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Abstract 
 

In this study the simulation and analysis of rarefied hypersonic flows is outlined. 
The study is divided in two parts. The first part is devoted the enhancement of the 
in-house academic Computational Fluid Dynamics solver Galatea to encounter 
such simulations is reported in this study. In case of rarefied gas flows and 
particularly for fluids in slip flow regime (Knudsen number greater than 0.01) the 
no-slip condition on solid wall surfaces is no longer valid; hence, velocity slip 
conditions as well as temperature jump ones have to be included instead. 
Furthermore, to increase accuracy at that regime the second-order accurate spatial 
slip model of Beskok and Karniadakis has been incorporated, which avoids the 
numerical difficulties, entailed by the evaluation of the second derivative of slip 
velocity when complex geometries along with unstructured hybrid grids are 
encountered. Due to oscillations that might appear, especially during the initial 
steps of the iterative procedure, a normalization scheme is additionally employed, 
to allow for the gradual increase of the corresponding slip/jump values. Galatea 
is validated against a benchmark test case concerning rarefied laminar flow 
(inside the slip flow regime) over a wing with a NACA0012 airfoil in different 
angles of attack. The obtained results were compared with those of obtained by 
the parallel open-source DSMC code SPARTA. According to this last approach, 
the flow domain is divided into a finite number of computational cells, while the 
required sample macroscopic flow properties are retrieved assuming 
intermolecular collisions of the simulated particles inside such cells. An excellent 
agreement was achieved between the results obtained by Galatea and SPARTA 
as well. In the second part base flows produced by the DSMC method are 
extensively analyzed by linear stability theory in order to recover underlying flow 
transition mechanisms and flow modes. It was found that in cases where 
oscillations where imposed or physically generated in the boundary layer, the 
characteristics of these oscillations are predicted accurately by linear stability 
analysis.  Most interestingly, in one specific case, the effect of the generated 
perturbation is felt well outside of the boundary layer, generating oscillations of 
the leading-edge shock that synchronize with linear perturbations inside the 
boundary layer. Finally, the design methodology, simulation and analysis of a 
hypersonic high-altitude waverider is presented. 

 

Keywords: Hypersonic flows, Direct Simulation Monte Carlo, linear stability 
analysis theory, hypersonic vehicles design, rarefied flows, high Mach number 
flows, rarefied gas dynamics. 
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Περίληψη 
(Extended Abstract in Greek) 

 

Σκοπός της παρούσας διατριβής ήταν η προσομοίωση και ανάλυση ροών σε 
χαμηλή πίεση και υπερηχητική ταχύτητα. Οι συγκεκριμένες ροές παρατηρούνται 
γύρω από ιπτάμενα οχήματα στα άνω όρια της ατμόσφαιρας και σε οχήματα κατά 
τη διάρκεια της επανεισόδου στην ατμόσφαιρα. Η διατριβή είναι χωρισμένη σε 
δυο μέρη. 

Πιο συγκεκριμένα στο πρώτο μέρος, παρουσιάζεται η τροποποίηση του 
ακαδημαϊκού κώδικα Γαλάτεια με την ενσωμάτωση των οριακών συνθηκών για 
τον υπολογισμό της ταχύτητας ολίσθησης (velocity slip) και θερμοκρασιακού 
άλματος (temperature jump) σε επιφάνειες που βρίσκονται εντός υπερηχητικών 
ροών χαμηλής πίεσης. Ο κώδικας Γαλάτεια χρησιμοποιεί τις εξισώσεις Navier-
Stokes για τη μοντελοποίηση της ροής. Η διακριτοποίηση των εξισώσεων εγινε 
με χρήση της κεντροκομβικής μεθόδου πεπερασμένων όγκων (Finite Volume 
Method) επί υβριδικών μη-δομημένων υπολογιστικών πλεγμάτων. Για τον 
υπολογισμό των μη-συνεκτικών διανυσμάτων ροής εφαρμόστηκε ο 
προσεγγιστικός επιλύτης του Roe, θεωρώντας ένα τοπικό μονοδιάστατο 
πρόβλημα Riemann στη διεπαφή γειτονικών όγκων ελέγχου. Αύξηση στην 
υπολογιστική ακρίβεια του προαναφερθέντος υπολογισμού επιτυγχάνεται με την 
εφαρμογή χωρικού σχήματος ακρίβειας δεύτερης τάξης βασισμένο στη τεχνική 
MUSCL (Monotonic Upwind Scheme for Conservation Laws). Το εν λόγω σχήμα 
συνδυάστηκε με δύο κατάλληλες συναρτήσεις περιορισμού (Van Albada – Van 
Leer ή Min-mod) οι οποίες χρησιμοποιήθηκαν για την διασφάλιση της 
μονοτονίας μεταξύ των τιμών των μεταβλητών σε γειτονικούς όγκους ελέγχου. 
Ο υπολογισμός των συνεκτικών διανυσμάτων της ροής απαιτεί τον πρώτερο 
υπολογισμό των παραγώγων των συνιστωσών της ταχύτητας και της 
θερμοκρασίας στη διεπαφή των όγκων ελέγχου, η οποία συμπίπτει με το μέσο 
της ακμής που συνδέει τους αντίστοιχους υπολογιστικούς κόμβους. Γι’αυτόν τον 
υπολογισμό χρησιμοποιήθηκε η μέθοδος του κομβικού μέσου όρου (nodal 
averaging) κατα την οποία οι παράγωγοι προκύπτουν από τις αντίστοιχες τιμές 
των παραγώγων των ακραίων κόμβων της υπο εξέταση ακμής. Ο υπολογισμός 
τόσο των μη-συνεκτικών όσο και των συνεκτικών διανυσμάτων ροής 
επιτυγχάνεται με σάρωση των ακμών του πλέγματος, χρησιμοποιώντας 
κατάλληλες δομές δεδομένων (edge-based data structures), που επιτρέπουν τη 
μείωση του υπολογιστικού χρόνου με σκοπό την επιτάχυνση της επίλυσης της 
ροής. Η ολοκλήρωση στο χρόνο καθώς κι η τελική κατάσταση της  
ροής υπολογίζονται επαναληπτικά χρησιμοποιώντας τη μέθοδο Runge-Kutta 
τεσσάρων βημάτων (RK4) και δεύτερης τάξης χρονική ακρίβεια. Για την αύξηση 
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της ακρίβειας των οριακών συνθηκών ταχύτητας ολίσθησης και θερμοκρασιακού 
άλματος πάνω στα όρια επιφανειών που βρίσκονται μέσα στη ροή, 
χρησιμοποιηθήκε το δεύτερης τάξης ακρίβειας σχήμα των Beskok και 
Καρνιαδάκη. Το εν λόγω μοντέλο χρησιμοποιήθηκε διότι λόγω της ευκολίας 
εφαρμογής του σε μη δομημένα ή υβριδικά πλέγματα μπορεί να υπερκεράσει 
αριθμητικές δυσκολίες που προκύπτουν από τον υπολογισμό της δεύτερης 
παραγώγου της ταχύτητας ολίσθησης. Επιπλέον για τον περιορισμό των 
διακυμάνσεων κατα τα αρχικά βήματα της επαναληπτικής διαδικασίας που 
προκαλούνται λόγω του Dirichet τύπου των οριακών συνθηκών 
ολίσθησης/άλματος, χρησιμοποιήθηκε το σχήμα ομαλοποίησης των Ferras, 
Nobregal και Pinho που επιτρέπει τη σταδιακή αύξηση της ταχύτητας ολίσθησης 
και του θερμοκρασιακού άλματος.  

Το δεύτερο μέρος της διατριβής παρουσιάζει τη χρήση της μεθόδου DSMC για 
την παραγωγή βασικών υπερηχητικών ροών γύρω από διάφορες γεωμετρίες με 
σκοπό την μαθηματική «γραμμική ανάλυση ευστάθειας» (Linear Stability 
Αnalysis) για την εύρεση των ιδιοτιμών και ιδιομορφών της ροής. Οι ιδιοτιμές 
της ροής προβλέπουν αν η ροή σε μεταγενέστερο χρόνο θα παραμείνει στρωτή ή 
αν υπάρχει κάποιος υποθάλπων φυσικός μηχανισμός που θα αναγκάσει τη ροή 
να γίνει τυρβώδης. Για την πιστοποίηση της ποιότητας της βασικής ροής γίνεται 
σύγκριση του οριακού στρώματος που υπολογίστηκε από τη μέθοδο DSMC με 
τις εξισώσεις αναλυτικού υπολογισμού του οριακού στρώματος. Από τις 
συγκρίσεις διαφαίνεται η αποτελεσματικότητα της μεθόδου για την παραγωγή 
βασικών ροών για γραμμική ανάλυση ευστάθειας, τόσο ως προς την ακρίβειά της 
όσο κι ως προς την αποδοτικότητας της. Λόγω του ότι η μέθοδος DSMC είναι 
μια στατιστική μέθοδος υπολογισμού της ροής, υπάρχει θόρυβος (noise) στα 
παραγώμενα αποτελέσματα. Ο θόρυβος αυτός προκαλεί μεγάλες αριθμητικές 
αποκλίσεις στη γραμμική ανάλυση ευστάθειας. Γι’αυτό, η παρούσα έρευνα 
καταδεικνύει  τεχνικές με τις οποίες μπορεί να μειωθεί ο θόρυβος στα 
αποτελέσματα διατηρώντας παράλληλα αναλλοίωτες τις βασικές πληροφορίες 
της ροής.  Επιπλέον συγκρίνονται κλασικές και προηγμένες τεχνικές μείωσης 
θορύβου και παρουσιάζεται ο αντίκτυπος που έχει κάθε τεχνική στα 
αποτελέσματα. Τέλος παρουσιάζονται επίσης διάφορες τεχνικές γραμμικής 
ανάλυσης ευστάθειας και γίνεται σύγκριση μεταξύ τους για την εύρεση και 
τεκμηρίωση τόσο ποσοτικών όσο και ποιοτικών διαφορών. Επιπρόσθετα, 
γίνονται προσομοιώσεις υπερηχητικών ροών με θερμοχημικές αντιδράσεις και 
γίνεται ανάλυση των διαταραχών που παρατηρούνται στη ροή.  Επιπλέον γίνεται 
ανάλυση της μεθοδολογίας σχεδίασης και προσομοίωση ενός υπερηχητικού 
οχήματος για μεγάλο υψόμετρο. Πέραν από τη παρουσίαση των αποτελεσμάτων 
γίνεται και μελέτη της αεροδυναμικής  ικανότητας του εν λόγω οχήματος για 
υπερηχητική πτήση σε περιβάλλον χαμηλής πίεσης.   
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Συνοψίζοντας όλα τα παραπάνω και λαμβάνοντας υπόψη παρόμοιες μελέτες 
διαθέσιμες στη βιβλιογραφία η συνεισφορά της παρούσας εργασίας συνοψίζεται 
στα ακόλουθα: 

 
• Βελτίωση κι επέκταση των υπολογιστικών δυνατοτήτων του 

ακαδημαϊκού τριδιάστατου κώδικα Γαλάτεια με την υλοποίηση οριακών 
συνθηκών για την ολίσθηση της ροής πάνω σε επιφάνειες καθώς και τον 
υπολογισμό του θερμοκρασιακού άλματος σε συνθήκες χαμηλής 
πίεσης. 
 

• Κατασκευή κατάλληλης μεθοδολογίας για τη χρήση βασικών ροών που 
έχουν παραχθεί με τη μέθοδο DSMC για «γραμμική ανάλυση 
αστάθειας» (linear stability analysis) 
 

• Μελέτη και ανάλυση κατανομών ταχύτητας στο εσωτερικό κυμάτων 
κρούσης. 
 

• Μελέτη αλληλεπίδρασης κρουστικών κυμάτων χωρίς/με θερμοχημικές 
αντιδράσεις. 
 

• Μελέτη αλληλεπίδρασης κυλινδρικού στοιχείου τραχύτητας (roughness 
element) με υπερηχητική ροή πάνω σε επίπεδη πλάκα (flat plate). 
 

• Eφαρμογή σε τρισδιάστατες υπερηχητικές ροές τεχνικών ανάλυσης 
ευστάθειας καθοδηγούμενων από δεδομένα που παρήχθησαν με τη 
μέθοδο DSMC. 
 

• Σχεδιασμός αεροδυναμική ανάλυση και προσομοίωση ενός 
υπερηχητικού οχήματος για μεγάλο υψόμετρο. 
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normalization coefficient 

𝑎𝑎𝑐𝑐 
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tangential energy accommodation coefficient 
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reference speed of sound 
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undisturbed particle trajectory 
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particle velocity 
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constant pressure specific heat 
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constant volume specific heat 
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coefficient of lift 
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coefficient of drag 
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particle diameter 
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total flow energy per unit mass 
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particle internal energy 
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total particle energy 
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flow energy per unit mass 
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probability distribution function 
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enthalpy 
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specific total enthalpy 

𝐾𝐾𝐾𝐾 
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𝑘𝑘𝑘𝑘 
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periodicity length along streamwise direction 
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linear operator 
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particle probability 
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number density 
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𝑃𝑃𝑃𝑃 

 
Prandtl number 

𝑝𝑝 
 

pressure 

𝑝̇𝑝𝑖𝑖 
 

momentum component 

𝑄̇𝑄 
 

energy flux 

𝑄𝑄𝑖𝑖 
 

heat flux vector 
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general vector of flow quantities 
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general vector of mean flow quantities 
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𝑞𝑞� 
 

amplitude function 

𝑞̇𝑞𝑖𝑖 
 

thermal tensor 

𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔 
 

gas specific constant 

𝑅𝑅𝑅𝑅 
 

Reynolds number 

𝑟̇𝑟𝑖𝑖 
 

position coordinate 

𝑠𝑠 
 

speed ratio 

𝑇𝑇 
 

temperature 

𝑡𝑡 
 

time 

𝑢𝑢, 𝑣𝑣,𝑤𝑤 
 

velocity components 
 
 

𝑈𝑈� 
 

averaged Roe value of a primitive variable  

𝑈𝑈𝑠𝑠 
 

slip velocity 

 
𝑈𝑈𝑤𝑤 

 

 
wall velocity 

𝑉𝑉𝑖𝑖 
 

volume of control volume of node i 

𝑊𝑊���⃗  
 

conservatives’ variables vector 

𝑊𝑊���⃗ 𝑃𝑃𝑃𝑃𝐿𝐿 ,𝑊𝑊���⃗ 𝑃𝑃𝑃𝑃𝑅𝑅  
 

conservative variables vectors on the left and right side of an edge PQ 

𝑥̇𝑥 
 

particle deflection angle 



 
 

xviii 
 

𝒙𝒙 space vector coordinator 
 

 

Greek symbols 
𝛼𝛼 

 
wavenumber in the streamwise direction 

𝛽̇𝛽 
 

wavenumber in the spanwise direction 

𝛽𝛽 
 

particle most probable velocity 

𝛾𝛾 
 

gas constant 

Δ𝑡𝑡 
 

timestep 

𝛿𝛿 
 

mean molecular spacing 

𝛿𝛿𝑖𝑖𝑖𝑖 
 

Kronecker’s delta 

𝜀𝜀 
 

infinitely small perturbation 

𝜂𝜂 
 

self-similar variable, transformed wall normal direction 

𝜃𝜃 
 

angle between a particle and a surface 

𝜗𝜗 
 

scaled temperature variable 

𝜆𝜆 
 

mean free path 

𝜇𝜇 
 

viscosity 

𝜉𝜉 
 

transformed streamwise direction 

𝜌𝜌 density 
 

𝜎𝜎 
 

collision cross section 

𝜎𝜎𝑇𝑇 
 

total collision section 

𝜎𝜎𝜇𝜇 
 

viscosity cross section 

𝜎𝜎𝑀𝑀 
 

momentum transfer cross section 

𝜎𝜎𝑡𝑡 
 

tangential momentum accommodation cross section 

𝜎𝜎𝑢𝑢 
 

tangential velocity momentum accommodation coefficient 

𝜏𝜏𝑖𝑖𝑖𝑖 
 

stress tensor 

Φ���⃗  inviscid fluxes vector 



 
 

xix 
 

 
𝛷𝛷 

 
limiter function 

𝜙𝜙 tangential momentum flux accommodation coefficient 
𝜔𝜔 

 
complex eigenvalue 

𝜔𝜔� 
 

least stable eigenmode 

𝜔𝜔 
 

molecular viscosity exponent 

Ω 
 

solid angle 

 

Subscripts and superscripts 
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

 
incident particle property 

𝑖𝑖𝑖𝑖𝑖𝑖 
 

inviscid variables vector 

𝑀𝑀𝑀𝑀𝑀𝑀 
 

mean collision time 

𝑛𝑛 
 

normal 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 
 

particle 

𝑟𝑟 
 

relative 

𝑟𝑟𝑟𝑟𝑟𝑟 
 

reference value 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 
 

reflected particle property 

𝑟𝑟𝑟𝑟𝑟𝑟 
 

rotational 

𝑠𝑠 
 

surface property 

𝑡𝑡 
 

tangential 

𝑡𝑡𝑡𝑡 
 

translational 

𝑡𝑡𝑡𝑡𝑡𝑡 
 

total 

𝑣𝑣𝑣𝑣𝑣𝑣 
 

viscous variables vector 

𝑤𝑤 
 

wall property 

𝑥𝑥, 𝑦𝑦, 𝑧𝑧 x, y, z coordinates values  
 

 

 



 
 

xx 
 

 

 

 

 

 

 

 

 

 

 

 

“Intentionally left blank” 
 

 

 

 

 



Introduction 
 

 

1 
 

1. Introduction 
 
 

1.1 Objectives 
 
As the title of this thesis suggests, its main objective is the simulation and extensive analysis 

of rarefied hypersonic flows over complex geometries. The study of rarefied hypersonic flows 
over complex geometries is crucial for a wide range of aerospace and engineering applications. 
In this thesis, is presented a comprehensive investigation of this phenomenon, utilizing a multi-
faceted approach that utilizes the strengths of both continuum and particle-based methods. 
More specifically, a Navier-Stokes solver has been modified in order to incorporate 
temperature jump and velocity slip boundary conditions, enabling the simulation of hypersonic 
flows in the rarefied regime. Furthermore, the Direct Simulation Monte Carlo (DSMC) method 
has been employed to capture the rarefaction effects accurately and compare with the Navier-
Stokes modification. In addition, base flows calculated by the DSMC method have been 
utilized to conduct linear stability analysis of these flows. By combining these techniques, a 
robust framework for the simulation and analysis of rarefied hypersonic flows over complex 
geometries has been introduced, which has the potential to advance our understanding of 
important flow phenomenon and improve the design of high-speed aerospace vehicles. To 
achieve the aforementioned goal, the following objectives were successfully completed: 

 
• Modify an in-house developed Navier-Stokes solver with temperature jump and 

velocity slip boundary conditions to accurately simulate rarefied hypersonic flows 
over complex geometries. 
 

