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Abstract: We demonstrate the epidemics transport effect in closed spaces, performing different numer-
ical experiments via development of a coupled, macroscopic partial differential equation (PDE) model
of crowd flow, epidemics spreading dynamics, and ventilation air flow dynamics. We present numerical
approximations for the coupled model with which we perform different numerical tests. In particular, we
study the effect of different ventilation rates in epidemics transport (in time and space), also quantifying
the infection risk via computing the total number of exposed individuals (in time and space), predicted by
the model. We then discuss how the model used and the numerical results obtained could be utilized, in
certain scenarios, for design of epidemics transport control strategies via manipulation of the ventilation

air-flow field.
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1. INTRODUCTION

The ramifications of epidemics spreading in economy Ander-
son et al. (2020) and physical/mental health Delmastro and Za-
mariola (2020), highlighted the need of accurate prediction of
epidemics spreading. One way towards this is through modeling
the dynamics of epidemics spreading. Due to the complexity
of detailed description of epidemics spreading when account-
ing for individual-to-individual interactions, particularly when
considering large spaces, or a high number of individuals, see,
for example, Willem et al. (2017), macroscopic models may be
utilized to describe epidemics spreading dynamics, see, for ex-
ample, Vynnycky and White (2010). Even though such models
capture epidemics spreading dynamics on a macroscopic scale,
they may not capture the transporting behavior of epidemics,
which is, in fact, the main, macroscopic phenomenon in epi-
demics spreading dynamics, emerging from people transport.
Furthermore, one potential way of control of epidemics spread-
ing in closed spaces is via manipulation of the ventilation rate,
see, e.g., Hosseinloo et al. (2023), potentially accounting for the
density (and speed) dynamics of people in time and space. For
these two reasons, in the present paper, we perform numerical
tests to study the epidemics transport dynamics, under the effect
of various ventilation rates, utilizing a PDE model that accounts
for crowd flow and epidemics spreading dynamics, as well as
for the effect of ventilation rate.

In particular, we present a novel approach in which we utilize a
PDE model consisting of three components; a component that
describes crowd flow dynamics in a 2-D space, a component
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that describes epidemics spreading, essentially, being a macro-
scopic version of a (susceptible-exposed-infected-susceptible)
SEIS-type model, and a component that describes the effect
of aerosol dynamics to spreading, in particular, describing the
effect of ventilation rate. The model we present here can be
viewed as a modified version of the model considered in Salam
et al. (2023), in that we use a relatively less complex crowd
flow model (modified from Kachroo et al. (2008) to incor-
porate computation of the desired direction vector) and use
potential theory to compute the ventilation induced air-flow
field. Besides the model in Salam et al. (2023), papers Salam
et al. (2021), Kim and Quaini (2020) also present relevant PDE
models, consisting of a crowd flow dynamics component and an
epidemics spreading component. Perhaps the main difference of
the models in Salam et al. (2023), Kim and Quaini (2020) and in
Salam et al. (2021) can be viewed as lying in that Salam et al.
(2021), Kim and Quaini (2020) describe the effect of people
movements/interactions to epidemics spreading in a more direct
relation to microscopic considerations, essentially translating,
in the macroscopic level, the effect of duration and distance of
people contacts to epidemics spreading; whereas Salam et al.
(2023) may be viewed as a higher level, macroscopic model,
describing the effect of people density and ventilation rate to
epidemics spreading. In fact, models Salam et al. (2021); Kim
and Quaini (2020) can be useful more for design of epidemics
spreading control strategies via manipulation of people trajec-
tories, rather than via manipulation of the ventilation rate. Our
work can be also viewed as relevant to papers that consider
macroscopic models of coupled people/traffic flow and epi-
demics spreading dynamics, such as, e.g., Haghani (2022); Sat-
tenspiel and Dietz (1995); Arino and Van den Driessche (2003);
Tizzoni et al. (2014); Bertaglia and Pareschi (2021); Guan et al.
(2020); Niazi et al. (2021). Although these works are relevant,
they describe the coupled people flow - epidemics spreading
process on a higher, macroscopic level (e.g., on the level of



a country or a city), not considering the crowd movements in
closed spaces, as we do here.

