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Abstract

In this thesis, we present an adaptive predictor-feedback controller for the
widely-used SIRD epidemiological model. The behavior of systems such as
the SIRD model is usually influenced by parameter uncertainty as well as
various time delays which manifest in the system’s dynamics. The control
law proposed in this work aims to compensate for both of these phenomena
while ensuring the stability of the system.

Chapter 1 serves as the introduction to our work. The recent COVID-19
pandemic functions as the primary motivating factor behind this thesis. We
initially discuss the characteristics of the disease, as well as the effects of the
pandemic as a whole. Then, we expand on the scientific field of mathemat-
ical epidemiology and provide various examples of models used in its study.
We focus on compartmental models and draw comparisons to other popular
modeling methods, such as agent-based models.

In Chapter 2, we focus on the mathematical analysis of the proposed model.
In the beginning, we present the baseline SIRD model as well as some impor-
tant assumptions about the system’s behavior. Then, we gradually present
various control laws to compensate for the system’s parameter uncertainty
and time delays, as well as provide the mathematical foundations for the
simulations used in the next chapter.

In Chapter 3, we present the simulation results of our proposed control law
implementations for various different adaptation gain and constant values.
We then discuss the effects of these parameter values in the system’s behavior,
as well as compare the simulation results between control law implementa-
tions.

Chapter 4 serves as the conclusion to this thesis. We briefly discuss the key
takeaways of our work, alternative approaches, as well as various ways that
we could possibly expand on it in the future.
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Chapter 1

Introduction

1.1 The COVID-19 Pandemic

A population’s health is of paramount importance to societal progress. Com-
bating the stress induced by health-related factors enables individuals to grow
and prosper. Prosperity on an individual level directly correlates to broader
development, as a healthy society is far more likely to experience economic
growth and, subsequently, better living standards [1]. Despite recent break-
throughs in both medicine and technology, factors such as communicable
diseases can directly undermine these advancements.

Communicable disease outbreaks can vary a lot in the way they manifest.
A disease can be highly deadly, but have very profound symptoms and be
transmissible in a predictable way. This means that cases of infected indi-
viduals can be easily identified and isolated, rendering the reproductive rate
of the disease relatively controllable. A good example of this are the periodic
outbreaks of Ebola virus that have occurred since 1976 up to present day [2].

Other types of communicable diseases spread unpredictably, as individuals
might experience highly varied symptoms between one another, or, in some
cases, no symptoms at all. This makes tracking down and isolating cases
of infected individuals in a timely manner a strenuous task. The outbreak
of such a disease can prove quite difficult to contain. This is a common
occurrence with diseases that target the respiratory system. Recent examples
include the 2002-2004 SARS outbreak [3] and, more recently and on a much
larger scale, the COVID-19 pandemic.
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Chapter 1 – Introduction

1.1.1 Overview of COVID-19

COVID-19 is a communicable disease caused by severe acute respiratory syn-
drome coronavirus 2, or SARS-CoV-2 for short. The virus is primarily trans-
mitted through respiratory droplets expelled by either the nose or the mouth
of an infected individual [4], however airborne transmission through aerosol-
generating procedures or contaminated surfaces has also been observed [5].

The effects of COVID-19 can vary greatly between infected individuals, from
completely asymptomatic cases, to fever and mild respiratory symptoms,
to even harsher symptoms such as severe pneumonia and hemoptysis [6].
Milder symptoms are experienced among younger individuals. The majority
of severe cases which often result in hospitalization or even mortality, are
made up of older adults, usually aged 65 or older [7], or individuals with
preexisting conditions, such as cardiovascular and autoimmune diseases or
obesity. As such, these groups are highlighted as the most vulnerable to the
disease [8].

1.1.2 Course of the Pandemic

The first confirmed case of an individual infected with COVID-19 can be
traced back to the city of Wuhan, China on December 8, 2019 [9]. Within
the next few months, the disease quickly spread to the rest of the world,
resulting in the World Health Organization declaring COVID-19 a public
health emergency of international concern on January 30, 2020 and even-
tually characterizing it as a pandemic on March 30 of the same year [10].
International trade and air travel are considered the primary factors that
contributed to the worldwide spread of the disease, as noted in European
countries such as Italy, France as well as the USA [11].

The highly contagious nature of COVID-19 constituted governmental con-
trols aiming to minimize strain on the public health system and mitigate
the number of mortality cases. Countries that rapidly enforced quarantine
policies during the initial stages of the pandemic suffered far fewer deaths in
comparison to countries with similar health expenditure percentages that did
not do so. Greece serves as a good example of this [12]. However, lockdown
strategies have serious socioeconomic repercussions, rendering them unsus-
tainable long-term. They best serve as a stopgap measure to control the
disease outbreak or in conjunction with effective vaccination methods until
herd immunity has been achieved [13].
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Chapter 1 – Introduction

An unprecedented initiative was taken to rapidly develop and deploy effective
and safe for use vaccines against COVID-19. Emergency use authorization
for several different vaccines was granted by the US Food and Drug Adminis-
tration as well as the European Medicines Agency in late 2020 and early 2021
[14]. A worldwide vaccination campaign took off shortly after. The ability
of the virus to rapidly mutate posed a significant challenge, as numerous
variants emerged throughout the course of the pandemic, with the currently
deployed vaccines having varying efficacy rates between said variants [15].
This meant that vaccine development had to be constantly reevaluated to
compensate for the numerous viral mutations.

On May 5, 2023, more than 3 years after the initial outbreak, the World
Health Organization finally established that COVID-19 no longer fit the def-
inition of international public health emergency [10].

1.1.3 Aftermath and Key Takeaways

Despite the collective efforts of medical personnel worldwide, as of Decem-
ber 31, 2023, more than 7 million deaths have been cumulatively attributed
to COVID-19 [16]. Furthermore, sectors such as the economy, mental health
and education were also compromised by the pandemic. Even though the dis-
ease does not currently pose a threat to international health, the possibility
of a new outbreak is still present. This necessitates the constant awareness
of the health mechanisms in place.

In today’s world, international trade and travel remain a vital necessity for a
global economy. This means that if a new disease outbreak is not effectively
contained, it can quickly escalate to a global health crisis, as was the case
with COVID-19.

Health organizations and governments alike must remain vigilant and refine
the rapid-response systems at their disposal in order to prevent similar out-
breaks in the future. Conducting meta-analysis and research on published
data through the construction of accurate epidemic models is the key to
achieving these goals.

1.2 Mathematical Epidemiology

The purpose of mathematical epidemiology is to design a model that predicts
the future behavior of a disease outbreak. What motivates this effort is the
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Chapter 1 – Introduction

development and deployment of efficient control policies, via vaccination or
other means, in order to try and minimize the number of infections, strain
on the public health system and, consecutively, the number of deaths in the
affected population.

The first systematic effort to develop a mathematical model in regards to epi-
demiology can be traced back to Daniel Bernoulli in 1760. Bernoulli created
a model with the purpose of assessing the long-term advantages of inocu-
lating a population against smallpox, since a percentage of the population
would likely perish during said inoculation [17]. The results of Bernoulli’s
work would serve as motivation for epidemiologists in the centuries to follow.

The two primary types of mathematical models currently used in epidemiol-
ogy are compartmental models and agent-based models.

1.2.1 Compartmental Models

The predominant approach in describing the dynamics of a communicable
disease within a population is by using a compartmental model. Compart-
mental models divide the population into groups based on the health status
of each individual. The transition of individuals between groups, both quali-
tatively and quantitatively, is then described using mathematical equations.
In the case of continuous time models, this is done using sets of ordinary or
partial differential equations. In the case of discrete time models, this is done
using difference equations.

Simpler compartmental models generally assume determinism in their pa-
rameters. However, certain epidemiological effects are better described using
stochasticity. An example of this is the random pattern at which infectious
individuals come into contact with others during a disease outbreak [18]. As
such, compartmental models can be further divided into stochastic and de-
terministic.