• Utilize the Direct Simulation Monte Carlo (DSMC) method to capture the 
rarefaction effects and improve the accuracy of hypersonic flow simulations. 
 

• Conduct linear stability analysis of hypersonic flows using base flows calculated by 
the DSMC method. 
 

• Investigate the effects of various parameters on the rarefied hypersonic flows, 
including gas properties, geometric configurations, and flow conditions. 
 

• Compare and validate the results obtained from the modified Navier-Stokes solver 
and the DSMC method, and assess the limitations and applicability of each method. 
 

• Compare the results obtained from linear stability analysis using DSMC based flows 
with results available in the open literature for the same flows calculated by Navier-
Stokes methods. 
 

• Apply the developed methodology framework to practical engineering problems, 
such as the design of hypersonic vehicles and roughness effects in a hypersonic flow. 
 

• Provide insights into the physical mechanisms and flow structures of rarefied 
hypersonic flows, and contribute to the development of theoretical models and 
numerical methods for the analysis of these flows. 
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This Chapter continues with a literature review, concerning the fluid flow modeling using 

the Navier-Stokes equations and the DSMC method, while in the final section an overview of 
the methods used with its original contributions is summarized. 

 
 

1.2 Literature review 
 
 

1.2.1 Fluid flow modeling using the Navier-Stokes equations 
 

The roots of Computational Fluid Dynamics (CFD) can be traced back to the early 1920s, 
when English mathematician L.F. Richardson made an attempt to predict weather by solving 
Partial Differential Equations (PDEs). Richardson's work included the main four features of 
CFD: a practical problem, PDEs to model the problem, a numerical scheme, and human 
computers to perform the calculations [Tor97]. However, it was not until the early 1970s 
[Bla01], when computer capabilities had sufficiently advanced, that the modern era of CFD 
began to take shape. Since then, CFD has evolved into a multidisciplinary field that combines 
physics, numerical analysis, and computer science to simulate fluid flows. It has been widely 
applied in various scientific and engineering fields, including aeronautics, marine engineering, 
turbomachinery, meteorology, oceanography, astrophysics, oil recovery, and architecture 
[Tor97, Bla01]. 

The first hypersonic Navier-Stokes code ever developed is a matter of debate as several 
researchers and groups claim to have developed the first code. However, some of the early 
codes that were developed for hypersonic Navier-Stokes simulations include the HYENA code 
developed by the US Air Force in the 1970s [And77], the TURMOIL code developed by NASA 
in the late 1970s [Buy80], and the NPARC code developed by the US Air Force and NASA in 
the early 1980s [Elm95]. In modern times, CFD algorithms have become an integral tool for 
aerodynamic and hypersonic vehicle designers, allowing them to reduce the cost and time spent 
on wind tunnel experiments. This is particularly true for CFD codes based on the Reynolds 
Averaged Navier-Stokes (RANS) equations, which enable a shorter design cycle. However, 
even the most widely used CFD methodologies sometimes fail to produce results that match 
the corresponding wind tunnel experimental data. As the accuracy of numerically derived flow 
is a critical factor affecting lift, drag, and general aerodynamic payload, which in turn 
influences the final design of aircraft, there is a continuous demand for more accurate and 
efficient methods in the ever-evolving field of CFD. While various academic and commercial 
compressible flow solvers have been developed over the years, issues related to grid generation, 
discretization, flux computation, turbulence modeling, and other factors continue to be subjects 
of ongoing research. 

Given the context, the initial and crucial aspect to address when designing a CFD algorithm 
is the grid type adopted to represent the physical domain. Structured grids, either algebraically 
generated or via PDEs, were initially preferred in early solvers, with overlapping grids also 
being used for complex cases through Chimera techniques [Bla01]. However, constructing 
such grids was a time-consuming process that could take weeks, especially in military aircraft 
scenarios. To address this issue, researchers shifted their attention towards the creation of 
unstructured grid generators [And94, Bla01]. Unstructured grids are a type of mesh used in 
CFD simulations that offer high flexibility in modeling complex geometries and require 
minimal user intervention for their generation and adaptation. These grids are typically 
composed of tetrahedral elements, or triangular faces in two dimensions. However, in the case 
of viscous flow simulations, it is recommended to use a hybrid mesh consisting of prismatic or 
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hexahedral elements in the boundary layer region to effectively resolve the severe anisotropy 
of the flow in this area. Smaller spacing is necessary in this region, and tetrahedral elements 
are used for the rest of the domain, with pyramids filling the transition region between the two 
element types. This approach not only improves the accuracy of the final solution but also 
reduces the number of required elements, faces, and edges, resulting in decreased 
computational effort and memory requirements. This technique has been extensively studied 
and discussed in the literature, with references such as [Kim03] and [Bla01]. Unstructured grids 
are favored over structured grids for problems involving external aerodynamic flow over 
complex geometries such as aircrafts or hypersonic vehicles, due to their ability to adapt mesh 
size to local geometrical and flow features. Despite their arbitrary nodal distribution, which 
results in approximately twice the number of edges compared to a corresponding structured 
hexahedral mesh and consequently doubles computational and memory cost when using an 
edge-based technique, unstructured meshes remain the preferred choice for such simulations. 
Furthermore, unstructured meshes have the advantage of easy adaptation, which can be 
performed during the solution procedure to capture localized phenomena such as shocks. This 
feature is analyzed in further detail in the following paragraph by several researchers [Bar92, 
Kal96, Bla01, Sor03]. 

To numerically approximate the governing equations for the discretization of the 
computational field, an appropriate modeling strategy is needed. The most commonly used 
method in three-dimensional flow simulations is the finite-volume method, which divides the 
computational domain into finite control volumes, where the variables are assumed to be 
constant (for first-order schemes) [Bla01]. This method can be applied to both structured and 
unstructured grids and can be classified into two types: cell-centered and node-centered. In the 
cell-centered approach, the mesh elements serve as control volumes and the variables are stored 
at their barycenters. On the other hand, the control volumes in the node-centered approach are 
constructed around the nodes of the grid. Various methods have been developed for 
constructing these control volumes, such as connecting lines defined by edge midpoints, 
barycenters of faces, and barycenters of elements sharing a node [Kim03]. Although the cell-
centered scheme includes many more Degrees of Freedom (DoFs) than the node-centered one, 
it is still widely used, along with the node-centered scheme [Bla01]. Additionally, some studies 
suggest that the node-centered method may have equal or even superior accuracy potential 
compared to the cell-centered method, even when the same number of Degrees of Freedom 
(DoFs) are used [Del11]. 

The selection of an appropriate scheme for the computation of numerical fluxes is another 
crucial aspect in CFD methods. The upwind method is commonly used and involves solving 
an one-dimensional Riemann problem along the normal vector of each face of a finite control 
volume, making it suitable for evaluating inviscid fluxes. This method has been widely 
accepted as the most appropriate approach, with approximate Riemann solvers like Roe, Osher-
Engquist, and HLLC developed to solve the problem [Roe81, Osh84, Bar89], since the exact 
solution would require a considerable amount of computational effort. Studies have confirmed 
the effectiveness of this method in several CFD applications [Bar89, Bla01]. The discretization 
of the continuous computational field into finite control volumes results in significant 
numerical diffusion. To address this issue, higher-order spatial schemes such as the Monotonic 
Upstream Scheme for Conservation Laws (MUSCL) have been developed to reconstruct the 
variables' values at computational nodes using Taylor series expansion. Various slope limiters, 
including Van Albada-Van Leer, Min-mod, Barth-Jespersen, and Superbee, are also employed 
to control the total variation of the reconstructed field and ensure monotonicity between 
adjacent control volumes. These schemes have been extensively studied and applied in the 
literature [VanA82, Bar89, Bar92, And94, Kal96, Lan98, Bla01]. For the viscous fluxes, 
methods such as nodal-averaging or element-based approaches (e.g., approximate Galerkin 
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finite-element approach, face-centered control volume approach) are used to evaluate the 
temperature and velocity components' gradients at the control volumes' interfaces [Kal96, 
Bla01]. Although the nodal-averaging approach is susceptible to odd/even oscillations, it is 
often selected over the element-based approach due to the latter's relatively higher 
computational cost. 

CFD involves numerical methods, and one crucial aspect that needs to be determined is the 
iterative approximation method used to solve the equations for flow and turbulence models, 
either strongly or loosely coupled [Bla01]. One straightforward approach to iterative solutions 
for a system of PDEs is by using an explicit scheme [And94, Kal96, Kim03, Sor03], such as a 
multi-stage Runge-Kutta method [Lal88]. With this method, the temporal derivative of 
conservative variables is discretized using a finite-difference formulation at each time step, 
followed by the evaluation of the flux sum at the same step [Ven95]. Explicit methods require 
only simple updates, making them easy to parallelize and requiring less memory. However, for 
large-scale flow simulations involving millions or tens of millions of computational nodes, the 
rate of convergence slows down considerably, resulting in relatively inefficient solution 
schemes. Implicit schemes may be more appropriate for fine grids, as they allow for larger CFL 
(Courant-Friedrichs-Lewy) numbers and, consequently, larger time steps, accelerating the 
solution process [Ven95]. Nevertheless, implicit methods are more complex to implement, 
particularly in a parallel computational environment, and require increased memory storage. 
Point-implicit schemes, a category of implicit iterative methods, typically implemented with 
the Jacobi or the Gauss-Seidel iterative algorithms, retain the simplicity of explicit schemes, 
even in parallelized simulations, and permit the use of large time steps [Kou03]. 

Over the years, several techniques have been developed to increase the convergence rate 
and accelerate the solution procedure in large-scale flow problems, regardless of the iterative 
scheme used (explicit or implicit). Using unstructured grids increases computational effort and 
memory requirements, especially hybrid ones. To address this, a more advanced data structure 
with indirect addressing, such as an edge-based one, can be employed [Bar92, Eva92, Bla01, 
Sor03]. This method enables the solver to obtain information from the mesh as sets of nodes 
connected by an edge, concealing the hybrid mesh's nature from the primary calculation loops, 
enhancing the solver's ability to handle grids composed of complex elements [Eva92]. In 
addition to the main solver, h-refinement methodologies take advantage of the edge-based data 
storage, introducing new nodes that enrich the mesh at the middle of the existing edges [Eva92]. 
Another widely used acceleration method is the local time-stepping technique, which 
determines the maximum allowable time step for each computational node, thereby improving 
the simulation's convergence [Bla01]. For explicit iterative schemes with relatively low 
convergence rates, an implicit residual smoothing technique may be employed, which 
introduces implicit features and permits the use of larger CFL numbers [Kim03]. Finally, 
methods that reduce the required wall-clock simulation time are parallel computation [Ven95] 
and the multigrid method [Bla01, Sor03]. 

 
 
 

1.2.2 Fluid flow modeling using the Direct Simulation Monte Carlo method  
 

The DSMC method was first introduced by Graeme A. Bird [Bir63]. Since then, Bird has 
written three books on the method [Bir76], [Bir94] and [Bir13] and thousands of research 
papers have been published that report on development and application of the technique. The 
significance of the DSMC technique has been its ability over 50 years of development to 
provide a method of analysis for high Knudsen number flows (conditions ranging from 
continuum to free-molecular). Strong nonequilibrium in a flow is characterized by large 
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Knudsen numbers (𝐾𝐾𝐾𝐾 = 𝜆𝜆  𝐿𝐿 ⁄ >  0.01), where L is a characteristic length of interest in the 
flow. A DSMC simulation emulates the same physics as the Boltzmann equation. In fact, it has 
been demonstrated that DSMC converges to the solution of the Boltzmann equation in the limit 
of a very large number of particles [Bir94]. For low Knudsen numbers (𝐾𝐾𝐾𝐾 = 𝜆𝜆  𝐿𝐿 ⁄ <  0.01), 
through Chapman-Enskog theory [Vin75], the Boltzmann equation reduces exactly to the 
Navier–Stokes equations, which are the governing equations for computational fluid dynamics 
(CFD) simulations. Therefore, DSMC and CFD methods provide a highly consistent modeling 
capability for gas flows spanning the entire Knudsen range. DSMC collision models are very 
flexible in that they can be formulated to be consistent with continuum thermochemical rate 
data or they can directly incorporate quantum chemistry results. This flexibility in physical 
modeling enables DSMC to provide high fidelity calculations of multispecies gases in strong 
thermochemical nonequilibrium. For example, DSMC has been used to support the Columbia 
Space Shuttle orbiter accident investigation [Gal05], to support the 2001 Mars Odyssey 
aerobraking mission [Cla05], and to analyze the post-flight data from the Stardust mission 
[Wil99], [Zho08], [Boy10] and [Boy10a]. The utility of DSMC and its range of applications 
continues to expand in-step with advances in computational resources. 

At first DSMC was used to analyze ground based hypersonic experiments. For many years 
the formation of rarefied hypersonic flows in ground based experimental facilities was a major 
technical challenge, thus very few datasets exist that can be used for validation of the various 
DSMC codes. Several years ago, a common code validation exercise was the hypersonic 
viscous interactions generated on slender body geometries. A lot of experiments were 
performed in the LENS experimental facility for a number of different geometries such as 
biconics and cylinder flares [Hol01]. The most popular comparison of DSMC simulations with 
the measured data were provided by Moss and Bird [Mos05] for a Mach 15.6 flow of nitrogen 
over a 25/55-degree biconic. Results from two different codes (DS2V and SMILE) are 
presented. Both show very good agreement with the experimental measurements. Similar 
results are also provided in [Erd94] for a Mach 12.4 flow of nitrogen over a flared cylinder. 
For both of these flows, the flow conditions didn’t activate the vibrational energy of the 
nitrogen molecules, so there were no chemical reactions. 

Furthermore, the Bow-Shock Ultra-Violet-2 (BSUV-2) flight experiment was flown in 1991 
[Erd94]. This vehicle consisted of a capped 15-degree cone with a nose radius of 10 cm. BSUV-
2 reentered the atmosphere of earth at 5.1 km/s and provided useful data for the altitude 
between 60 and 110 km. During this flight there was ultra-violet radiation emission due to 
nitric oxide and vacuum ultra-violet emission due to the presence of the atomic oxygen. The 
experimental data were obtained by on-board instrumentation. The chemically reacting flow 
was simulated using both continuum [Lev92, Lev93, Can93] and particle methods [Boy97]. 
Afterwards the ultra-violet emissions were calculated using the NASA nonequilibrium code 
NEQAIR [Whi96]. The first comparisons using the DSMC method had very poor agreement 
at high altitude. This fact led to the study of oxygen dissociation and nitric oxide formation at 
high altitudes by implementing chemistry models in the DSMC simulations [Boy97], [Boy95]. 
After that there was not only very good agreement with radiance but also the spectral features 
were simulated very accurately. Also, the atomic oxygen emissions were measured very 
accurately. The BSUV-2 experiment indicated that access to experimental data is needed in 
order to make significant advances in thermochemical modeling by using DSMC [Boy97]. 

Another very important issue which was studied extensively was the communications 
blackout during reentry. To study this effect, the Radio Attenuation Measurement (RAM) 
experiments started. During these experiments a series of reentry flights were performed. The 
communications blackout is a very important issue for all hypersonic vehicles and is related to 
the plasma formation at very high speeds which interferes with the radio waves sent from and 
to the vehicle. To perform the experiment, the RAM-C II hypersonic vehicle was used. It 
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consists of a cone with a spherical cap of radius 0.1524 m, a cone angle of 9-degrees, and a 
total length of 1.3 m. During reentry the RAM-C II obtains an orbital velocity of 7.8 km/s and 
the experiments were carried out at an altitude of 90 to 60 kilometers. The electron number 
density was measured in several different locations in the plasma layer surrounding the vehicle 
[Gra70], [Lin72]. A series of reflectometers were also used to measure the plasma density along 
lines normal to the vehicle’s surface in 4 different locations. Finally, several Langmuir probes 
were used to measure the variation in plasma density across the plasma layer near the rear of 
the vehicle. The DSMC simulations of the RAM-C II vehicle were performed by Boyd [Boy07] 
with the intent of  developing DSMC procedures for simulating charged species, i.e, electrons 
and ions in trace amounts. The DSMC results were compared with the measurements from the 
vehicle and it was concluded that the model employed for the dissociation chemistry needs to 
be investigated. The two models tested were the Total Collision Energy (TCE) and the 
Vibrationally Favored Dissociation (VFD). Both models showed very good agreement with the 
measurements [Boy07]. The generation of high-quality experimental data in the rarefied 
hypersonic regime continues to be a significant challenge till today. 

The DSMC algorithm scales linearly with the number of particles used and the number of 
total timesteps till the final solution. Thus, any method that reduces the total number of particles 
used and the number of timesteps while maintaining accuracy can offer huge computational 
gains. Even when the computational cells are perfectly adapted to the local mean free path the 
number of particles per cell changes with changes with the flow density. An ideal simulation 
should employ enough particles per cell for obtaining statistical accuracy and during the 
simulation the total number of particles must remain close to this number. 

