut string in fixed musical instruments.

* Free-Free Rod: Lacks constraints at either endpoint, allowing the rod to vi-
brate as a whole without fixed nodes at the ends. This setup introduces rigid-
body modes in addition to standard vibrational modes, leading to a more com-

plex vibrational spectrum.

* Fixed-Free Rod: With one end fixed and the other free, the vibrational modes
are asymmetric. The free end typically experiences higher amplitude vibrations
than the fixed end, making this configuration sensitive to external forces or

initial disturbances.

2.8 Solutions of vibrating rod based on its ends

2.8.1 Fixed - Fixed Ends

Given the wave equation:

u  ,0%u

where c is the wave speed.

We’ll use the method of separation of variables to solve this partial differential equa-

tion.

Let u(x,t) = X(x)T(t), then the wave equation becomes:

X(x)T"(t) = X" (x)T(t) (2.3)

Dividing both sides by c>X (x)T(t), we get:
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17"(t)  X"(x)

— = =—-A 2.4
2T~ X(x) @4
where A is a separation constant.
Solving the Spatial Part (X(x)):
The general solution to the spatial part is:
X(x) = Ccos(vVAx) 4+ Dsin(v/Ax) (2.5)

Applying the boundary condition u(0,¢) = u(1,¢) = 0:
When x = 0, X(0) = Ccos(0) + Dsin(0) = C.

Since we have the condition u(0,¢) = 0, this implies that X(0)T(¢) = 0, which
means that C = 0 because otherwise the solution wouldn’t satisfy the boundary con-

dition.
So, by setting C = 0, we ensure that the solution u(x, t) satisfies the boundary con-
dition u (0, t) = 0.
X(1) = Dsin(v/A-1) =0 = Dsin(v/A) =0 (2.6)

This gives two cases:
Solving the Spatial Part (X(x)):
This gives two cases:

1. D = 0, which leads to the trivial solution.

2. sin(v/A) = 0, which implies v/A = n7t, where 7 is a positive integer.
So, A = (nm)>.

Therefore, the spatial part of the solution becomes:

Xu(x) = Dy sin(nmx) (2.7

wheren = 1,2,3,... and D,, are constants.
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Solving the Temporal Part (T (t)):

The general solution to the temporal part is:

T(t) = Acos(ctV/A) + Bsin(ctv/A) (2.8)
Now, let’s analyze the coefficients A and B using the initial conditions.

Initial Condition Analysis:
1. Initial Condition 1: u(x,0) = Agsin(¢mx)

2. Initial Condition 2: %(x,0) =0

Analysis of Coefficients A and B:
* Condition 1: To satisfy the first initial condition, B cannot be zero.

» Condition 2: To satisfy the second initial condition, we need to ensure that the
derivative of u(x,0) with respect to  does not contain any sine term. Hence,

B must be zero.
Therefore, B = 0 to satisfy both initial conditions.

Now, we have:

T(t) = Acos(ctV/A) (2.9)

Determination of A:

Given the first initial condition, when ¢ = 0:

T(0) = Acos(0) = A

Comparing with u(x,0) = Agsin(¢rx), we have A = 1.
Final Solution:

Therefore, the complete solution u(x, t) is given by:

u(x,t) = Agsin(¢prmx) - cos(ctpr) (2.10)
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where Ay is the initial amplitude, ¢ is a constant, c is the wave speed, and A = (7171)2

with n being a positive integer.

2.8.2 Free - Free ends

Analysis of Initial Conditions:
1. Initial Condition 1: u(x,0) = A - cos(¢prx)
2. Initial Condition 2: %(x,0) =0

3. Boundary Conditions: 3%(0,t) = %%(1,t) = 0

Analysis of Coefficients A and B:

* Condition 1: To satisfy the first initial condition, B cannot be zero.

» Condition 2: To satisfy the second initial condition, we need to ensure that the
derivative of u(x,0) with respect to  does not contain any sine term. Hence,

B must be zero.

* Condition 3: To satisfy the boundary conditions, D must be zero to ensure
that the spatial part of the solution satisfies the boundary conditions at x = 0

and x = 1.

Therefore, B = 0 to satisfy both initial conditions and the spatial boundary condi-

tions.

Now, we have:
T(t) = Acos(ctV/A)

Determination of A:

Given the first initial condition, when ¢ = 0:
T(0) = Acos(0) = A
Comparing with u(x,0) = A - cos(¢mx), we have A = 1.

