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Abstract 

Since an internal combustion engine provides torque only during one of the four phases of each 

piston’s movement, and due to the "Backlash" phenomenon, which arises as a result of the 

difference in the acceleration of the gears in a gearbox, torsional vibrations are generated at 

different frequencies that affect the vehicle and the driver. Traditional vibration absorbers are 

tuned to specific engine orders and thus are limited to narrowband attenuation. For this reason, 

a nonlinear energy sink (NES) will be designed to absorb these torsional vibrations. The 

nonlinearity of such a sink makes it ideal for this application as it has energy-dependent 

resonant response. To achieve this nonlinearity, magnets will be used. The reason magnets 

are used is the contactless nature of the applied magnetic torque and the flexible scaling of the 

required magnitude by manipulating the positions of the magnets and the intensity of the 

magnetic fields. Simulations of the restoring torque must be made, using Simcenter Magnet in 

order to find the right parameters for the NES. Then, using NX Siemens, the NES must be 

designed and be printed using additive manufacturing. Then, a static experiment must be done 

to compare the restoring torque of the manufactured NES compared to the one simulated. Last 

but not least, a dynamic experiment must be done to compare the manufactured NES’s 

dynamic properties to the simulated one. 
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1. Introduction 

Due to the high demand of modernization and automation of industrial processes, 

mechanical systems are used in a wide range of applications, from automotive engines to 

industrial machinery. These systems are due to experience a constant or a fluctuating load of 

oscillations caused by the nature of their operation [1]. The frequency at which these 

oscillations occur may lead to resonance and high amplitude vibrations due to these 

frequencies being close to the natural frequency of the system [2]. 

Vibrations in mechanical systems can have catastrophic results such as fatigue, wear and 

failure of components. Torsional vibrations are particularly harmful in rotating machinery, as 

they can cause shafts to twist and break even if the torque applied is less than the theoretical 

maximum torque that the system can handle. In this thesis, we propose a novel design for a 

contactless nonlinear energy sink (NES) [3] that can suppress torsional vibrations in 

mechanical systems. The NES is based on the principle of nonlinear normal modes, which 

allows it to absorb and dissipate over a broad frequency range. The proposed concept utilizes 

magnetic interactions to realize the nonlinearity, benefiting from the absence of physical 

contact. This design has the potential to improve the reliability and performance of rotating 

machinery by reducing vibrations and increasing the lifespan of components due to the NES's 

ability to work on a bandwidth of frequencies. 

In order to design the NES, we needed to find the optimal parameters of it. Since it would 

be cylindrical and contain cylindrical magnets perpendicular to the outer layer of it, the distance 

between the center of the magnets and the center of the NES needed to be found. Then we 

had to couple it with an adequate angle between the static magnets. Using Siemens’ Simcenter 

Magnet software, we simulated the interaction between two static magnets and a moving 

magnet for R = 30, 45 and 60mm, each one with an angle of 60, 75, 90 and 120 degrees 

between the static magnets. Using MATLAB, we plotted each simulation and chose the one 

that fits better the equation describing the torque applied to it with linear and cubic stiffness. 

We opted for the one that had the largest cubic and smallest linear constant of the variables 

while at the same time, would have an acceptable R squared from the R squared analysis. 

Taking into consideration the conditions of the environment that the NES will work in, the type 

of magnets had to be decided. Due to the reliability and all the technical specifications the 

Neodymium Iron Born magnets have, we decided to move forward with N42 magnets since 

these magnets are more than enough for the needs of the thesis. 
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First, the reliability of the chosen magnets needed to be tested through an experiment. The 

experiment consisted of a static magnet connected to a load cell that was calculating the force 

applied to the magnet while the moving magnet was moving axially with respect to the static 

magnet. After comparing it with the simulation of the experiment that was done using Simcenter 

Magnet, the conclusion that the magnets should not come closer than 4 mm came. Based on 

this, the right configuration of R and θ was chosen.  

The next step was to design and print the NES’s components in 3D using the Raise3D Pro2 

Plus printer that extruded PLA at about 205° C. After assembling the NES we calculated the 

Moment of Inertia of it, and using Tracker, an open source software, we saw it in action and we 

compared the Simcenter Magnet’s simulated restoring torque and the printed NES’s restoring 

torque using MATLAB.  

Chapter 2 provides an insight of the theory that explains the means that were used to create 

the NES and what are the reasons for this creation. The way a traditional linear vibration 

absorber works along with how these vibrations occur, is thoroughly analyzed. Targeted energy 

transfer was also analyzed along with Hamiltonian systems and Frequency Energy Plots.  

Chapter 3 dives deeper into the simulations and the process that occurred in order to define 

the parameters of the NES. The chapter then proceeds with the axial movement experiment of 

the magnets, in order to compare the applied force to the simulated one thus concluding the 

reliability of the magnets. 

Chapter 4 describes the additive manufacturing process of creating the NES. Then, the 

NES was tested statically, in order to calculate the restoring torque, and dynamically, in order 

to compare the developed NES’s ability to diminish the oscillations to the simulated values. 

 

2. Literature Review 

2.1  Vibration Absorbers 

Vibration absorbers are devices that are used to reduce vibrations in mechanical and 

structural systems. They work by absorbing energy from the primary system and dissipating it 

with a local damper, thereby reducing the vibration amplitudes of the primary system. Vibration 

absorbers can be passive, semiactive [5] or active, depending on how they are controlled [4]. 

Passive vibration absorbers are typically tuned to the natural frequency of the system [6], while 

active vibration absorbers use sensors and actuators to control the absorber's response. 
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Vibration absorbers are commonly used in automotive engines, structures, industrial machinery 

and other rotating machinery to reduce vibrations and improve performance. Typical examples 

in automotive applications are Centrifugal Pendulum Dampers, which are tuned to suppress 

vibrations at a specific engine order. 

 

 

Figure 1 : Simple mass-spring-damper vibration absorber. 

In Figure 1 a sketch of the working principle of a linear vibration absorber is shown. The 

vibration absorber consists of a simple mass-spring mechanical system (𝑚2, 𝑘2, 𝑐2) that is 

attached to the vibrating system. The absorber is tuned to the natural frequency of the system, 

so that it resonates at the dominant vibration frequency of the primary system and absorbs 

energy from the system. From the general equation of motion of a single degree of freedom 

system, the equation of motion of the vibrating system can be written as: 

 𝑀𝑥̈  +  𝐶𝑥̇  +  𝐾𝑥 =  𝐹(𝑡)                                        (1) 

where M is the inertia matrix of the system, K is the stiffness matrix of the system, X is the 

displacement vector, and F(t) is the external force acting on the system. It should be noted that 

the external force can be due to the operation of the system, such as the torque generated by 

the engine in a rotating machinery. The equation of motion of the absorber and the system’s 

mass can be written as: 
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[
𝑚1 0
0 𝑚2

] 𝑋̈  +  [
𝑐1 + 𝑐2 −𝑐2

−𝑐2 𝑐2
] 𝑋̇    +  [

𝑘1 + 𝑘2 −𝑘1

−𝑘1 𝑘2
] 𝑋    = [

𝐹𝑜𝑠𝑖𝑛(𝜔𝑡)
0

]       (2) 

Where 𝑋 = [
𝑥1

𝑥2
] are the displacements of the masses. 

The standard solution for Eq. 2 is: 

𝑥(𝑡) = 𝑋𝑠𝑖𝑛𝜔𝑡 = [
𝑥1

𝑥2
] 𝑒(𝑗𝜔𝑡)                                           (3) 

 

Therefore, substituting the standard solution into Eq. 2, the following equations for the 

system are: 

𝑥1 =
[(𝑘2 − 𝑚2𝜔2) + 𝑐2𝜔𝑗]𝐹𝑜

𝑑𝑒𝑡(𝐾 − 𝜔2𝛭 + 𝜔𝑗𝐶)
                            (4) 

𝑥2 =
(𝑘2 + 𝑐2𝜔𝑗)𝐹𝑜

𝑑𝑒𝑡(𝐾 − 𝜔2𝛭 + 𝜔𝑗𝐶)
                                  (5) 

Where 𝜔 is the frequency of the vibrating system and 𝑗 = √−1 . 

If the natural frequency of the absorber is equal or close to the natural frequency of the 

system, then the absorber will resonate with the system and absorb energy from it. In the 

theoretical undamped case, it’s even possible to eliminate the primary system vibrations at a 

target frequency 𝜔𝛵 by withholding the tuning law, 𝑘2 = 𝑚2𝜔𝛵
2 . In practical applications with the 

presence of damping, this will reduce the amplitude of the vibrations in the system and improve 

its performance. However, vibration absorbers have some limitations. For example, they 

require physical contact with the vibrating system, which can lead to wear and tear of the 

components. In addition, vibration absorbers are typically tuned to a specific frequency, so they 

may not be effective in reducing vibrations at other frequencies. To overcome these limitations, 

we propose a novel design for a NES that can suppress torsional vibrations in mechanical 

systems because of its ability to work contactlessly and maintain resonant response over a 

band of frequencies. 

2.2 Noise, Vibration and Harshness 

2.2.1  Vibration of an electric motor 

Industrialization came with the cost of global warming [7]. Since the first industrial 

revolution, fossil fuels have been continuously used to produce electrical and mechanical 



9 
 

energy with the downside of producing gases such as carbon dioxide, methane and nitrous 

oxides which lead to global warming that may cause long term effects, not only to humans but 

also to the flora of industrial heavy areas [8]. That’s why most industries try to go on with a 

more environmentally friendly way of producing energy transitioning from internal combustion 

engines to electric engines. Even though electric engines in electric vehicles (EVs) are more 

efficient and reliable [9] than internal combustion engines (ICE), the broad torque response 

slope causes longitudinal vibrations due to driveline shock and torsion vibrations [10] [11] since 

the powertrain is directly coupled to its control grid and transmission system. The powertrain of 

an EV consists of the components responsible for generating and delivering power to wheels. 