A number of efficient strategies for the DSMC method have been proposed by Kennenber 
and Boyd several years before [Kan00]. The most famous strategy for reducing the number of 
simulation timesteps and also maintain some control on the number of particles is the cell-
based timestep for steady state flows. In this technique a ray-tracing strategy has been used to 
move the particles from one cell to another, while each cell has its own timestep adapted to the 
local mean collision time. More specifically each cell stores the value 𝛥𝛥𝛥𝛥𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 =
𝜏𝜏𝑐𝑐 𝛥𝛥𝛥𝛥𝑟𝑟𝑟𝑟𝑟𝑟⁄ where 𝛥𝛥𝛥𝛥𝑟𝑟𝑟𝑟𝑟𝑟 is a global reference timestep. Then on each timestep of ∆𝑡𝑡 every particle 
is moved for 𝛥𝛥𝛥𝛥𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 × 𝛥𝛥𝛥𝛥. As it can be observed the larger the timestep used the fewer particles 
will end in that cell. To overcome this difficulty a particle weight of 𝑊𝑊𝑝𝑝 = 𝛥𝛥𝛥𝛥𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 × 𝑊𝑊𝑝𝑝−𝑟𝑟𝑟𝑟𝑟𝑟 is 
assigned to each cell. With this technique we can maintain a constant particles number during 
a simulation by cloning or deleting particles and with minor changes to the DSMC algorithm 
[Kan00]. In general, the particle weighting schemes can precisely control the total number of 
particles in three dimensional flows. Here, by cloning or deleting particles we try to obtain the 
total number of particles to a constant level. Conserving momentum and energy on average 
when cloning particles can lead to random walk errors. Furthermore, collisions between 
particles of different weight conserves mass, momentum and energy only on average, which 
can also lead to random walk errors [Bir76].  

In order to reduce the total number of computational cells and therefore the total number of 
particles LeBeau developed the Virtual Sub-Cell (VSC) method [Leb03], while Bird developed 
the Transient Adaptive Sub-Cell (TASC) method [Bir06]. Both methods try to lower the mean 
collision separation between selected collision pairs which are no longer selected at random 
with a computational cell. Thus, the cell size can increase to some degree while still 
maintaining a low mean collision separation. The VSC performs a nearest-neighbor search to 
select collision partners [Leb03], while the TASC subdivides each cell into a number of sub 
cells that are used only during the collision routine to sort the collision pairs in order to 
minimize the mean collision separation [Bir06]. To avoid the same pair undergoing repeated 
collisions, it is necessary to track the last collision partner and if the last collision partner is 
chosen again this particle is excluded and we choose the next nearest particle instead. 
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Moreover, since the collision rate is computed within each cell (not sub cell), there is a limit 
on the increase in cell size, before the assumption of a constant collision rate within a large cell 
leads to simulation inaccuracy. Another method for reducing the size of the computational grid 
was proposed by Gallis et al. according to which a collision partner is selected within a sphere 
with radius the distance the particle travels in one timestep [Gal11]. The advantage of this 
scheme is that it can relax the computational grid since it does not consider the cell size for 
precise collisions. However, an adequate number of particles is necessary to ensure accurate 
collision modeling. 

A few years ago, Burt et al. [Bur12] introduced an interpolation scheme for the collision 
rate within the computational cells combined with the techniques mentioned. This scheme was 
shown to enable an increase in cell size while maintaining full accuracy. Bird has also proposed 
some substantial algorithm modifications [Bir09, Bir13] to the DSMC method with the same 
goals of reducing the number of timesteps and total number of particles. Like the schemes 
above the mean collision separation is minimized in these new algorithms but now all particles 
store their own timestep. This allows the simulation to iterate with small time steps and 
particles can only move when the global time step catches up with their timestep. Like that, 
only a small number of particles are moved during a global timestep iteration [Gal09]. These 
new algorithms produced a factor of 2 speedup for Fourier flow simulations compared to the 
standard DSMC algorithm. However, the formation of nearest-neighbor collision pairs after 
particles moved for large timesteps is physically inconsistent and leads to inaccuracies in the 
simulation [Gal09]. Inaccuracies were also reported when a constant collision rate was applied 
to large cells [Gal09]. In summary, the utilization of these new DSMC algorithms has greatly 
aided in the investigation of hypersonic flows characterized by large density gradients. 

When the flow pressure is close to the continuum regime the DSMC method becomes 
computationally expensive compared to its continuum counteparts, due the requirement to 
resolve the mean free path and the resulting large number of collisions between computational 
particles. However, in the continuum regime the Navier-Stokes equations can predict the flow 
field accurately. Various researchers propose a hybrid DSMC-CFD numerical schemes in 
which the continuum regions of the flow domain are solved using the Navier-Stokes equations 
whereas the rarefied regions are solved by the DSMC algorithm. For these different methods 
to work together the particle and the continuum regions must be coupled by transferring flow 
information between their interfaces [Has96, Hass96, Rov98, Rov00, Wan03, Wij04, Sch07, 
Bur09]. A novel approach of hybrid simulations named Modular Particle Continuum (MPC) is 
described by Schwartzentruber in [Sch07] and was developed particularly for steady-state 
hypersonic flows. 

At first the MPC method was developed for 1-D shock waves [Sch06] and for a hypersonic 
flow over a 2-D cylinder geometry [Sch06]. Afterwards it was applied to flows over blunt 
bodies [Sch08a, Sch08b], shock interaction flows [Sch08c], reentry flows using reaction 
control jets [Des08], and also has been extended to model non equilibrium gas flows [Sch08c, 
Des11]. The MPC method couples loosely the rarefied and continuum regions of the flow 
domain and these regions are updated by using different timesteps. This approach lets spatial 
and temporal scale decoupling while still remaining a modular implementation [Sch07a], using 
state of the art DSMC and NS code, with the appropriate modifications, within its code. 
Generally, MPC simulations can accurately reproduce full DSMC simulations to the level of 
velocity and energy distribution functions using less computational resources. 

A study completed in 2009 by Holman and Boyd [Hol01] compared DSMC and CFD 
simulations for a hypersonic flow over cylinders and spheres for a wide range of Mach and 
Knudsen numbers. The most important conclusions of these study were that sufficient 
computational resources were used to fully resolve the DSMC simulations and that all physical 
models were formulated consistently between DSMC and CFD. More specifically the 
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viscosity, thermal conductivity, rotational relaxation and vibrational relaxation models used by 
DSMC and CFD were ensured to be consistent in the near-equilibrium limit. As it was revealed 
the agreement between CFD and DSMC was improved as the Knudsen number decreased. This 
type of consistency is very crucial for any hybrid simulation since the information is transferred 
across DSMC-CFD interfaces in near-equilibrium regions of the flow. In a hybrid simulation 
even minor inconsistencies in the physical models can produce severe errors. The specific 
application of the MPC method to hypersonic flows typically results in high flow speeds near 
particle-continuum interfaces (�𝑉𝑉�⃗ � > 10 𝑚𝑚/𝑠𝑠  for example) and the application to steady-state 
flows enables loose coupling where boundary conditions do not need to be updated at each 
timestep. These two results enable any statistical scatter involved in information transfer from 
DSMC regions to CFD regions to be strictly controlled with simple averaging techniques 
[Sun05]. For hypersonic steady-state flows with no trace species, statistical scatter is generally 
not a limiting factor for hybrid DSMC-CFD simulations, however, further research will be 
necessary for chemically reacting flows involving trace species. 

One interesting study was the influence on the hybrid solution due to a minor change in the 
vibrational energy relaxation model. Specifically, the DSMC model was implemented to be 
consistent with the Landau–Teller expression with a temperature dependent vibrational 
relaxation rate from Millikan and White [Mil63]. If the DSMC model is based on the cell-based 
(CB) temperature, then the DSMC model can be shown to analytically match the continuum 
model in the equilibrium limit although not necessarily satisfying detailed balance. Therefore, 
models dependent only on collision properties (not cell averaged properties) are preferred in 
DSMC since velocity and energy distributions can be highly nonequilibrium. Thus, a second 
DSMC model was tested, herein referred to as the velocity-based (VB) model. The VB model 
does not have an analytical limit that precisely matches the Landau–Teller equation with a 
Millikan and White relaxation constant. This is a subtle, but important, issue with many DSMC 
models that has been investigated in several articles [Lum91], [Haa94], [Wys98]. Since most 
continuum thermochemical rate models are curve-fits to experimental data, there is no 
guarantee that the integration of a physics-based molecular model has the same functional form 
as the empirical fitting function used for the continuum model. Thus, perfect consistency in the 
continuum limit is not always possible between existing DSMC and CFD model formulations. 
Indeed, future research will require the formulation of new models that are consistent at the 
molecular and continuum levels and also with experimental data. To conclude, the accuracy of 
hybrid DSMC-CFD simulations and physical model has dramatically increased over the past 
few years. Further research is required on multispecies flows and flows involving chemistry, 
where the coupling between the DSMC and CFD models must be very consistent and the 
statistical scatter associated with trace species needs to be addressed. 

In addition to the advancements made in the past few decades, the substantial increase in 
computational power over the last five years has been a crucial factor in expanding the 
practicality of the DSMC method. Recently DSMC has been used to study turbulence in the 
continuum and close to continuum regime [Gal17a, Gal18, Gal20, Gal21]. In [Gal17] DSMC 
and DNS comparisons are made in calculating the turbulent energy decay in the Taylor-Green 
vortex. Both methods showed very good agreement and were able to reproduce similar 
turbulent energy cascades. Furthermore, in several flow conditions DSMC reproduced richer 
physics that could not be captured by the equivalent DNS simulations [Gal21, Gal20]. 
Additionally, DSMC has been extremely useful in researching hydrodynamic instabilities 
because of its molecular structure [Gal15, Gal16, Gal16a, Lee19]. It provides a physical 
approach to examine physical phenomena that arise during the progression and expansion of 
hydrodynamic instabilities, without enforcing any preconceptions or particular flow models. 
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Based on the aforementioned applications in this work the DSMC method was used as a 
benchmark to assess the accuracy of an in-house developed Navier-Stokes solver named 
Galatea in the slip regime, simulate flows over complex configurations. For the first time, the 
ability of DSMC to produce accurate base flows that satisfy the stringent linear stability 
analysis requirements is demonstrated. For the latter, results are compared qualitatively and 
quantitatively with predictions made by the linear stability analysis theory. Finally, velocity 
distributions within shocks will be showcased along with the effects of chemical reactions on 
flows over complex geometries. 

 
 
 

1.3 Present study 
 
 

1.3.1 Overview 
 
As per the main objective of this thesis, the in-house developed Navier-Stokes solver, 

Galatea, was modified to extend its application range to the slip flow regime. The modified 
code was then used to simulate low-density, high-altitude hypersonic flows and compared with 
solutions obtained from the DSMC method. To represent the computational domains, three-
dimensional unstructured grids are used for the Galatea solver, while Cartesian grids with 
varying levels of refinement are employed for the SPARTA DSMC solver. The unstructured 
grids contain tetrahedral, prismatic, and pyramidical elements to resolve the significant 
anisotropy of boundary layers in viscous flows. The Cartesian grids mainly consist of cubical 
elements with triangular prismatic elements utilized where surfaces intersect the computational 
grid. Additionally, the thesis applies the linear stability analysis theory (LST) to analyze 
hypersonic base flows, comparing chemically reacting and non-reacting flows.  

The numerical results of rarefied gas cases obtained with the Galatea solver utilized the 
RANS PDE's implementation of the code without any turbulence models, and were compared 
against the results obtained from the DSMC method, which is the dominant method for solving 
rarefied gas flows. Among the slope limiters implemented in the Galatea solver, the Van 
Albada-Van Leer and Min-Mod were used as they limited numerical diffusion and 
demonstrated effective smoothing abilities, yielding the most accurate results. The Navier-
Stokes equations are insufficient to simulate rarefied gas flows without appropriate boundary 
conditions. Hence, velocity slip and temperature jump boundary conditions were implemented 
to enhance the solver's ability to simulate rarefied gas flows. Both first-order and second-order 
accurate methods were employed, and it was shown that the code was capable of simulating 
flows with Knudsen numbers well into the slip regime. No significant difference was observed 
between the first-order and second-order methods in the cases examined, due to the use of very 
fine grids in the simulations. The modified Navier-Stokes implementation exhibits excellent 
agreement with the solutions obtained from the DSMC method and experimental results, 
whenever available. To simulate complex geometries, a normalization coefficient was 
introduced to the implemented models to reduce residual oscillations during initial timesteps 
and facilitate the gradual increase of velocity slip and temperature jump values. 

In addition to the modified Navier-Stokes solver, this thesis also reports on the ability of the 
DSMC method to produce high-quality flows suitable for stability analysis. Stability analysis 
requires a high level of convergence, typically eight digits, to produce accurate results. 
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Although DSMC is a stochastic statistical method for simulating rarefied gas flows, this work 
demonstrates that with careful treatment of the grid and simulation parameters, DSMC can 
provide highly resolved base flows for stability analysis that are comparable to those obtained 
by solving the Navier-Stokes equations, albeit without eight-digit convergence. The boundary 
layers are fully resolved, and perturbations inside the boundary layers match those predicted 
by LST theory. Enabling chemical reactions in the flow revealed interesting physical 
phenomena. The introduction of chemistry causes perturbations in the flow that usually 
propagate downstream the entire flow field.  

Last but not least, an attempt has been made in this work to design a Mach 7 waverider. The 
method used is the well-known method of the osculating cones to extract the geometry profile 
of the waverider. Firstly, the three-dimensional flow field around a 7-degree cone with a blunt 
leading edge was calculated. The resulting geometry produced a lift/drag coefficient of 2.18. 
Although this may seem small compared to lift/drag ratios found in literature, it should be noted 
that the flow conditions were set to those occurring at 90 km altitude, where air is very rarefied, 
whereas waveriders in literature are simulated at 25-40 km altitudes. Despite this, a lift/drag 
ratio of 2.18 demonstrates that the vehicle is capable of flying under these rarefied conditions. 
The simulation data also revealed that for the on-design conditions examined, the shock wave 
is fully attached at the tip and leading edges of the vehicle. 

 
 
 

1.3.2 Contributions 
 

Considering analogous research published in literature, this thesis presents the following 
contributions: 

 
• Improvements to a three-dimensional Navier-Stokes solver developed in-house, 

incorporating velocity slip and temperature jump boundary conditions. 
 

• Evidence of the DSMC method's capability to generate high-quality flow patterns 
suitable for stability analysis. 
 

• Documentation and analysis of velocity distribution functions within shocks. 
 

• Quantification of shock-shock interactions with and without chemistry, and the 
consequent flow oscillations. 
 

• An exploration of the impact of a cylindrical roughness element on a Mach 6 flow. 
 

• Application of data-driven stability analysis techniques to three-dimensional DSMC 
data. 
 

• Design, simulation and quantification of flow effects of a Mach 7 waverider in 
conditions of highly rarefied flow and off-design conditions with realistic leading 
edges. 
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The aforementioned contributions have been published in twelve Journal and Conferences 
papers listed below. 

 
 

1.3.3 Outline 
 
This thesis is organized as follows. Chapter 2 provides a theoretical background on DSMC, 

Navier-Stokes, and Linear Stability Theory (LST). The DSMC section gives a short 
introduction to the DSMC method, Boltzmann equation, Knudsen number, flow regimes, time 
and spatial discretization, molecular models, collision mechanics, and boundary conditions. 
The Navier-Stokes portion discusses governing equations, discretization methods, numerical 
flux computation, iterative solution, while the LST section covers linear stability analysis 
theory, analysis of compressible boundary layer, and outlines the necessary steps for stability 
analysis. The final portion of Chapter 2 introduces data-driven stability analysis techniques. In 
Chapter 3 of this thesis, a comprehensive analysis is presented that compares the results 
obtained from DSMC and Navier-Stokes simulations, along with the DSMC method integrated 
with linear stability analysis theory. The chapter not only showcases the comparison between 
these methods, but also displays the base flows generated through DSMC simulations. 
Furthermore, the stability analysis of these flows is also presented, providing an in-depth 
understanding of the underlying physics of the rarefied gas flows. Finally, in Chapter 4, the 
conclusions drawn from the research presented in the preceding chapters are discussed in detail. 
The significance of the results obtained in the context of the broader research area is 
highlighted, along with their implications and potential applications. Additionally, ongoing and 
future work that builds upon the findings presented in this thesis is outlined, providing direction 
for further research in this field. The limitations of the current research are also discussed, and 
avenues for future investigation are suggested. 

 
 
 

1.4 List of publications 
 

 
1.4.1 International Journals, with peer-review 

 
1. Klothakis A., and Nikolos I.K., “Design and Evaluation of a Hypersonic Waverider 

Vehicle Using DSMC”, Computation, vol. 12(7), p. 140, 
https://doi.org/10.3390/computation12070140, 2024. 
 

2. A. Klothakis, and I.K. Nikolos, “Comprehensive Evaluation of the Massively 
Parallel Direct Simulation Monte Carlo Kernel “Stochastic Parallel Rarefied-Gas 
Time-Accurate Analyzer” in Rarefied Hypersonic Flows—Part A: Fundamentals”, 
Computation, vol. 12(10), no. 198, 2024. 
 

3. A. Klothakis, and I.K. Nikolos, “Comprehensive Evaluation of the Massively 
Parallel Direct Simulation Monte Carlo Kernel “Stochastic Parallel Rarefied-Gas 
Time-Accurate Analyzer” in Rarefied Hypersonic Flows—Part B: Hypersonic 
Vehicles”, Computation, vol. 12(10), no. 200, 2024. 
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4. Klothakis A., Quintanilha Jr H., Sawant S.S., Protopapadakis E., Theofilis V., and 

Levin D.A., “Linear stability analysis of hypersonic boundary layers computed by a 
kinetic approach: a semi-infinite flat plate at 4.5≤ M∞ ≤ 9”, Theoretical and 
Computational Fluid Dynamics, vol. 36(1), pp.117-139, 2022. 
 