Basic compartmental models were originally conceptualized in a series of pa-
pers by W.O. Kermack and A.G. McKendrick between 1927 and 1933 [19]. A
special case of the model introduced in this series is the SIR model which is
considered the most fundamental model in mathematical epidemiology. The
SIR model divides the population intro three compartments - susceptible
(S), infected (I) and recovered (R). The transition of the population between
compartments is modeled using a set of three differential equations. Addi-
tionally, it does not account for parameter uncertainty. As such, the model
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Chapter 1 – Introduction

serves as a good example of a deterministic differential equation model. Its
dynamics can be briefly described by the block diagram shown in Figure 1.1.

S I R
βI γ

Figure 1.1: The block diagram of the SIR model. Parameters β and γ describe the
transition rate of individuals between states.

Compartmental models are defined by their simplicity and intuitive struc-
ture. These benefits however come with the detriment of certain assumptions
that might not entirely match real-world complexities. One such example is
the assumed homogeneity of the subject population. Behavioral patterns
as well as immune systems can vary greatly between individuals. Both of
these factors can be detrimental to disease transmission, however they are
very hard to describe using a compartmental model of reasonable complexity.

Despite their shortcomings, compartmental models comprise an invaluable
epidemiological tool. They can easily adopt empirical data, which enables
rapid policy adjustment, as well as useful meta-analysis. Their flexibility al-
lows the modeling of a very broad range of varying disease dynamics. Strong
mathematical tools such control theory can also be applied, encouraging a
multitude of different approaches to the same epidemiological scenario. A
few examples of commonly used compartmental models are presented below:

� SIR: The most fundamental epidemiological model. It aggregates the
model population into three different groups - susceptible (S), infec-
tious (I) and recovered (R). Recovered individuals are usually consid-
ered to have achieved permanent immunity. Used in bibliography to
model the dynamics of diseases such as influenza [20], COVID-19 [21]
and smallpox [22].

� SIRD: Expands on the base SIR model by incorporating a state (D)
to account for deceased individuals. Frequently used in bibliography to
model the dynamics of diseases with considerable mortality rates, such
as Ebola [23], COVID-19 [24] or even more complex dynamics, such as
the co-infection of Tuberculosis and HIV [25].

� SEIR: Expands on the SIRmodel by incorporating a state for exposed
but not yet infectious individuals (E) Used in bibliography to model
diseases with notable viral incubation periods, such as COVID-19 [26].
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It is apparent that the SIR model provides a solid epidemiological modeling
foundation which can be augmented with additional states to more accurately
describe the disease dynamics we wish to model.

1.2.2 Agent-Based Models

Recent advancements in computer processing power and machine learning
have given rise to the development of agent-based models (ABMs). These
models are comprised by entities known as agents and aim to simulate the
effects derived by the traits and behavioral patterns displayed among them.
Autonomous agents are abstract entities, characterized by a multitude of at-
tributes relevant to the purpose of the model. These attributes allow us to
properly aggregate the population and deduct useful results for the study of
the simulated phenomenon [27].

ABMs have proven useful in many scientific fields, including epidemiology.
Unlike compartmental models which generally assume a certain level of pop-
ulation homogeneity, ABMs allow us to describe the effects of an infectious
disease outbreak among a highly heterogeneous population. Each individual
can be accurately described using attributes that directly correlate to the
disease dynamics, such as age, weight and/or social circles. In addition, they
allow us to accurately simulate the effects of various interventions, such as
local lockdowns and vaccination policies, as well as the dynamic response of
individual agents to those measures [28].

The rich information provided by ABMs however comes at a cost. Compu-
tational requirements are greatly increased, making the analysis of ABMs
more expensive than the respective analysis of compartmental models. As
model complexity grows, linking the behavior of the model to its structure
can prove quite challenging [29]. As such, understanding the areas where
the agent-based approach offers additional insight becomes crucial in order
to avoid pitfalls such as unnecessary model complexity or data misinterpre-
tation.

When choosing whether to use a compartmental or agent-based model to
describe an infectious disease outbreak, a strictly better choice does not ex-
ist. One has to take into account the broader context of the situation and
evaluate their choice based on the benefits and downsides that each approach
offers. As agent-based models cannot be described using sets of differential
equations, they cannot be used in the field of control theory.
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Chapter 2

Proposed Model Analysis

2.1 The Base Model

Our goal in this chapter is to model the disease dynamics of the total popu-
lation function N : R+

0 → R+. We consider t = 0 the moment when the first
subset of individuals included in population N get infected.

Let us divide the population into the following discrete compartments:

� S: The subset of the population that is susceptible to the disease.

� I: The subset of the population that is infected by the disease.

� R: The subset of the population that has recovered from the disease.

� D: The subset of the population that has succumbed to the disease.

We can define functions S, I, R, D: R+
0 → R+

0 in order to describe each of the
aforementioned compartments. Since these functions describe the population
of each respective compartment, their respective values can either positive
be or zero. As such, these functions have been defined over a positive co-
domain that also includes zero. Function S reaching value zero means that
no susceptible individuals remain in the population. Function I reaching
zero value means that the disease no longer exists among individuals in the
population. Functions R and D having zero value means that no individuals
have recovered from or died due to the disease respectively.

Next, let us assume that the disease dynamics of the model change in finite
time. This means that N ∈ C1 and that its derivative with respect to time Ṅ
is bounded. This, in turn, implies that S, I, R, D ∈ C1 and their respective
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Chapter 2 – Proposed Model Analysis

derivatives are also bounded. Let us assume a, b, t∗ ∈ R+ with a < t∗ < b.
Since N ∈ C1, by invoking the Mean Value Theorem, for t ∈ (t∗, b) there
exists c ∈ (t∗, t) such that:

Ṅ(c) =
N(t)−N(t∗)

t− t∗
(2.1)

By solving for N , taking its absolute value and using the triangle inequality,
we get:

|N(t)| = |N(t∗)|+ |Ṅ(c)||(t− t∗)| ≤ |N(t∗)|+ |Ṅ(c)|(b− a) = M (2.2)

where M ∈ R+. We can prove this holds true for all t ∈ (a, t∗) in an identical
manner. For t = t∗, the upper bound is M itself. As such, the population N
is bounded for all t ∈ R+.

Having proven the system population is a positive finite value, we can now
normalize each individual compartment with respect to it. As such, the
relationship between the model compartments can be expressed as:

S(t) + I(t) +R(t) +D(t) = 1 (2.3)

When defining the dynamics of SIR-like systems, it is common practice to
take into account the rate at which individuals enter the system popula-
tion via birth or immigration and the rate at which individuals are removed
from the population due to natural mortality[ref here]. Individuals entering
the population this way are immediately added to the susceptible compart-
ment at a specific rate, while individuals exiting the population this way
are removed from each compartment that does not represent disease-related
mortality. This is done at a fixed rate, proportional to the compartment’s
magnitude [30]. With this approach in mind, let us now define the proposed
system dynamics using the following set of differential equations:

Ṡ(t) = λ− βS(t)I(t)− µS(t)

İ(t) = βS(t)I(t)− γI(t)− δI(t)− µI(t)

Ṙ(t) = γI(t)− µR(t)

Ḋ(t) = δI(t)

(2.4)

It is made apparent that the system dynamics not only depend on the pop-
ulation of each compartment, but also on constants β, γ, δ, λ, µ ∈ (0, 1).
These constants are normalized with respect to the total population N and
are described as follows:
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� β: The transmission rate of the disease from an infected individual to
a susceptible individual.

� γ: The recovery rate of infected individuals.

� δ: The mortality rate of infected individuals.

� λ: The rate at which individuals are added to the total population
through birth or immigration.

� µ: The rate at which individuals are removed from the total population
due to mortality unrelated to the disease.

It is important to note that the model distinguishes between individuals that
die due to being infected from the disease and individuals that die due to un-
related causes. Individuals that succumb to the disease enter compartment
D from compartment I at a rate δ and stay in that compartment indefinitely.
Individuals that die due to unrelated causes exit the model population at a
rate µ from either compartment S, I or R.

The base model dynamics can be clearly observed in Figure 2.1.