Final Solution:

Therefore, the complete solution u(x, t) is given by:
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u(x,t) = Agcos(¢pmx) - cos(ctprr)

where ¢ is the wave speed, ¢ is a constant, and A = (n )% with n being a positive

integer.
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Chapter 3

Problem Statement

The aim of this chapter is to analyze in detail the objective of the thesis. In the pre-
vious chapters, we have examined how the differential equations of the vibrating rod
are derived mathematically and found corresponding solutions based on the state of

the rod’s edges (e.g., free-free, fixed-free).

This thesis aims to leverage Physics-Informed Neural Networks (PINNs) in detail
and demonstrate their potential as a powerful tool for solving physics problems with

complex initial and boundary conditions, such as the vibrating rod problem.

A reasonable question that arises is why we need PINNs when we already know the
solutions to the differential equations. The following points illustrate the advantages
of using PINNSs:

* High-Dimensional Problems: Traditional numerical methods (e.g., finite el-
ement or finite difference methods) struggle with high-dimensional problems
due to the curse of dimensionality. PINNs, on the other hand, can efficiently
solve high-dimensional PDEs because they leverage neural networks, which

can represent complex functions in high-dimensional spaces.

* Integration of Observational Data and Physics: PINNs can seamlessly in-
tegrate observational data with known physics. In situations where there are
partial measurements or noisy data, PINNs can optimize a solution that respects
both the governing equations and the data, creating a more accurate model of

reality.

* Solving Inverse Problems: PINNs are powerful for solving inverse problems,
where the objective is to identify unknown parameters or functions in the dif-
ferential equations. Traditional methods often require iterative approaches and
can be computationally intensive, while PINNs can incorporate this search di-

rectly into the training process.
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» Adaptability to Different Types of Differential Equations: PINNs can be
adapted to handle different types of differential equations (e.g., ordinary dif-
ferential equations (ODEs), partial differential equations (PDEs), stochastic
equations) without needing significant changes to their underlying structure,

unlike many traditional numerical methods.

* Mesh-Free Nature: Traditional numerical methods often require a mesh or
grid, which can be computationally expensive and complex to implement for
irregular domains. PINNs are mesh-free, meaning they can approximate solu-
tions without discretizing the domain, making them highly adaptable to com-
plex geometries.

* Handling Singularities and Sharp Changes: Problems with sharp changes
or singularities can be challenging for standard numerical solvers. PINNs can
learn these features more naturally if the neural network is trained appropri-

ately, as they can represent complex non-linear behaviors.

* Combining Physics with Empirical Data: In scenarios where the physics
is not fully understood or there is a combination of known physical laws and
unknown empirical relationships, PINNs can blend known physics with learned

behaviors from data, helping to bridge the gap.

Hence, this thesis serves as a proof-of-concept that PINNs can effectively solve both

forward and inverse problems.

Given a training set 7 r consisting of observations from the vibration of a rod, repre-

sented as:
Tr={(x1,t1), (x2,t2),..., (xn,tN) },

and considering the governing partial differential equation (PDE) for the vibrating

rod:
%u B %u
oz Tox?’
where u(x, t) is the displacement of the rod at position x and time ¢, and A incorpo-

rates the rod properties:

with E denoting the Young’s modulus and p the density of the rod, our objective is
to search for the mapping function (x,t) +— u(x,t) that satisfies this PDE and the
associated initial and boundary conditions.
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3.1 Forward Problem Formulation

In the forward problem (solve the diff. equation), the total loss function L(6; T) is
built from multiple terms to ensure the model respects the physical laws and bound-
ary conditions. This allows to approximate the solution i(x, t) by minimizing dis-
crepancies with respect to both the differential equation and the specified initial and

boundary conditions.
The loss components for the forward problem are defined as follows:

1. Physics-Driven Loss:

1 20 1 2
Lint(e; Tint) = Z ‘W(xi’ ti) - Aw(xi, ti) p

|Tim| (xiti) € Ting

where T, denotes the collocation points within the domain. This termforces
the neural network to adhere to the PDE everywhere inside the domain by pe-

nalizing any deviation from the differential equation.
2. Boundary Condition Loss at x = 0 :

1

Ly—o(0; Tx=0) = W
=

. 2
Z |1/l (xi/ tl) | ’
Xiti) ETe=0
where T,—( denotes the set of boundary points at x = 0. This term enforces

the boundary condition at the left end of the domain.