These vibrations, when they are transferred to the seat of the driver, may cause a lot of 

physiological [12] problems. The problem with the absorption of these vibrations is that their 

natural frequency may not be stable. This means that using a linear energy absorber such as 

the one presented in the previous subchapter may not be very effective. That’s why a NES that 

works with a bandwidth of frequencies, is more suitable for absorbing these vibrations. 

2.2.2  Gear Rattle and torsional vibrations in ICEs 

Torsional vibrations could be caused by gear rattling [13]. This is a phenomenon that 

occurs as backlash is caused when two gears have different accelerations, therefore the gears 

‘hit’ each other. These impacts are transmitted to the housing through the transmission shaft 

and the bearings. The frequency of these impacts may vary depending on the shift in speed of 

each gear. Again, because the frequency is not constant, a NES could diminish the amplitude 

of these vibrations for a large scale of frequencies.  

Some tortional vibrations could also be caused by the cycles and the phases of the 

cylinders that an ICE consists of.  The cycle of a cylinder consists of four phases and only one 

of these phases produces torque that mobilizes the crankshaft.   
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Figure 2 : Torque Diagram for a Four-Phase Engine with One Cylinder 

This introduces periodic torsional vibrations in the powertrain as the crankshaft 

accelerates and decelerates. The number of cylinders plays an important role in reducing the 

frequency of the vibrations that the working phases may cause by adding more working regions 

per rotation. However, torsional vibrations may persist even when with many cylinders. 

2.2.3  Noise, Vibration and Harshness 

A good way of determining if these vibrations may be present and diminish the 

performance, the endurance of a system and the comfort of the user is through Noise, Vibration 

and Harshness (NVH) analysis. This analysis provides a way to determine if a particular section 

of the system is under high stress due to the vibrations. In a vehicle for example, the powertrain 

provides the greatest source of NVH emissions through the engine. At low rotations per minute 

(rpm) when the NVH emissions of the engine are the lowest and the vehicle is idling, being able 

to hear noise or feel vibrations from other components of the vehicle may induce a problem 

with that component or poor craftmanship [14]. 

2.3  Permanent Magnets 

For the experimental trials of this thesis, specific magnets needed to be chosen. The 

magnets needed to be cost effective, have good magnetic strength and good thermal stability. 

The Neodymium Iron Born (NdFeB) magnets are a good choice. These magnets are used in 

all industries, from aerospace to food preparation, and are split into different groups based on 

their Max Energy Production (MEP), in Mega-Gauss-Oersteds (MGOe) units and their 

maximum operating temperature [15]. For example, Nxx (x is a number) magnets operate up 

to +80 degrees Celsius but NxxM , NxxH , NxxSh and NxxVH are rated from +100 degrees 
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Celsius  to a maximum of +230 degrees Celsius [16]. In some cases, the maximum temperature 

that weakening of magnets occurs is slightly larger than the recommended maximum 

temperature [17]. For the experiments, the N42 magnets were chosen since the temperature 

of the experiments are close to room temperature and the 42 MGOe capabilities of the magnets 

are more than enough for the needs of this experiment. 

 

 

The Maximum Energy Product (BHmax) is a very important property of permanent 

magnets that represents the maximum amount of magnetic energy stored per unit volume. It 

determines the magnet’s ability to store and deliver magnetic energy and a higher one means 

a stronger magnet per unit volume, which is useful when size constraints are rendering the use 

of larger magnets inappropriate. The N42 magnets provide a strong field while being cost 

effective, making them a good choice for the NES’ design. Typical BHmax values are shown in 

table 1.  

Before the 1950s, the manufacturers had to develop magnets in strange shapes in order 

to avoid self-demagnetization [44]. The ‘hard magnet’ (HM) is a magnet which has a broad 

hysteresis loop, which is a plot of the magnetization 𝑀 of the material versus the magnetic field 

𝐻 acting on it. The loop is nonlinear, and it depends on time, temperature and the prior use of 

the magnet [45]. 𝐻𝑑 is the demagnetizing field produced by the magnet itself which can be 

approximated by 𝐻𝑑 = −𝑁𝑀, where 𝑁 ∈ (0,1) that depends only on the magnet’s shape. 𝐻𝑜 is 

the externally applied field and the total field acting is 𝐻 = 𝐻𝑜 + 𝐻𝑑. So, the magnetic field can 

be described by 𝐵 = 𝜇𝜊𝐻, where 𝜇𝜊 = 4𝜋𝑥10−7𝛵𝜇𝛢−1 or 𝐵 = 𝜇𝜊(𝐻 + 𝑀) inside a magnetic 

material. A magnet inherently generates a demagnetizing field, because the magnetic field 

produced by the magnet opposes its own magnetization, and this phenomenon tends to 

depend on the geometry of the magnet. The longer and narrower magnets are in the direction 

Table 1 : Different kinds of magnets and their BHmax 

Magnet Type BHmax (MGOe) 

Ferrite (Ceramic) ~3-5 

Alnico ~5-9 

Samarium Cobalt ~15-30 

Neodymium (N35-N52) ~35-52 



12 
 

of magnetization, the higher the permeance coefficient tends to be, meaning they experience 

less internal demagnetization. The permeance coefficient is a parameter of the magnetic flux 

density inside the magnet (𝐵𝑚) and the demagnetizing field at the operating point, as seen in 

Eq. 6.  

𝑃𝑐 = 𝐵𝑚/𝐻𝑑                                       (6) 

 

Figure 3 : Demagnetization curve of magnet and the Permeance coefficient. 
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Figure 4 : Permeance coefficient for a cylindrical magnet. 

For cylindrical shaped magnets, using Eq. 7 we can calculate the magnetic flux density 

on any point ‘x’ on the central axis of the magnet for two opposing magnets. 

𝐵(𝑥)  =  2[
𝐵𝑟

2
(

𝐿 +  𝑥

√𝑅2 + (𝐿 + 𝑥)2
 −  

 𝑥

√𝑅2 + 𝑥2
)]         (7) 

 

Figure 5 : Two magnets opposing each other. 

 

Generally speaking, demagnetization can also occur from high temperatures or 

exposing magnets to opposing external fields. This effect occurs to permanent magnets that 

have a nonlinear demagnetization curve. These fields could either be created by current 

carrying conductors or by allowing magnets to come into contact with other magnets who have 
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opposing fields. Shock and vibrations have very little to no effect on demagnetization, but 

extremely high radiation could result in flux changes and demagnetization. 

2.4  Targeted Energy Transfer (TET) & Hamiltonian Systems 

Targeted energy transfers, where the energy is directed from a source (donor) to a 

receiver (recipient) in a one-way irreversible fashion, take place in many applications. 

Alexander F. Vakakis [18] implied that passive TET from the directly excited linear oscillator to 

the NES is realized when the energy exceeds a certain critical threshold. The mathematical 

description of the TET process is complex due to its transient, and not steady, state and due to 

being essentially nonlinear instead of weakly nonlinear. It should be noted that the efficiency of 

TET depends on parameters like the nonlinearity strength, damping characteristics and mass 

ratio between the primary system and the NES [38].  

Before getting into TET, a discussion of Hamiltonian systems needs to be held [39]. First 

of all, a Hamiltonian system is a dynamic system that is ruled by Hamilton’s equations. This 

system may describe the evolution of a physical system such as a planetary system or an 

electron in an electromagnetic field. The advantage of this approach is that it gives important 

insights into the dynamics even if the initial value problem cannot be solved analytically. The 

system can be characterized by the scalar function 𝑯(𝒒, 𝒑, 𝒕) and the state of the system 𝒓 is 

described by the generalized momentum and position, 𝒑 𝑎𝑛𝑑 𝒒 . It should be noted that 𝑝, 𝑞 ∈

𝑅𝑁 and that the state of the system can be completely described by 𝑟 ∈ 𝑅2𝑁 with 𝑟 = (𝑞, 𝑝). 

Thus, the evolution equations are given by Hamilton’s equations as: dp/dt  = − 𝜗𝐻/𝜗𝑞 𝑎𝑛𝑑 𝑑𝑞/

𝑑𝑡 =  𝜗𝐻/𝜗𝑝. If the Hamiltonian is not explicitly time-dependent then the Hamiltonian does not 

vary with time at all and so, the Hamiltonian is a constant of motion whose constant equals the 

total energy of the system 𝐻 =  𝐸 . 

Examples of such systems are the undamped pendulum and the harmonic oscillator. 

So, the Hamiltonian equation for an undamped pendulum with a single degree of freedom is: 

𝐻 =
𝑝2

2𝑚
+

𝑘𝑞2

2
𝑤𝑖𝑡ℎ 𝑝 = 𝑚𝑥̇ 𝑎𝑛𝑑 𝑞 = 𝑥                    (8) 

And the evolution of the dynamical system can be generally written as: 

∇𝑟𝐻 = [

𝜗𝐻

𝜗𝑞

𝜗𝐻

𝜗𝑝

]                                                                      (9) 
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𝑑𝑟

𝑑𝑡
= 𝑀𝑁∇𝑟𝐻(𝑟) 𝑤𝑖𝑡ℎ 𝑀𝑁 = [

0 𝐼𝑁

−𝐼𝑁 0
]  , 𝑤ℎ𝑒𝑟𝑒 𝐼𝑁  𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥.                         (10) 

Some studies have shown that TET can be achieved with ungrounded NESs 

possessing significantly smaller mass but with essentially nonlinear coupling to the primary 

system [41]. This implies that with the addition of lightweight, strongly nonlinear, local 

attachments one could gain the capacity to alter drastically the global dynamics of the primary 

system. In essence, the NES acts as a passive, self-adaptive boundary vibration controller 

because its nonlinearity provides an energy-dependent TET that dissipates passively adaptive 

dynamics that are fully tunable with energy. 