S I

R

D

βI

γ

δ
λ

µ µ

µ

Figure 2.1: The block diagram of the proposed SIRD model. Note the rate at which
individuals enter and exit the total model population, as well as the rate at which indi-
viduals transition between compartments.
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Let us define the state vector of the proposed system of differential equations
x: R+

0 → R4 as:

x(t) =


S(t)
I(t)
R(t)
D(t)

 (2.5)

Since the values of the system compartments are normalized with respect to
the total population N , we can obtain the initial conditions of the system as
follows:

x(0) =


S(0)
I(0)
R(0)
D(0)

 =


1− n0

N(0)
n0

N(0)

0
0

 (2.6)

where n0 is the total number of individuals that are initially infected and
N(0) is the initial value of the system’s total population. We assume that no
members of the population can immediately recover from or die due to the
disease. As such, compartments R and D are initially empty. Our dynamical
system can now be expressed as an initial value problem:

ẋ(t) = f(x(t)), x(0)), x(0) =
[
1− n0

N(0)
n0

N(0)
0 0

]T
(2.7)

where f : R4 → R4.

2.2 Uncertain Parameters and Adaptive Con-

trol Implementation

The behavior of dynamical systems can often become subject to the influence
of uncertain parameters. This uncertainty is usually caused due to external
factors, such as disturbances or noise, but it can also be inherent to the sys-
tem dynamics by design. Such is the case with the SIRD model, as the
transition rates of individuals between compartments, as well as the rate at
which they enter or exit the population are directly linked to a probability
distribution.

In the version of the SIRD model proposed in the previous section, these pa-
rameters are considered as known constants. By replacing these parameters
with a known value (e.g. the expected value of the probability distribution),
we can significantly simplify the analysis of our system. However, such a
model design usually takes into account unrealistic assumptions about the
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behavior of the system. In our case, the transition rates between compart-
ments as well as the rate of change of the total population cannot be expected
to be known and constant at all times, as they can drastically change over
time.

It is helpful instead to consider those parameters as uncertain. Then, we can
design a control law that adapts according to the behavior of the system over
time and compensates for this uncertainty based on live parameter estima-
tions. This approach in control design is known as Adaptive Control.

First, let us consider functions β̃(t), γ̃(t), δ̃(t), λ̃(t), µ̃(t): R+
0 → [0, 1] such

that:
β̃(t) = β − β̂(t)

γ̃(t) = γ − γ̂(t)

δ̃(t) = δ − δ̂(t)

λ̃(t) = λ− λ̂(t)

µ̃(t) = µ− µ̂(t)

(2.8)

where β̂, γ̂, δ̂, λ̂ and µ̂ are estimates of the uncertain parameters β, γ, δ, λ
and µ respectively. Additionally, let us assume that λ̂, µ̂, β̂, γ̂, δ̂ ∈ C1. This,
in turn, implies that β̃, γ̃, δ̃, λ̃, µ̃ ∈ C1. As such, the functions’ derivatives
with respect to time t can be consecutively obtained as:

β̃(t) = − ˙̂
β(t)

γ̃(t) = − ˙̂γ(t)

δ̃(t) = − ˙̂
δ(t)

λ̃(t) = − ˙̂
λ(t)

µ̃(t) = − ˙̂µ(t)

(2.9)

Let us thus define an estimation vector e: R+
0 → R5 as:

e(t) =



1
√
α1

β̃(t)

1
√
α2

γ̃(t)

1
√
α3

δ̃(t)

1
√
α4

λ̃(t)

1
√
α5

µ̃(t)


=



1
√
α1

(β − β̂(t))

1
√
α2

(γ − γ̂(t))

1
√
α3

(δ − δ̂(t))

1
√
α4

(λ− λ̂(t))

1
√
α5

(µ− µ̂(t))


(2.10)
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where parameters α1, α2, α3, α4, α5 ∈ R+ are considered known and called
adaptation gains. Since all elements of vector e are C1, vector ė can be easily
obtained as:

ė(t) =



1
√
α1

˙̃β(t)

1
√
α2

˙̃γ(t)

1
√
α3

˙̃δ(t)

1
√
α4

˙̃λ(t)

1
√
α5

˙̃µ(t)


=



− 1
√
α1

˙̂
β(t)

− 1
√
α2

˙̂γ(t)

− 1
√
α3

˙̂
δ(t)

− 1
√
α4

˙̂
λ(t)

− 1
√
α5

˙̂µ(t)


(2.11)

Vector functions e and ė are going to be of great importance during the
design process of the adaptive control law necessary to compensate for the
uncertainty in the dynamics of the system.

In the context of the SIRD model, we aim to regulate the rate at which
susceptible individuals become infected, as well as the rate at which infected
individuals recover from the disease or succumb to it. As such, let us intro-
duce control inputs u1, u2, u3: R+

0 → R in a linear manner to compensate.
These inputs represent the following:

� u1: The implementation of social distancing and masking policies from
non-infected but susceptible individuals.

� u2: The implementation of isolation policies of currently infected indi-
viduals until recovery.

� u3: The implementation of health-care processes, such as treatment
and ICU infrastructure that impact the rate of recovery of infected
individuals.

By considering constants K1, K2, K3 ∈ R+, let us now define our adaptive
control inputs as:

u1(t) = S(t)(β̂(t)I(t) + µ̂(t)−K1)− λ̂(t)

u2(t) = I(t)(γ̂(t) + δ̂(t) + µ̂(t)− β̂(t)S(t)−K2)

− γ̂(t)R(t)− δ̂(t)D(t)

u3(t) = R(t)(µ̂(t)−K3)

(2.12)
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Our closed-loop system now becomes:

Ṡ(t) = λ− βS(t)I(t)− µS(t) + u1(t)

İ(t) = βS(t)I(t)− γI(t)− δI(t)− µI(t) + u2(t)

Ṙ(t) = γI(t)− µR(t) + u3(t)

Ḋ(t) = δI(t)

(2.13)

By defining an adaptive control law vector function u: R+
0 → R4 as:

u(t) =


u1(t)
u2(t)
u3(t)
0

 (2.14)

we can rewrite our original system by defining function g: R4 × R4 → R as:

ẋ(t) = g(x(t),u(t)) = f(x(t)) + u(t) (2.15)

This choice of control law allows us to compensate for the uncertainty of
parameters β, γ, δ, λ and µ while at the same time ensuring the stability
of the closed-loop system. This is achieved by introducing the following
Lyapunov candidate function V : R4 ×R5 → R+

0 and V ∈ C1 with respect to
time t and performing stability analysis using Lyapunov’s direct method:

V (x(t), e(t)) =
1

2
||x(t)||22 +

1

2
||e(t)||22 (2.16)

where || · ||2 denotes the Euclidean norm. The function is obviously positive
definite as the sum of squared factors. It’s derivative V̇ along the solutions
of the system and the estimation vector yields:

V̇ (x(t, e(t))) = x(t)ẋ(t)T + e(t)ė(t)T

⇔ V̇ (x(t), e(t)) = S(t)Ṡ(t) + I(t)İ(t) +R(t)Ṙ(t) +D(t)Ḋ(t)

+ β̃(t) ˙̃β(t) + γ̃(t) ˙̃γ(t) + δ̃(t) ˙̃δ(t) + λ̃(t) ˙̃λ(t)

+ µ̃(t) ˙̃µ(t)

(2.17)

Using the estimation vector components defined in (2.10) and (2.11), the
derivative of the Lyapunov function candidate becomes:

V̇ (x(t), e(t)) = S(t)Ṡ(t) + I(t)İ(t) +R(t)Ṙ(t) +D(t)Ḋ(t)

− 1

α1

(β − β̂(t))
˙̂
β(t)− 1

α2

(γ − γ̂(t)) ˙̂γ(t)

− 1

α3

(δ − δ̂(t))
˙̂
δ(t)− 1

α4

(λ− λ̂(t))
˙̂
λ(t)

− 1

α5

(µ− µ̂(t)) ˙̂µ(t)