3. Boundary Condition Loss at x = L :

1
Ly—1(0; T=r) = |T—L|
= (xi/t

Z |ﬁ('xi/ti)|2/

i)ETe=L

where T,—1 is the set of boundary points at x = L. This term enforces the

boundary condition at the right end of the domain.
4. Initial Condition Loss for Displacement:

1
Lt:()(g,' Tt:()) = m
O (xpt

. 2

Yo At k) = f(xa)l”,

i)ETi=0

where T;— represents the set of initial condition points at + = 0, and f(x) is

the initial displacement function. This term ensures that the solution matches

the initial displacement condition.
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5. Initial Condition Loss for Velocity:

1
LyZo(6; tim0) = ——

‘Tt:o‘ (xit)€ETi=0

The total loss function for the forward problem combines all these components:

L(6;T) = Lint(6; Tint) + Lx—=0(0; Tx=0) + Lx=1.(6; Te=1.) + Li=0(6; Ti=0) + LI (6; Ti—0),

ensuring that the PINN respects the PDE, initial conditions, and boundary conditions

across the entire domain.
Minimization Goal:

The target of the training process is to find the optimal network parameters 6* by

minimizing the total loss:

6% = argmein L(6; 7).

This minimization ensures that the solution to the forward problem while adhering to

the physical constraints and observed conditions.

3.2 Inverse Problem Formulation

The aim of the inverse problem is to find the rod properties A. In the context of
solving the inverse problem, the total loss function is defined as the sum of multi-
ple components that ensure the network respects both the observed data and the

governing physical laws. The total loss Ly, for the inverse problem is given by:

£tota1 = EPDE + Ex:O + 551:)0 + ['x:L + Egi)o + ['train/

where:
1. Physics-Driven Loss:

2
821/[9 82u9

Y. W(xi/ ki) — /\W(xi/ t;)

(xi/t1) € Tint

Lppg =
| 7;nt ’
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2. Boundary Condition Loss at x = 0:

Y fue(xi )

(xiti)€Tx=0

3. Initial Condition Loss for Displacement:

1
| Ti=o|

= Yoo lua(xite) — f(x)

(xit)€Ti=0

4. Boundary Condition Loss at x = L:

ﬁx:L:m Yo Jue(xi )]

(xit))€To=1L

1 p) 2
‘652:)0 = |7' | %(xir tz)
=01 () €Tizo
6. Data-Driven Loss:
1 2
Etrain = ’7- ) ‘ Z |u9(xi/ ti) - uobs(xi/ ti)| .
train (xi/ti)e,ﬁrain

6%, A" = arg rgli/\n Liota1 (6, A).

The total loss function Ly, ensures that the solution aligns with the governing PDE,
satisfies the boundary and initial conditions, and fits the observed data, enabling ef-

fective parameter estimation for the inverse problem.
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Chapter 4

Experiments

4.1 PINN Algorithm for solving forward problem

4.1.1 Vibration Equation with Dirichlet Conditions

We examine a classical one-dimensional wave propagation scenario, defined over a
spatial domain with fixed boundary conditions of the Dirichlet type. The mathemat-

ical formulation is as follows:

(%u  d%u

ﬁ—étm, X € [0,1], tE(O,Z)

u(0,t) =0, t e (0,2]

u(1,t) =0, t € (0,2] (4.1)
u(x,0) =sin(mtx), x € (0,1)

\aa—?(x,o)zo, x e (0,1)

This setup describes wave motion in a medium where both endpoints are held fixed.
An analytical solution to this problem is known and can be expressed as u(x,t) =
sin(7rx) cos(27tt). In the sections that follow, we will demonstrate how a Physics-
Informed Neural Network can be used to approximate this solution numerically. The

experimental design draws inspiration from the methodology proposed in [32].

Network Architecture: In our PINN-based approach to approximate u(x,t), the
neural network is constructed with two input neurons corresponding to the variables x
and ¢, and a single output neuron providing the predicted value of u. The hidden layers
consist of four fully connected layers, each composed of 50 neurons. This architecture

was selected to balance approximation capability with computational efficiency.

PINN : Here, we consider a deep feedforward neural network (DeepPDE) whose

main goal is to approximate some function, in our case y(x, t) for any input (x, f).
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This model is called feedforward because information flows through the function
being evaluated from (x, t), through the intermediate computations, and finally to
the output u(x, ) ~ 7(x, t). There are no feedback connections in which outputs of
the model are fed back into itself.

The architecture of the neural network used in this study is based on an input consist-
ing of d + 1 variables, represented as x = (x,t) € R%*!, and a single scalar output
denoted by 71(x; ). For this problem, we consider d = 1.

The function i1(x; ), which serves as the neural network’s approximation of the target

solution, follows the structure detailed in [6], and is defined as follows:

Input layer: N(©(x) = x = (x,t) € R?,
Hidden layers: N (x) = o (WOND () +60), 0=1,2,...,L=4,

Output layer:  (x;0) = N (x) = WNED(x) +p) e R
(4.2)

Here, the notation includes:
« N R¥in — Rt js the output of the /-th layer, consisting of Ny neurons,

« W) e RNexNi-1 and b(8) € RN denote the weight matrices and bias vectors

respectively, with all parameters collectively denoted by 6 = {W(g), b(0) } 57:1’

0 represents the activation function applied element-wise; in this case, the hy-
perbolic tangent is employed, i.e., 0 (s) = tanh(s) fors € R.