As an example, let’s consider a primary linear oscillator (LO) attached to a lightweight NES 

described by the following equations: 

𝑥̈ + 𝜆1𝑥̇ + 𝜆2(𝑥̇ − 𝑦̇) + 𝜔𝜊
2𝑥 + 𝐶(𝑥 − 𝑦)3 = 0               (11) 

𝜀𝑦̈ + 𝜆2(𝑦̇ − 𝑥̇) + 𝐶(𝑦 − 𝑥)3 = 0 

Where the first equation describes the movement of the LO and the second one 

describes the movement of the NES. Where x is the displacement of the LO and y is the 

displacement of the NES, the system is viscously damped and 0 < 𝜀 << 1 is the mass ratio. 

Introducing the following complex variables:  

𝜓1(𝑡) = (𝑥(𝑡)̇ ) + 𝑗𝑥(𝑡) = 𝜑1(𝑡)𝑒(𝑗𝜔𝜊𝑡)                                    (12) 

ψ2(𝑡) = (𝑦(𝑡))̇ + 𝑗𝑦(𝑡) = 𝜑2(𝑡)𝑒(𝑗𝜔𝑡) 

Where 𝜑1 and 𝜑2 are slowly varying [40] complex modulations of the fast components 

with fast frequencies ωο and ω. Since TET corresponds to 1:1 transient resonance capture 

(TRC) between the primary linear oscillator and the NES, we assume that the transient 

dynamics has only a single dominant fast frequency [41] then: 𝜔 ≈ 𝜔𝜊 = 1. Thus, the equations 

can be written as: 

𝜓1(𝑡) = 𝜑1(𝑡)𝑒(𝑗𝑡)                           (13) 

𝜓2(𝑡) = 𝜑2(𝑡)𝑒(𝑗𝑡) 

If we assume that 𝜆1 = 𝜆2 = 𝜆 for simplicity and express the complex variables in a polar 

form 𝜑𝑖 = 𝑎𝑖(𝑡)𝑒(𝑗𝑏𝑖(𝑡)) , i = 1,2 since we have two equations, then a slow flow equation [40] is 

formed expressed in terms of real variables: 
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𝛼1̇ − (𝜀𝜆/2)𝛼2𝑐𝑜𝑠𝜑 + 𝜀𝜆𝛼1 + (3𝐶/8)(𝛼1
2 + 𝛼2

2 − 2𝛼1𝛼2𝑐𝑜𝑠𝜑)𝛼2𝑠𝑖𝑛𝜑 = 0              (14) 

𝛼2̇ + (𝜆/2)𝛼2 − (𝜆/2)𝛼1𝑐𝑜𝑠𝜑 − (3𝐶/8𝜀)(𝛼1
2 + 𝛼2

2 − 2𝛼1𝛼2𝑐𝑜𝑠𝜑)𝛼1𝑠𝑖𝑛𝜑 = 0 

𝜑̇ + (𝜆/2)[(𝜀𝛼2/𝛼1) + (𝛼1/𝛼2)]𝑠𝑖𝑛𝜑 − 1/2

+ (3𝐶/8)(𝛼1
2 + 𝛼2

2 − 2𝛼1𝛼2𝑐𝑜𝑠𝜑) [(1/𝜀)[1 − (𝛼2/𝛼1)𝑐𝑜𝑠𝜑] − [1 − (𝛼1/𝛼2)𝑐𝑜𝑠𝜑]]

= 0 

Where 𝛼1 𝑎𝑛𝑑 𝛼2 represent the real amplitudes of the slowly varying of the linear and nonlinear 

responses, respectively and 𝜑(𝑡) = 𝑏1(𝑡) − 𝑏2(𝑡) is the slow phase difference between the 

evolution of the two envelopes. The graph of the Eq. 11 for 𝜀 = 0.05 , 𝜆 = 0.01, 𝐶 = 1, 𝜔 =  1 

and initial conditions 𝛼1(0) = 0.24, 𝛼2(0) = 0.01 𝑎𝑛𝑑 𝜑(0) = 0 is illustrated in Figure 6. 

 

Figure 6 : Dynamics of fundamental (1:1 Resonance) TRC a) Representation of the (𝜑, 𝜑̇) 𝑝𝑙𝑎𝑛𝑒 and b) the 

evolution of the normalized amplitude modulations of the linear oscillation and the NES. [18] 

In the Figure 6, the TRC (1:1) is confirmed since it suggests that the NES and the LO, 

for the neighborhood of φ = 0, are in phase. In that area, energy is transferred from the primary 

LO system to the NES as shown in the lower figure. For more complex mDOF systems, it was 

proven that mainly Hamiltonian systems (undamped and unforced) are responsible for the 

greater part of the TET [41] in the dissipating system. 

In the absence of damping and external forces, Eq. 11 turns into: 

𝑥̈ + 𝜔𝜊
2𝑥 + 𝐶(𝑥 − 𝑦)3 = 0                               (15) 

𝜀𝑦̈ + 𝐶(𝑦 − 𝑥)3 = 0 
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A more suitable representation of the computed NNMs is to depict their frequency 

indices (FIs) as functions of their energies ℎ in a FEP. For 𝐶 = 1, 𝜔𝜊 = 1 𝑎𝑛𝑑 𝜀 = 0.05, in Figure 

7, an NNM branch represented by a solid line, is a collection of periodic orbits possessing the 

same qualitative features. Bifurcation points are also indicated in this plot with (+) and (o) used 

to indicate changes of stability. If the NES didn’t have a cubic stiffness, the figure would consist 

merely of two vertical lines at the frequency of the primary system and the absorber. The figure 

is better explained by the book “Nonlinear Targeted energy Transfer in Mechanical and 

Structural Systems” by Valakis, Gendelman, Bergman, McFarland Kerschen and Sup Lee [18].  

 

Figure 7 : FEP of NES that is described in Eq. 20. 

 

2.5   Nonlinear Energy Sink (NES) 

The main goal of vibration absorbers is to protect dynamical systems from destructive 

vibrations by passively transferring and dissipating the unwanted energy. The reason why an 

NES would be suitable for the design of a vibration absorber is because it also has a non-linear 
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stiffness apart from the linear stiffness. If we consider a non-linear absorber that has both a 

linear and a nonlinear stiffness, then, modifying Eq. 2 the equation of motion of the absorber 

would be: 

𝑚2𝑥2̈ + 𝑐2(𝑥2̇ − 𝑥1̇) + 𝑘2,𝐿(𝑥2 − 𝑥1) + 𝑘2,𝑁𝐿(𝑥2 − 𝑥1)3 = 0                      (16) 

Where 𝑘2,𝐿is the coefficient of linear stiffness and 𝑘2,𝑁𝐿is the coefficient of non-linear 

stiffness. The operation of an NES can be explained by looking at how it absorbs energy and 

how it redistributes and dissipates it [18] [19]. Due to the redistribution of energy within the 

modal space of a vibrating system, the nonlinear behavior scatters the vibration energy from 

lower frequency modes into higher frequency modes. The key difference between linear and 

nonlinear systems is that the linear system’s mode frequencies are constant regardless of 

energy input and that the nonlinear system’s mode frequencies increase with energy input as 

shown in Eq. 17. 

𝜔𝑁𝐸𝑆 = √
𝑘2,𝐿

𝑚2
+  

3𝑘2,𝑁𝐿𝐴2

8𝑚2
                                                                               (17) 

The process of transferring energy from a dynamical system to another dynamical 

system irreversibly is called targeted energy transfer (TET) [20]. This process comes from the 

nonlinear coupling of the NES with the dynamical system [21]. If the NES employed purely 

cubic stiffness without a linear part, it would enable the NES to be engaged in multiple 

resonance captures [40].  

The frequency energy plots (FEPs) [42] analysis plays an important role in revealing the 

nonlinear dynamical signature of the NES. Basically, the FEPs are graphical representations 

that show how the system’s natural frequencies change as a function of energy. These plots 

are particularly useful in nonlinear dynamics to understand how energy influences system 

behavior, especially when nonlinearities cause frequency shifts. The key features of FEPs [42] 

are: 

• X-axis: Represents the system’s total energy. 

• Y-axis: Represents the system’s natural frequencies or mode frequencies. 

• Nonlinear Effects: In linear systems, frequency remains constant regardless of energy. 

In nonlinear systems, frequency can change with energy due to effects like stiffness 

softening or hardening. 

• Bifurcations & Modal Interactions: FEPs help identify points where nonlinear modal 

interactions, bifurcations or internal resonances occur. 
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• Application to NES: FEPs can help analyze how energy levels affect the nonlinear 

damping characteristics of the NES. 

The periodic motion of NES systems has been extensively studied on the harmonic 

backbone curves of nonlinear normal modes (NNMs) and their associated branches of 

subharmonic and super harmonic periodic motions in the FEPs [40] [41]. The resonance 

captures in the FEPs have explained the passive energy absorption and dissipation which is 

achieved by the nonlinear action of the NES. 

The way an efficient TET process by a NES attachment operate should include: 

• The energy that is being transferred to the NES should be one-way. This means that 

the least amount of energy should be able to transfer back to the dynamical system. 

• Fast absorption and dissipation of significant energy from the primary system. 