1.4.2 International Conference Proceedings, with peer-review 
 

1. Klothakis A., Dylewicz K., Theofilis V. and Levin D.A., “Computation of 
hypersonic flow around an isolated roughness element using kinetic methods”, In 
AIP Conference Proceedings, vol. 2996(1), AIP Publishing, 2024. 

 
2. Dylewicz K., Cerulus N., Klothakis A., Theofilis V., and Levin D.A., “Linear 

stability of couette flow with DSMC-informed boundary conditions”, In AIP 
Conference Proceedings, vol. 2996(1), AIP Publishing, 2024. 
 

3. Klothakis A.G., Lygidakis G.N., and Nikolos I.K., “Rarefied gas flow analysis of a 
suborbital shuttle with the academic CFD code Galatea”, In ASME International 
Mechanical Engineering Congress and Exposition, vol. 58349, p. V001T03A002, 
2017. 

4. Klothakis A.G., Nikolos I.K., Koehler T.P., Gallis M.A., and Plimpton S.J., 
“Validation simulations of the DSMC code SPARTA”, In AIP Conference 
Proceedings, vol. 1786(1), p. 050016, 2016. 
 

5. Klothakis A.G., Lygidakis G.N., Leloudas S.N., and Nikolos I.K., “Revisiting 
rarefied gas experiments with recent simulation tools”, In 6th European Conference 
on Computational Mechanics (ECCM 6), Glasgow, UK, 11-15 June 2018. 
 

6. Klothakis A., Lygidakis G.N., and Nikolos I.K., “Numerical analysis of rarefied gas 
flows using the academic CFD code Galatea”, In Proceedings of the ECCOMAS 
Conference, 2016. 
 

 
1.4.3 International Conferences 

 
1. Klothakis A., and Nikolos I.K., “Simulation of a Mach-7 waverider in off-design 

Conditions”, 3rd IAMD-COE Conference, June 19-20, 2024 (In Press). 
 

2. Francis A.A., Dylewicz K., Klothakis A., Theofilis V., and Jewell J.S., “Instability 
measurements on a cone-slice-flap in Mach-6 quiet flow”, In AIAA SCITECH 2024 
Forum, p. 0500-2024, 2024. 

 
3. Lappas V., Klothakis A., Nikolos I., and Theofilis V., “On the Design of Miniature 

Reentry Vehicles for Mesosphere Exploration. Part I: Theoretical Considerations”, 
In AIAA SCITECH 2024 Forum, p. 1160-2024, 2024. 
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Vehicles at High Altitude”, 1st IAMD-COE Conference, September 29-30, 2022. 
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Mach 6 flow is studied using Direct Simulation Monte Carlo methods”, In AIAA 
AVIATION 2022 Forum, p. 4029, 2022. 
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2. Fluid flow 
 

 
2.1 Statistical representation of gas flows 

 
2.1.1 Boltzmann equation 

 
In 1872 Ludwig Boltzmann introduced an equation which can describe which is valid in all 

flow regimes, from continuum flow to free molecular flow [Cer02, Ced02]. A brief 
introduction in the derivation of this equation will be given in this section. Before that, a short 
description of the phase space and density function concepts will be given. 
Considering a small volume containing a finite number of particles, each particle that lies 
within that volume can be described by a set of three coordinates 𝑟̇𝑟, one for each position 
coordinate, 𝑟̇𝑟𝑥𝑥, 𝑟̇𝑟𝑦𝑦, 𝑟̇𝑟𝑧𝑧 and another set of three coordinates 𝑝̇𝑝, for each momentum component 
𝑝̇𝑝𝑥𝑥, 𝑝̇𝑝𝑦𝑦, 𝑝̇𝑝𝑧𝑧. This is a six-dimensional space in which each point inside that space can be 
described by (𝑟̇𝑟, 𝑝̇𝑝) = �𝑟̇𝑟𝑥𝑥, 𝑟̇𝑟𝑦𝑦, 𝑟̇𝑟𝑧𝑧, 𝑝̇𝑝𝑥𝑥, 𝑝̇𝑝𝑦𝑦, 𝑝̇𝑝𝑧𝑧� and each coordinate is pameterized by time 𝑡𝑡. 
Mathematically, this small volume can be expressed as: 
 

d3𝑟̇𝑟d3𝑝̇𝑝 = d𝑟̇𝑟𝑥𝑥d𝑟̇𝑟𝑦𝑦d𝑟̇𝑟𝑧𝑧d𝑝̇𝑝𝑥𝑥d𝑝̇𝑝𝑦𝑦d𝑝̇𝑝𝑧𝑧 (2.1.1) 
 
The probability of 𝑁𝑁 molecules all having 𝑟̇𝑟 and 𝑝̇𝑝 within 𝑑̇𝑑3𝑟̇𝑟𝑑̇𝑑3𝑝̇𝑝 is given by a function 𝑓𝑓 
which gives the probability per unit length cubed per momentum cubed at a time 𝑡𝑡 and is called 
the probability density function and is defined so that [Str05]: 
 

d𝑁𝑁 = 𝑓𝑓𝑃𝑃(𝑟̇𝑟, 𝑝̇𝑝, 𝑡𝑡)d3𝑟̇𝑟ḋ3𝑝̇𝑝 (2.1.2) 
 
where 𝑑𝑑𝑑𝑑 is the number of molecules that all lie within a volume element 𝑑̇𝑑3𝑟̇𝑟 and have their 
momentum within the momentum space 𝑑̇𝑑3𝑝̇𝑝 at time 𝑡𝑡. Then 𝑓𝑓𝑃𝑃 can be expressed in a phase 
space description problem and the total number of molecules inside that volume is given by: 
 

N = � d3𝑟̇𝑟
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

� d3𝑝̇𝑝
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

= � � 𝑓𝑓�𝑟̇𝑟𝑥𝑥, 𝑟̇𝑟𝑦𝑦, 𝑟̇𝑟𝑧𝑧, 𝑝̇𝑝𝑥𝑥, 𝑝̇𝑝𝑦𝑦, 𝑝̇𝑝𝑧𝑧, 𝑡𝑡�d𝑟̇𝑟𝑥𝑥d𝑟̇𝑟𝑦𝑦d𝑟̇𝑟𝑧𝑧d𝑝̇𝑝𝑥𝑥d𝑝̇𝑝𝑦𝑦d𝑝̇𝑝𝑧𝑧)
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

 
(2.1.3) 

 
The generalized Boltzmann equation is composed of three terms and is written as [Str05]: 
 

𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

= �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕 �𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

+ �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕 �𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

+ �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕 �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

 (2.1.4) 

 
where the 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 term expresses an external force acting to the particles of the system, the 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 term corresponds to the diffusion among particles and the 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 term accounts 
for the force exerted by molecules when colliding with each other.  
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Let 𝐹𝐹 be an external force acting to the particles described by 𝑓𝑓. At time 𝑡𝑡 a number of 
particles will have a position within the volume 𝑑̇𝑑3𝑟̇𝑟 that will be described by 𝑟̇𝑟 and momentum 
in the 𝑑̇𝑑3𝑝̇𝑝 that will be described by 𝑝̇𝑝. If force 𝐹𝐹 acts instantly then at time 𝑡𝑡 + ∆𝑡𝑡 the position 
of the particles will be: 
 

𝑟̇𝑟 + ∆𝑟̇𝑟 = 𝑟̇𝑟 +
𝑝̇𝑝
𝑚𝑚
∆𝑡𝑡 (2.1.5) 

 
and momentum: 
 

𝑝̇𝑝 + ∆𝑝̇𝑝 = 𝑝̇𝑝 + 𝐹𝐹∆𝑡𝑡 (2.1.6) 
 
In the absence of collisions in the system then the probability density function 𝑓𝑓 must be equal 
to: 
 

𝑓𝑓𝑃𝑃 �𝑟̇𝑟 +
𝑝̇𝑝
𝑚𝑚
∆𝑡𝑡, 𝑝̇𝑝 + 𝐹𝐹∆𝑡𝑡, 𝑡𝑡 + ∆𝑡𝑡�d3𝑟̇𝑟d3𝑝̇𝑝 = 𝑓𝑓𝑃𝑃(𝑟̇𝑟, 𝑝̇𝑝, 𝑡𝑡)d3𝑟̇𝑟d3𝑝̇𝑝 (2.1.7) 

 
In equation (2.1.7) we can safely assume that the small volume d3𝑟̇𝑟d3𝑝̇𝑝 is constant due to the 
fact that all particles obey Hamilton’s equation of motion, and according to Liouville’s 
theorem, volumes of phase space along Hamiltonian trajectories are conserved [Str05]. In 
reality though, collisions do occur and thus the particle density in the small volume d3𝑟̇𝑟d3𝑝̇𝑝 
changes such as: 
 

d𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕 �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

∆𝑡𝑡d3𝑟̇𝑟d3𝑝̇𝑝

= 𝑓𝑓𝑃𝑃 �𝑟̇𝑟 +
𝑝̇𝑝
𝑚𝑚
∆𝑡𝑡, 𝑝̇𝑝 + 𝐹𝐹∆𝑡𝑡, 𝑡𝑡 + ∆𝑡𝑡�d3𝑟̇𝑟d3𝑝̇𝑝 − 𝑓𝑓𝑃𝑃�𝑟𝑟, 𝑝̇𝑝, 𝑡𝑡̇ �d3𝑟̇𝑟d3𝑝̇𝑝

= ∆𝑓𝑓𝑃𝑃d3𝑟̇𝑟d3𝑝̇𝑝 

(2.1.8) 

 
where ∆𝑓𝑓 denotes the total change in 𝑓𝑓𝑃𝑃. If we divide equation (2.1.8) by d3𝑟̇𝑟d3𝑝̇𝑝∆𝑡𝑡, in the 
limits ∆𝑡𝑡 → 0 and ∆𝑓𝑓 → 0 we get: 
 

d𝑓𝑓𝑃𝑃
dt

= �
d𝑓𝑓𝑃𝑃
dt �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

 (2.1.9) 

 
and the total differential of 𝑓𝑓𝑃𝑃 can be written as: 
 

d𝑓𝑓𝑃𝑃 =
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

d𝑡𝑡 + �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

dx +
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

dy +
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

dz�

+ �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝑝̇𝑝𝑥𝑥

d𝑝̇𝑝𝑥𝑥 +
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝑝̇𝑝𝑦𝑦

d𝑝̇𝑝𝑦𝑦 +
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝑝̇𝑝𝑧𝑧

d𝑝̇𝑝𝑧𝑧�

=
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

d𝑡𝑡 + 𝛻𝛻𝑓𝑓𝑃𝑃 ∙ d𝑟̇𝑟 +
𝜕𝜕𝑓𝑓𝑃𝑃
d𝑝̇𝑝

∙ d𝑝̇𝑝

=
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

d𝑡𝑡 + 𝛻𝛻𝑓𝑓𝑃𝑃
𝑝̇𝑝
𝑚𝑚

d𝑡𝑡 +
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝑝̇𝑝

∙ 𝐹𝐹 ∙ d𝑡𝑡 

(2.1.10) 
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By dividing (2.1.10) with d𝑡𝑡 and substituting to equation (2.1.9) we get: 
 

𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕

=
𝑝̇𝑝
𝑚𝑚
∙ 𝛻𝛻𝑓𝑓𝑃𝑃 + 𝐹𝐹 ∙

𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝑝̇𝑝

= �
𝜕𝜕𝑓𝑓𝑃𝑃
𝜕𝜕𝜕𝜕 �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

 (2.1.11) 

 
which is a more well-known form of equation (2.1.4) in which the force field 𝐹𝐹(𝑟̇𝑟, 𝑝̇𝑝) is the one 
that acts upon the particles and 𝑚𝑚 is the mass of the particles. The right-hand side term 
describes the collisions between particles and if set to zero then the flow is collision less. This 
collision term is the most difficult to calculate due to fact that it’s a statistical term and requires 
knowledge of the distribution the particles obey. Nevertheless, there are methods in the 
literature that approximate this term and the most well-known are the Bhatnagar, Gross and 
Krook (BGK) method [Bha54] and the Direct Simulation Monte Carlo (DSMC) [Bir94]. The 
latter is used in this work and will be discussed in the next session. 

Before describing the numerical methods used in this work a description of the flow regimes 
will be given. An overview of the flow regimes along with the corresponding applicable 
numerical method for each regime can be seen in Figure 2.1. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.1. Flow regimes. 
 

 
The Knudsen number used to determine each flow regime is given by: 
 

Kn =
𝜆𝜆
𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟

 (2.1.12) 

 
where is the mean free path (MFP) denoted by: 
 

Knudsen 
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λ =
1

√2𝜋𝜋𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟2 𝑁𝑁𝑑𝑑 �
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟
𝑇𝑇 �

𝜔𝜔�−12
 (2.1.13) 

 
where 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 is the particle characteristic diameter, 𝑁𝑁𝑑𝑑 is the number density, 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 a 
characteristic temperature (273.15 K in this work) and 𝜔𝜔� is the viscosity exponent of the gas. 
 
 
 
2.1.2 The Direct Simulation Monte Carlo method 

 
The DSMC method was first introduced by Graeme Bird in the early 1960s [Bir94]. It is a 

particle‐based statistical method, made for the study of rarefied flows in a direct physical way 
instead of solving partial differential equations. In other words, the evolution of a large number 
of simulated particles, which represent a fraction of the real molecules in the flow field, is 
simulated. Modeling is implemented by uncoupling the particles motion and calculating the 
intermolecular collisions between the simulated particles over a time interval smaller than the 
mean collision time. It has been proved mathematically that the method for a large number of 
particles per cell converges to the Boltzmann equation presented in the previous section 
[Wag92]. In general, the DSMC method consists of four steps: 
 
1. Moving of particles 
2. Indexing particles into cells 
3. Performing the intermolecular collisions 
4. Sampling particles properties 
 

To locate the particles and track their movements, the whole computational domain is 
partitioned into a number of cells, which can contain sub‐cells in a predefined structure. 
Initially, a set of particles are randomly distributed in each cell. Each of the particles is assigned 
a position, velocity components and energy. Then, the mentioned steps are repeated in each 
timestep in order to simulate the evolution of flow in time. The macroscopic quantities of the 
flow, such as velocity, pressure, density, temperature and so on, are measured on each cell and 
can be obtained from weighting averages of microscopic properties. For all simulations in this 
work the DSMC method as described by Graeme Bird [Bir94] and implemented in the 
Stochastic PArallel Rarefied-gas Time-accurate Analyzer developed in Sandia National 
Laboratories [Gal14], has been used to analyze the examined flows. 
 
 
 
2.1.3 Discretization in space and time 

 
The essential assumption in DSMC simulations is that over a timestep ∆𝑡𝑡 smaller than the 

local mean collision time the molecular motion is independent of the intermolecular collisions. 
Accordingly, each molecule is moved by its corresponding distance traveled during this time 
interval, interacting with flow boundaries deterministically. After the calculation of the 
molecular moves the time is advanced by one time step and an appropriate set of intermolecular 
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collisions is selected. By alternating moving and colliding the flow develops in a time accurate 
manner from its initial state to its final state. Usually, a uniform flow is chosen as the initial 
state of the gas, which is specified by means of the macroscopic stream velocity, and two state 
variables, such as number density and temperature. Accordingly, neither an initial estimate of 
the flow field nor any kind of iteration is needed. All simulations are unsteady in the sense that 
they employ a time parameter which can be identified with physical time in real flow. However, 
if the flow parameters or the flow nature allow the formation of a steady flow, the steady state 
may be attained as a cumulative average of the unsteady flow over time. The uncoupling of the 
molecular motion and intermolecular collisions, is valid as long as the time step is small 
compared to the local mean collision time. If this condition is met the discretization error in 
the results can be kept below the uncertainty in the transport properties, which is about 2%. 
[Bir94]. 

As mentioned earlier, in the DSMC method a grid is required. The grid serves a two-fold 
objective. It divides the simulation domain in cells which, on one hand, serve the purpose of 
selecting the appropriate collision partners within each grid cell and on the other hand they are 
used to sample the macroscopic flow properties. The more molecules per grid cell used in a 
simulation the smaller the grid cell is the more accurate representation of the real flow behavior 
becomes. In fact, it has been shown that DSMC converges quadratically in terms of spatial and 
temporal discretization and 1/N, with the number of simulators per cell. Thus, the quality of 
the results is improved. The computation time of the DSMC routines is generally proportional 
to the number of simulated molecules, this is at the cost of higher computational efforts. This 
tradeoff gains importance at low Knudsen numbers and shorter mean free paths such as in the 
continuum regime. Bird in 2005 [Bir05] proposed the ratio of mean collision separation (MCS) 
to the mean free path (MFP) as the most important quality criterion for DSMC simulations and 
recommended an upper limit of: 
 

𝑡𝑡𝑀𝑀𝑀𝑀𝑀𝑀
𝜆𝜆

< 0.2 (2.1.14) 

 
Higher values of equation (2.1.14) can increase the discretization error in the results. 
Furthermore, in order to reduce the computational cost flow symmetries or grid adaption can 
be employed. In areas where the flow gradients are very steep the grid cells can be refined to 
get a better representation and coarsened in areas where the flow gradients are practically 
constant.  
 
 
 
2.1.4 Particle movement 

 
In a DSMC simulation particles move in space according to their velocity taking into 

account the timestep. In the absence of external force fields, the change in their position is 
given by: 
 

∆𝑥𝑥 = 𝑢𝑢∆𝑡𝑡 (2.1.15) 
 
Equation (2.1.15) can be applied to all problems regarding of their dimensionality (1d, 2d or 
3d). In DSMC particle velocities are always three-dimensional regardless of the dimensionality 
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of the problem. To decrease the problem from three-dimensional to two-dimensional or one-
dimensional the movement in the homogenous direction is ignored. 