Distribution of Training Data

2.007 N "x * X * * »x Training Points
x ¥ x x x
L75
150
125
+ 1.00
0754 =
x
x
0.50 -
* x
0254 *
=
0.00 A
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 4.1: Training set of forward problem - Dirichlet BC

Training dataset. The general training set T of this model is selected in the interior
domain T,y C (0,1) x (0,2) and on the boundaries T,—9 C {0} X [0,2], Ty—1 C
{1} x [0,2], Tr=0 C (0,1) x {0}. Thus T = Tine U Ty—o U Ty=1 U Tp—p.
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200
i,j=
u(xy, ty) is the solution of (1) at (xi, t). 200 training samples were chosen from
(0,1) x (0,2) and the rest was taken from the boundary of the domain. The plot 4.1

shows the training samples (x, t).

The training set we used consisted of 200 samples {(x;, t;);u(x;, ;) }77~, where

Test Set

2.00
1.75
1.50
1.25
~ 1.00 -
0.75
050
0.25
0.00

0.0 0.2 0.4 0.6 0.8 1.0

T

Figure 4.2: Test set of forward problem - Dirichlet BC

Test Set The test set 4.2 covers the whole domain area (100 x 200 = 20,000 points).

Loss function During training, our loss is defined as the sum of the squared pointwise

difference of each of the following equations:

921 921 2
Z W(xi/ tl) - 4@(-7(1'/ tl) ’ (43)

|Tint| (xi/ti)e’rint

1

Lint (9/ Tint) -

1 N
Lico(;Tem0) = —— Y. |a(x, 1)), (4.4)
’Tx_0| (xit;) ETe=0
1 N
Ly=1(8; Tx=1) Y. la(xh) %, (4.5)
’Tx:ﬂ (x,,t,)GTx_l
1 . .
Li—o(6; T—o) = Y |a(xi, t) —sin(wx) |, (4.6)
| t_0| (x;,t)ETi=0
Li_o(0;T1—0) = L ) %(x- t-)2 4.7
t=0\Y, tt=0) — |Tt:0| (xl ti)GTtZO at [7ad] °
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L(6;T) = Lint(6; Tint) + Lx=0(6; Tx=0) + Lx=1(0; Ty=1) + Li=0(6; Tr=0) + Lj—((6; T1=0)
(4.8)

Summing u, the training parameters are the following:

Parameter Value
Optimizer L-BFGS-B
Training steps 12000
Learning Rate 0.001
Activation Function tanh
Hidden layers 4
Nodes per layer 50

4.1.2 Results of Forward Problem - Dirichlet BC

Predicted Solution by PINN

0.00

-0.25

\\\\\\\}‘, )
0 \fﬂﬂflflfl"lﬂ{{ »

-0.75

Figure 4.3: Prediction of forward problem - Dirichlet BC

The analysis of the results from training the forward problem using PINN reveals
several significant insights into the model’s predictive capabilities. The achieved
average mean squared error (MSE) of 0.001 indicates a high level of accuracy in
the PINN’s approximation of the true solution. However, an in-depth examination of

the results provides a clearer understanding of the model’s performance.

A key aspect to consider is the comparison between the estimated solution by the
PINN (referred to as the ”"PINN state”) and the exact solution (the ”Exact state”).
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Ground Truth

0.75

0.50

0.25

0.00

-0.25

—0.50

-0.75

2.00 1.0

Figure 4.4: Ground Truth of forward problem - Dirichlet BC

Pointwise difference of prediction - ground truth

Figure 4.5: Pointwise difference between PINN state and exact state
of forward problem - Dirichlet BC

The pointwise difference between these two, as depicted in the pointwise difference
plot (Figure 4.5), shows a range from approximately -0.008 to 0.004, which is not

statistically important error. In the context of this work, the choice to present the
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pointwise difference, defined as

Uexact — Upred,

instead of the absolute or relative error, was made deliberately to retain both the mag-

nitude and the direction of the error.

While metrics such as the absolute error

| Uexact — Upred ’

or the relative error
|uexact - z/lpred|

|uexact|
are useful for quantifying the overall accuracy and are commonly employed in statis-
tical analysis, they obscure whether the model is systematically underestimating or

overestimating the true values.

The PINN state visualization (Figure 4.3) suggests that the model has captured the
fundamental behavior of the problem, showcasing a wave-like structure that aligns

well with the expected physical behavior.