• The energy transfer should occur over a wide range of frequencies [22]. 

• The efficiency of the TET should not be mitigated by changes in the dynamical system’s 

parameters. 

The NES’s history is quite interesting. Everything started when nonlinear energy sinks were 

mere linear systems coupled together [23]. The nonlinearity was formed by elastic elements 

[24], wire ropes [25] and beams and magnets [26]. For example, nonlinear stiffness has been 

created with the help of two oblique springs as shown in the following figure [27]. 

 

Figure 8 : Nonlinearity created with two springs [28]. 

In another study, conical springs were used to create a cubic stiffness [43]. In that study, 

a NES was used in a small-scale propulsion rig. The two main inertias of the propulsion system 

are excited by the cyclic irregularities originating from an engine or motor. The experiment was 

a success and depicted significant vibration attenuation in the frequency range 55-70 Hz. 
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Figure 9 : The NES that was created using conical springs [43]. 

Designing nonlinear vibration absorbers is quite challenging due to the inherent 

complexity of nonlinear dynamics. Unlike their linear counterparts, these absorbers exhibit 

amplitude-dependent stiffness and damping, leading to phenomena such as bifurcations, 

multiple stable and unstable responses, and extreme sensitivity to even small parameter 

variations. Moreover, ensuring the necessary physical contact between the nonlinear spring 

elements is critical. In many designs, strong physical interaction is needed to trigger the desired 

nonlinear response. This often involves managing involves managing complex contact 

phenomena like (friction, impacts, etc.), where even small deviation in contact conditions can 

dramatically impact the absorber’s effectiveness. For example, the fine tuning of the above-

mentioned NES, resulted in the experimental success of diminishing the vibration of the 

propulsion system for the broad range of frequencies. 

3.  NES Design 

3.1  Reliability of the N42 Magnets  

3.1.1  Theoretical Procedure 

For this thesis, the initial step was to experiment with the magnets and find out the 

reliability of the theoretical-simulated data by comparing it with in-house produced relevant 

experimental data of the magnetic force. Using Simcenter Magnet 2022.1 [30], a software 

developed by Siemens, a simulation of linear movement between a static magnet and a moving 

magnet was done. The magnets were constantly in repulsion [29] and the repulsive magnetic 

force was measured. For this simulation, after trying out different maximum finite element 

meshing of the magnets and the boundary condition, the best maximum element size was 

found to be 0.5 mm for the magnets and 5 mm for the boundary condition, which in the 
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simulations that were made for the thesis, was air. The purpose of this simulation was to 

compare the computational results with experimental data in order to establish the reliability of 

the computational models. 

 

Figure 10 : Meshing of the linear movement experiment for the N42 magnets and the air. 

The magnets for the NES are cylindrical N42 permanent magnets with an upper and lower 

radius of 4mm and a height of 8mm.  The geometrical choice for the magnets was due to their 

optimal balance between magnetic strength, size and feasibility for precise measurements [31]. 

The chosen dimensions offer a practical compromise between magnetic force and spatial 

constraints, allowing for controlled interactions between the magnets while ensuring their 

alignment and movement remain consistent throughout the experiments. The settings for the 

transient simulation were polynomial order 2, with max. Newton iteration 50 and with a 

tolerance of 1%. These settings reassured us that the solution would be as accurate as 

possible. Also, the boundary condition should be 6-7 times wider than the diameters of the 

magnets in order to let the magnetic flux flow as it needs. 

3.1.2  Experimental Procedure  

For the experiment, an electronic vertical ruler, a max 5kg Load Cell, an Arduino R3 

with digital and analog inputs/outputs and a HX711 amplifier were used.  
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Figure 11 : The static Magnet, the moving magnet, the load cell and the electronic vertical ruler for the experiment. 

An Arduino script [33] (Appendix A) was written in order to read the data from the load 

cell. At the beginning of the script, the moving magnet was moved far from the static magnet 

and the taring of the load cell occurred. Then slowly the moving magnet was transferred closer 

to the static magnet and the distance from the static magnet and the force it was applying to it 

was recorded. It should be noted that for the housing of the magnets, Siemen’s NX was used 

to design them and Prusa’s PrusaSlicer was used to create the 3D printing G-Code [34], using 

Polylactic Acid (PLA) [35]. The 3D Printer that was used to print the components was the 

Raise3D Pro2 Plus and the print took 3 hours, it used 7.7 grams of the PLA which is about 2.6 

meters. The nuzzle that extruded the PLA was at a constant 205°C and the printer’s bed was 

at about 75°C. It should be noted that the highest possible settings were used in order to have 

the accuracy needed for the experiment. A metallic screwdriver was placed in order to calibrate 

the two magnets and make sure that they are aligned.  
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Figure 12 : PrusaSlicer’s interface for printing the components for the linear movement of the magnets. 

 

Load cells are very reliable tools to use for measuring force and torque. The way that 

these components measure force is through displacement using strain gauges as the sensing 

element [32]. The strain gauges are placed in a Wheatstone bridge circuit in order to measure 

resistance change in them. 



24 
 

 

Figure 13 : Wheatstone bridge circuit. 

Supposedly, if all the resistors have the same value, when there is a change in resistance then 

the Rx resistance is given by the following equation. 

𝑅𝑥 = 𝑅 (1 +
𝛥𝑅

𝑅
)                                                       (18) 

Where ΔR/R is the fractional change in gauge resistance because of strain. 

When ΔR/R > 0 , then the off-null voltage is given by [32]: 

𝑉𝑜 = −
𝑉𝑠

4

𝛥𝑅
𝑅

1 + 
 𝛥𝑅
2𝑅

                                                           (19) 

And the force that is applied to the load cell is calculated through the following equation. 

𝐹 = 𝑉𝑜 ∗ 4
𝐴𝐸

𝐺𝑓𝑉𝑠
                                                          (20) 

Where: Vo is given by Eq. 19, A is the area of the load cell at the strain gauge location where 

the force is applied to, E is the Young’s module of the material and Gf is the gauge factor of the 

strain gauge. It should be noted that it is typically around 2 for metal strain gauges. 
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3.1.3  Conclusion 

According to the recorded data, it was concluded that only after 4mm the simulation’s 

data and the experiment’s data match. The reason for this could be the accuracy of Simcenter 

Magnet’s model that it uses to simulate the experiments or the way we proceeded to do the 

experiment. The load cell’s data could have been invalidated by environmental noise or the 

vertical ruler’s magnet holder could have misaligned due to the great forces that occur closer 

to the magnet. Taking this into consideration, the magnets should not come closer than 4mm 

in the forthcoming experiments and in the NES’s design. 

 

Figure 14 : Comparing the data from the simulation and the experiment for the vertical movement of the magnets. 

3.2  Rotary movement of the magnets 

3.2.1  Theoretical Procedure 

Using Simcenter Magnet, we designed and simulated the interaction between two static 

magnets and a moving magnet. There was an angle 𝜃 between the center of the two static 

magnets and a moving magnet that had dynamic orientation based on the angle 𝜑 between it 

and the lower static magnet. The magnets were displaced at a distance 𝑅 from the center of 

the axis. For each 𝑅 =  30 , 45 𝑎𝑛𝑑 60 𝑚𝑚 a  𝜃 =   60° , 75° , 90° 𝑎𝑛𝑑 120° simulation was 

created.  
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Figure 15 : Designs of all the rotary simulations of two static magnets and a rotating magnet. 

Since it was concluded in chapter 3.1.3 that the experimental data corresponds to the 

simulated data only for a distance greater than 4mm, all the 60° and 75° simulations became 

obsolete. The reason is: 

𝑅𝜃 −  4 ≥ 𝑙 =  𝑅𝜑 ≥  4 𝑚𝑚   

𝑙1 = (𝑅 −
𝑑𝑚

2
) 𝜑 ≥ 4 , 𝜑 ≥

4

𝑅 −
𝑑𝑚
2

(𝑟𝑎𝑑) 𝑎𝑛𝑑 𝑙2 = (𝑅 +
𝑑𝑚

2
) 𝜑 ≤ (𝑅𝜃 − 4)               (21) 

Where the 𝑑𝑚is the diameter of the magnets and φ is the angle between the moving 

magnet and the lower static magnet. The same must be true between the upper static magnet 

and the moving magnet taking into consideration the height of the magnet. Basically, Eq. 21 

shows the upper and lower bound that the magnet can move. If the range of φ is too small, 

then the testing is unreliable and should not occur. So, this concludes that the simulations that 

had a θ of 60 or 75 degrees had an extremely small range for φ, in order for it to be taken into 

account on deciding the design of the NES. 

The restoring torque of each simulation can be seen in the following tables (table 2.1, table 2.2 

& table 2.3). 
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R30 Theta 90 R30 Theta 120 

θ (degrees) Torque (Nm) θ (degrees) Torque (Nm) 

16 0.040652373 7.7 0.099606966 

20.8 0.023138916 14.43 0.038587922 

25.6 0.012949669 21.16 0.017285906 

30.4 0.006388112 27.89 0.008141747 

35.2 -0.00519837 34.62 0.003399732 

40 -0.00456743 41.35 0.000105859 

44.8 -0.00553987 48.08 -0.00278709 

49.6 -0.01394188 54.81 -0.00706935 

54.4 -0.01811461 61.54 -0.01493443 

58.24 -0.03875623 68.27 -0.03287651 

    75 -0.08163876 

 

Table 2.1 : Simulated Data for R = 30mm. 