Axisymmetric flows yield a degree of difficulty due to the fact that it is necessary to account 
for the rotation around the axis of symmetry [Bir94]. An axisymmetric flow is assumed to 
occur in a single radial plane of a three-dimensional flow domain. The existence of the 
azimuthal velocity component causes the particles to exit this plane when following their 
physical three-dimensional trajectories. In order to account for that and return the particles 
inside the simulation plane their final position and velocity vectors are transformed such as to 
rotate the particle around the axis of symmetry and back into the initial simulation plane. This 
transformation maps a straight-line trajectory to a hyperbolic path in the simulation domain. 
 
 
 
2.1.5 Boundary and surface interactions 
 

For the simulations presented in this work four different boundaries were used namely, 
inflow, outflow, symmetry and surfaces. From the inflow boundary particles enter the 
simulation domain and the particles flux inserting the simulation domain from a grid cell face 
per unit time is calculated by [SPARTA21]: 
 
 

𝑁̇𝑁𝑖𝑖 = 𝑒𝑒
��−𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐2(𝜃𝜃)�+√𝜋𝜋𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃)�1+𝑒𝑒𝑒𝑒𝑒𝑒(𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃)��

2√𝜋𝜋

𝛽𝛽
𝑁𝑁𝑑𝑑, 

 

𝛽𝛽 = �2𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔𝑇𝑇 

 
𝑠𝑠 =

𝑢𝑢
�2𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔𝑇𝑇

 

 

𝑒𝑒𝑒𝑒𝑒𝑒(𝑎𝑎) =
2
√𝜋𝜋

�𝑒𝑒−𝑥𝑥2𝑑𝑑𝑑𝑑
𝑎𝑎

0

 

(2.1.16) 

 
where 𝛽𝛽 is the particle most probable velocity, 𝑠𝑠 is the speed ratio, 𝑢𝑢 is the macroscopic flow 
velocity, 𝑒𝑒𝑒𝑒𝑒𝑒 is an error function and 𝑁̇𝑁𝑖𝑖 the incoming molecular flux per unit time and 𝑁𝑁𝑑𝑑 is 
the flow number density. Furthermore, in order to calculate the total number of particles to be 
inserted the ratio of simulator particles to real particles (𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹), flow properties such as 
number density, velocity, thermal temperature and the area of the grid cell face relative to the 
streaming velocity are also considered [SPARTA21]. If a boundary is defined as outflow, then 
particles crossing this boundary are deleted from the simulation domain whereas if defined as 
symmetry the particles reflect back such that the angle of incidence is equal to the angle of 
departure with no change in energy. A visual representation of a specular reflection can be seen 
in Figure 2.2. The different types of surface reflections used in this work will be presented next. 

When a particle hits a surface boundary two events are happening. The reflection of the 
particle and the accommodation of the particle to the surface temperature. As seen in Figure 
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2.1 different types of surface reflection used in this work. The specular reflection in which the 
incident angle is equal to the reflection angle. In specular reflection the energy of the particle 
is the same before and after the collision with the surface, whereas in diffuse reflection nor the 
reflection angle nor the energy after the collision with the surface boundary are the same 
[Bir94]. In some cases, where an adiabatic surface was needed, a more sophisticated model 
was used to model it, that of Cercignagni-Lampis as modified by Lord [Lor91] for use in 
DSMC. This model differentiates the normal and tangential reflection [Cer71, Lor91]. 
 

 
Figure 2.2. Different types of surface and boundary reflections. 

 
 

The energy accommodation is used to account for the difference in temperature between the 
gas particles colliding with the surface and the surface temperature itself. In realistic 
engineering cases the gas is not always in thermodynamic equilibrium with the surface, so 
there’s a difference of temperature before and after the particles collide with the surface. The 
energy accommodation coefficient, denoted here as 𝑎𝑎𝑐𝑐 is the ratio between the energy given to 
the surface by the reflected particles and the energy given to the surface if the particles were 
reflected at the surface temperature [Bir94]. When 𝑎𝑎𝑐𝑐 = 1 the reflected particles are at the same 
temperature as the surface so that they have exchanged with the surface all their energy. The 
energy accommodation coefficient is given by: 
 

𝑎𝑎𝑐𝑐 =
𝑄̇𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑄̇𝑄𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑄̇𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑄̇𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

 (2.1.17) 

 
where 𝑄̇𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝑄̇𝑄𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 are the incident and reflected energy fluxes respectively and 
𝑄̇𝑄𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the energy flux that would be carried away in diffuse reflection with temperature 
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑇𝑇𝑤𝑤. 
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The Cercignani-Lampis model is able to reproduce more realistic surface reflections due to 
the ability to model quasi-specular reflections. Lord modified that model later in order to 
include the surface accommodation [Lor91]. The model was then renamed to Cercignani-
Lampis-Lord (CLL) and requires five coefficients to be defined one for the surface normal 
direction accommodation, denoted as 𝑎𝑎𝑛𝑛, one for the tangential surface accommodation 
denoted as 𝑎𝑎𝑡𝑡, one for the rotational modes 𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟, one for the vibrational modes 𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣 and one 
for the surface accommodation denoted here as 𝑎𝑎𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝. There is also another coefficient 
connecting with 𝑎𝑎𝑡𝑡, namely the tangential momentum accommodation 𝜎𝜎𝑡𝑡. The equations of the 
model are: 
 

𝑎𝑎𝑛𝑛 =
𝑘𝑘𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑘𝑘𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑘𝑘𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

 (2.1.18) 

 

𝜎𝜎𝑡𝑡 =
𝜙𝜙𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝜙𝜙𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
 (2.1.19) 

 

�𝑎𝑎𝑡𝑡 = 𝜎𝜎𝑡𝑡(2 − 𝜎𝜎𝑡𝑡)
0 ≤ 𝜎𝜎𝑡𝑡 ≤ 1  (2.1.20) 

 
where 𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝑘𝑘𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 are the kinetic energy for the incident and the reflected flux 
respectively for the normal to the surface velocity component, 𝑘𝑘𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the kinetic energy 
for the most probable normal velocity component in thermal equilibrium with the surface and 
𝜙𝜙𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝜙𝜙𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 are the tangential momentum accommodation coefficients for the 
incident and the reflected momentum flux respectively. If 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑡𝑡 = 𝑎𝑎𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 1 then the 
model reduces to a diffuse reflection with full surface temperature accommodation whereas if 
𝑎𝑎𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 0 the model represents a diffuse reflecting adiabatic surface. 
 
 
 
2.1.6 Collision mechanics 

 
In DSMC there are two types of collisions occurring during a simulation regarding how is 

energy processed during the collision. Since DSMC is meant to simulate dilute gases only 
binary collisions are considered. The probability of having three particles in the same place 
during one timestep is negligibly small. Therefore, two types of collisions take place. Elastic 
collisions where only an exchange of translational energy occurs and inelastic collisions where 
rotational and vibrational energies are exchanged as well. 

When an elastic collision occurs, energy and momentum are conserved. In the equations 
below the subscripts 1 and 2 denote of the two colliding particles, 𝑚̇𝑚 denotes the center of mass 
of the particle and the superscript (∗) denotes the post collision properties. The conservation of 
energy and momentum can then be written as [Bir94]: 
 

𝑚̇𝑚1𝑐𝑐1 + 𝑚̇𝑚2𝑐𝑐2 = 𝑚𝑚1𝑐𝑐1∗ + 𝑚𝑚2𝑐𝑐2∗ = (𝑚̇𝑚1 + 𝑚̇𝑚2)𝑐𝑐𝑚𝑚 (2.1.21) 
 

𝑚̇𝑚1𝑐𝑐12 + 𝑚̇𝑚2𝑐𝑐22 = 𝑚̇𝑚1𝑐𝑐1∗2 + 𝑚̇𝑚2𝑐𝑐2∗2 (2.1.22) 
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Defining also the relative velocity between the two particles before and after the collision as: 
 

𝑐𝑐𝑟𝑟 = 𝑐𝑐1 − 𝑐𝑐2 
𝑐𝑐𝑟𝑟∗ = 𝑐𝑐1∗ − 𝑐𝑐2∗ 

(2.1.23) 

where 𝑐𝑐 is the velocity of the particle. Combining equations (2.1.21) and (2.1.22) with (2.1.23) 
we can write: 
 

𝑐𝑐1∗ = 𝑐𝑐𝑚𝑚 +
𝑚̇𝑚2

𝑚̇𝑚1 + 𝑚̇𝑚2
𝑐𝑐𝑟𝑟∗ 

(2.1.24) 

 

𝑐𝑐2∗ = 𝑐𝑐𝑚𝑚 −
𝑚̇𝑚2

𝑚̇𝑚1 + 𝑚̇𝑚2
𝑐𝑐𝑟𝑟∗ 

(2.1.25) 

 
𝑚̇𝑚1𝑐𝑐12 + 𝑚̇𝑚2𝑐𝑐22 = (𝑚̇𝑚1 + 𝑚̇𝑚2)𝑐𝑐𝑚𝑚2 + 𝑚̇𝑚𝑟𝑟𝑐𝑐𝑟𝑟2 (2.1.26) 

 
𝑚̇𝑚1𝑐𝑐1∗2 + 𝑚̇𝑚2𝑐𝑐2∗2 = (𝑚̇𝑚1 + 𝑚̇𝑚2)𝑐𝑐𝑚𝑚2 + 𝑚̇𝑚𝑟𝑟𝑐𝑐𝑟𝑟∗2 (2.1.27) 

 
where 𝑚̇𝑚𝑟𝑟 is the reduced mass and is defined as: 
 

𝑚̇𝑚𝑟𝑟 =
𝑚̇𝑚1𝑚̇𝑚2

𝑚̇𝑚1 + 𝑚̇𝑚2
 (2.1.28) 

 
All of the above equations show that 𝑐𝑐𝑟𝑟∗ = 𝑐𝑐𝑟𝑟 and that the post collisional velocities 𝑐𝑐1∗ and 𝑐𝑐2∗ 
can be calculated from the pre-collision velocities. This means that the calculation of the post-
collision velocities can be known if the deflection angle 𝑥̇𝑥 is known and additionally that the 
pre- and post- collision velocities are on the same plane. The deflection angle can be seen 
visually in Figure 2.3 adapted by [Bir94]. Furthermore, the knowledge of the separation of the 
undisturbed particle trajectories 𝑏𝑏 are required for the calculation of the collisional cross-
section. The undisturbed particle trajectory is the distance of the closest approach of the two 
colliding particles. The collision cross-section can be defined as [Bir94]: 
 

σd𝛺𝛺 = 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑒̇𝑒 (2.1.29) 
 
where 𝑒̇𝑒 as seen in Figure 2.3 is the angle between a reference plane and the collision plane. 
Defining 𝑑𝑑𝛺𝛺 as [Bir94]: 
 

d𝛺𝛺 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝑥̇𝑥 𝑑𝑑𝑥̇𝑥𝑑𝑑𝑒̇𝑒 (2.1.30) 
 
The total collision section can be defined and written as [Bir94]: 
 

𝜎𝜎𝑇𝑇 = � 𝜎𝜎𝜎𝜎𝛺𝛺
4𝜋𝜋

0

= 2𝜋𝜋� 𝑏𝑏 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑥̇𝑥
� 𝑑𝑑𝑥̇𝑥

𝜋𝜋

0

 (2.1.31) 
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Figure 2.3. Collision parameters. Adapted from [Bir94]. 

 
 

The viscosity cross-section 𝜎𝜎𝜇𝜇 and the momentum transfer cross section 𝜎𝜎𝑀𝑀 can also be 
derived from equation (2.1.31) and are equal to: 
 

𝜎𝜎𝜇𝜇 = � 𝑠𝑠𝑠𝑠𝑠𝑠2(𝑥̇𝑥)𝜎𝜎𝜎𝜎𝛺𝛺
4𝜋𝜋

0

 (2.1.32) 

 

𝜎𝜎𝑀𝑀 = � (1 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝑥𝑥)𝜎𝜎𝜎𝜎𝛺𝛺
4𝜋𝜋

0

 (2.1.33) 

 
Apart from the elastic collisions discussed previously, as mentioned before, there are also 

inelastic collisions occurring during a DSMC simulation. During an inelastic collision, besides 
translational energy, rotational and vibrational energies are exchanged as well. A very well-
known model for inelastic collisions, which is almost universally used is the Larsen-Borgnakke 
model [Lar74, Bir94]. A detailed description of this model is given in [Bir94]. Here, for the 
sake of simplicity only one aspect of the model will be presented, that of a simple gas. A simple 
gas has its viscosity proportional to the temperature at the viscosity exponent 𝜔𝜔� with a degree 
of freedom 𝛿𝛿. The model assumes that the rotational modes of a particle are spherically 
symmetric. Thus, the relaxation rate can be defined as the rate at which a particle’s internal 
mode approaches equilibrium and is related to the fraction of inelastic collisions [Lar74, Bir94]. 
The total translational energy 𝐸𝐸𝑡𝑡 is equal to the sum of the translational energy of each particle 
and the same also applies for the internal energy 𝐸𝐸𝑖𝑖𝑖𝑖. The probability of a system to have a 
given translational or internal energy is given by [Bir94]: 
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𝑃𝑃𝐸𝐸𝑡𝑡 ∝ 𝐸𝐸
3
2−𝜔𝜔� 𝑒𝑒(−𝐸𝐸𝑡𝑡 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ) (2.1.34) 

 

𝑃𝑃𝐸𝐸𝑖𝑖 ∝ 𝐸𝐸
𝛿𝛿
2−1𝑒𝑒(−𝐸𝐸𝑖𝑖 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ) (2.1.35) 

 
The total energy of a system is equal to the sum of translational and internal energy. According 
to that, the probability for a particle to be in the state (𝐸𝐸𝑡𝑡 .𝐸𝐸𝑖𝑖) is equal to [Lar74, Bir94]: 
 

𝑃𝑃𝐸𝐸𝑡𝑡,𝐸𝐸𝑖𝑖 ∝ 𝐸𝐸
3
2−𝜔𝜔� (𝐸𝐸𝑐𝑐 − 𝐸𝐸𝑡𝑡)𝛿𝛿−1𝑒𝑒(−𝐸𝐸𝑐𝑐 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ) (2.1.36) 

 
where 𝐸𝐸𝑐𝑐 is the total energy of the system. Furthermore, the temperature 𝑇𝑇 can be linked to the 
total energy so that the probability denoted by equation (2.1.36) depends only on 𝐸𝐸𝑐𝑐 but not 
from its distribution on translation or internal energy. The maximum of this probability is given 
by [Bir94]: 
 

𝐸𝐸𝑡𝑡
𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡

=
3 2⁄ − 𝜔𝜔�

𝛿𝛿 + 1 2⁄ − 𝜔𝜔�
 (2.1.37) 

 
To obtain the post-collision energies 𝐸𝐸𝑡𝑡∗ and 𝐸𝐸𝑖𝑖∗ the acceptance-reception method is used. 

According to this principle, 𝐸𝐸𝑡𝑡∗ is generated according to 𝑃𝑃𝐸𝐸𝑡𝑡,𝐸𝐸𝑖𝑖  as given by equation (2.1.36) 
and also a random number between 0 and 1 is generated as well. If accepted, then 𝐸𝐸𝑖𝑖∗ is 
calculated as 𝐸𝐸𝑖𝑖∗ = 𝐸𝐸𝑐𝑐 − 𝐸𝐸𝑡𝑡∗. After the redistribution of the total energy into total translational 
and total internal energy is completed, the latter need also to be distributed on the two colliding 
particles. The same is done, knowing that the probability of having a particle with internal 
energy 𝐸𝐸𝑖𝑖,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝∗  is: 
 

𝑃𝑃𝐸𝐸𝑖𝑖,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝∗ ∝ 𝐸𝐸𝑖𝑖,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
∗𝛿𝛿2−1 �𝛦𝛦𝜄𝜄∗ − 𝛦𝛦𝜄𝜄,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝∗ �

𝛿𝛿
2−1 (2.1.38) 

 
Then the post-collision relative velocity in the center of mass is given by: 

𝑐𝑐𝑟𝑟∗ = �
2𝐸𝐸𝑡𝑡∗

𝑚̇𝑚𝑟𝑟
 (2.1.39) 

 
 
 
2.1.7 Collision models 

 
In DSMC collisions between the particles are treated in a statistical manner using models 

for the collision cross section and the scattering angle as well. Two collision models have been 
used in this work the Variable Hard Sphere (VHS) [Bir94] and the Variable Soft Sphere (VSS) 
of Koura and Matsumoto [Kou91, Kou92]. Before describing these complicated models, the 
simplest model of all will be described namely the Hard Sphere (HS) model [Bir94]. The hard 
sphere model assumes that: 
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b =
1
2

(𝑑𝑑1 + 𝑑𝑑2) 𝑐𝑐𝑐𝑐𝑐𝑐
𝑥̇𝑥
2

 (2.1.40) 

 
So that: 
 

σ =
(𝑑𝑑1 + 𝑑𝑑2)2

16
 (2.1.41) 

 
Denoting a total collision cross-section of [Bir94]: 
 

𝜎𝜎𝑇𝑇 = � 𝜎𝜎𝑑𝑑𝑑𝑑
4𝜋𝜋

0

=
𝜋𝜋
4

(𝑑𝑑1 + 𝑑𝑑2)2 (2.1.42) 

 
The advantage of the HS model is that since the collision cross-section is finite it has an 
isotropic scattering on the reference plane of the center of mass. 

The isotropic scattering law of the HS model, although simple to calculate is also unrealistic. 
Moreover, the collision cross-section is independent of the relative translational energy of the 
collision. The viscosity in the HS model is proportional to temperature in viscosity exponent 
𝜔𝜔�, with 𝜔𝜔� equal to 0.5 although according to [Bir94] this number is closer to 0.5. 
 