The training configuration, which involved four hidden layers with 50 nodes each and
the tanh activation function, appears to have supported the model’s learning process
effectively. The use of the L-BFGS-B optimizer over 12,000 training steps likely
contributed to the smooth convergence of the loss function, enabling the model to
reach a low average MSE. The choice of tanh as the activation function, known for

its smooth and bounded nature.

In conclusion, the results demonstrate that the PINN framework, configured with suit-
able hyperparameters and training strategies, effectively approximates the forward

problem governed by partial differential equations.

4.2 PINN Algorithm for solving inverse problem

Physics-informed neural networks offer an effective approach to solve inverse PDE
problems, such as parameter identification in different types of PDEs. This capability

motivates the use of PINN to discover A that satisfies eq:inverse,roblem) :
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(%27”(x/t)=)t327”(x,t), 0<x<1,0<t<?2

u(0,t) =0, 0<t<2

u(1,t) =0, 0<t<2 4.9)
u(x,0) = sin(7rx), 0<x<1

\a_?xro)zof 0<x<1

We utilized a dataset consisting of 1800 total training samples. Out of these, 1000
were sampled uniformly from the interior of the rectangular domain (0,1) x (0,2).
Additionally, we allocated 200 points along each of the domain boundaries located at
x=0,x=1,t =0, and t = 2, with uniform spacing. Denote the interior training
subset as 7Ti,, and the collective boundary training subset as Ty = Ty—o U Ty=1 U
Ti=o U Te=2.

An initial value of A was assigned as 1 in our training process. The neural network
framework is structured upon this foundation. We trained the model for a total of
6000 iterations (epochs), during which the weights are continuously updated. Let the

neural network’s output corresponding to input (x;, ¢;) be expressed as 1 (x;, t;).

The architecture of the neural network remains consistent with those adopted in sub-
sequent sections. The optimization process is carried out using the Adam algorithm,
which adjusts the network’s parameters in accordance with the current value of A.
Furthermore, the value of A is dynamically updated during training, with its optimal
value being determined alongside the model parameters to minimize the prescribed

loss function, as defined below:

1 . .
Lppe = Yo |ae(xiti) — A (2, 1) (4.10)
[ Tin (xi/ti) € Tint
1 .
Lico=—— Y. |a(x,t)f, (4.11)
| Te=o (xi/ti) ETa=0
1 on 2
Lt:Ol ﬁ Z _t (x,-, tl) (412)
=01 (x;,t;) et
1 . 2
Leci=—— Y. |a(x,t)]", (4.13)
|Tx:1| (xl tl)eTxfl
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1
Lt:()2 | | Z |ﬁ(x,-, ti) — sin(rcxi)| , (4.14)
=01 (3 ) emmg
1 . 2
Ldata = | . | Z |u(xl-, ti) — u(xl-, ti)l . (4.15)
Tint (xi/ti) € Tint
Convergence of /
404 mmmmmmmmmmmmooooo
351
3.0 1
% 2.5 1
3
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Figure 4.6: A estimation - inverse problem
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Figure 4.7: Ground truth of inverse problem

This initial value of A, although small, enables the A predictions from the model to

nearly reach its true value after 30000 epochs. Even though we chose a very small

initial value of A, the model was successful in predicting the true value of A after ex-

actly 30000 epochs, as illustrated in Figure 4.6. The solution of the inverse problem

generates the best found value of A to be 3.99. We aim to see how this new model
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Figure 4.8: Prediction of inverse problem

Pointwise difference of prediction - ground truth

Figure 4.9: Pointwise difference between PINN prediction and ground

truth of inverse problem

with this A predicts the input data and compare it to the exact solution of our wave

equation in 1. To better interpret the accuracy of the model let us observe the point-

wise difference between these two states: Figure 4.9 suggests that the performance
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Training Loss Components
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Figure 4.10: Components of loss functions - inverse problem

of our model is acceptable, by showing that the pointwise difference lay in the inter-
val [-0.015, 0.010] units. We conclude that our developed machine learning model

performs well with a negligible pointwise difference between the exact and PINNs
predicted states.