(2.18)
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Using the equations of the closed-loop system defined in (2.13) and the adap-
tive control law defined in (2.12), the derivative of the Lyapunov function
candidate now becomes:

⇔ V̇ (x(t), e(t)) = S(t)((λ− λ̂(t)) + (β − β̂(t))S(t)I(t)

− (µ− µ̂(t))S(t)−K1S(t))

+ I(t)((β − β̂(t))S(t)I(t)− (γ − γ̂(t))I(t)

− (δ − δ̂(t))I(t)− (µ− µ̂(t))I(t)−K2I(t))

+R(t)(γ − γ̂(t))I(t)− (µ− µ̂(t))R(t)−K3R(t))

+D(t)(δ − δ̂(t))I(t)− 1

α1

(β − β̂(t))
˙̂
β(t)

− 1

α2

(γ − γ̂(t)) ˙̂γ(t)− 1

α3

(δ − δ̂(t))
˙̂
δ(t)

− 1

α4

(λ− λ̂(t))
˙̂
λ(t)− 1

α5

(µ− µ̂(t)) ˙̂µ(t)

(2.19)

At this stage it is impossible to guarantee the stability of the system, as the
sign of our uncertain variables and, consecutively, the sign of the derivative
of function V is unknown. In order to eliminate the effect of the uncertain
parameters, we can define our parameter update laws as:

˙̂
β(t) = α1S(t)I(t)(I(t)− S(t))

˙̂γ(t) = α2I(t)(R(t)− I(t))

˙̂
δ(t) = α3I(t)(D(t)− I(t))

˙̂
λ(t) = α4S(t)

˙̂µ(t) = −α5(S
2(t) + I2(t) +R2(t))

(2.20)

By using the parameter update laws defined in (2.20), the derivative of the
Lyapunov function candidate becomes:

V̇ (x(t), e(t)) = (β − β̂(t)− β + β̂(t))S(t)I(t)(I(t)− S(t))

+ (γ − γ̂(t)− γ + γ̂(t))I(t)(R(t)− I(t))

+ (δ − δ̂(t)− δ + δ̂(t))I(t)(D(t)− I(t))

+ (λ− λ̂(t)− λ+ λ̂(t))S(t)

− (µ− µ̂(t)− µ+ µ̂(t))(S2(t) + I2(t) +R2(t))

−K1S
2(t)−K2I

2(t)−K3R
2(t)

⇔ V̇ (x(t), e(t)) = −K1S
2(t)−K2I

2(t)−K3R
2(t)

(2.21)
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It is made apparent that the derivative is negative semi-definite. As such,
we have successfully managed to design an adaptive control law that renders
the closed-loop system stable in the sense of Lyapunov.

Let us also define the output vector of the closed loop system y: R+
0 → R3.

y(t) =

S(t)I(t)
R(t)

 (2.22)

We will be measuring the behavior of the output vector during system sim-
ulations.

The closed-loop system’s structure under adaptive control is presented thor-
oughly in the block diagram in Figure 2.2:

System

β, γ, δ, λ, µ

Parameter Estimation

Controller
yu

β̂, γ̂, δ̂, λ̂, µ̂

Figure 2.2: The block diagram of the closed-loop SIRD model under adaptive con-
trol. Note how the system measurements are used in the calculation of the parameter
estimations. The parameter estimations are then used in conjunction with the system
measurements in the controller of the system.
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2.3 Input Delay and Predictor-Feedback Con-

trol Implementation

When designing control laws for dynamical systems, we usually consider the
ideal scenario where the controller can be updated with information from
the system in real time. However, this is often not the case, as systems can
become subject to various time delays. These delays can be attributed to
a multitude of different factors. They usually present themselves directly in
the state vector or the input of the control law that the system is subject to.
In the context of the SIRD model, this can be attributed to delayed detec-
tion of infected individuals, delayed population response to social distancing
measures or other similar phenomena that the control law is attempting to
emulate.

Let us consider a constant time delay τd ∈ R+ in the input of the system
under adaptive control presented in the previous section. This way, we can
rewrite the system equations as:

Ṡ(t) = λ− βS(t)I(t)− µS(t) + u1(t− τd)

İ(t) = βS(t)I(t)− γI(t)− δI(t)− µI(t) + u2(t− τd)

Ṙ(t) = γI(t)− µR(t) + u3(t− τd)

Ḋ(t) = δI(t)

(2.23)

or, more compactly:
ẋ(t) = g(x(t),u(t− τd)) (2.24)

Our goal is to design a control law to compensate for the delays present in
the control inputs. We can do so by using the Predictor-Feedback Control
approach. Since our closed-loop system is non-linear and the time delay in
the control inputs is a constant variable, we can use the following predictor
formula:

P (t) = X(t) +

∫ t

t−τd

g(P (θ), U(θ))dθ (2.25)

where X refers to each component of the state-vector x and parameter up-
date law, while U refers to the respective control law of each component of
the closed-loop system.

By applying the predictor formula to the system states as well as the param-
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eter update laws, we get the following functions:

PS(t) = S(t) +

∫ t

t−τd

(λ− βPS(θ)PI(θ)− µPS(θ) + u1(θ))dθ

PI(t) = I(t) +

∫ t

t−τd

(βPS(θ)PI(θ)− γPI(θ)− δPI(θ)− µPI(θ) + u2(θ))dθ

PR(t) = R(t) +

∫ t

t−τd

(γPI(θ) + Pµ̂(θ)− (µ+K3)PR(θ))dθ

PD(t) = D(t) + δ

∫ t

t−τd

PI(θ)dθ

Pβ̂(t) = β̂(t) + α1

∫ t

t−τd

PS(θ)PI(θ)(PI(θ)− PS(θ))dθ

Pγ̂(t) = γ̂(t) + α2

∫ t

t−τd

PI(θ)(PR(θ)− PI(θ))dθ

Pδ̂(t) = δ̂(t) + α3

∫ t

t−τd

PI(θ)(PD(θ)− PI(θ))dθ

Pλ̂(t) = λ̂(t) + α4

∫ t

t−τd

PS(θ)dθ

Pµ̂(t) = µ̂(t)− α5

∫ t

t−τd

(P 2
S(θ) + P 2

I (θ) + P 2
R(θ))dθ

(2.26)
By replacing functions Pi, i ∈ {S, I, R,D, β̂, γ̂, δ̂, λ̂, µ̂} in our original adap-
tive controller, we can redefine our control inputs as u1p, u2p, u3p: R+

0 → R
where:

up1(t) = PS(t)(Pβ̂(t)PI(t) + Pµ̂(t)−K1)− Pλ̂(t)

up2(t) = PI(t)(Pγ̂(t) + Pδ̂(t) + Pµ̂(t)− Pβ̂(t)PS(t)−K2)

− Pγ̂(t)PR(t)− Pδ̂(t)PD(t)

up3(t) = PR(t)(Pµ̂(t)−K3)

(2.27)

As such, we can now define our adaptive predictor-feedback control law vector
function up: R+

0 → R4 as:

up(t) =


up1(t)
up2(t)
up3(t)
0

 (2.28)

The above control law ensures that the system has been compensated for any
time delays present in it’s input, meaning it can be rewritten in the following
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form:
ẋ(t) = g(x(t),up(t)) = f(x(t)) + up(t) (2.29)

By taking into account the output vector y defined in the previous section,
the closed-loop system’s structure under adaptive predictor-feedback control
is presented thoroughly in the block diagram in Figure 2.3:

System

β, γ, δ, λ, µ

Controller

Parameter Estimation

+

τd

yup

β̂, γ̂, δ̂, λ̂, µ̂

Figure 2.3: The block diagram of the closed-loop SIRD model under adaptive con-
trol. Note how the system measurements are used in the calculation of the parameter
estimations. The parameter estimations are then used in conjunction with the system
measurements in the controller of the system.

21



Chapter 3

Simulation Setup and Results

3.1 Simulation Setup

3.1.1 Basic Reproduction Number and Parameters

During the controller design process, system parameters β, γ, δ, λ and µ are
considered unknown. However, in order to conduct model simulations, these
parameters need to be assigned actual values, which our adaptive controller
module will try and estimate. The most common approach to achieve this
in disease modeling is by using the basic reproduction number R0.