μ ∝ 𝛵𝛵𝜔𝜔�  (2.1.43) 
 
This fact, led to a viscosity model such that [Bir94]: 
 
 

μ = 𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟 �
𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

�
𝜔𝜔�

 (2.1.44) 

 
 

As it will be shown in the next section this temperature dependency on the viscosity is 
known from the Sutherland’s law [Luo05, Sut93]. Introducing a Sutherland coefficient denoted 
as 𝐴𝐴𝑠𝑠 and a Sutherland temperature denoted as 𝑇𝑇𝑠𝑠 equation (2.1.43) can be transformed to: 
 

μ =
𝐴𝐴𝑠𝑠√𝑇𝑇

1 + 𝑇𝑇𝑠𝑠
𝑇𝑇

 (2.1.45) 

 
This model is more realistic than the hard sphere model and differs to the fact that in the VHS 
particles have a diameter with is a function of the relative velocity such as [Bir94]: 
 

d = 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 �
𝑐𝑐𝑟𝑟,𝑟𝑟𝑟𝑟𝑟𝑟

𝑐𝑐𝑟𝑟
�
𝑣𝑣
 (2.1.46) 

 
where 𝑣𝑣 = 𝜔𝜔� − 1/2. In the VHS model the deflection angle 𝑥̇𝑥 is equal to [Bir94]: 
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𝑥̇𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐−1 �
𝑏𝑏
𝑑𝑑�

 (2.1.47) 

 
The reference diameter of the VHS model can be derived from the viscosity power law as: 
 

𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 = �
15�𝑚̇𝑚𝑘𝑘𝐵𝐵𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟/𝜋𝜋

2(5 − 2𝜔𝜔�)(7 − 2𝜔𝜔�)𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟
�

1
2
 (2.1.48) 

 
where 𝑘𝑘𝐵𝐵 is the Boltzmann constant. In the VHS model the collision cross-section is 
determined from the viscosity coefficient exponent while the viscosity and momentum cross-
sections are given by the equations (2.1.32) and (2.1.33). 

One deficiency of the VHS model is that the collision cross-section must be determined 
from the viscosity exponent coefficient of the gas while the ration of momentum to the viscosity 
collision cross-section follow the hard sphere rule [Bir94]. This ratio though varies in case of 
the inverse power law model varies with the power law resulting in values different from the 
hard sphere values. To tackle this deficiency, Koura and Matsumoto introduced the Variable 
Soft Sphere (VSS) model [Kou91, Kou92]. In this model the impact parameter 𝑏𝑏 instead of 
defined as in equation (2.1.40) is now defined as [Kou91]:  
 

b = 𝑑𝑑𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 �
𝑥̇𝑥
2�

 (2.1.49) 

 
where 𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 is the exponent of the cosine of the reflection angle. This exponent can be found in 
the gas data in open literature [Kou92] and all the other parameters of the model are directly 
linked to the value of 𝑎𝑎 [Kou91]. As seen from equation (2.1.46) for a value of 𝑎𝑎 equal to 1.0 
the VSS is reduced to the VHS and can be proved that both models (VHS and VSS) yield the 
same computational cost [Kou91]. The deflection angle 𝑥̇𝑥 for the VSS model is given by: 
 

𝑥̇𝑥 = 2𝑐𝑐𝑐𝑐𝑐𝑐−1 �
𝑏𝑏
𝑑𝑑�

1 𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉�

 (2.1.50) 

 
while the reference diameter 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 for this model is given by [Kou91, Kou92]: 
 

𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 = �
5(𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 + 1)(𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 + 2)�𝑚̇𝑚𝑘𝑘𝐵𝐵𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟/𝜋𝜋

4𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉(5 − 2𝜔𝜔�)(7 − 2𝜔𝜔�)𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟
�

1
2
 (2.1.51) 

 
For this specific model, the total collision cross-section 𝜎𝜎𝑇𝑇 still remains equal to 𝜋𝜋𝑑𝑑2 

[Kou91], while the viscosity and collision cross-sections can be written as [Bir94]: 
 

𝜎𝜎𝜇𝜇 =
4𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉

(𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 + 1)(𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 + 2)𝜎𝜎𝑇𝑇 (2.1.52) 

 

𝜎𝜎𝑀𝑀 =
2

(𝑎𝑎𝑉𝑉𝑉𝑉𝑉𝑉 + 1)𝜎𝜎𝑇𝑇 (2.1.53) 
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In DSMC simulations, the collisions between particles are the primary means to represent 
the evolution of physical phenomena in a gas flow. For large simulations though, the 
calculation of the particle’s trajectories, impact parameters and angle of incidence would be 
prohibitively expensive. For that reason, collisions are calculated in a statistical manner 
between particles in the same cell. Within a computational cell, particles are paired and a list 
of possible collision partners is formed. Then an accept-reject method is used to determine 
which collision pairs will collide. The probability for a collision to occur depends on the 
collision model and the collision partners selection scheme and is a function of the flow density, 
the relative velocity of the collision pair and the collision cross-section [Bir94]. This 
probability is also proportional to the timestep and the ratio of simulator to real particles 
(𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹) [Bir94]. The pair is selected for collision if the collision probability is greater than a 
random number generated in [0,1]. The number of collision pairs examined and the collision 
probabilities are such that the average collision rate is equal to that given by kinetic theory. 

Several collision partners selection schemes exist in open literature [Bar90, Bir94, Bir09, 
Bir05]. The selection scheme used in this work is based on the one described in [Bir05, Gal09] 
as modified by Gallis et al. [Gal11]. In this modified scheme the nearest-neighbor scheme of 
[Bir05] is replaced by a near-neighbor scheme according to which the collision partner of a 
particle is selected from a sphere with radius equal to the distance the particle travels in one 
timestep. Comparative studies and convergence behavior of the latter can be found in [Gal11].  
 
 
 
2.1.8 Sampling of flow Macro-Properties 

 
In the DSMC method the macroscopic properties of the flow are calculated as averages of 

the particles micro-properties. Properties such as density, velocity and temperature are the 
zeroth, first and second moments of the velocity distribution function. Since DSMC is able to 
simulate the evolution of the particle distribution function, it is valid to calculate the flow field 
properties by sampling particle properties and computing the moments of the sampled data. In 
each computational grid of the simulation domain the particles residing within the cell are 
grouped and their properties are averaged such as one value of the property is computed for 
each computational cell.  

In areas with steep gradients and sudden changes of flow properties a large number of cells 
is required to capture the steep gradients to calculate smooth flow properties. The magnitude 
of statistical fluctuations varies with the inverse root of the sample size. A real gas is generally 
subjected to these fluctuations but the magnitudes are much smaller due to a sample size which 
is orders of magnitudes larger than the one available in a DSMC simulation. Although as the 
simulation ratio 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 approaches 1.0 it has been proven that the fluctuations found in a 
DSMC simulation represent the actual fluctuations of the real gas [Gar86, Gar87, Gar90]. 

If the number of particles per cell is relatively small to provide a reasonable sample, then 
the number of particles has to be either increased, if possible, or the samples size has to be 
increased in order to reduce the fluctuations. In steady flows examined in this work sampling 
was occurring for as many iterations as possible to obtain smooth results. On the other hand, 
in time accurate flows the sampling time was lower than corresponding flow times. If an 
acceptable sample couldn’t be obtained then timestep was decreased accordingly in order to 
obtain more samples within the same time window. 
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2.2 The Navier-Stokes equations 
 
 

2.2.1 Governing equations 
 

According to Navier-Stokes theory a compressible viscous flow can be described by Partial 
Differential Equations (PDEs) named by the French mathematician Claude Louis Navier and 
the English engineer Sir George Gabriel Stokes. Navier-Stokes equations can be directly 
derived from the aforementioned Boltzmann equation. The PDEs are derived by the 
conservation of mass, momentum and energy [Bla01]. In the three-dimensional space, arranged 
into convective (inviscid), diffusive (viscous) and source terms, the equations can be written in 
differential form as: 
 

𝜕𝜕𝑊𝑊���⃗
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
+
𝜕𝜕𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
+
𝜕𝜕𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐹⃗𝐹𝑣𝑣𝑣𝑣𝑣𝑣

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
= 𝑆𝑆 (2.2.1) 

 

The conservative variables vector 𝑊𝑊���⃗ = (𝜌𝜌, 𝜌𝜌𝜌𝜌,𝜌𝜌𝜌𝜌, 𝜌𝜌𝜌𝜌, 𝜌𝜌𝜌𝜌)𝑇𝑇, the inviscid vectors 
𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖, 𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖, 𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖, the viscous flux vectors  𝐹⃗𝐹𝑣𝑣𝑣𝑣𝑣𝑣, 𝐺⃗𝐺𝑣𝑣𝑣𝑣𝑣𝑣, 𝐽𝐽𝑣𝑣𝑣𝑣𝑣𝑣, and the source term vector S�⃗  are 
expressed in terms of primitive variables (𝜌𝜌,𝑢𝑢, 𝑣𝑣,𝑤𝑤,𝑝𝑝). For the simulations presented in this 
work the source term was set to zero and the inviscid terms are defined as [Koo00, Lyg14e] 
such as: 
 

𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖 =

⎝

⎜
⎛

𝜌𝜌𝜌𝜌
𝜌𝜌𝑢𝑢2 + 𝑝𝑝
𝜌𝜌𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌𝜌𝜌

(𝜌𝜌𝜌𝜌 + 𝑝𝑝)𝑢𝑢⎠

⎟
⎞

, 𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖 =

⎝

⎜
⎛

𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌𝜌𝜌

𝜌𝜌𝑣𝑣2 + 𝑝𝑝
𝜌𝜌𝜌𝜌𝜌𝜌

(𝜌𝜌𝜌𝜌 + 𝑝𝑝)𝑣𝑣⎠

⎟
⎞

, 𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖 =

⎝

⎜
⎛

𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌𝜌𝜌

𝜌𝜌𝑤𝑤2 + 𝑝𝑝
𝜌𝜌𝜌𝜌𝜌𝜌

(𝜌𝜌𝜌𝜌 + 𝑝𝑝)𝑤𝑤⎠

⎟
⎞

 (2.2.2) 

 

𝐹⃗𝐹𝑣𝑣𝑣𝑣𝑣𝑣 =

⎝

⎜
⎛

0
𝜏𝜏𝑥𝑥𝑥𝑥
𝜏𝜏𝑥𝑥𝑥𝑥
𝜏𝜏𝑥𝑥𝑥𝑥

𝑢𝑢𝜏𝜏𝑥𝑥𝑥𝑥 + 𝑣𝑣𝜏𝜏𝑥𝑥𝑥𝑥 + 𝑤𝑤𝜏𝜏𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑥𝑥⎠

⎟
⎞

, 𝐺⃗𝐺𝑣𝑣𝑣𝑣𝑣𝑣 =

⎝

⎜
⎛

0
𝜏𝜏𝑦𝑦𝑦𝑦
𝜏𝜏𝑦𝑦𝑦𝑦
𝜏𝜏𝑦𝑦𝑦𝑦

𝑢𝑢𝜏𝜏𝑦𝑦𝑦𝑦 + 𝑣𝑣𝜏𝜏𝑦𝑦𝑦𝑦 + 𝑤𝑤𝜏𝜏𝑦𝑦𝑦𝑦 + 𝑞𝑞𝑦𝑦⎠

⎟
⎞

,  

𝐽𝐽𝑣𝑣𝑣𝑣𝑣𝑣 =

⎝

⎜
⎛

0
𝜏𝜏𝑧𝑧𝑧𝑧
𝜏𝜏𝑧𝑧𝑧𝑧
𝜏𝜏𝑧𝑧𝑧𝑧

𝑢𝑢𝜏𝜏𝑧𝑧𝑧𝑧 + 𝑣𝑣𝜏𝜏𝑧𝑧𝑧𝑧 + 𝑤𝑤𝜏𝜏𝑧𝑧𝑧𝑧 + 𝑞𝑞𝑧𝑧⎠

⎟
⎞

 

(2.2.3) 

 
When considering an inviscid flow only the inviscid flux vectors  �𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖, 𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖, 𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖� are 

considered, which lead to the Euler equations. On the contrary, for a viscous flow the diffusive 
flux vectors �𝐹⃗𝐹𝑣𝑣𝑖𝑖𝑖𝑖, 𝐺⃗𝐺𝑣𝑣𝑖𝑖𝑖𝑖, 𝐽𝐽𝑣𝑣𝑣𝑣𝑣𝑣�  are taken into account, based on the components of the stress 
tensor �𝜏𝜏𝑥𝑥𝑥𝑥, 𝜏𝜏𝑥𝑥𝑥𝑥, 𝜏𝜏𝑥𝑥𝑥𝑥, 𝜏𝜏𝑦𝑦𝑦𝑦, 𝜏𝜏𝑦𝑦𝑦𝑦, 𝜏𝜏𝑧𝑧𝑧𝑧�, which are defined for Newtonian fluids as [Hir90]: 
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𝜏𝜏𝑖𝑖𝑖𝑖 = 𝜇𝜇 � �
𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

 +  
𝜕𝜕𝑢𝑢𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

�  −  
2
3

 �𝛻𝛻 ∙ 𝑉𝑉�⃗ � 𝛿𝛿𝑖𝑖𝑖𝑖� (2.2.4) 

 
where μ is the dynamic viscosity coefficient and for a calorically perfect gas depends strongly 
on the temperature and less on the pressure [Bla01]. It can be computed from the local 
temperature field expressed in Kelvin vis the Sutherland equation such as [Luo05, Sut93]: 

 

μ =  
𝑐𝑐1 𝑇𝑇  3/2

𝑇𝑇 +  𝑐𝑐2
 (2.2.5) 

  
where the coefficients c1 and c2 are equal to 1.458×10-6kgm-1sec-1K-1/2 and 110.4 K 
respectively. Another formulation of the same equation according to [Luo05] is: 

 

μ = 𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟 � 
𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

  �

3
2

 
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑐𝑐2
𝑇𝑇 + 𝑐𝑐2

 (2.2.6) 

 
The three-dimensional Navier-Stokes equations are defined by a set of five equations with 

five conservative unknown variables (𝜌𝜌, 𝜌𝜌𝜌𝜌, 𝜌𝜌𝜌𝜌, 𝜌𝜌𝜌𝜌,𝜌𝜌𝜌𝜌) which contain seven unknown field 
variables namely (𝜌𝜌,𝑢𝑢, 𝑣𝑣,𝑤𝑤,𝐸𝐸,𝑇𝑇) requiring two more equations for the solution of the system. 
In the aerodynamics the fluid media is considered to be a calorically perfect gas, so the perfect 
gas state equation can be included in the set [Lan98] expressed as: 
 

p = 𝜌𝜌 𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔𝑇𝑇 (2.2.7) 
 
where the gas constant for air is equal to 287.04 m2 sec-2 K-1 and can be associated with the 
pressure and volume specific heat coefficients with the following two equations 
 

𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑐𝑐𝑝𝑝 − 𝑐𝑐𝑣𝑣, 𝛾𝛾 = 𝑐𝑐𝑝𝑝 𝑐𝑐𝑣𝑣⁄  (2.2.8) 
  
while 𝑐𝑐𝑝𝑝 and 𝑐𝑐𝑣𝑣 are defined as: 
 

ℎ̇ = 𝑐𝑐𝑝𝑝𝑇𝑇,     𝑒𝑒 = 𝑐𝑐𝑣𝑣𝑇𝑇 (2.2.9) 
 
in which ℎ̇ and e are the enthalpy and internal energy of the gas per mass unit. These specific 
heat coefficients are considered constants, although for different gases have different values, 
for air for example are equal to cp=1004.64 m2sec-2K-1 and cv=171.6 m2sec-2K-1 and γ=1.4 
[Lan98]. The last equation to complete the system, connects pressure p with the total energy 
per unit: 
 

ρΕ = 𝜌𝜌𝜌𝜌 +
1
2
𝜌𝜌(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) = 𝜌𝜌𝜌𝜌𝑐𝑐𝑣𝑣 +

1
2
𝜌𝜌(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) = 

𝑝𝑝
𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔

𝑐𝑐𝑣𝑣 +
1
2
𝜌𝜌(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) =

𝑝𝑝
(𝛾𝛾 − 1) +

1
2
𝜌𝜌(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) 

(2.2.10) 
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where ρe is the internal energy per unit volume. The corresponding specific total enthalpy ht is 
associated to pressure p and the total energy per unit volume ρΕ as: 
 

ℎ𝑡𝑡 =
𝜌𝜌𝜌𝜌 + 𝑝𝑝
𝜌𝜌

=
𝛾𝛾𝛾𝛾

𝜌𝜌(𝛾𝛾 − 1) +
1
2

(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) (2.2.11) 

  
The heat flux vector in the equation of energy is defined accordingly to the stress tensor as 

[Bla01]: 
 

𝑄𝑄𝑖𝑖 = 𝑥𝑥𝛻𝛻 𝑇𝑇,     𝑥𝑥 =
𝜇𝜇𝑐𝑐𝑝𝑝
𝑃𝑃𝑃𝑃

 (2.2.12) 
 
where the conductivity coefficient x depends on the Prandtl number Pr which is generally 
considered constant across the entire flow domain and equal to 0.72 for a perfect gas.  