4.3 PINN Algorithm for solving inverse problem - Adap-

tive Technique

In this section, we aim to improve the performance of our model by giving different
weight to each component of loss function. From figure 4.10 is obtained that the L,

converges smoothly to zero, something that may be beneficial to estimate A with the
minimum error. Hence, the new loss function is :

1 920 921 2
L=1x Y. (xi,t) — A= (x;, t;)
. > \Airti 5 \Air ki
[ Tine (xi,ti) € Tin ot dx
1 X ) 1 on 2
+1x |T | Z |H(x1’, ti)| +1x |T | Z _t(xi/ ti)
*=0 (xi,ti) ETa=0 =0 (xit))ETi=0
1 N 1 )
+1x Ty Z ‘”(xutzﬂz +1x o] Z [2(x;, t;) — sin(7tx;)]
x=1 ('xl tl)eTX*l t=0 (x t)e’['t 0
1
7 X |0 (x;, 1) — u(xi, t7) |
L (o) ETing

(4.16)
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Convergence of 1
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Figure 4.11: Adaptive technique - A estimation - inverse problem

Our PINN model finds the best value of A to be 4.0. Figure 4.11 shows that the
predicted values of A nearly reach its true value after 20000 epochs. Moreover, when
using equal weights in the loss function as in the first example, we obtained the best
predicted value of A to be 3.99, whereas this model can reach a perfect prediction
of A equal to its true value. Let us know analyze the performance of this developed

model by comparing its output of the input data (x, t) to the true value of u(x, t).

Predicted Solution by PINN

y
\\\\\\\\ \\\}}‘)'\“ I 0.25
‘}})}3‘}3‘\“&‘\!‘\'\ \\\\\“ ./ﬁ,,-:.f""" 0.00
I -0.25

i

Iy
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i i %gg/i’;:{fgyﬂﬁr

Figure 4.12: Adaptive technique - Prediction of inverse problem

Figure 4.14 illustrates that the discrepancy between the true solution and the output
generated by the PINN remains within the interval [—0.015, 0.005]. Only a minimal
portion of the domain reaches the extremes of this range. Based on this observa-
tion, we infer that the chosen weight configuration enhanced the model’s accuracy in

prediction.
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Figure 4.13: Adaptive technique - Ground Truth of inverse problem

Pointwise difference of prediction - ground truth

Figure 4.14: Adaptive technique - Pointwise difference between PINN
prediction and ground truth inverse problem
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Training Loss Components
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Figure 4.15: Adaptive technique - Components of loss functions - in-
verse problem

4.4 PINN Algorithm for solving inverse problem - A
far away from real value

We finally aim that our Machine Learning model performs well on solving the inverse

problem, even though the initial value of A is far from its true value. We integrate the
following loss function in our model:

1 o%u o%u 2
L= Z —Z(Xi, fi) — )\—2(361', ti)
ITint| (xl ti)eTmt at ax
1 1
T DD DR UC L Bt BN DI UIC D]
=01 (x;,1;)€Te—g =11 (x4 €Ty
1 )
+ ol Y. Ju(xit;) —sin(mx;) | (4.17)
t=0 (x,‘,ti)ETt:O
1
+ T Y. fulxi ti) —y(x 1))
MEL (x;,t;) € Ty
1 on 2
+ |T | Z —t(xi, tl)
=01 (x;,4) €Tz

The results of the experiments conducted on the PINN algorithm for solving the in-
verse problem with A significantly far from its true value reveal critical insights into
the model’s performance and limitations. The primary objective of the study was to

assess the ability of the PINN framework to estimate the parameter A, which governs
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Figure 4.16: A estimation - inverse problem A far away from real
value.
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Figure 4.17: Ground Truth of inverse problem - A far away from real
value.

the dynamics of the underlying partial differential equation, and to recover the exact
state of the system when the initial estimate of A was set to 0.05, while the true value
was 4.0. This setup presents a significant challenge, as it requires the model to adapt

and converge effectively under highly unfavorable initial conditions.

Figure 4.16 illustrates the progression of the predicted value of A throughout the train-
ing process. The results indicate that while the model makes some progress in ad-
justing A from its initial value, it fails to converge to the true value of 4.0. The slow
rate of improvement and the eventual plateauing of the predicted value suggest that
the optimization process faces significant challenges. These difficulties could stem

from a poorly conditioned loss landscape, or an inappropriate weighting of the loss
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Predicted Solution by PINN
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Figure 4.18: Prediction of inverse problem - A far away from real
value.

Pointwise difference of prediction - ground truth

Figure 4.19: Pointwise difference between PINN prediction and
ground truth of inverse problem - A far away from real value.

components. The disparity between the predicted and true values of A underscores
the inherent sensitivity of the optimization process in inverse problems, especially

when initial parameter guesses are far from the true values.
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Training Loss Components
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Figure 4.20: Components of loss functions - inverse problem - A far
away from real value.

The comparison between the exact state (Figure 4.18) and the PINN-predicted state
provides further insight into the model’s performance. Qualitatively, the PINN cap-
tures some aspects of the underlying dynamics of the system, as the overall structure
of the predicted solution resembles the true solution. However, quantitative discrep-
ancies are evident, particularly in regions with sharp gradients or oscillatory behavior.
This mismatch can be attributed to the incorrect estimation of A, which directly influ-
ences the governing PDE and propagates errors throughout the solution. The inability
of the PINN to recover the exact state with high fidelity highlights the limitations of

the framework in handling inverse problems with large parameter mismatches.