In epidemiology, the basic reproduction number represents the number of
secondary infections produced by each infectious individual among the sus-
ceptible population. The exact method of calculating the basic reproduction
number varies depending on the parameters used in each epidemiological
model. However, it generally involves calculating the ratio at which individ-
uals enter and exit the respective infected state. As such, it is also commonly
referred to as the basic reproduction ratio.

One method of determining R0 is by finding the disease-free equilibrium of
the base model presented at (2.4). This can be achieved by assuming that
the modeled population is entirely susceptible. No infected individuals are
present in the system’s population. Consecutively, no recovered or deceased
individuals can be present either.

We can compute the disease-free equilibrium of the model by solving the
following equation:

Ṡ(t) = İ(t) = Ṙ(t) = Ḋ(t) = 0 (3.1)
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Using the equations of system (2.4), the disease free equilibrium x∗ is ob-
tained for the following steady-state inputs:

x∗(t) = (S(t), I(t), R(t), D(t)) = (
λ

µ
, 0, 0, 0) (3.2)

As expected, the model’s susceptible population is entirely dependent on pa-
rameters λ and µ.

We can now determine the behavior of the system around the disease-free
equilibrium by examining the eigenvalues which correspond to the roots of
the characteristic polynomial at the disease-free equilibrium[31]. The char-
acteristic polynomial can be described using the following equation:

p(z) = det(J(x∗(t))− zI4×4) (3.3)

where I4×4 is the identity matrix in R4×4, J is the Jacobian matrix of the
dynamical system and z ∈ C: The Jacobian matrix of the system can be
computed as follows:

J(x(t)) =



∂Ṡ(t)

∂S

∂Ṡ(t)

∂I

∂Ṡ(t)

∂R

∂Ṡ(t)

∂D

∂İ(t)

∂S

∂İ(t)

∂I

∂İ(t)

∂R

∂İ(t)

∂D

∂Ṙ(t)

∂S

∂Ṙ(t)

∂I

∂Ṙ(t)

∂R

∂Ṙ(t)

∂D

∂Ḋ(t)

∂S

∂Ḋ(t)

∂I

∂Ḋ(t)

∂R

∂Ḋ(t)

∂D



(3.4)
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By calculating the partial derivatives of system (2.4), we can rewrite (3.5) as
follows:

J(x(t)) =



−βI(t)− µ −βS(t) 0 0

βI(t) βS(t)− γ − δ − µ 0 0

0 γ −µ 0

0 δ 0 0


(3.5)

Substituting the steady-state inputs described in (3.2) directly into the Ja-
cobian matrix, we now obtain:

J(x∗(t)) =



−µ −β
λ

µ
0 0

0 β
λ

µ
− γ − δ − µ 0 0

0 γ −µ 0

0 δ 0 0


(3.6)

The matrix present in equation (3.3) can now be described as follows:

J(x∗(t))− zI4×4 =



−µ− z −β
λ

µ
0 0

0 β
λ

µ
− γ − δ − µ− z 0 0

0 γ −µ− z 0

0 δ 0 −z


(3.7)

Calculating the determinant of the matrix presented in (3.8) yields the char-
acteristic polynomial as follows:

p(z) = (z + µ)(z − β
λ

µ
+ γ + δ + µ)(z + µ)z (3.8)
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It is made apparent that the roots of the characteristic polynomial are:

(z1, z2, z3, z4) = (−µ, β
λ

µ
− γ − δ − µ,−µ, 0) (3.9)

By taking into account the nontrivial eigenvalues, we know that z1, z3 < 0
since µ ∈ (0, 1). For the equilibrium to be stable, we also require z2 < 0, or,
equivalently:

β
λ

µ
< γ + δ + µ (3.10)

The basic reproduction number can be obtained from the stability threshold
as follows:

R0 =
βλ

µ(γ + δ + µ)
(3.11)

It is made apparent that if R0 > 1, the disease-free equilibrium is unstable,
meaning that the number of infected individuals will keep increasing if left
uncontrolled. Conversely, if R0 < 1, the disease free equilibrium is stable,
meaning that the disease will eventually die out and the population will reach
a disease-free state.

We are going to be using Sweden as a point of reference for calibrating our
parameter values. The rationale behind this choice lies in the fact that, unlike
countries like Greece or Australia, Sweden omitted enforcing strict lockdown
policies during the pandemic. Instead, Sweden relied on its population fol-
lowing more elastic mitigation policies. This choice allows us to simulate
the SIRD model without control based on real-world parameters and then
deduct results by drawing comparisons with the model under the proposed
control laws.

We gathered the following information regarding Sweden’s population for the
year 2020:

� The country’s total population amounted to 10,379,295 individuals by
the end of the year [32].

� The country’s total population increased by 51,706 individuals com-
pared to the end of 2019 [32].

� The total deaths in the country amounted to 90,962. Out of those
deaths, 9,815 were contributed to COVID-19 [33].

� The average life expectancy is estimated to 82.36 years [34].
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Given the above information and assuming an average recovery period of 10
days as well as a basic reproduction number R0 = 1.8 [35], we can easily
calibrate the system parameters. Normalizing per day, the parameter values
are presented in Table 3.1:

Name Parameter Description Parameter Value Units

β Infectious Rate 0.14757 (day)−1

γ Recovery Rate 0.1 (day)−1

δ Mortality Rate (Disease) 0.0000769 (day)−1

λ Birth and Immigration Rate 0.0000315 people/day
µ Mortality Rate (Natural) 0.0000258 (day)−1

Table 3.1: Table of parameter values used in simulations.

3.1.2 Incubation Period and Input Delay

The incubation period of COVID-19 is the time-frame which elapses between
an individual’s initial exposure to the virus and the point at which they start
presenting noticeable symptoms. The incubation period can greatly affect
the dynamics of the system in multiple different ways, since symptomatic
individuals are less likely to get tested for COVID-19. This not only makes
detecting the infected individuals much harder, but it also means that they
are less likely to adopt public health policies such as social distancing or
quarantine measures.

Since the policies described above are presented as control inputs in the model
we propose, it is only reasonable to express the incubation period of the virus
as a delay in those inputs. While the incubation period ranges from 1 to 14
days depending on the individual, the average is estimated to be between 5
and 6 days [36]. As such we will be using an input delay of τd = 5.5 days
in our system simulations and use the adaptive predictor-feedback control
module to regulate the delay effect.
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3.2 Simulation Results

In this section, we will be individually examining the effects that the final
adaptive predictor-feedback module has on output vector y, as defined in
(2.22). Simulations are performed on daily increments over the course of a
year (365 days), as the uncertain parameters are normalized accordingly.

There are a total of 8 control parameters affecting the behavior of the closed-
loop system αi, i ∈ {1, 2, 3, 4, 5} as well as constants Kj, j ∈ {1, 2, 3}. Our
goal is to examine the individual effects that each of those parameters have
on the system outputs. In order to do so, we will be sliding the value of
each of the aforementioned parameters and examining the system outputs,
while minimizing the effects of the rest of the parameters. Since all eight of
our parameters have been designated during the design process as positive
constants, we cannot directly assign their value directly to 0 during the simu-
lation process. As such, we will be assigning them a very small default value
of ϵ = 1 · 10−10 which sufficiently approaches zero relative to the total pop-
ulation. Since our system outputs have a co-domain of [0, 1], this is enough
to simulate minimal effect of the parameters with a satisfactory error margin.

We will be providing graphs displaying the four states of the closed loop
system for different control parameter values, as well as numerical analysis
of the simulation results. Specifically, for each iteration, for X ∈ {S, I, R},
we will be examining the following indexes:

� Xavg (%): The deviation from the average uncontrolled population of
compartment X during the course of the simulation.

� Xmax (%): The deviation from the uncontrolled maximum value of
compartment X during the course of the simulation.