A common strategy in CFD and experiments as well is to write the governing equations in 
a dimensionless form. The variables normalization is performed using a characteristic length 
Lref, the free-stream velocity Vref, the free-stream density ρref, the free-stream dynamic viscosity 
μref and the constant volume specific heat coefficient cv as: 
 

𝑥𝑥�𝑖𝑖 =
𝑥𝑥𝑖𝑖
𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟

,𝑢𝑢�𝑖𝑖 =
𝑢𝑢𝑖𝑖
𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟

,𝜌𝜌� =  
𝜌𝜌
𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟

, 𝜇𝜇� =
𝜌𝜌
𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟

,𝑅𝑅�𝑔𝑔𝑔𝑔𝑔𝑔 =
𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔
𝑐𝑐𝑣𝑣

 =  𝛾𝛾 −  1 (2.2.13) 

  
Taking into account the aforementioned normalizations, the rest of the variables, included in 
equations (2.2.1-2.2.3) and (2.2.10-2.2.11), are expressed as: 
 

𝑝𝑝� =
𝑝𝑝

𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2
,𝜌𝜌�𝐸𝐸 =

𝜌𝜌𝐸𝐸
𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2

,ℎ�𝑡𝑡 =
ℎ𝑡𝑡
𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2

,𝑇𝑇� =
𝑇𝑇

𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ , 𝑡̃𝑡 =
𝑡𝑡

𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟⁄  (2.2.14) 

 
taking into account the dimensionless Reynolds number defined as [Mun98]: 
 

Re =
𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟

𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟
 (2.2.15) 

 
the dynamic viscosity μ in the equations for the stress tensor and the heat flux vector is replaced 
by the term μ� Re⁄  and the equation is expressed as: 
 

𝜏𝜏𝑖𝑖𝑖𝑖 =
𝜇𝜇�
𝑅𝑅𝑅𝑅 �

�
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥�𝑗𝑗

+
𝜕𝜕𝑢𝑢�𝑗𝑗
𝜕𝜕𝑥𝑥�𝑖𝑖

� −
2
3

(𝛻𝛻 ∙ 𝑉𝑉)𝛿𝛿𝑖𝑖𝑖𝑖� (2.2.16) 

 

𝑄𝑄�𝑖𝑖 =
𝜇𝜇�𝛾𝛾
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅

𝛻𝛻𝑇𝑇�  (2.2.17) 

 
Furthermore, the constant pressure and the volume specific heat coefficients are normalized 

such as 𝑐𝑐𝑝𝑝 = 𝛾𝛾 and 𝑐𝑐𝑣𝑣 = 1 while the perfect gas equation is written as: 
 

p = 𝜌𝜌𝑅𝑅𝑔𝑔𝑔𝑔𝑔𝑔𝑇𝑇 →  𝑝𝑝�𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2  =  𝜌𝜌�𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟𝑅𝑅�𝑔𝑔𝑔𝑔𝑔𝑔𝑐𝑐𝑣𝑣𝑇𝑇��𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ �  →  𝑝𝑝�  =  𝜌𝜌� 𝑅𝑅�𝑔𝑔𝑔𝑔𝑔𝑔𝑇𝑇 � → (2.2.18) 
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𝑝𝑝� = 𝜌𝜌�(𝛾𝛾 − 1)𝑇𝑇�  
 

The dimensionless dynamic is assumed to be equal to unity in compressible flow 
simulations evaluated by the Sutherland law using the dimensionless temperature as [Mar07]: 
 

𝜇𝜇� = �
𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

�

3
2 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑐𝑐2
𝑇𝑇 + 𝑐𝑐2

= �
𝑇𝑇��𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ �
𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟�𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ �

�

3
2 𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟�𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ � + 𝑐𝑐2
𝑇𝑇��𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ � + 𝑐𝑐2

= �
𝑇𝑇�

𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟
�

3
2
𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑐𝑐2

�𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ �

𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑐𝑐2
�𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑐𝑐𝑣𝑣⁄ �

= �
𝑇𝑇�

𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟
�

3
2 𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟 +

𝑐𝑐2𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟
𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟

𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 +
𝑐𝑐2𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟
𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟

 

(2.2.19) 

 
where 𝑇𝑇�  is the dimensionless local temperature, whereas 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟 and 𝑇𝑇�𝑟𝑟𝑟𝑟𝑟𝑟 are the dimensional and 
dimensionless reference temperatures respectively. Lastly two more equations are used in the 
implementation of N-S equations in this work which concerns the local speed of sound at a 
node P [Lan98]: 

𝑐̃𝑐𝑝𝑝 = �𝛾𝛾𝑅𝑅�𝑔𝑔𝑔𝑔𝑔𝑔𝑇𝑇�𝑝𝑝 = �𝛾𝛾(𝛾𝛾 − 1)𝑇𝑇�𝑝𝑝 = �
𝛾𝛾𝑝𝑝�𝑃𝑃
𝜌𝜌�𝑃𝑃

 (2.2.20) 

 
and finally, equation for the Mach number in node P is defined as [Mun98]: 
 

𝑀𝑀𝑃𝑃 =
�𝑢𝑢�𝑃𝑃2 + 𝑣𝑣�𝑃𝑃2 + 𝑤𝑤�𝑃𝑃2

𝑐̃𝑐𝑃𝑃
 (2.2.21) 

 
For simplicity the accent ~ used as a superscript for the normalized variables will be neglected 
throughout this section. 
 
 
 
2.2.2 Reynolds Averaged Navier-Stokes (RANS) equations 

 
Navier-Stokes equations can theoretically account for turbulence without any models but 

only through Direct Numerical Simulation (DNS) but their use is limited to relatively simple 
problems at low Reynolds numbers due to their excessive computational requirements for 
spatial resolution and computation time. Instead, approximation methods such as Large Eddy 
Simulation (LES) or the Reynolds Averaged Navier-Stokes are preferred in order to simulate 
more complicated flows. The latter is implemented in the in-house code Galatea used in this 
work [Lyg13]. According to RANS model the flow variables are decomposed into a mean and 
a fluctuating part and each flow variable can be written as: 
 

𝑈𝑈𝑖𝑖 = 𝑈𝑈�𝑖𝑖 + 𝑈𝑈𝑖𝑖′,     𝑈𝑈𝑖𝑖′ = 0 (2.2.22) 
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where the turbulent fluctuation is described by a prime and the mean value defined as: 
 

𝑈𝑈�𝑖𝑖 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑇𝑇→∞

1
𝑇𝑇
� 𝑈𝑈𝑖𝑖𝑑𝑑𝑑𝑑
𝑡𝑡+𝑇𝑇

𝑡𝑡
 (2.2.23) 

 
Equations (2.2.22) and (2.2.23) according to Blasius [Bla01] can be implemented only in 

incompressible flows where density can be assumed constant. In a compressible flow density 
is applied to certain variables such as velocity, enthalpy and energy whereas for density and 
pressure the Reynolds averaging approach holds [Bla01]. With that in mind the previous 
equations can be transformed for velocity, enthalpy and energy as: 
 

𝑈𝑈𝑖𝑖 = 𝑈𝑈�𝑖𝑖 + 𝑈𝑈𝑖𝑖′′,     𝜌𝜌𝑈𝑈𝚤𝚤′′� = 0 (2.2.24) 
 

𝑈𝑈�𝑖𝑖 =
1
𝜌̅𝜌
𝑙𝑙𝑙𝑙𝑙𝑙
𝑇𝑇→∞

1
𝑇𝑇
� 𝜌𝜌𝑈𝑈𝑖𝑖𝑑𝑑𝑑𝑑
𝑡𝑡+𝑇𝑇

𝑡𝑡
 (2.2.25) 

 
 

In the governing equations the turbulent kinetic energy 𝑘𝑘�  has to be included and is defined 
using the velocity fluctuations as: 
 

𝜌̅𝜌𝑘𝑘� =
1
2
𝜌̅𝜌𝑢𝑢𝚤𝚤′′𝑢𝑢𝚥𝚥′′�  (2.2.26) 

 
Using the aforementioned approaches, the Favre and Reynolds Averaged Navier-Stokes 

equations are derived [Lyg14] as: 
 

𝜕𝜕𝑊𝑊���⃗
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
+
𝜕𝜕𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
+
𝜕𝜕𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐹⃗𝐹𝑣𝑣𝑣𝑣𝑣𝑣

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
= 0�⃗  (2.2.27) 

 
 

𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖 =

⎝

⎜
⎛

𝜌𝜌𝜌𝜌
𝜌𝜌𝑢𝑢2 + 𝑝𝑝
𝜌𝜌𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌𝜌𝜌

(𝜌𝜌𝜌𝜌 + 𝑝𝑝)𝑢𝑢⎠

⎟
⎞

, 𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖 =

⎝

⎜
⎛

𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌𝜌𝜌

𝜌𝜌𝑣𝑣2 + 𝑝𝑝
𝜌𝜌𝜌𝜌𝜌𝜌

(𝜌𝜌𝜌𝜌 + 𝑝𝑝)𝑣𝑣⎠

⎟
⎞

, 𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖 =

⎝

⎜
⎛

𝜌𝜌𝜌𝜌
𝜌𝜌𝜌𝜌𝜌𝜌

𝜌𝜌𝑤𝑤2 + 𝑝𝑝
𝜌𝜌𝜌𝜌𝜌𝜌

(𝜌𝜌𝜌𝜌 + 𝑝𝑝)𝑤𝑤⎠

⎟
⎞

 (2.2.28) 

 
 

𝐹⃗𝐹𝑣𝑣𝑣𝑣𝑣𝑣 =

⎝

⎜
⎛

0
𝜏𝜏𝑥𝑥𝑥𝑥
𝜏𝜏𝑥𝑥𝑥𝑥
𝜏𝜏𝑥𝑥𝑥𝑥

𝑢𝑢𝜏𝜏𝑥𝑥𝑥𝑥 + 𝑣𝑣𝜏𝜏𝑥𝑥𝑥𝑥 + 𝑤𝑤𝜏𝜏𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑥𝑥 + 𝐸𝐸𝑡𝑡𝑡𝑡⎠

⎟
⎞

, (2.2.29) 
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𝐺⃗𝐺𝑣𝑣𝑣𝑣𝑣𝑣 =

⎝

⎜
⎛

0
𝜏𝜏𝑦𝑦𝑦𝑦
𝜏𝜏𝑦𝑦𝑦𝑦
𝜏𝜏𝑦𝑦𝑦𝑦

𝑢𝑢𝜏𝜏𝑦𝑦𝑦𝑦 + 𝑣𝑣𝜏𝜏𝑦𝑦𝑦𝑦 + 𝑤𝑤𝜏𝜏𝑦𝑦𝑦𝑦 + 𝑞𝑞𝑦𝑦 + 𝐸𝐸𝑡𝑡𝑡𝑡⎠

⎟
⎞

, 

𝐽𝐽𝑣𝑣𝑣𝑣𝑣𝑣 =

⎝

⎜
⎛

0
𝜏𝜏𝑧𝑧𝑧𝑧
𝜏𝜏𝑧𝑧𝑧𝑧
𝜏𝜏𝑧𝑧𝑧𝑧

𝑢𝑢𝜏𝜏𝑧𝑧𝑧𝑧 + 𝑣𝑣𝜏𝜏𝑧𝑧𝑧𝑧 + 𝑤𝑤𝜏𝜏𝑧𝑧𝑧𝑧 + 𝑞𝑞𝑧𝑧 + 𝐸𝐸𝑡𝑡𝑡𝑡⎠

⎟
⎞

 

 
where the mean total energy per unit volume 𝜌𝜌𝜌𝜌 and the corresponding mean specific total 
enthalpy ℎ𝑡𝑡 can be evaluated as per [Koo00]: 
 

ρE =
𝑝𝑝

(𝛾𝛾 − 1) +
1
2
𝜌𝜌(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) + 𝜌𝜌𝜌𝜌 (2.2.30) 

 

ℎ𝑡𝑡 =
𝜌𝜌𝜌𝜌 + 𝑝𝑝
𝜌𝜌

=
𝛾𝛾𝛾𝛾

𝜌𝜌(𝛾𝛾 − 1) +
1
2

(𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2) + 𝑘𝑘 (2.2.31) 

 
In the same manner the viscous stress tensor is extended in the momentum and energy 

equation by the Favre analogous averaged turbulent stress tensor 𝜏𝜏𝑖𝑖𝑖𝑖𝑡𝑡  as defined in [Bla01]: 
 

𝜏𝜏𝑖𝑖𝑖𝑖𝑡𝑡 = −𝜌̅𝜌𝑢𝑢𝚤𝚤′′𝑢𝑢𝚥𝚥′′�  (2.2.32) 
 

According to the Boussineq hypothesis a linear relationship is assumed between the 
turbulent shear stress and the mean strain rate, the total averaged stress tensor 𝜏𝜏𝑖𝑖𝑖𝑖, divided in 
the laminar part denoted by the superscript 𝑙𝑙 and the turbulent part denoted by the superscript 
𝑡𝑡 and is defined as [Koo00]: 
 

𝜏𝜏𝑖𝑖𝑖𝑖 = 𝜏𝜏𝑖𝑖𝑖𝑖𝑙𝑙 + 𝜏𝜏𝑖𝑖𝑖𝑖𝑡𝑡 = � 𝜇𝜇
𝑅𝑅𝑅𝑅
��𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+ 𝜕𝜕𝑢𝑢𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖
� − 2

3
�𝛻𝛻 ∙ 𝑉𝑉�⃗ �𝛿𝛿𝑖𝑖𝑖𝑖�� + �𝜇𝜇𝑡𝑡 ���

𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+ 𝜕𝜕𝑢𝑢𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖
� −

2
3
�𝛻𝛻 ∙ 𝑉𝑉�⃗ �𝛿𝛿𝑖𝑖𝑖𝑖�� −

2
3
𝜌𝜌𝜌𝜌𝛿𝛿𝑖𝑖𝑖𝑖� = � 𝜇𝜇

𝑅𝑅𝑅𝑅
+ 𝜇𝜇𝑡𝑡� ��

𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+ 𝜕𝜕𝑢𝑢𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖
� − 2

3
�𝛻𝛻 ∙ 𝑉𝑉�⃗ �𝛿𝛿𝑖𝑖𝑖𝑖� −

2
3
𝜌𝜌𝜌𝜌𝛿𝛿𝑖𝑖𝑖𝑖  

 

(2.2.33) 

The total averaged thermal vector 𝑄𝑄𝑖𝑖 is expressed to the total averaged stress tensor as 
[Lyg14a]: 
 

𝑄𝑄𝑖𝑖 = 𝑄𝑄𝑖𝑖𝑙𝑙 + 𝑄𝑄𝑖𝑖𝑡𝑡 =
𝜇𝜇𝜇𝜇
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅

𝛻𝛻𝛻𝛻 +
𝜇𝜇𝑡𝑡𝛾𝛾
𝑃𝑃𝑃𝑃𝑡𝑡

𝛻𝛻𝛻𝛻 (2.2.34) 
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in which 𝑃𝑃𝑃𝑃𝑡𝑡 is the turbulent Prandtl number which in general is again assumed constant 
through the entire flow field and equal to 0.9 for air or a calorically perfect gas. For completion, 
the partial derivative of the turbulent kinetic energy term 𝐸𝐸𝑡𝑡𝑥𝑥𝑖𝑖will be defined although it is not 
used in this work. 
 

𝐸𝐸𝑡𝑡𝑥𝑥𝑖𝑖 = �
𝜇𝜇
𝑅𝑅𝑅𝑅

+
𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

 (2.2.35) 

 
which for k-ω and the SST turbulent model is defined as: 
 

𝐸𝐸𝑡𝑡𝑥𝑥𝑖𝑖 = �
𝜇𝜇
𝑅𝑅𝑅𝑅

+ 𝜇𝜇𝑡𝑡𝜎𝜎𝑘𝑘�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

 (2.2.36) 

 
The term 𝜇𝜇𝑡𝑡 is the turbulent dynamic viscosity and 𝜎𝜎𝑘𝑘 is a constant. For the evaluation of 

these terms and for computing the turbulent kinetic energy k appropriate turbulence models 
have to be implemented and paired with the RANS equations. 
 
 
 
2.2.3 Spatial Discretization 
 

In order to discretize the fluid domain Galatea uses a node-center finite volume scheme 
[Lyg15a]. According to this scheme the computational grid is divided in a finite number of 
control volumes, across each the magnitude of the conservative variables is considered 
constant. Figure 2.4 illustrates a control volume around a node P. The control volume is defined 
by a set of linear segments connected to the midpoint of each edge and to the barycenter of its 
corresponding neighboring face [Kal96, Lyg12b, Sar14]. 

In a three-dimensional grid the control volume of a node P is comprised of a set of 
connecting lines defined by the edges midpoint, faces barycenters and elements barycenters 
that are sharing this specific node [Kal96, Lyg12, Sar14, Bla01, Koo00]. Based on that scheme 
the volume of every element is divided equally to the control volumes of its nodes. Thus, the 
volume of a tetrahedral element can be computed based on the coordinates of its nodes as 
[Lyg15a]: 
 

𝑉𝑉𝑇𝑇 =
1
3! �

𝑥𝑥1 𝑦𝑦1 𝑧𝑧1 1
𝑥𝑥2 𝑦𝑦2 𝑧𝑧2 1
𝑥𝑥3 𝑦𝑦3 𝑧𝑧3 1
𝑥𝑥4 𝑦𝑦4 𝑧𝑧4 1

� (2.2.37) 

 
whereas the calculation of the volume of prisms and pyramids is performed by their subdivision 
in tetrahedra. 
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Figure 2.4. Control volume around a node P in a two-dimensional grid. 