The pointwise difference between the exact state and the PINN-predicted state, as
shown in Figure 4.19, further highlights the model’s limitations. Errors are localized
in specific regions of the domain, likely corresponding to areas of high curvature or
nonlinearity in the solution. This observation aligns with theoretical expectations, as
inaccuracies in A estimation amplify in regions where the solution is most sensitive
to parameter changes. The propagation of these errors underscores the importance
of accurate parameter recovery in ensuring the overall reliability of the predicted

solution.

The breakdown of loss function components over training epochs, presented in Fig-
ure 4.20, reveals additional insights into the optimization dynamics. Loss terms as-
sociated with boundary and initial conditions decrease rapidly during the early stages
of training, indicating that the PINN effectively satisfies these constraints. However,

the loss term tied to the PDE residual converges more slowly and remains relatively
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high, reflecting the challenges in enforcing the physics constraints when A is mises-
timated. This imbalance among the loss components suggests that the optimization
process might benefit from a dynamic weighting strategy, which could reallocate fo-
cus to the most critical terms during different stages of training. Additionally, the
stagnation of the PDE residual loss indicates potential difficulties with the gradient
flow, which could be alleviated through advanced techniques such as learning rate
scheduling, adaptive optimizers, or regularization methods designed specifically for
PINNS.

The experiments reveal several challenges inherent in using PINNs for inverse prob-
lems with poor initial parameter estimates. The optimization process is particularly
sensitive to the initial guess for A, as the significant gap between the initial and true
values exacerbates the difficulty of convergence. While the loss function is carefully
designed to incorporate multiple components representing the physics, boundary, and
initial conditions, the imbalance among these components appears to hinder effective
optimization. Furthermore, the inability of the PINN to fully recover A highlights
the importance of developing strategies to improve parameter estimation in such set-
tings. Techniques such as adaptive loss balancing, pretraining on similar problems,
or leveraging domain knowledge could enhance the model’s ability to converge to

the correct solution.

In conclusion, the results demonstrate that while the PINN framework shows promise
in capturing the qualitative features of the exact state, its ability to recover parameters
and accurately predict the solution is limited when initial parameter estimates are far
from the true values. The findings underscore the need for improved optimization
strategies, refined loss formulations, and advanced techniques to guide the learning

Process.

4.5 PINN Algorithm for solving inverse problem - A

far away from real value - Adaptive algorithm

The adaptive method employed for solving the inverse problem with the PINN algo-
rithm represents a significant improvement in tackling the challenges posed by the
large discrepancy between the initial and true values of A. By dynamically adjust-
ing the optimization process, this approach mitigates issues such as loss component

imbalance, which were evident in the non-adaptive approach.

Figure 4.21 illustrates the estimated A progression across training epochs. Unlike

the non-adaptive method, the predicted A in the adaptive approach converges rapidly
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Figure 4.21: Adaptive technique - A estimation - inverse problem - (A
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Figure 4.22: Adaptive technique - Ground truth of inverse problem
-(A far away from real value)

towards the true value of 4.0. The adaptive method ensures that the optimization
landscape becomes smoother and more conducive to convergence by dynamically
balancing the contributions of different loss components. This is evident in the near-
perfect alignment between the true and predicted values of A after a relatively small
number of training epochs. The results underscore the robustness of the adaptive

method in handling inverse problems with challenging initial parameter settings.

The comparison between the exact state (Figure 4.23) and the PINN-predicted state
reveals a high degree of agreement, with the adaptive method successfully capturing
the intricate dynamics of the solution. Unlike the non-adaptive approach, where dis-

crepancies were apparent in regions of high gradients, the adaptive method effectively
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resolves these regions, producing a solution that closely resembles the ground truth.

This improvement highlights the critical role of adaptive optimization in enabling

PINNS to learn complex solutions governed by PDEs.
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Training Loss Components
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Figure 4.25: Adaptive technique - Components of loss functions - in-
verse problem -(A far away from real value)

Figure 4.24 shows the pointwise difference between the PINN-predicted state and
the exact state. The error is minimal and uniformly distributed across the domain,
demonstrating the success of the adaptive method in minimizing localized errors.
This uniformity is particularly important in applications where solution accuracy must
be maintained across all regions of the domain. The adaptive approach achieves this
by dynamically prioritizing areas of the domain where the model exhibits higher er-

rors during training, thereby ensuring more effective learning.