R45 Theta 90 R45 Theta 120 

θ (degrees) Torque (Nm) θ (degrees) Torque (Nm) 

7.1 0.096198997 7.2 0.094410413 

12.09 0.037114358 14.36364 0.023072296 

17.08 0.016643898 21.52727 0.007779066 

22.07 0.007849704 28.69091 0.003203071 

27.06 0.003410953 35.85455 0.001237285 

32.05 0.00040378 43.01818 -5.93E-05 

37.04 -0.00232373 50.18182 -0.000877534 

42.03 -0.0058936 57.34545 -0.002423516 

47.02 -0.01246198 64.50909 -0.00555075 

52.01 -0.0269564 71.67273 -0.015438005 

    78.83636 -0.054579581 

 

 

R60 Theta 90 R60 Theta 120 

Table 2.2 : Simulated Data for R = 45mm. 
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θ (degrees) Torque (Nm) θ (degrees) Torque (Nm) 

6 0.106922521 6 0.107121158 

12 0.027119422 10.4 0.037515762 

18 0.009436146 14.8 0.01629197 

24 0.003876767 19.2 0.007740444 

30 0.0012805 23.6 0.004159313 

36 8.00E-05 28 2.30E-03 

42 -0.00113324 32.4 0.001382841 

48 -0.00392456 36.8 0.000887324 

54 -0.0092807 41.2 0.000554082 

60 -0.02703516 45.6 0.000101274 

    50 -3.94E-05 

  54.4 -4.69E-05 

  58.8 -0.000436519 

  63.2 -0.000588566 

  67.6 -0.001118529 

  72 -0.001856962 

  76.4 -0.003195251 

  80.8 -0.005449188 

  85.2 -0.011299368 

  89.6 -0.0251665 

  94 -0.064408931 

  95 -0.1 

 

 

 

Table 2.3 : Simulated Data for R = 60mm 
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Figure 16 : Graph of the simulated restoring torque data. 

For the chosen trajectory of the moving magnet, it can be noted that the maximum and 

minimum torque that it produces is around ±0.1 Nm except for the R=30mm θ = 90° which 

produces 0.035 Nm. 
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3.2.2  Post Processing of the simulated data 

Using MATLAB’s Curve Fitter App [36], the data was fitted in a 3rd degree polynomial 

equation, with the 2nd degree variable and the constant to be equal to 0. The reason is that the 

equation that would give the restoring torque produced by the moving magnet, needed to an 

equation with a linear and a 3rd degree variable in the form of Eq. 22. The results are as shown 

in table 3. 

𝑇(𝜃) = 𝑎𝜃3 + 𝑏𝜃                     (22) 

𝛩 is the angle between the lower static magnet and the moving magnet, a and b are constants 

from the fitting. 

R/θ R30 θ90 R30 
θ120 

R45 θ90 R45 θ120 R60 θ90 R60 θ120 

a 0.518 0.4339 0.9954 0.2741 0.6493 0.1486 

b 0.0342 0.001 0.0001 0.001 0.001 0.001 

a*θmax 0.1909 0.2599 0.4552 0.1837 0.34 0.1154 

b*θmax 0.0126 5.99e-04 4.572e-0.5 6.7021e-04 5.236e-04 7.7667e-04 

Table 3 : Fitted data showing a and b for Eq. 22. 

Taking into consideration Eq. 23 for all simulations, this means that mostly nonlinearity 

contributes to the creation of the restoring torque. This can be concluded from Eq. 23. This 

equation shows that the nonlinear part of Eq. 22 plays a greater role in the torque that is created 

than the linear part. 

∫(|𝑎|𝜃3 − |𝑏|𝜃)𝑑𝜃 > 0                             (23)  

Doing an R squared [37] analysis of each fit, we conclude that the fitting of R = 30mm θ = 120° 

is the most reliable with an R squared of 0.9895. 
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Figure 17 : plot of R30θ120 torque (y-axis) and each attribute of the it (upper Figure) and the Normalized torque 

(lower Figure) with the x-axis as rads. 

After choosing the parameters R and θ (angle between the two static magnets), a 

simulation of the three-axis contactless NES has been created to make sure that the alignments 

and the torque of the magnets are constant. 

 

Figure 18 : Simulation of the NES using Simcenter Magnet. 

In conclusion, the three magnets will add up to a ~0.3 Nm restoring torque around the center 

of the axis when they are closest to one of the static magnets. 

Using MATLAB’s curve fitter, Eq. 22 becomes: 
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𝑇(𝜃) = 1.2701𝜃3 + 0.001𝜃               (24) 

With an R-Squared of 0.978. 

4.  Experimental Validation 

4.1  3D Printing  the NES’s components 

In order to manufacture the body and the arms of the NES, we needed to create two 

CAD models (Appendix B) using NX Siemen’s software, one for the rotary system and one for 

the static system. These CAD models can be seen in Figure 19. The center of the magnets is 

30mm from the point of symmetry of the solid. Additionally, the static system has an extruded 

parallelogram over the magnet holder to stop the rotating magnet from getting closer than 4mm 

to the static magnet. 

 

Figure 19 : CAD of the NES’s components. LEFT: Stator. Right : Rotor. 
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Figure 20 : The assembly of the NES in NX Siemens. 

It should be noted that the printing of these parts took about 2 hours to complete. The 

only problem was that PrusaSlicer had to create a small bridge to the upper part of the holes , 

where the magnets would be placed in, because it couldn’t print the holes otherwise. Also, a 

surrounding brim was autogenerated by the software in order to make sure that the components 

don’t disconnect from the printer’s bed. 

 

Figure 6 : The components on PrusaSlicer’s 3D printing Bed. 
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Figure 22 : The Raise3D Pro2 Plus 3D printer that was used to print the parts. 

 

The assembly of the NES can be seen in Figure 23. The only problem was that because 

of the imperfections that the printer applied to the holes, a small rasp file was used to clear 

them out. Also, in order to allign the stator with the rotor we had to apply 3 washers and add a 

stopper so that the forces don’t throw the stator out of the assembly. The stopper and the 

washers have barely any friction that could diminish the accuracy of the experiments. 
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Figure 23 : The NES after assembly. 

The properties of the components without the magnets attached to them can be seen 

in the following table. 

Property\Components Stator Rotor 

Mass (Kg) 0.019 0.042 

Principal Moment (x) (Kg*mm2) 6.853 14.294 

Principal Moment (y) (Kg*mm2) 3.669 14.294 

Principal Moment (z) (Kg*mm2) 3.669 22.737 

 

Table 4 : Properties of the components of the NES. 

 

The moment of inertia (MoI), also known as the mass moment of inertia or 

angular/rotational mass, of a rigid body is defined relatively to a rotational axis. In our case, it 

is defined relative to the symmetrical points of each component. MoI defines the ratio between 
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the torque applied and the resulting angular acceleration about that axis. It plays the same role 

in rotational motion as mass does in linear motion. A body’s MoI about a particular axis depends 

both on the mass and its distribution relative to the axis [46]. 

Taking into consideration that the components are not entirely solid and do have some 

gaps inside them due to the infilling parameter of the printer, their masses and the moments of 

inertial should change. After calculating the NX Siemen’s simulated mass and inertias, then 

calculating the printed versions of that components and scaling them, we realized that the 

printed versions weight 46.2% of the simulated mass. If we consider that the density of remains 

the same on the whole components, then the MoIs should also be 46.2% of their initial values.  

In chapter 4.2, the roles of the rotor and the stator will be exchanged. This means that 

we care mostly about the stator’s MoI. So, since we concluded that the final values of the 

masses are 46.2% of their initial values due to the infill of the 3D printer, we can also calculate 

the MoI of the moving magnets and add it to the total MoI of the moving component.  

𝐼𝑡𝑜𝑡 = 𝐼𝑠𝑡𝑎𝑡𝑜𝑟 + 𝐼𝑚𝑎𝑔𝑛𝑒𝑡𝑠 𝑎𝑛𝑑 𝑚𝑎𝑠𝑠𝑡𝑜𝑡 = 𝑚𝑎𝑠𝑠𝑠𝑡𝑎𝑡𝑜𝑟 + 𝑚𝑎𝑠𝑠𝑚𝑎𝑔𝑛𝑒𝑡𝑠   (25) 

𝐼𝑡𝑜𝑡 = 46.2% ∗ [
6.853
3.669
3.669

] +  [
8.028
4.050
4.050

] and 𝑚𝑎𝑠𝑠𝑡𝑜𝑡 = 46.2% 𝑚𝑎𝑠𝑠𝑟𝑜𝑡𝑜𝑟 + 𝑚𝑎𝑠𝑠𝑚𝑎𝑔𝑛𝑒𝑡𝑠 

So the final results for the MoI can be seen in table 5.  

 

Property Assembly’s Value 

Mass (Kg) 0.019 

Principal Moment (x) (Kg*mm2) 11.199 

Principal Moment (y) (Kg*mm2) 5.9322 

Principal Moment (z) (Kg*mm2) 5.9322 

 

Table 5 : The Moments of Inertia for the assembly of the rotor and the magnets. 

Since the NES will be rotating around the x axis, we only care about the MoIx = 11.199 kg*mm2 

= 11.199*10-6kg*m2. 
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4.2  Experimental Procedure 

4.2.1  Dynamic measurements 
After printing the components, the performance of the NES needed to be tested. First 

of all, it was easier to make sure that the stator moves and the rotor stays in place with some 

M4 bolds and washers. So, the two components exchanged functionalities. The following step 

was to perform a free vibration test. The stator’s magnets were brought as close as possible, 

not passing the 4mm threshold that was discussed previously, to the magnets of the rotor and 

let it go, counting the time and keeping track of the angle of the moving magnet. It should be 

noted that the video was taken at a framerate of 240 frames per second (FPS) so we could 

basically track 240 angle positions per second. The measurements were made using an Open-

Source software called Tracker and the interface of the software can be seen in Figure 24. For 

the tracking, we used the auto-tracking tool by selecting a specific surface that would be easy 

for the software to keep track of. In order to achieve that, we added a small piece of an orange 

paper that would break the contrast between the white color of the moving stator and the 

background.  