In the present paper, we perform numerical tests employing
the proposed PDE model. In particular, we employ an accurate
finite-volume-based numerical scheme to simultaneously solve
on a 2-D domain the three components of the model, namely,
the crowd flow, epidemics spreading, and aerosol dynamics
models; while employing a finite-difference scheme for numer-
ically solving a 2-D Laplace equation to obtain a simplified
velocity field, corresponding to the operation of the ventilation
system. Implementing these numerical schemes, we perform
two main types of tests. In the first, we assume static conditions
for the crowd and investigate epidemics spreading in space and
time (within a closed space), for different ventilation rates. In
the second, we account for people movements and potential
exits, together with accounting for variable ventilation rates.
We show that, as ventilation rate increases, the average density
of exposed individuals, as predicted by the model, increases
at a lower rate, also depending on the particular, ventilation-
induced, air-flow field. In fact, our testings demonstrate epi-
demics transport dynamics in time and space, in the presence of
ventilation. Thus, essentially, our results illustrate the possibil-
ity to utilize the density (and speed) profile in time/space in real
time (i.e., to not only employing an average, total number of
people), to manipulate ventilation air-flow field in closed spaces
towards balancing epidemics spreading suppression and energy
consumption.

2. COUPLED MODELING EQUATIONS
2.1 Crowd Flow Modeling

The model presented here is classified as nonlinear, hyperbolic
PDE system (with source terms present). Second-order models
in 2D use three, coupled PDEs to describe crowd flow; the mass
conservation and two equations that resemble the momentum
equations in fluid flow with a modification to the pressure term
to mimic crowd motion. In essence, we consider pedestrians
as a ’thinking fluid”. The model considered here is known
for its isotropic nature, which is realistic assuming pedestrian
motion is influenced from all directions. This model stems
from the well-known Payne-Whitham (PW) traffic flow model
Lighthill and Whitham (1955); Payne (1971), adapted to crowd
flow dynamics Kachroo et al. (2008). We present the model in
conservation law form, which eases the application of proper
numerical methods (e.g., finite volume ones). In general, we
consider a two-dimensional connected domain Q ¢ R? corre-
sponding to some walking facility possibly equipped with some
entrances or exits. The boundary of the domain 0Q =Ty UT,,
consists of outflow boundaries denoted by I'y and walls I,

By denoting as x = (x,y) € Q the spatial variables and ¢ > 0
the time, we define as p(x, y, f) the pedestrian density, that has to
stay non-negative and bounded, i.e., 0 < p(X, f) < Pmax, While as
u(x, t) and v(x, t) we define the x—component and y—component
of the velocity vector v, respectively. The model equations, and
their initial conditions', can be written as (we refer, e.g., in
Salam et al. (2023, 2021); Twarogowska et al. (2014))

! Because boundary conditions vary, depending on the numerical test we
implement, we present them in Sections III and IV. We note here that, well-
posesness study of the complete model is beyond the scope of this work.
Nevertheless, well-posesness can, in principle, be studied for certain initial and
boundary conditions using, e.g., Bressan et al. (2011); Brezis (2011).

o+ V- (ov) = 0, (1
1

(V) + V- (v ®V+P() = —p(Vpu-v).  (2)

p(x,0) = po(X), 3)

v(x, 0) = Vo(x), )

where P(p) is an internal pressure function. In the momentum
equations (2) the relaxation source term drives v towards the
desired speed V(p)u, where V(p) is an equilibrium speed-
density relation, u is the desired direction vector, and 7 is a
relaxation time.

For the speed-density relation we implement the relation

V() = tmaxe
where @ > 0 is a constant, up, is the free-flow velocity,
and V(omax) = 0, with pp.x being the congestion density at
which the motion is hardly possible. We note here that other
equilibrium speed-density relations can also be implemented.
For the pressure function we choose P(p) = pC2, with Cg being
a constant representing an anticipation factor.