� Xmin (%): The deviation from the average uncontrolled maximum value
of compartment X during the course of the simulation.

� tXmax: The time required (in days) for compartment X to reach its
maximum value during the course of the simulation.

� tXmin: The time required (in days) for compartment X to reach its
minimum value during the course of the simulation.

The average population of each compartment gives us a long-term overview
of the system behavior over the course of the simulation, while the maximum
and minimum as well as the time to achieve them lets us calibrate the control
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parameters to the capabilities of the health-care system.

The time-stamp at which the peak of the infection curve is achieved is critical
for the system, as it signifies the period at which the pandemic is at its most
dangerous. Thus, during the simulations, the performance of the different
control parameters is evaluated based on how they fare against the primary
objective of the proposed control strategy - lowering the maximum number
of infected individuals at the peak of the simulated pandemic, or ”flattening
the curve”.

The three control parameters that benefited output vector y the most with
regards to the primary objective are adaptation gain a5, as well as constants
K1 andK2, withK2 performing the best, followed up byK1 and then a5. The
figures of the simulations for each output function, numerical analysis based
on the previously provided indexes as well as comments on the simulation
data are provided in the following subsections.
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3.2.1 Adaptive Predictor-Feedback Controller Simula-
tion Results

� Simulation results for each system state for different values of adapta-
tion gain a5:

Figure 3.1: Output of function S for different values of adaptation gain a5.

α5 Savg (%) Smax (%) tSmax (days) Smin (%) tSmin (days)
1 · 10−6 -2.93 +0 0 -11.33 365
2 · 10−6 -5.51 +0 0 -20.86 365
3 · 10−6 -7.81 +0 0 -28.74 365
4 · 10−6 -9.91 +0 0 -35.37 365

Table 3.2: Numerical results for the indexes of function I for different values of adaptation
gain a5.

Gradually increasing the value of adaptation gain a5 decreases the average
and minimum number of susceptible individuals. The maximum number of
susceptible individuals remains constant and is always achieved at the start
of the simulation while the minimum number is always achieved at the end
of the simulation for all iterations.
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Figure 3.2: Output of function I for different values of adaptation gain a5.

α5 Iavg (%) Imax (%) tImax (days) Imin (%) tImin (days)
1 · 10−6 -2.84 -2.17 66 -0.01 365
2 · 10−6 -5.55 -4.29 66 -0.01 365
3 · 10−6 -8.12 -6.36 66 -0.02 365
4 · 10−6 -10.58 -8.32 62 -0.02 365

Table 3.3: Numerical results for the indexes of function I for different values of adaptation
gain a5.

Gradually increasing the value of adaptation gain a5 decreases the average,
maximum and minimum number of infected individuals. The time required
to achieve the maximum marginally decreases while the minimum is always
achieved at the end of the simulation for all iterations.
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Figure 3.3: Output of function R for different values of adaptation gain a5.

α5 Ravg (%) Rmax (%) tRmax (days) Rmin (%) tRmin (days)
1 · 10−6 -7.92 -6.84 180 +0 0
2 · 10−6 -14.76 -11.93 165 +0 0
3 · 10−6 -20.76 -16.27 154 +0 0
4 · 10−6 -26.06 -20.11 151 +0 0

Table 3.4: Numerical results for the indexes of function R for different values of adapta-
tion gain a5.

Gradually increasing the value of adaptation gain a5 decreases the average
and maximum number of recovered individuals while also decreasing the
amount of time required to achieve the maximum. The minimum number of
recovered individuals remains constant and always occurs at the start of the
simulation for all iterations.
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� Simulation results for each system state for different values of cosntant
K1:

Figure 3.4: Output of function S for different values of constant K1.

K1 Savg (%) Smax (%) tSmax (days) Smin (%) tSmin (days)
1 · 10−4 -1.25 +0 0 -3.84 365
2 · 10−4 -2.51 +0 0 -8.03 365
4 · 10−4 -5.04 +0 0 -16.02 365
6 · 10−4 -7.61 +0 0 -23.5 365

Table 3.5: Numerical results for the indexes of function S for different values of constant
K1.

Gradually increasing the value of constant K1 decreases the average as well
as the minimum number of susceptible individuals. The maximum number of
susceptible individuals remains constant and is always achieved at the start
of the simulation while the minimum number is always achieved at the end
of the simulation for all iterations.
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Figure 3.5: Output of function I for different values of constant K1.

K1 Iavg (%) Imax (%) tImax (days) Imin (%) tImin (days)
1 · 10−4 -3.28 -3.55 66 -0.01 365
2 · 10−4 -6.49 -6.99 66 -0.02 365
4 · 10−4 -12.69 -13.46 62 -0.03 365
6 · 10−4 -18.57 -19.18 62 -0.04 365

Table 3.6: Numerical results for the indexes of function I for different values of constant
K1.

Gradually increasing the value of constant K1 decreases the average, maxi-
mum and minimum number of infected individuals, while marginally decreas-
ing the amount of time required to achieve the maximum. The minimum is
always achieved at the end of the simulation for all iterations.
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Figure 3.6: Output of function R for different values of constant K1.

K1 Ravg (%) Rmax (%) tRmax (days) Rmin (%) tRmin (days)
1 · 10−4 -3.11 -3.28 258 +0 0
2 · 10−4 -6.16 -6.51 254 +0 0
4 · 10−4 -12.03 -12.71 250 +0 0
6 · 10−4 -17.59 -18.59 243 +0 0

Table 3.7: Numerical results for the indexes of function R for different values of constant
K1.

Gradually increasing the value of constant K1 decreases the average and
maximum number of recovered individuals while also decreasing the amount
of time required to achieve the maximum. The minimum number of recov-
ered individuals remains constant and is always present at the start of the
simulation for all iterations.
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� Simulation results for each system state for different values of constant
K2:

Figure 3.7: Output of function S for different values of constant K2.

K2 Savg (%) Smax (%) tSmax (days) Smin (%) tSmin (days)
1 · 10−3 +3.17 +0 0 +4.48 243
2 · 10−3 +6.36 +0 0 +9.01 247
4 · 10−3 +12.78 +0 0 +18.23 258
6 · 10−3 +19.21 +0 0 +27.59 260

Table 3.8: Numerical results for the indexes of function S for different values of constant
K2.

Gradually increasing the value of constant K2 increases the average and min-
imum number of susceptible individuals while also increasing the amount of
time required to achieve the minimum. The maximum number of susceptible
individuals remains constant and always occurs at the start of the simulation
for all iterations.
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Figure 3.8: Output of function I for different values of constant K2.

K2 Iavg (%) Imax (%) tImax (days) Imin (%) tImin (days)
1 · 10−3 -5.16 -7.56 66 +0.01 365
2 · 10−3 -10.17 -14.73 66 +0.01 365
4 · 10−3 -19.72 -27.85 66 +0.02 365
6 · 10−3 -28.71 -39.41 66 +0.02 365

Table 3.9: Numerical results for the indexes of function I for different values of constant
K2.

Gradually increasing the value of constantK2 decreases the average and max-
imum number of infected individuals while increasing the minimum number
of infected individuals. The maximum and minimum are always achieved
at a constant amount of time, with the latter occurring at the end of the
simulation for all iterations.
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Figure 3.9: Output of function R for different values of constant K2.

K2 Ravg (%) Rmax (%) tRmax (days) Rmin (%) tRmin (days)
1 · 10−3 -5.38 -5.19 265 +0 0
2 · 10−3 -10.58 -10.22 269 +0 0
4 · 10−3 -20.49 -19.82 280 +0 0
6 · 10−3 -30.41 -28.84 291 +0 0

Table 3.10: Numerical results for the indexes of function R for different values of constant
K2.

Gradually increasing the value of constant K2 decreases the average and
maximum number of recovered individuals while decreasing the amount of
time required to achieve the maximum. The minimum number of recov-
ered individuals remains constant and is always achieved at the start of the
simulation.
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3.2.2 Simulation Result Summary and Discussion

The simulations and evaluation of the key indexes in the previous sub-section
yielded interesting insights on how each one of the parameters used in the pro-
posed control module impact the output of the system. First, we noted that
a single parameter shift can impact all three output functions at once. For
example, increasing the value of constant K2 increases the average number of
susceptible individuals while decreasing the average number of infected and
recovered individuals. This is in contrast with constant K1 which decreases
the average outputs across all three functions, albeit not in a uniform manner.