 

Figure 24 : The interface of the software “Tracker”. 
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Figure 25 : Measurements of θ (in degrees) from Tracker. 

The first few cycles were influenced by small impacts due to the intensity of the magnetic forces 

and the tolerances of the bearing.. So, all the calculations will take place from to = 0.35 seconds 

to tf = 2.8 seconds. 

Eq. 29, depicts the exponential decay. Through it we are trying to find a damping coefficient C 

(Ns/m) that would pass through all the local maximums from Figure 25 for the time spam 

between to and tf . 

𝐾(𝑡) =  𝜃(𝑡 = 𝑡𝑜) ∗ exp (−𝑐 ∗
𝑡 − 𝑡𝑜

2 ∗ 𝐼𝑥𝑥
)          𝑡 ∈ [𝑡𝑜, 𝑡𝑓]  (29) 

The Eq. 29’s exponent comes from the damping ratio 𝜁 = 𝑐/2𝐼𝑥𝑥. This equation gives us the 

logarithmic decrement of the measured θ from Tracker. 

We concluded that 𝑐 = 1 ∗ 10−5  
𝑁𝑠

𝑚
 is the best value that fits our experiment. This value is 

acceptable since this would mean that 𝜁 = 0.4504, that is an acceptable value since it’s 

between 0 and 1 and it is categorized as underdamped. If it was over 1, it would be categorized 

as overdamped and would not oscillate at all.  
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Figure 26 : MATLAB plot of the Tracker’s measurements and the 𝜃(𝑡 =  𝑡𝜊) ∗ 𝑒𝑥𝑝(−𝑐(𝑡 − 𝑡𝑜)/2𝐼𝑥𝑥) for different 

values for c. 

From Figure 26 we conclude that after 1.75 seconds, recorded data departs from the 

exponential decay which is characteristic of viscous damping. This means that the next 

simulation of models should take into account dry friction. 

4.2.2  Static Measurements 
Measuring the restoring torque for the NES was done using a vise to hold the NES’s 

rotor (which turned into the stator) and a hanging platform which was used to add different 

masses. Figure 27 shows the assembly. After making sure that the arm of the NES is as parallel 

as possible to the ground, we connected the hanging platform to it, at a distance of 0.035 m 

from the center of the stator. From the mass that was hanging we measured the restoring force 

using Eq. 30. The results can be seen in Figure 28 and table 6. Then, we extrapolated to 

negative angles by mirroring the restoring torque, thus making it symmetric (Appendix C.b) , in 

order to get a polynomial fitting (PF) in the form of Eq. 22, as seen in Figure 29 and Figure 30.  

𝑇(𝜃) = 𝑚 ∗ 𝑔 ∗ cos(𝜃) ∗ 0.035 (𝑁𝑚)  (30) 
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Figure 27 : Measuring the NES’s restoring torque using hanging weights. 

 

 

 

 

Figure 28 : Restoring Torque(θ) from the experiment and the simulation. 
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Θ ( deg ) 

Torque  

(Nm) 
Θ ( deg ) 

Torque  

(Nm) 

Θ ( deg 

) 

Torque  

(Nm) 

0 0 16 0.024513 26.5 0.080213 

1 0.002386 17 0.027497 27 0.086387 

4 0.005748 19 0.033296 27.5 0.093052 

6 0.009068 20 0.036106 28 0.107598 

10 0.012212 22 0.041533 29 0.118127 

12 0.015348 23 0.048649 30 0.137499 

13 0.018505 24 0.055604 30.5 0.162014 

14 0.021617 24.5 0.05976 32 0.203464 

 

Table 6 : Data calculated from the experiment. 

From Figure 28 we can conclude that the experimental restoring torque is very close to 

the simulated one. This means that the experimental procedure is valid and it can be used in 

the following experiments. 

 

Figure 29: Symmetric Torque around θ = 0 rad. 
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Figure 30 : Fitted restoring Torque from the experiment vs the raw restoring Torque from the experiment. Yellow 

dots represent the 3rd degree polynomial fitting, and the orange circles represent the 7th degree polynomial fitting. 

 

𝑇(𝜃) = 1.0682𝜃3 + 0.001𝜃  (31. 𝑎)    

𝑇(𝜃) = 14.904𝜃7 − 3.0257𝜃5 + 0.4762𝜃3 + 0.0633𝜃   (31. 𝑏) 

4.2.3  Simulating the dynamic system with the restoring torque from the static 
experiment 

Eq.  31.a gives us a 3rd degree polynomial fitting that is very close to the simulated data 

and has an R squared of  0.9563. Eq 31.b gives us a 7th degree polynomial fitting that even if 

it’s not in the same order as the simulated fitting, it has greater accuracy in representing the 

restoring torque of the static test with an R squared of 0.998. We will compare the two restoring 

torques in chapter 4.3. 

It should be noted that the experiment does not include the full potential of the NES 

since it did not reach amplitudes larger than ~30 degrees. After fitting the torque, we used 

MATLAB (Appendix C.a) to simulate a free vibration system comparing it with the 3rd degree 
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PF’s stiffness vs the theoretical (Simcenter Magnet’s) stiffness and the experimental data using 

the Eq. 32. 

𝐼𝑥𝑥 ∗ 𝜃̈ + 𝑐 ∗ 𝜃̇ + 𝛵(𝜃) = 0   (32) 

Where Ixx is the Moment of Inertia that was calculated previously, c = 1*10-5  Ns/m and 𝛵(𝜃) are 

SimCenter Magnet’s restoring torque and the experiment’s fitted torque.  

 

Figure 31 : Theoretical vs Experimental vs Fitted θ. 

Figure 31 represents the θ - t plot of the Simulated stiffness of the restoring torque 

(labeled as “Theoretical”), the Eq. 31.a (labeled as “fitted”) and the measured θ from Tracker. 

We concluded that the static restoring torque is valid even for the dynamic system. However, 

for low amplitudes, it can be observed that the friction between the rotor and the stator is not 

negligible, so it needs to be taken into consideration. The Translational Friction block 

represents friction in contact between moving bodies. The friction force is simulated as a 

function of relative velocity and is assumed to be the sum of Stribeck, Coulomb, and viscous 

components. The exponential function used in the Stribeck portion of the force equation is 

continuous and decays at velocity magnitudes greater than the breakaway friction velocity. By 

taking into consideration the dry friction by using MATLAB’s Translation Friction equations ( 

https://www.mathworks.com/help/simscape/ref/translationalfriction.html ), implementing it into 

the equations of the system as seen in Appendix C.d, we can see the results in Figure 32. We 

https://www.mathworks.com/help/simscape/ref/translationalfriction.html
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use rad/s as the Y-axis instead of θ (rads) since the translational friction is relative to velocity 

and not θ, as seen in Eq. 33. 

F =  √2𝑒 (𝐹𝑏𝑟𝑘 − 𝐹𝑐)𝑒
−(

𝑣

𝑣𝑠𝑡
)

2

𝑣

𝑣𝑠𝑡
+ 𝐹𝑐 tanh (

𝑣

𝑣𝐶𝑜𝑢𝑙
) + 𝑓𝑣                 (33)

 

Figure 32 : A plot of the free vibration system vs the 3rd degree fitting from the static experiment and the theoretical 
fitting from the Simcenter Magnet’s simulation of the restoring torque. 
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 Taking into consideration the dry friction of the NES, we conclude that the free vibrating 

system’s (FVS) plot is much more reliable than the one from Figure 31. For MATLAB’s 

translation friction equations, we used the values from table 7. As a conclusion, the 3rd degree 

restoring torque’s values from the static experiment are valid and should be taken into 

consideration.  

Variable Value 

Coulomb Friction (Fc) 9N 

Breakaway Friction (Fbrk) 14N 

Breakaway Velocity threshold (vbrk) 15 rad/s 

Coulomb Velocity threshold (vc) vbrk / 10 

Stribeck Velocity threshold (vst) 1.414vbrk 

Table 7 : Variables for MATLAB’s Translation Friction equations. 

 

4.3  Comparing the 3rd degree polynomial fitting with the 7th degree 

polynomial fitting. 

 Since the 7th degree fitting for the restoring torque, that was measured in the static 

experiment, seems to fit the restoring torque more accurately than the 3rd degree PF does, we 

wanted to compare the FVS from Eq. 32, that has Eq. 31.b and Eq. 31.a as the restoring 

torques.  
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Figure 33 : Plot of the experiment’s 𝜃̇– t and the two fitted restoring torques. 

From Figure 33 we conclude that the 3rd degree fitting of the restoring torque can be trusted for 

torsional vibrations with amplitude of the angular velocity of at least 18 rads/sec. 

5.  Conclusion  

The conclusion of this thesis is that the Nonlinear Energy Sink that was developed, is a 

powerful tool to absorb unwanted energy from a vibrating system and came really close to the 

simulated NES. First of all, chapter 3.1 showed that the effects that two magnets have when 

they are opposing each other and are really close needs extremely precise measuring tools in 

order to measure the interacting force between them. Thus, for measurements of less than 4 

mm, we could not measure the exact interaction between the two magnets. Through the 

simulations that were done in chapter 3.2, we came to the conclusion that for R=30mm, θ = 

120 degrees, we have the least linear and highest nonlinear component of the restoring torque 

as well as the most reliable fitting from MATLAB’s curve fitter. 