—UZ(P/Pmax)Z, (5)

For the desired direction of motion y, and under the typi-
cal assumptions that pedestrians route choice is based on the
shortest path to a destination and avoidance of high density
regions, Hughes (2002); Twarogowska et al. (2014), we define
a potential field @ that describes the instantaneous travel cost to

a destination with
A0))
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The potential ® : QO — R is defined by the eikonal equation

V|| = t>0,xin Q, @)

1
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This choice for g implies that pedestrians have a knowledge
of the density distribution in the whole domain at each time
instant, and use this to estimate their travel time. Such a reaction
might be triggered, for example, by a global view on the
pedestrian crowd or by information supplied in real time by an
agent dictating people trajectories.

Equations (1), (2) can be written in vector conservative form as

Q: + F(Q): + G(Q), = S(Q), )
where Q = (p, pu, pv)T and the fluxes and sources given as
pu pv
FQ) =|p +pC |.GQ =| pwv |,
puv v+ pCé
O
o[-0~
S= IIVCDII . (10)
ol
IIVCDII
The eigenvalues of the Jacobian matrices A(Q) = % and
B(Q) = —g are, respectively,
M =u—Co, A5 =u, 2 =u+Cy, (11)
and
B=v-Cy, B=v, 2B=v+0, 12)



with their corresponding eigenvectors being linearly indepen-
dent (i.e., the model is strictly hyperbolic) given as

ey =, uxCo, v)', e =(0, 0, 1), (13)
and

efy=(, u, v=Cy'ef =(0, 1, 0. (14)

System (9) preserves its isotropic nature, meaning that informa-
tion from all directions affect pedestrians’ motion. We provide
here the eigenstructure of the system as it is employed in our
numerical scheme in Section III.

2.2 Epidemic Spreading Model

The model utilized here is from Salam et al. (2023) and is based
on a macroscopic version of a SEIS model where each type of
pedestrian (SEI) moves with the crowd speed v, resulting from
the total crowd flow model (9). The density of each type of
pedestrian satisfies then the following

p; +V-(*v)=ko' - Bip®, (15)
pr + V- (" v)=Bip® - 6p", (16)
P+ V- (') =6p" — ko', (17)

where p°, pF, and p’ are densities of the susceptible, exposed,
and infected pedestrians, respectively, satisfying p = p5 + pf +
p!. The model equations are supplied with relevant initial con-
ditions p§, p§ and p{, similarly to equations (1)—(4), satisfying
po = pg + pOE + pg . Further, B; is the infection rate, « is the
recovery rate, and 6 is the rate with which exposed persons
are becoming infected. Pedestrians are potentially becoming
exposed, when they are in contact with infected pedestrians.
However, on the time scales under consideration, « and 6 are
very small and set to zero in our numerical simulations, such
that the number of infected pedestrians remains constant when
there is no inflow of infected pedestrians.

We compute S;(X, 1) = ipB(X, t), where B(x, ¢) is the solution to
the following drift-reaction-diffusion PDE in 2D, from Salam
et al. (2023),
1
,3r+V-(,3UG)=V‘(0V,3)—V,3+%, (18)
where S(x,0) = 0, Ug is a given velocity field of the surround-
ing air-flow in the domain, and o is effective turbulent viscosity
for the aerosols. The term —vB models the fact that aerosol
particles are settling due to the gravitational force Salam et al.
(2023); Zhao et al. (2004). In this work we assume that o is
a constant equal to 1.2 - 1073 Zhao et al. (2004); Salam et al.
(2023, 2021) and we get the velocity field of the surrounding
air-flow using potential flow theory which will be described
next. Parameter iy is determined by the infectivity (e.g., depend-
ing on biological/environmental factors or the types of closed
spaces and ventilation systems considered) and is of O(1072)
Salam et al. (2023, 2021).