Simulations also indicated that our control parameters vary highly in terms
of sensitivity, both with respect to one another and with respect to each
compartment indexes. For example, constants K2 = 2 · 10−3 and adapta-
tion gain a5 = 4 · 10−6 yield a -10.17% and -10.58% change in the average
number of infected individuals respectively. The effect on the output is very
similar in both cases, even though the two control parameters differ by three
orders of magnitude. As such, we can deduct that the adaptation gain a5 is
much more sensitive than constant K2 with respect to this specific key index.
However, this sensitivity is not uniform across indexes, since those two pa-
rameters yield entirely different results with respect to the average number
of susceptible individuals, with a change of +6.36% and -9.91% respectively.

Next, we examined how each parameter shift impacted the extreme values
of the system outputs. We noted that the maximum and minimum outputs
of each compartment followed a similar pattern of fluctuation to the aver-
age number of individuals for the respective compartment. For example, if
a parameter shift caused the average number of infected individuals to de-
crease, it also meant that the maximum number of infected individuals also
decreased.

We also evaluated how each control parameter shift impacted the time re-
quired to achieve the maximum and minimum value of each compartment.
We noticed that the maximum number of susceptible individuals was always
achieved at the start of the simulation. The maximum number of recov-
ered individuals fluctuated greatly upon parameter shifts, while the maxi-
mum number of infected individuals was always achieved around the 2-month
time-stamp, thus marking the most contagious period of the phenomenon.
Respectively the minimum number of recovered and deceased individuals was
always achieved at the start of the simulation, with the minimum number
of infected individuals generally occurring at the end of the time horizon.
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The minimum number of susceptible individuals was mostly affected by the
difference in control parameter values.

During simulations, we noticed a reduced output of recovered individuals for
all three cases of control parameters. This is directly correlated with the
effect of the control law in the I compartment, as fewer infected individuals
directly translates to fewer individuals in need of recovery, hence explaining
the reduced output of the R compartment.

When adjusting the control parameters, we need to take into account con-
strains provided by the given population and health-care system. For exam-
ple, it is generally preferred increasing the value of a control parameter such
as K2 that increases the number of susceptible individuals while decreas-
ing the number of infected individuals as this translates to fewer healthy
individuals being quarantined and thus able to actively participate in socio-
economical activities. Respectively, a health-care system with a high number
of available ICUs can afford treating a lot more individuals at the early stages
of the pandemic. As such we can adjust our control parameter magnitude to
achieve a higher maximum number of recovered individuals at a brief time-
frame.

The results highlight that selecting the correct parameter values for each case
is an new optimization problem in itself. This can be further expanded upon
given the linear nature of the controller or by using specific maximum output
values as reference.
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Conclusions and Future Work

In this thesis, we briefly discussed the global impact of the COVID-19 pan-
demic, as well as the importance of mathematical epidemiology in combating
such events. After conducting an overview of the various mathematical tools
available, we focused on nonlinear systems, presenting an SIRD system in
order to emulate the behavior of the pandemic. Two key concerns were raised
at this stage - the uncertain behavior of the system parameters such as infec-
tion, recovery and mortality rates within the system dynamics, as well as the
incubation period of the virus, which makes detecting infected individuals a
challenging task.

In order to address those factors, we introduced two different control mod-
ules, focusing on emulating the effects of lockdowns or similar control policies.
We presented an adaptive control module in order to address the uncertain
behavior of the system parameters and ensure stability, while we also intro-
duced a predictor-feedback control module in order to address delay in the
system inputs caused by the incubation period of the virus.

After calibrating the system parameters based on real data from the COVID-
19 pandemic breakout in Sweden, we thoroughly examined the behavior of the
system outputs over the course of a year under adaptive predictor-feedback
control. We used different values for the adaptation and the constants that
were derived from the theoretical analysis of the model and compared their
effect on the behavior of the system.

Upon evaluating the simulations, we compared the outputs of the system
using the final control module, for multiple different adaptation gain and
constant values. It is evident that each of those parameters has a differ-
ent impact on each system compartment. This allows us to choose a set
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of parameters that fits the conditions that our health-care system needs to
match. For example, the average age of our target population might be
relatively low, making them much less likely to die from the disease when
infected. In this case, we might want to pick a specific combination of adap-
tation gains and constants that focus on minimizing the population of the
deceased compartment, with the downside of increasing the population of
the infected compartment, etc.

The field of nonlinear system control is of particular importance to mathe-
matical epidemiology. It contains a plethora of different tools and approaches,
while it is constantly being expanded upon as new research emerges. Alter-
native approaches to the adaptive control problem include the use of model-
reference adaptive control (MRAC) modules [37], which use a reference sys-
tem in order to adjust the behavior of uncertain parameters in real time.
The reference system could be calibrated in order to fit the characteristics
and necessities that different health-care systems might introduce.

The use of predictor-feedback controllers could also be further expanded upon
using different state-based controllers in order to describe more complex sys-
tem dynamics related to state-dependent input-delays [38]. These could in-
clude the re-introduction of infected individuals to the pool of susceptible
individuals after temporary immunity has worn off, simulating the time pa-
tients spend in the ICU, implementing vaccination policies, etc.
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Appendix A - Simulation Code

The model simulations were conducted using Python 3.9. The simulation
code includes the following python modules:

� The main.py module, which includes the driver code used to plot the
various graphs presented in Chapter 3.

� The models.py module, which includes various methods simulating
the model behavior without control, under adaptive control and under
adaptive predictor-feedback control respectively.

The following methods were imported in the main.py module from existing
Python libraries in order to plot the various graphs used in the thesis:

� linspace from the numpy library was used in order to create the time
horizon for the simulations.

� odeint from the scipy.integrate library was used in order to simulate
the differential equations of the system.

� Various methods from the matplotlib.pyplot library, such as plot
and show, were used in order to plot the graphs for the simulations.
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The code for the main.py module is listed below:

import numpy as np

import scipy.integrate as spi

import matplotlib.pyplot as plt

from models import *

# Driver code:

if __name__ == "__main__ ":

# Initializing the simulation time horizon

# over the course of a year:

t_min = 0

t_max = 365

t_spacing = 100

t_values = np.linspace(t_min , t_max , t_spacing)

# Initializing the initial conditions for the various

# systems:

init_con_sird = [0.99 , 0.01, 0, 0]

init_con_sird_ac = [0.99, 0.01, 0, 0, 0, 0, 0, 0, 0]

init_con_sird_apfc = [0.99 , 0.01, 0, 0, 0, 0, 0, 0, 0]

# Initializing the uncertain parameters:

# beta , gamma , delta , lambda , mu

unc_par = [0.314 , 0.1, 0.001, 0.00792 , 0.01224]

# Initializing the adaptation gains for

# the adaptive controllers:

adp_gains = [0.0001 , 0.00001 , 0.0001 , 0.00001 , 0.00001]

# Initializing the diffusion coefficients for

# the adaptive controllers:

cons = [0.0001 , 0.0001]

# Initializing the input delay in terms of days:

t_d = 5.5

# Initializing the integration step:

dt = 0.00001

# Initializing the number of integration steps:

N = 1000

# Simulating the model without control:

sim_sird = spi.odeint(sird , init_con_sird , t_values ,

args=(unc_par ,))
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# Simulating the model with adaptive control:

sim_sird_ac = spi.odeint(sird_ac , init_con_sird_ac ,

t_values , args=(unc_par ,

adp_gains , cons))

# Simulating the model with adaptive

# predictor -feedback control:

sim_sird_apfc = spi.odeint(sird_apfc , init_con_sird_apfc ,

t_values , args=(unc_par ,

adp_gains , cons , t_d ,

dt, N))