Chapter 4.1 showed us that the manufactured NES’s characteristics, like the moment 

of inertia or the linear and nonlinear component of the restoring torque differ from the simulated 
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version of them, perhaps because of unknown variables that were not taken into consideration 

when the simulations were made. Even though the FVS from Eq. 32, with a restoring torque 

that’s fitted with a 3rd degree order, could not be trusted for vibrations with an amplitude of 

angular velocity less than 18 rad/sec, the 7th degree fitting could be trusted. Also, we came to 

the realization that dry friction is extremely important for angular velocities that are less than 20 

rad/s since the friction that is applied to the NES cannot be ignored. But after taking that friction 

into account, the simulations came really close to the measured values for 𝜃 and 𝜃̇. The thesis 

was a success since the 3D printed NES’s dynamic properties validate the theoretical 

predictions. The restoring torque for each fitting as well as the simulated one, can be seen 

bellow. 

𝑇(𝜃) = 1.0682𝜃3 + 0.001𝜃 , 3𝑟𝑑 𝑑𝑒𝑔𝑟𝑒𝑒 𝑓𝑖𝑡𝑡𝑖𝑛𝑔   

𝑇(𝜃) = 14.904𝜃7 − 3.0257𝜃5 + 0.4762𝜃3 + 0.0633𝜃 , 7𝑡ℎ 𝑑𝑒𝑔𝑟𝑒𝑒 𝑓𝑖𝑡𝑡𝑖𝑛𝑔 

𝑇(𝜃) =  1.2701𝜃3 + 0.001𝜃 , 𝑆𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 𝑅𝑒𝑠𝑡𝑜𝑟𝑖𝑛𝑔 𝑡𝑜𝑟𝑞𝑢𝑒   

 

 

6.  Future Work 

A good idea for future work is to simulate the interaction between the stator and the 

rotor by taking into account as many variables as possible. For example, by adding to the 

simulation the linear bearing that was used to allow the rotor to rotate along the stator, or the 

friction that there was between the bearing and the components of the NES, the simulations 

could be more accurate and represent better the real-life scenario. Also, future research should 

try to use the full potential of the NES by bringing the stator’s and rotor’s magnets as close as 

possible to each other for the dynamic experiment, taking advantage of the whole restoring 

torque pf the NES. Another good idea would be to use high speed cameras that automatically 

track the angle and the angular speed at which the rotor of the NES rotates and export this 

data automatically to an Excel sheet. Also, more tests can be done with the developed NES in 

a more realistic scenario to evaluate the attenuation performance of the contactless NES. 
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Appendix A – Arduino Script 

1. Arduino’s script for measuring the force applied to the lower magnet by the moving 

magnet in chapter 3.1.2 . 

2. #include "HX711.h"  // We are using this library in order to set up the Load Cell and 

function it as a scale. 

3. #define DT_PIN 3  // HX711 data pin  

4. #define SCK_PIN 2 // HX711 clock pin // The Load Cell, apart from the power in and 

ground pins, it also has two pins to read the data. 

5. HX711 scale; // We use this to define the Load Cell as a scale. 

6. void setup() { 

7. Serial.begin(9600); 

8. scale.begin(DT_PIN, SCK_PIN); 

9. // Calibrate the scale with a known weight before using 

10. scale.set_scale(430.f); // Adjusting this number in order to get accurate readings from 

the Load Cell. 

11. scale.tare(); // Reset scale to zero 

12. } 

13. void loop() { 

14. float measured_mass_g = scale.get_units(); // Mass in grams 

15. float measured_mass_kg = measured_mass_g / 1000.0; // Convert to kg 

16. float force_N = measured_mass_kg * 9.81; // Convert to Newtons 

17. Serial.println(force_N); // Displaying the results on the command prompt. 

18. delay(100); // waiting for 0.1 seconds. 

19. } 
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Appendix B – CAD 

CAD Drawings of the two components that make up the NES. 

Stator 

 

Rotor  
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Appendix C – MATLAB 

a) Script for comparing the θ-t plots 

1. clc 

2. clear %Clearing the environment and all the variables 

3. load("ThetaTime.mat") %Loading Tracker’s θ and time. 

4. theta_0 = theta(5); %Starting from the 5th value of Tracker’s θ which is the first peak 

that we care about 

5. time_0 = time(5); 

6. time_f = time(end); 

7. theta_dot_0 = 0; 

8. k_l_exp = 0.001; 

9. k_nl_exp = 1.0682; 

10. k_l_theoretical = 0.001; 

11. k_nl_theoretical = 1.2701;  

12. Ix = 11.599*10^(-6); 

13. c = 0.000015; %Declaring all the essential variables 

14. t_span = [time_0,time_f]; 

15. InitialCond = [theta_0,theta_dot_0]; 

16. [t_1,theta_1] = ode45(@(t,theta_1) 

theta_system(t,theta_1,Ix,c,k_l_theoretical,k_nl_theoretical),t_span,InitialCond); 

17. [t_2,theta_2] = ode45(@(t,theta_2) 

theta_system(t,theta_2,Ix,c,k_l_exp,k_nl_exp),t_span,InitialCond); %Solving the Eq.32 

18. figure; %plotting the results 

19. hold on; 

20. plot(t_1, theta_1(:,1),'green','LineWidth', 2); 

21. plot(time(4:end),theta(4:end),'red') 

22. plot(t_2,theta_2(:,1),'black','LineWidth',2) 

23. xlabel('Time (s)'); 

24. ylabel('\theta (rad)'); 

25. legend 'Theoretical' 'experimental' 'fitted' 

26. grid on; 

27. hold off 

28. function dthdt = theta_system(t,theta,Ix,c,k_l,k_nl) 

29. Fc=9; 

30. Fbrk=Fc+5; 

31. vbrk=15; 

32. vst=sqrt(2)*vbrk; 

33. vC=vbrk/10; 

34. dthdt = zeros(2,1); 

35. dthdt(1) = theta(2); 

36. %dthdt(2) = -27*tanh(theta(2)/3) -(c/Ix)*theta(2) - (k_l/Ix)*theta(1) - (k_nl/Ix)*theta(1)^5; 
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37. dthdt(2) = -sqrt(2*exp(1))*(Fbrk-Fc)*exp(-(theta(2)/(vst))^2)*(theta(2)/vst)-

Fc*tanh(theta(2)/vC)-(c/Ix)*theta(2) -(k_nl*theta(1)^3 + k_l*theta(1))/Ix; 

38. end 

 

b) Script for making the data symmetrical and for comparing it with the fitted 

version of it 

1. theta = Data.x_Normal';  % Importing the data from Microsoft Excel. 

2. Torque = Data.Nm'; 

3. theta_sym = deg2rad([-fliplr(theta(theta > 0)) theta]); 

4. Torque_sym =  [-fliplr(Torque(Torque > 0)) Torque]; %Making the θ and torque 

symmetrical. 

5. %Fitting of the sim data. 

6. for i = 1:length(theta_sym) 

7. torque_fitted(i) = 1.0682*theta_sym(i)^3 + 0.001*theta_sym(i); % making a vector that 

contains the fitted data . 

8. end 

9. figure; %Plotting the results in order to compare them. 

10. hold on 

11. title("Torque from experiment vs Torque fitted") 

12. plot(theta_sym,Torque_sym) 

13. plot(theta_sym,torque_fitted,'o') 

14. xlabel("θ (rad)") 

15. ylabel("Torque (Nm)") 

16. legend 'Torque Experiment' 'Torque Fitted' 

17. grid on; 

 

c) Script to post process and fit the Simcenter Magnet’s data. 

1. clc 

2. clear %Cleaning the environment of MATLAB and the previous variables 

3. R_theta_Torque = readtable(‘R_theta_Torque.xlsx’) %Reading data from the excel 

4. %Couling the Torque and the theta for each simulation. 

5. R30_Theta90 = [R_Theta_Torque.Theta,R_Theta_Torque.Torque_NM_]; 

6. R30_Theta90 = R30_Theta90(~any(isnan(R30_Theta90), 2), :) %Remove rows with 

NaN 

7. R30_Theta120 = [R_Theta_Torque.Theta1,R_Theta_Torque.Torque_NM_1]; 

8. R30_Theta120 = R30_Theta120(~any(isnan(R30_Theta120), 2), :) 

9. R45_Theta90 = [R_Theta_Torque.Theta2,R_Theta_Torque.Torque_NM_2]; 

10. R45_Theta90 = R45_Theta90(~any(isnan(R45_Theta90), 2), :) 

11. R45_Theta120 = [R_Theta_Torque.Theta3,R_Theta_Torque.Torque_NM_3]; 

12. R45_Theta120 = R45_Theta120(~any(isnan(R45_Theta120), 2), :) 

13. R60_Theta90 = [R_Theta_Torque.Theta4,R_Theta_Torque.Torque_NM_4]; 

14. R60_Theta90 = R60_Theta90(~any(isnan(R60_Theta90), 2), :) 
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15. R60_Theta120 = [R_Theta_Torque.Theta5,R_Theta_Torque.Torque_NM_5]; 

16. R60_Theta120 = R60_Theta120(~any(isnan(R60_Theta120), 2), :) 

17. save('R_ThetaVsTorqueRes','-mat') %Saving the data to not lose it. 

18. %Splitting the data into x and y components ( theta and torque ) to be able to use the 

fitting tool provided by MATLAB and converting degrees to rads.  