In order to produce a steady velocity field Ug of the surround-
ing air-flow in the computational region Q for model (18), it
is assumed that the air flow is inviscid, incompressible, and
irrotational Kaushik (2019). Thus, the produced steady flow is
governed by Laplace’s equation as

AY =0, (19)

where W(x) is the so-called velocity potential function. By
implementing Neumann boundary conditions and imposing

conditions on the derivative of the potential with respect to the
normal direction, we introduce air-flows for inflow and outflow
boundaries imitating in such a way the inflows from ventilation
ducts and outflows from exhaust ducts. We then compute the
velocity field Ug as

Ug = VY. (20)
3. NUMERICAL METHODS FOR THE MODEL

The main numerical approaches adopted here are based on
the implementation of well-known conservative finite volume
schemes to discretize model equations (9) for the crowd flow,
equations (15)—(17) for the contagion model, and the advection
part in equation (18) for the infection rate. Here we only give
a brief presentation of them and we refer, for example, to the
works in Leveque (2002) for more details in hyperbolic PDEs
and their numerical solution, and in Kachroo et al. (2008) for
crowd flow models in particular. To this end, the solution space
(x,y,t) is split up into a uniform computational grid, where
the grid spaces in the x and y directions are given by Ax and
Ay, respectively, and in time direction by At. The positions
of the ith and jth nodes in the x and y directions, and nth
node in time direction (x;,y;,#"), are given by (iAx, jAy, nAr)
with the solution vector denoted as Ql’.fj at the center of the
computational cell [x,-_l/ij, x,-+1/2,j] X [y,',j_l/g, yi,j+l/2]- By doing
so, the numerical schemes for 2D space can be written in a
general finite volume form as

At
n+l _ n n n
Qi,j - Qi,j - A_x [Fi+1/2,j - Fi—1/2,j]

At
Ay |Gl 1o = Gljio| + A, (21)
where F?. | ey, and G:’j 41/ are the numerical fluxes at the x and

y (cell-boundary) directions, respectively.

For model equations (9) we implement the well-known ap-
proximate Riemann solver of Roe, Leveque (2002), to compute
the numerical fluxes and we briefly describe it here. The idea
behind Roe’s scheme is to take a non-linear PDE system in
quasi-linear form and linearize it locally by approximating the
Jacobian matrices using the so-called Roe averages. Thus, for
example, the numerical flux at the (i + 1/2, j) interface of the
ith computational cell is defined as

1
Fin = 3 [F(Qi+1,j) + F(Qi,j)]

1. - ~
- §R|A|R_l [Qir1,; —Qijl, (22)

using the fact that |A(Q) = RIA|R™!, where R is the (average)
eigenvectors’ matrix and A is the diagonal matrix of the eigen-
values. For the crowd flow model, defining as R = (i + 1, )
and L = (i, j) the states on the right and left at the boundary
intefrace, these averages are

5= PR P ﬁ_ML\/p_L"‘MR\/p_RT}_ 23)
R L \/p—R+\/p—L 5 \/[)_R'F\/'D_L 5

which are used to compute R and A, according to (11)—(14).

The same procedure is performed for G;fj 11 along y direction.

This scheme is stable under the usual Courant-Friedrichs-Lewy
(CFL) stability condition Leveque (2002, 2007).

v VPL + VR \PR

For the boundary conditions, we implement the following, at
a layer of grid points (ghost cells) around the computational
domain.



e Free-slip at walls: p, = p;, Vo = v; — 2(v; - n)n, with i
being the neighbor point inside the domain and n the unit
normal vector at a boundary cell.

e Outflow (at exits): p; = i, Vg = Umax (aSsSuming on exits
pedestrians can leave with maximum speed).

Finally, for the crowd flow model, and to numerically obtain the
direction vector g in the relaxation source term, we numerically
solve the eikonal equation (7), (8) at each time step implement-
ing the Fast-Sweeping Method (FSM) of Zhao (2005).

For model equations (15)—(17) for the contagion model and the
advection part in equation (18) we implement the well-known
Rusanov flux in scheme (21), which reads, for example, in the
x direction as

Cirip,j

. 1= _
Fiin ) = 5 [FQin) + FQip)| - =5~ 1Qin,-Qujl. 24)

where Cii1/2; = max{|u; j, |ui1 I}, 1.€., is the maximum abso-
lute velocity in the x direction, and similar is the formulation in
the y direction and the numerical flux GR". Here F and G are
the advection fluxes in (15)—(17) and (18).