# Plotting the graph of susceptible individuals:

plt.figure (1)

plt.plot(t_values , sim_sird[:, 0], label=’No Control ’,

linestyle=’solid ’, color = ’#0072B2 ’)

plt.plot(t_values , sim_sird_ac [:, 0], label=’AC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.plot(t_values , sim_sird_apfc [:, 0], label=’APFC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.xlim (0)

plt.ylim (0)

plt.xlabel(’Time (days)’)

plt.ylabel(’Fraction of Total Population ’)

plt.title(’Susceptible Individuals ’)

plt.legend(loc=’best ’)

plt.legend ()

plt.grid(True)

# Plotting the graph of infected individuals:

plt.figure (2)

plt.plot(t_values , sim_sird[:, 1], label=’No Control ’,

linestyle=’solid ’, color = ’#0072B2 ’)

plt.plot(t_values , sim_sird_ac [:, 1], label=’AC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.plot(t_values , sim_sird_apfc [:, 1], label=’APFC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.xlim (0)

plt.ylim (0)

plt.xlabel(’Time (days)’)

plt.ylabel(’Fraction of Total Population ’)

plt.title(’Infected Individuals ’)

plt.legend(loc=’best ’)

plt.legend ()

plt.grid(True)
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# Plotting the graph of recovered individuals:

plt.figure (3)

plt.plot(t_values , sim_sird[:, 2], label=’No Control ’,

linestyle=’solid ’, color = ’#0072B2 ’)

plt.plot(t_values , sim_sird_ac [:, 2], label=’AC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.plot(t_values , sim_sird_apfc [:, 2], label=’APFC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.xlim (0)

plt.ylim (0)

plt.xlabel(’Time (days)’)

plt.ylabel(’Fraction of Total Population ’)

plt.title(’Recovered Individuals ’)

plt.legend(loc=’best ’)

plt.legend ()

plt.grid(True)

# Plotting the graph of deceased individuals:

plt.figure (4)

plt.plot(t_values , sim_sird[:, 3], label=’No Control ’,

linestyle=’solid ’, color = ’#0072B2 ’)

plt.plot(t_values , sim_sird_ac [:, 3], label=’AC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.plot(t_values , sim_sird_apfc [:, 3], label=’APFC ’,

linestyle=’dashed ’, color = ’#009E73 ’)

plt.xlim (0)

plt.ylim (0)

plt.xlabel(’Time (days)’)

plt.ylabel(’Fraction of Total Population ’)

plt.title(’Deceased Individuals ’)

plt.legend(loc=’best ’)

plt.legend ()

plt.grid(True)

plt.show(block=True)
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The code for the models.py module is listed below:

# Method that returns the open -loop SIRD model without control:

def sird(x, t, unc_par ):

# Decomposing the state -vector

S, I, R, D = x

# Decomposing the uncertain parameter vector:

b, c, d, l, m = unc_par

# Defining the system equations:

S_dot = l - b * S * I - m * S

I_dot = b * S * I - c * I - d * I - m * I

R_dot = c * I - m * R

D_dot = d * I

# Re-composing the system of equations and returning:

return [S_dot , I_dot , R_dot , D_dot]

# Method that returns the closed -loop SIRD model

# with adaptive control:

def sird_ac(x, t, unc_par , adp_gains , cons):

# Decomposing the state -vector:

S, I, R, D, b_hat , c_hat , d_hat , l_hat , m_hat = x

# Decomposing the uncertain parameter vector:

b, c, d, l, m = unc_par

# Decomposing the adaptation gain vector:

a_1 , a_2 , a_3 , a_4 , a_5 = adp_gains

# Decomposing the diffusion coefficient vector:

K_1 , K_2 , K_3 = cons

# Defining the adaptive control laws:

u_1 = S * (b_hat * I + m_hat - K_1) - l_hat

u_2 = I * (c_hat + d_hat + m_hat - b_hat * S - K_2)\

- c_hat * R - d_hat * D

u_3 = R * (m_hat - K_3)

# Defining the system equations:

S_dot = l - b * S * I - m * S + u_1

I_dot = b * S * I - c * I - d * I - m * I + u_2

R_dot = c * I - m * R

D_dot = d * I

# Defining the parameter update laws:
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b_hat_dot = a_1 * S * I * (I - S)

c_hat_dot = a_2 * I * (R - I)

d_hat_dot = a_3 * I * (D - I)

l_hat_dot = a_4 * S

m_hat_dot = - a_5 * (S ** 2 + I ** 2 + R ** 2)

# Re-composing the system of equations and returning:

return [S_dot , I_dot , R_dot , D_dot , b_hat_dot , c_hat_dot ,

d_hat_dot , l_hat_dot , m_hat_dot]

# Method that returns the closed -loop SIRD model

# with adaptive predictor -feedback control:

def sird_apfc(x, t, unc_par , adp_gains , cons , t_d , dt , steps):

# Decomposing the state -vector:

S, I, R, D, b_hat , c_hat , d_hat , l_hat , m_hat = x

# Decomposing the uncertain parameter vector:

b, c, d, l, m = unc_par

# Decomposing the adaptation gain vector:

a_1 , a_2 , a_3 , a_4 , a_5 = adp_gains

# Decomposing the diffusion coefficient vector:

K_1 , K_2 , K_3 = cons

# Defining the adaptive control laws:

u_1 = S * (b_hat * I + m_hat - K_1) - l_hat

u_2 = I * (c_hat + d_hat + m_hat - b_hat * S - K_2) \

- c_hat * R - d_hat * D

u_3 = R * (m_hat - K_3)

# Defining the parameter update laws:

b_hat_dot = a_1 * S * I * (I - S)

c_hat_dot = a_2 * I * (R - I)

d_hat_dot = a_3 * I * (D - I)

l_hat_dot = a_4 * S

m_hat_dot = - a_5 * (S ** 2 + I ** 2 + R ** 2)

# Calculating the predictor feedback components

# for t - t_d < 0:

P_S = S

P_I = I

P_R = R

P_D = D

P_b_hat = b_hat

P_c_hat = c_hat

P_d_hat = d_hat
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P_l_hat = l_hat

P_m_hat = m_hat

# Calculating the predictor -feedback law components

# for t - t_d >= 0:

if t - t_d >= 0:

# Calculating the integral component:

for step in range(steps):

P_S += (l - b * P_S * P_I - m * P_S + u_1) * dt

P_I += (b * P_S * P_I - c * P_I - d * P_I

- m * P_I + u_2) * dt

P_R += (c * P_I - m * P_R + u_3) * dt

P_D += d * P_I * dt

P_b_hat += (a_1 * P_S * P_I * (P_I - P_S)) * dt

P_c_hat += (a_2 * (P_I * (P_R - P_I ))) * dt

P_d_hat += (a_3 * P_I * (P_D - P_I)) * dt

P_l_hat += (a_4 * P_S) * dt

P_m_hat += (-a_5 * (P_S ** 2 + P_I ** 2

+ P_R ** 2)) * dt

# Assembling the integral and non -integral component:

P_S += S

P_I += I

P_R += R

P_D += D

P_b_hat += b_hat

P_c_hat += c_hat

P_d_hat += d_hat

P_l_hat += l_hat

P_m_hat += m_hat

# Defining the adaptive -predictor feedback control laws:

u_p1 = P_S * (P_b_hat * P_I + P_m_hat - K_1) - P_l_hat

u_p2 = P_I * (P_c_hat + P_d_hat + P_m_hat - P_b_hat * P_S \

- K_2) - P_c_hat * P_R - P_d_hat * P_D

u_p3 = P_R * (P_m_hat - K_3)

# Defining the system equations:

S_dot = l - b * S * I - m * S + u_p1

I_dot = b * S * I - c * I - d * I - m * I + u_p2

R_dot = c * I - m * R + u_p3

D_dot = d * I

# Re-composing the system of equations and returning:

return [S_dot , I_dot , R_dot , D_dot , b_hat_dot , c_hat_dot ,

d_hat_dot , l_hat_dot , m_hat_dot]
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