Figure 4.25 provides a breakdown of the loss components over the training epochs.
The adaptive method ensures that all loss components converge smoothly, with no
single component dominating the optimization process. This balance is a critical
advantage of the adaptive approach, as it prevents overfitting to specific constraints
(e.g., initial or boundary conditions) at the expense of the governing PDE. The rapid
convergence of the PDE residual loss, LppEg, indicates that the adaptive weighting

strategy successfully enforces the physics constraints, enabling the model to recover
A and the state solution accurately.

Overall, the adaptive method addresses the key limitations of the non-adaptive ap-
proach by dynamically adjusting the optimization process to suit the demands of the
problem. The significant improvements in A recovery, solution accuracy, and loss
convergence underscore the effectiveness of this approach. Future extensions could
explore more sophisticated adaptive strategies, such as meta-learning or reinforce-

ment learning, to further enhance the robustness and generalizability of PINNs for
solving challenging inverse problems.
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Chapter 5

Conclusion

The comparative analysis of the forward problem, inverse problem, and adaptive in-
verse problem conducted in this thesis underscores the versatility and challenges of
using PINNs for solving PDEs. For the forward problem, the PINN framework ef-
fectively approximated the solution of the 1D wave equation with Dirichlet boundary
conditions. The network achieved a remarkable average Mean Squared Error (MSE)
of 0.001, demonstrating its capability to capture the underlying dynamics of the sys-
tem accurately. The configuration of the network, with four hidden layers comprising
50 nodes each, the tanh activation function, and the L-BFGS-B optimizer, enabled
smooth convergence during training and facilitated the accurate prediction of the so-
lution. The comparison between the PINN state and the exact state confirmed that
the forward PINN model successfully resolved the wave-like physical behavior of the

system with minimal error.

Conversely, the inverse problem revealed the inherent sensitivity of PINNs when
tasked with parameter estimation, particularly for the rod parameter A. While the
standard PINN approach succeeded in estimating A for favorable initial conditions,
its performance diminished significantly when the initial guess was far from the true
value. The inability to converge under these conditions highlighted the challenges
posed by poorly conditioned optimization landscapes and an imbalance in the contri-
butions of various loss components. The standard PINN model produced localized
errors, particularly in regions of high gradients or oscillatory behavior, where inaccu-
racies in A estimation amplified throughout the solution. This limitation emphasized
the need for more sophisticated optimization strategies to improve the reliability and

robustness of PINNs for inverse problems.

The adaptive approach introduced in this thesis effectively addressed these limita-
tions. By dynamically adjusting the weights of the loss function components during
training, the adaptive PINN achieved a more balanced optimization process. The

adaptive method rapidly converged to the true value of A, even when the initial guess
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deviated significantly. This method minimized localized errors, ensured uniform ac-
curacy across the domain, and significantly reduced the prediction error for inverse
problems. The adaptive approach demonstrated superior performance in capturing
the intricate dynamics of the system and enforcing physics constraints, as evidenced
by the rapid convergence of the PDE residual loss and the improved accuracy of A

estimation.

In conclusion, the experiments in this chapter illustrate the strengths and limitations
of PINNSs for solving forward and inverse problems governed by PDEs. While the
forward problem highlighted the robustness of PINNs in directly approximating so-
lutions, the inverse problem demonstrated the sensitivity of parameter estimation.
The adaptive PINN method bridged this gap, providing an effective framework for

enhancing model performance in inverse problem settings.



Chapter 6

Future Work

In the realm of PINNSs, several avenues for future research present themselves:
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1. Enhancing Computational Efficiency: Addressing the high computational

costs associated with training PINNSs is crucial. Developing more efficient al-

gorithms and leveraging advanced hardware can facilitate the application of

PINNS to larger, more complex systems ([13]).

2. Improving Accuracy and Convergence: Investigating methods to enhance

the precision and convergence rates of PINNs is essential. This includes ex-

ploring novel optimization strategies and network architectures ([33]).

3. Expanding Application Domains: Extending the use of PINNs to new fields,

such as power systems and material science, can uncover novel applications

and challenges ([37]).

4. Integrating with Traditional Numerical Methods: Combining PINNs with

established numerical techniques may yield hybrid models that capitalize on

the strengths of both approaches, potentially leading to more robust solutions

(L10D.

5. Addressing Data Scarcity: Developing strategies to effectively train PINNs

with limited data is vital, especially in scientific and engineering domains where

data collection is challenging.

6. Exploring Causality in Models: Investigating how to embed causal relation-

ships within PINNs can lead to models that better reflect underlying physical

processes ([13]).

By pursuing these research directions, the potential of PINNs can be further real-

ized, leading to more accurate and efficient solutions across various scientific and

engineering disciplines.
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