Further, for the diffusion term V - (0'VB) in equation (18),
as well as, for solving the Laplace equation (19) classical,
second-order central finite-differences scheme are implemented
Leveque (2007) with Neumann boundary conditions.

4. NUMERICAL TESTS AND RESULTS

In this section we present numerical simulations for evaluating
the behavior of the model and, in particular, for evaluating
the effect of variable ventilation rate on epidemic spreading. If
not otherwise stated, the parameters used in all the simulation
scenarios presented below are ppa = 6 ped/m?, umax = 2m/s,
7 = 0.6s5, @ = 7.5 for the density-speed coefficient of V(p),
Cy = 0.8 for the anticipation factor, and iy = 0.04 (as in Salam
et al. (2023, 2021)) for the infectivity rate.

4.1 Crowd at Rest

In this test we consider a closed room of size Q = [0, 10m] X
[0, 10m]. In this situation the crowd in the room is stationary (no
movement is taking place) and we implement wall boundary
conditions in all model equations. Further, we assume one
inflow ventilation duct at the middle of the left boundary and
one exhaust duct at the middle of the right boundary, both being
Im wide. To produce the steady velocity field Ugs from (19),
(20), the derivative of the potential ¥ normal to the ventilation
boundaries was set equal to u;, = (u;,, 0) for the left boundary
and w,,; = (—uy,0) for the right boundary, as to introduce
the air-flow in the computational domain. In Fig. 1 we show
the obtained velocity and the corresponding streamlines using
ui, = Sm/s for Ax = Ay = 0.1m and Ar = 0.02s.

In these preliminary tests we aim to investigate the effect to the
spread of a contagion in the room, via 3;, based on different
values of the air supply velocities u;, and u,,, and various
values of v in (18). Both of these types of parameters are related
to the effect of the aerosol dynamics. We first assume that the
crowd density is po(x) = 1ped/m? leading to 100 people being
in the room and vy = 0 in the crowd flow model. Further, we
assume that 5% of the people are infected, uniformly spread
in the room, i.e., p(I) = 0.05p¢, leaving 95 people initially
susceptible, i.e., oy = 0.95pp, while initially p§ = 0. We study
the effect of using first u;, = Sm/s with v = 0.1 and v = 0.4.

y(m)

Fig. 1. Velocity field Ug vectors (in blue) and the corresponding
streamlines for a ventilated room with a crowd at rest.

Then we perform the same simulation increasing the ventilation
speed to u;, = 10m/s. An example of the obtained distribution
of the exposed pedestrians at time ¢ = 300s is shown in Fig.
2, where we can see that the spreading follows the path of
the induced airflow with higher concentrations on the outflow
ventilation boundary. Next, in Fig. 3 we provide the evolution in
time of the exposed pedestrians. We compute this total number
inside the domain via relation E(f) = fQ oE(x, tdx. Tt is

10 m

n

0

0 2 4 6 8 10
(m)

Fig. 2. Crowd at rest: Density of exposed pedestrians, p”, at
1 = 300s, for py(x) = Iped/m*, p = 0.05p0, using v = 0.1
and u;, = Sm/s.
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Fig. 3. Crowd at rest: Time evolution of predicted exposed
pedestrians, for py(x) = 1ped/m?> and p(’) = 0.05p¢.

evident form Fig. 3 that for both values of v, increasing the
ventilation air speed in the room substantially lowers the rate
at which people are exposed. As expected, assuming a higher
value for v (which depends on the size of aerosol particles)



again decreases the number of exposed persons in the room
(as smaller particles stay longer in the air). Furthermore, we
observe that the higher the ventilation rate the slower the
spreading, which is reasonably expected (see, e.g., Qian and
Zheng (2018); Lipinski et al. (2020)). These results indicate that
one can control the inflow/outflow air speed in the ventilation
ducts to reduce the rate of increase of exposed persons, based
on, e.g., real-time measurements of p in time/space.