19. R30Th90X = deg2rad(R30_Theta90(:,1) - (max(R30_Theta90(:,1)) + 

min(R30_Theta90(:,1)))/2) ; 

20. R30Th90Y = R30_Theta90(:,2); 

21. R30Th120X = deg2rad(R30_Theta120(:,1)  - (max(R30_Theta120(:,1)) + 

min(R30_Theta120(:,1)))/2); 

22. R30Th120Y = R30_Theta120(:,2)  ; 

23. R45Th90X = deg2rad(R45_Theta90(:,1) - (max(R45_Theta90(:,1)) + 

min(R45_Theta90(:,1)))/2); 

24. R45Th90Y = R45_Theta90(:,2); 

25. R45Th120X = deg2rad(R45_Theta120(:,1) - (max(R45_Theta120(:,1)) + 

min(R45_Theta120(:,1)))/2); 

26. R45Th120Y = R45_Theta120(:,2); 

27. R60Th90X = deg2rad(R60_Theta90(:,1) - (max(R60_Theta90(:,1)) + 

min(R60_Theta90(:,1)))/2); 

28. R60Th90Y = R60_Theta90(:,2); 

29. R60Th120X = deg2rad(R60_Theta120(:,1)- (max(R60_Theta120(:,1)) + 

min(R60_Theta120(:,1)))/2); 

30. R60Th120Y = R60_Theta120(:,2); 

31. %The results of the fitting for T(θ) = Alpha θ3 + Beta θ 

32. Alpha = [-0.518 , -0.4339 , -0.9954 , -0.2741 , -0.6493 , -0.1486]; 

33. Beta = [-0.0342 , -0.001 , -0.0001 , -0.001, -0.001, -0.001]; 

34. disp('R30 Th 90') 

35. a = Alpha(1); 

36. b = Beta(1); 

37. x = R30Th90X; 

38. F_aMax = a * max(x.^3) 

39. F_bMax = b * max(x) 

40. figure; 

41. subplot(2,1,1) 

42. title('R30 Th 90') 

43. hold on 

44. plot(x,a*(x.^3),'*') 

45. plot(x,b*x, '*') 

46. plot(x,(a*(x.^3) + b*x)) 

47. legend 'ax^3' 'bx' 'R30Th90'  

48. grid on; 

49. hold off 

50. subplot(2,1,2) 

51. hold on 

52. plot(x,(a*(x.^3) + b*x)/max(a*(x.^3) + b*x)) 

53. legend 'Normalized Torque'  
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54. grid on; 

55. disp('R30 Th 120') 

56. a = Alpha(2); 

57. b = Beta(2); 

58. x = R30Th120X; 

59. F_aMax = a * max(x.^3) 

60. F_bMax = b * max(x) 

61. figure; 

62. subplot(2,1,1) 

63. title('R30 Th 120') 

64. hold on 

65. plot(x,a*(x.^3),'*') 

66. plot(x,b*(x), '*') 

67. plot(x,(a*(x.^3) + b*x)) 

68. legend 'ax^3' 'bx' 'Torque'  

69. grid on; 

70. hold off 

71. subplot(2,1,2) 

72. plot(x,(a*(x.^3) + b*x)/max(a*(x.^3) + b*x)) 

73. legend 'Normalized Torque'  

74. grid on; 

75. disp('R45 Th 90') 

76. a = Alpha(3); 

77. b = Beta(3); 

78. x = R45Th90X; 

79. F_aMax = a * max(x.^3) 

80. F_bMax = b * max(x) 

81. figure; 

82. subplot(2,1,1) 

83. title('R45 Th 90') 

84. hold on 

85. plot(x,a*(x.^3),'*') 

86. plot(x,b*(x), '*') 

87. plot(x,(a*(x.^3) + b*x)) 

88. legend 'ax^3' 'bx' 'Torque'  

89. grid on; 

90. hold off 

91. subplot(2,1,2) 

92. hold on 

93. plot(x,(a*(x.^3) + b*x)/max(a*(x.^3) + b*x)) 

94. legend 'Normalized Torque'  

95. grid on; 

96. disp('R45 Th 120') 

97. a = Alpha(4); 

98. b = Beta(4); 

99. x = R45Th120X; 
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100. F_aMax = a * max(x.^3) 

101. F_bMax = b * max(x) 

102. figure; 

103. subplot(2,1,1) 

104. title('R45 Th 120') 

105. hold on 

106. plot(x,a*(x.^3),'*') 

107. plot(x,b*(x), '*') 

108. plot(x,(a*(x.^3) + b*x)) 

109. legend 'ax^3' 'bx' 'Torque'  

110. grid on; 

111. hold off 

112. subplot(2,1,2) 

113. plot(x,(a*(x.^3) + b*x)/max(a*(x.^3) + b*x)) 

114. legend 'Normalized Torque'  

115. grid on; 

116. disp('R60 Th 90') 

117. a = Alpha(5); 

118. b = Beta(5); 

119. x = R60Th90X; 

120. F_aMax = a * max(x.^3) 

121. F_bMax = b * max(x) 

122. figure; 

123. subplot(2,1,1) 

124. title('R60 Th 90') 

125. hold on 

126. plot(x,a*(x.^3),'*') 

127. plot(x,b*(x), '*') 

128. plot(x,(a*(x.^3) + b*x)) 

129. legend 'ax^3' 'bx' 'Torque'  

130. grid on; 

131. hold off 

132. subplot(2,1,2) 

133. plot(x,(a*(x.^3) + b*x)/max(a*(x.^3) + b*x)) 

134. legend 'Normalized Torque'  

135. grid on; 

136. disp('R60 Th 120') 

137. a = Alpha(6); 

138. b = Beta(6); 

139. x = R60Th120X; 

140. F_aMax = a * max(x.^3) 

141. F_bMax = b * max(x) 

142. figure; 

143. subplot(2,1,1) 

144. title('R60 Th 120') 

145. hold on 
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146. plot(x,a*(x.^3),'*') 

147. plot(x,b*(x) , '*') 

148. plot(x,(a*(x.^3) + b*x)) 

149. legend 'ax^3' 'bx' 'Torque'  

150. grid on; 

151. hold off 

152. subplot(2,1,2) 

153. plot(x,(a*(x.^3) + b*x)/max(a*(x.^3) + b*x)) 

154. legend 'Normalized Torque'  

155. grid on; 

d) Script for comparing the 7th and 3rd degree fitting to the FVS. 

1. clc 

2. clear 

3. load("dThetaTime.mat") 
4.  

5. theta_0 = 0; 

6. time_0 = time2(104); 

7. time_f = time2(end); 

8. theta_dot_0 = dtheta2(104); 

9. k_l_exp = 0.001; 

10. k_nl_exp = 1.0682; 

11. k_l_simulated = 0.001; 

12. k_nl_simulated = 1.2701; 
13.  
14.  

15. Ix = 11.599*10^(-6); 

16. c = 0.00001; 

17. t_span = [time_0:0.002:time_f]; 

18. InitialCond = [theta_0,theta_dot_0]; 

19. k7_7 = 14.904; 

20. k7_5 = -3.0257; 

21. k7_3 = 0.4762; 

22. k7_1 = 0.0633; 
23.  

24. [t_1,theta_1] = ode45(@(t1,theta_1) 

theta_system7(t1,theta_1,Ix,c,k7_1,k7_3,k7_5,k7_7),t_span,InitialCond); 

25. [t_2,theta_2] = ode45(@(t2,theta_2) 

theta_system(t2,theta_2,Ix,c,k_l_exp,k_nl_exp),t_span,InitialCond); 
26.  

27. figure; 

28. hold on; 

29. plot(t_1, theta_1(:,2),'o'); 

30. plot(time2(104:end),dtheta2(104:end),'red') 

31. plot(t_2,theta_2(:,2),'+') 

32. xlabel('Time (s)'); 

33. ylabel('$\dot{\theta}$ (rad/s)','Interpreter', 'latex'); 

34. legend '7th-Degree-Fitting' 'experimental' '3rd-Degree-Fitting' 

35. grid on; 
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36. hold off; 
37. function dthdt = theta_system7(t,theta,Ix,c,k_1,k_3,k_5,k_7) 
38.      
39.     Fc=12; 
40.     Fbrk=Fc+5; 
41.     vbrk=15; 
42.     vst=sqrt(2)*vbrk; 
43.     vC=vbrk/10; 
44.     dthdt = zeros(2,1); 
45.     dthdt(1) = theta(2); 
46.     %dthdt(2) = -27*tanh(theta(2)/3) -(c/Ix)*theta(2) - (k_l/Ix)*theta(1) - 

(k_nl/Ix)*theta(1)^5; 
47.     dthdt(2) = -sqrt(2*exp(1))*(Fbrk-Fc)*exp(-

(theta(2)/(vst))^2)*(theta(2)/vst)-Fc*tanh(theta(2)/vC)-(c/Ix)*theta(2) -
(k_7*theta(1)^7 - k_5*theta(1)^5  + k_3*theta(1)^3 + k_1*theta(1))/Ix; 

48. end 
49. function dthdt = theta_system(t,theta,Ix,c,k_l,k_nl) 
50.      
51.     Fc=9; 
52.     Fbrk=Fc+5; 
53.     vbrk=15; 
54.     vst=sqrt(2)*vbrk; 
55.     vC=vbrk/10; 
56.     dthdt = zeros(2,1); 
57.     dthdt(1) = theta(2); 
58.     %dthdt(2) = -27*tanh(theta(2)/3) -(c/Ix)*theta(2) - (k_l/Ix)*theta(1) - 

(k_nl/Ix)*theta(1)^5; 
59.     dthdt(2) = -sqrt(2*exp(1))*(Fbrk-Fc)*exp(-

(theta(2)/(vst))^2)*(theta(2)/vst)-Fc*tanh(theta(2)/vC)-(c/Ix)*theta(2) -
(k_nl*theta(1)^3 + k_l*theta(1))/Ix; 

60. end 

 

 

 

 

 

 

 

 