4.2 Crowd Flow Towards an Exit

We consider a walking facility of size Q = [0, 50m] X [0, 20m]
with an exit 6m wide at the right boundary centered at y = 10m.
The initial density is po(x) = 1 ped/m2 in the region [0, 20m] X
[0, 20m], leading to 400 people in this region, with vo(x) = 0
in the crowd flow model. Further, p(I) = 0.05p¢, while initially
pg = 0. We perform three simulations in this test, where for
the first one we assume that there is no ventilation imposed in
the facility and in the next two we employ the velocity field
Ug, as shown in Fig. 4, imposing two inflow ventilation ducts
at the middle of the top and bottom boundaries and two exhaust
ducts at the middle of the right and left boundaries, all being
8m wide. We consider two cases for the ventilation speed, one
with u;, = Sm/s, u,, = —5m/s, and one with u;, = 10m/s,
Uy = —10m/s. In all tests here we fix the value of v to 0.5.

0 5 10 15 2 . 25 30 35 - 40 45 - 50
x(m)

Fig. 4. Velocity field Ug vectors (in blue) and the corresponding

streamlines (in red) for the moving crowd for u;,, = 10m/s.

In Figs. 5 and 6 we show two time instances (for = 15s and

= 255) of the evolution of total crowd density p, infection
coefficient 3;, and density of exposed pedestrians p, inside the
walking domain, when u;, = 10m/s. As it can be seen, the
pedestrians move towards the exit at the right boundary and
by time r = 25s a clogging situation has been formed, where
pedestrians accumulate around the exit. The evolution of the
infection coeflicient in the domain is clearly affected by the
induced ventilation air field. At around ¢ = 40s all pedestrians
have exited the domain. We note that, at an outflow boundary
(exit) we keep track of the amount of exposed pedestrian that
have been exited the domain. Thus, in Fig. 7 we show the
evolution of the total number of exposed pedestrians in time for
the three simulations performed. It is evident that increasing
the ventilation air speed in the room substantially lowers the
rate at which people are exposed, as well as the total number of
exposed pedestrians. As expected, after exiting the domain the
total number of exposed pedestrians remains constant.

We also observe that the type of the air flow field created by a
given ventilation system also affects epidemics spreading rate
and magnitude. In particular, we observed in our simulations
(due to space limitation are not presented here) that when the air
flow field is as in Fig. 4, then, in general, spreading is reduced
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20
‘ 1
0.8
‘ N
0

20 30 40 50
(m)
Infection Coefficient 87 %1073

20 - - s

15 4

— 3
o0

= 2

5 4._.—4 :

0

Exposed Pedestrlans Density p

0.06
. 0.04
0.02
0
.L UL

Fig. 5. Crowd flow towards an exit: Evolution of p, 8;, and p©
att = 15s.
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Fig. 6. Crowd flow towards an exit: Evolution of p, §;, and p*
att = 25s.

both in magnitude and rate, as compared with a system creating
the field as in Fig. 1, for similar behavior of people movement
in terms of speed, density, and direction. These observations
may be useful for design of a ventilation system, potentially
depending on a specific direction of people movement. The
observed spreading dynamics’ dependence on direction of air
flow field is consistent with, e.g., Qian and Zheng (2018);
Lipinski et al. (2020).

5. CONCLUSIONS AND CURRENT WORK

We presented numerical investigations implementing a PDE
model consisting of a coupled crowd flow - epidemics spread-
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Fig. 7. Crowd flow towards an exit: Time evolution of predicted
exposed pedestrians, for different ventilation rates.

ing process. We studied the effect of ventilation air flow profile
to epidemics spreading accounting for people movements in
closed spaces. We observed that higher ventilation rates, in
general, reduce epidemics spreading. However, such a relation
also depends on the specific people movement direction and
speed, as well as on the specific air flow field. We are currently
performing additional tests for various initial/boundary condi-
tions of people density/speed, various directions of movement
at different free flow velocities, and different ventilation air
flow fields/magnitudes to validate further our findings. Further,
we are also currently investigating the effect of incorporating
vaccinated/masked individuals in the model equations, which
may act, as alternative, epidemic transport control measure.
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