By utilizing this scheme equation (2.2.1) is integrated over the control volume 𝐶𝐶𝑉𝑉𝑃𝑃 of each 
node such as: 
 

�
𝜕𝜕𝑊𝑊���⃗
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + �
𝜕𝜕𝐹⃗𝐹𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
+
𝜕𝜕𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
+
𝜕𝜕𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐹⃗𝐹𝑣𝑣𝑣𝑣𝑣𝑣

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐺⃗𝐺𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
−
𝜕𝜕𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝐶𝐶𝑉𝑉𝑃𝑃𝐶𝐶𝑉𝑉𝑃𝑃

= �𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝐶𝐶𝑉𝑉𝑃𝑃

 

(2.2.38) 

and by employing the Green-Gauss divergence theorem equation (2.2.38) is transformed to: 
 

�
𝜕𝜕𝑊𝑊���⃗
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + � �𝐻𝐻���⃗ 𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐻𝐻���⃗ 𝑣𝑣𝑣𝑣𝑣𝑣� 𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃

= �𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝐶𝐶𝑉𝑉𝑃𝑃𝐶𝐶𝑉𝑉𝑃𝑃

 (2.2.39) 

 
where 𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃 are the boundaries of the control volume of a node P as defined by the facets 
constructed around the edges connecting node P with each neighboring node Q. In case 𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃Q 
is the interfacing part of 𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃 and 𝜕𝜕𝜕𝜕𝑉𝑉Q, with 𝐾𝐾𝑁𝑁(𝑃𝑃) is the set of neighboring nodes of P and 
Γ as the external boundary then 𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃 is defined as: 
 

∂C𝑉𝑉𝑃𝑃 = � 𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃Q + (𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃 ∩ 𝛤𝛤)
Q∈𝐾𝐾𝑁𝑁(𝑃𝑃)

 (2.2.40) 

 
With 𝐻𝐻���⃗  as the vector of the inviscid or viscous fluxes, evaluated at the middle point of an 

edge connected to node P, that point then coincides with the interface between the adjacent 
control volumes of node P and Q interconnected to that edge. An edge-based data structure is 
used to accelerate the solution and ease the computational effort by utilizing the outward 
normal vector 𝑛𝑛𝑃𝑃𝑃𝑃��������⃗  of the corresponding 𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃𝑃𝑃 face of the control volume. These vectors are 
described by the following equations [Lyg15a, Koo00, Kou03]: 
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𝐻𝐻���⃗ 𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑛𝑛𝑃𝑃Q,𝑥𝑥𝐹𝐹�⃗𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑛𝑛𝑃𝑃Q,𝑦𝑦𝐺𝐺�⃗𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑛𝑛𝑃𝑃Q,𝑧𝑧𝐽𝐽𝑖𝑖𝑖𝑖𝑖𝑖 

𝐻𝐻���⃗ 𝑣𝑣𝑣𝑣𝑣𝑣 = 𝑛𝑛𝑃𝑃Q,𝑥𝑥𝐹𝐹�⃗𝑣𝑣𝑣𝑣𝑣𝑣 + 𝑛𝑛𝑃𝑃Q,𝑦𝑦𝐺𝐺�⃗𝑣𝑣𝑣𝑣𝑣𝑣 + 𝑛𝑛𝑃𝑃Q,𝑧𝑧𝐽𝐽𝑣𝑣𝑣𝑣𝑣𝑣 

𝑛𝑛��⃗ 𝑃𝑃Q =
𝑛𝑛�⃗ 𝑃𝑃Q

�𝑛𝑛�𝑃𝑃Q�
= �𝑛𝑛�𝑃𝑃Q,𝑥𝑥,𝑛𝑛�𝑃𝑃Q,𝑦𝑦,𝑛𝑛�𝑃𝑃Q,𝑧𝑧� 

(2.2.41) 

where 𝑛𝑛��⃗ 𝑃𝑃Q is the vector sum of the outward normal vector of all the facets forming the face of 
the control volume 𝜕𝜕𝐶𝐶𝐶𝐶𝑃𝑃Q.  
According to all of the above equation (2.2.39) is can be written as: 
 

�
𝜕𝜕𝑊𝑊���⃗
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝐶𝐶𝑉𝑉𝑃𝑃

+ � � �𝐻𝐻���⃗ 𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐻𝐻���⃗ 𝑣𝑣𝑣𝑣𝑣𝑣� 𝑑𝑑𝑑𝑑 +
𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃Q∈𝐾𝐾𝑁𝑁(𝑃𝑃)

 � �𝐻𝐻���⃗ 𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐻𝐻���⃗ 𝑣𝑣𝑣𝑣𝑣𝑣� 𝑑𝑑𝑑𝑑 = �𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝐶𝐶𝑉𝑉𝑃𝑃𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃∩𝛤𝛤

 (2.2.42) 

 
By assuming that the conservative variables at any node P are equal to their mean values 

counterparts over the control volume 𝐶𝐶𝑉𝑉𝑃𝑃 the first term of equation (2.2.42) is written as: 
 

�
𝜕𝜕𝑊𝑊���⃗
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = �
𝑑𝑑𝑊𝑊���⃗
𝑑𝑑𝑑𝑑

�
𝑃𝑃
�𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝐶𝐶𝑉𝑉𝑃𝑃

= �
𝑑𝑑𝑊𝑊���⃗
𝑑𝑑𝑑𝑑

�
𝑃𝑃
𝑉𝑉𝑃𝑃

𝐶𝐶𝑉𝑉𝑃𝑃

 (2.2.43) 

 
by expressing the integrals of numerical fluxes as a summation of fluxes through the faces 
comprising the control volume of a node P, equation (2.2.42) can be written as: 
 

�
𝑑𝑑𝑊𝑊���⃗
𝑑𝑑𝑑𝑑 �𝑃𝑃

𝑉𝑉𝑃𝑃 + � 𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖

Q∈𝐾𝐾𝑁𝑁(𝑃𝑃)

+ � 𝛷𝛷��⃗ 𝑃𝑃,𝑜𝑜𝑜𝑜𝑜𝑜
𝑖𝑖𝑖𝑖𝑖𝑖

(𝐾𝐾𝑜𝑜𝑜𝑜𝑜𝑜∈𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃∩𝛤𝛤)

− � 𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑣𝑣𝑣𝑣𝑣𝑣

Q∈𝐾𝐾𝑁𝑁(𝑃𝑃)

+ � 𝛷𝛷��⃗ 𝑃𝑃,𝑜𝑜𝑜𝑜𝑜𝑜
𝑣𝑣𝑣𝑣𝑣𝑣

(𝐾𝐾𝑜𝑜𝑜𝑜𝑜𝑜∈𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃∩𝛤𝛤)

= �𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝐶𝐶𝑉𝑉𝑃𝑃

 (2.2.44) 

 
𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖 = �𝐻𝐻���⃗ 𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃

= 𝑓𝑓�𝑊𝑊���⃗ 𝑃𝑃𝑃𝑃𝐿𝐿 ,𝑊𝑊���⃗ 𝑃𝑃𝑃𝑃𝑅𝑅 ,𝑛𝑛�⃗ 𝑃𝑃𝑃𝑃�,𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑣𝑣𝑣𝑣𝑣𝑣 = �𝐻𝐻���⃗ 𝑣𝑣𝑣𝑣𝑣𝑣𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃

= 𝑔⃗𝑔�𝑊𝑊���⃗ 𝑃𝑃𝑃𝑃𝐿𝐿 ,𝑊𝑊���⃗ 𝑃𝑃𝑃𝑃𝑅𝑅 ,𝑛𝑛�⃗ 𝑃𝑃𝑃𝑃� 

𝛷𝛷��⃗ 𝑃𝑃,𝑜𝑜𝑜𝑜𝑜𝑜
𝑖𝑖𝑖𝑖𝑖𝑖 = � 𝐻𝐻���⃗ 𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃∩𝛤𝛤

= 𝑓𝑓�𝑊𝑊���⃗ 𝑃𝑃,𝑊𝑊���⃗ 𝑜𝑜𝑜𝑜𝑜𝑜 ,𝑛𝑛�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜�,𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑣𝑣𝑣𝑣𝑣𝑣 = � 𝐻𝐻���⃗ 𝑣𝑣𝑣𝑣𝑣𝑣𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕𝑉𝑉𝑃𝑃∩𝛤𝛤

= 𝑔⃗𝑔�𝑊𝑊���⃗ 𝑃𝑃,𝑊𝑊���⃗ 𝑜𝑜𝑜𝑜𝑜𝑜,𝑛𝑛�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜� 
(2.2.45) 

 
where 𝑊𝑊���⃗ 𝑃𝑃Q

𝐿𝐿  and 𝑊𝑊���⃗ 𝑃𝑃Q
𝑅𝑅  are the vectors of conservative variables on the left and right side of an 

edge PQ respectively, whereas 𝑊𝑊���⃗ 𝑜𝑜𝑜𝑜𝑜𝑜 is the vector on the boundary. 
 
 
 
2.2.4 Inviscid fluxes 
 

The computation of the inviscid fluxes in this work was accomplished by solving a one-
dimensional Riemann problem in the direction of the normal vector of each face of the control 
volume of a node P. The exact solution of this problem is very computationally intensive 
[Lan98]. In order to ease the computation an upwind scheme was employed using the Roe’s 
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approximate Riemann solver [Roe81]. The inviscid fluxes at the middle point of the edge PQ 
connecting node P and its neighbor node Q are calculated as: 
 

𝛷𝛷��⃗ 𝑃𝑃Q
𝑖𝑖𝑖𝑖𝑖𝑖 =

1
2
�𝐻𝐻��⃗ 𝑖𝑖𝑖𝑖𝑖𝑖�𝑊𝑊���⃗ 𝑃𝑃Q

𝐿𝐿 ,𝑛𝑛𝑃𝑃Q� + 𝐻𝐻��⃗ 𝑖𝑖𝑖𝑖𝑖𝑖�𝑊𝑊���⃗ 𝑃𝑃Q
𝑅𝑅 ,𝑛𝑛𝑃𝑃Q�� −

1
2
�𝐴̃𝐴𝑃𝑃Q��𝑊𝑊���⃗ 𝑃𝑃Q

𝑅𝑅 −𝑊𝑊���⃗ 𝑃𝑃Q
𝐿𝐿 � (2.2.46) 

 
where 𝐴̃𝐴 is the Jacobian matrix of the convective flux vector 𝐻𝐻��⃗ 𝑖𝑖𝑖𝑖𝑖𝑖 evaluated at the middle point 
of the edge PQ as well, utilizing the Roe’s averaged values of the primitive variables [Roe81, 
Koo00, Kou03] denoted as: 
 

𝑈𝑈���⃗ 𝑃𝑃Q =
�𝜌𝜌𝐿𝐿𝑈𝑈��⃗ 𝐿𝐿 + �𝜌𝜌𝑅𝑅𝑈𝑈��⃗ 𝑅𝑅
�𝜌𝜌𝐿𝐿 + �𝜌𝜌𝑅𝑅

 (2.2.47) 

 
where 𝑈𝑈��⃗ 𝐿𝐿 and 𝑈𝑈��⃗ 𝑅𝑅 are the values of the primitive variables on the left and right side of edge PQ 
respectively, for a first order scheme. Utilizing the next equation (2.2.48), equation (2.2.46) is 
transformed to the form that was used in this work [Roe81, Lan98, Lyg15a]: 
 

𝐻𝐻��⃗ 𝑖𝑖𝑖𝑖𝑖𝑖�𝑊𝑊𝑃𝑃Q
𝑅𝑅 � − 𝐻𝐻��⃗ 𝑖𝑖𝑖𝑖𝑖𝑖�𝑊𝑊𝑃𝑃Q

𝐿𝐿 � = 𝐴̃𝐴𝑃𝑃Q�𝑊𝑊𝑃𝑃Q
𝑅𝑅 −𝑊𝑊𝑃𝑃Q

𝐿𝐿 � (2.2.48) 
 

𝛷𝛷��⃗ 𝑃𝑃Q
𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐻𝐻��⃗ 𝑖𝑖𝑖𝑖𝑖𝑖�𝑊𝑊𝑃𝑃Q

𝐿𝐿 ,𝑛𝑛�⃗ 𝑃𝑃Q� + 𝐴̃𝐴𝑃𝑃Q�𝑊𝑊𝑃𝑃Q
𝑅𝑅 −𝑊𝑊𝑃𝑃Q

𝐿𝐿 � (2.2.49) 
 

As mentioned in [Lyg14, Lyg15] due to the edge-wise data structure of Galatea the 
evaluation of convective fluxes is accomplished with a single edge loop as no information is 
needed about the cell topology. 
 
 
 
2.2.5 Viscous fluxes 

 
Viscous fluxes are computed based on the components of velocity and temperature at the 

middle of the examined edge of the grid. For the evaluation of these derivatives a nodal-
averaging method was used in this work [Bla01] and will be described in this section. This 
method is very popular because the gradients can be calculated by a single edge loop, which is 
used anyway for the calculation of convective fluxes. Thus, no additional computational 
requirements are needed. By using the gradients at the end points P and Q of an examined edge, 
along with the directional derivative in these nodes (𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄ )𝑃𝑃𝑃𝑃, a mathematical scheme 
described in [Bla01, Lyg14, Lyg15] is used: 
 

(𝛻𝛻𝑈𝑈�)𝑃𝑃Q =
1
2
�(𝛻𝛻𝛻𝛻)𝑃𝑃 + (𝛻𝛻𝛻𝛻)Q� (2.2.50) 

 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 �𝑃𝑃Q

≈
𝑈𝑈Q − 𝑈𝑈𝑃𝑃
�𝑟𝑟𝑃𝑃Q�

, 𝑟⃗̂𝑟𝑃𝑃Q =
𝑟𝑟𝑃𝑃Q

�𝑟𝑟𝑃𝑃Q�
 (2.2.51) 
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(𝛻𝛻𝛻𝛻)𝑃𝑃Q = (𝛻𝛻𝑈𝑈�)𝑃𝑃Q − �(𝛻𝛻𝑈𝑈�)𝑃𝑃Q ∙ 𝑟⃗̂𝑟𝑃𝑃Q − �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 �𝑃𝑃Q

� 𝑟⃗̂𝑟𝑃𝑃Q (2.2.52) 

 
For consistency, the equations computing the gradients at each node of the grid are written 

in this section and defined as: 
 

(𝛻𝛻𝛻𝛻)𝑃𝑃 =
1
𝑉𝑉𝑃𝑃

�
1
2
�𝑈𝑈𝑃𝑃 + 𝑈𝑈Q� ∙ 𝑛𝑛�⃗ 𝑃𝑃Q

Q∈𝐾𝐾𝑁𝑁(𝑃𝑃)

 (2.2.53) 

 
If P is a boundary node, then equation (2.2.53) has to be modified in order to include the 

boundary interfaces and is written as [Lyg13]: 
 

(𝛻𝛻𝛻𝛻)𝑃𝑃 =
1
𝑉𝑉𝑃𝑃
� �

1
2
�𝑈𝑈𝑃𝑃 + 𝑈𝑈Q� ∙ 𝑛𝑛�⃗ 𝑃𝑃Q

Q∈𝐾𝐾𝑁𝑁(𝑃𝑃)

+ � 𝑈𝑈𝑃𝑃 ∙ 𝑛𝑛�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜
(𝐾𝐾𝑜𝑜𝑜𝑜𝑜𝑜∈𝜕𝜕𝐶𝐶𝑃𝑃∩𝛤𝛤)

� (2.2.54) 

 
 
 

2.2.6 High-order schemes and slope limiters 
 

In case of a first order accurate spatial scheme the left and right states of an edge PQ are 
approximated by the values at the nodes P and Q respectively. For higher order schemes these 
states are approximated by Taylor series expansions, accounting for the values of more nodes 
when calculating numerical fluxes. The higher order scheme implemented in Galatea is based 
on MUSCL (Monotonic Upstream Scheme for Conservation Laws) reconstruction of the 
primitives or conservative variables, using also slope limiters to control the total variation of 
the reconstructed field. The left and right state for a primitive or conservative variable U at the 
middle of the edge PQ is calculated by [Bla01, Lyg13a, Sar14, Bar92]: 
 

𝑈𝑈𝑃𝑃Q
𝐿𝐿 = 𝑈𝑈𝑃𝑃 +

1
2
∙ (𝛻𝛻𝛻𝛻)𝐿𝐿 ∙ 𝑟𝑟𝑃𝑃Q (2.2.55) 

 

𝑈𝑈𝑃𝑃Q
𝑅𝑅 = 𝑈𝑈Q +

1
2
∙ (𝛻𝛻𝛻𝛻)𝑅𝑅 ∙ 𝑟𝑟𝑃𝑃Q (2.2.56) 

 
where the right-hand side terms are the left and right node values of the variable U and 𝑟𝑟𝑃𝑃𝑃𝑃 is 
the vector connecting these nodes. For a second order accurate scheme the gradients (𝛻𝛻𝛻𝛻)𝐿𝐿 
and (𝛻𝛻𝛻𝛻)𝑅𝑅 are equal to the gradients (𝛻𝛻𝛻𝛻)𝑃𝑃 and (𝛻𝛻𝛻𝛻)Q on the nodes P and Q respectively. To 
evaluate these derivatives the element-by-element approach as described by [Bar92] is 
employed, which for a node P, being the common vertex of the neighboring tetrahedra T is 
written as: 
 

(𝛻𝛻𝛻𝛻)𝑃𝑃 =
1
𝑉𝑉𝑃𝑃

�
𝑉𝑉𝑇𝑇
4

(𝛻𝛻𝛻𝛻)𝑇𝑇
𝑇𝑇∈𝐾𝐾𝑇𝑇(𝑃𝑃)

 (2.2.57) 
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where 𝑉𝑉𝑃𝑃 and 𝑉𝑉𝑇𝑇 are the volumes of the node P and adjacent element T control volumes. Since 
Galatea uses an edge-based data structure an equivalent expression derived by Green-Gauss is 
used within the code which is described by equation (2.2.53) and in case of a boundary node 
by equation (2.2.54). 

Within the code three slope limiters are used in total [Lyg15a] but for the cases simulated 
in this work only two of them were used namely the Min-mod [Swe84] and the Van Albada - 
Van Leer [Van82]. The main characteristic of the Min-mod limiter is the smoothing of the 
solution by choosing the slope with the smallest magnitude. In order to maintain the 
monotonicity between the values at the end points P and Q of the edge PQ, the limiter is based 
on the centered (𝛻𝛻𝛻𝛻)𝑃𝑃𝑃𝑃𝑐𝑐  and upwind gradients (𝛻𝛻𝛻𝛻)𝑃𝑃𝑢𝑢, (𝛻𝛻𝛻𝛻)𝑄𝑄𝑢𝑢  defined by the following set of 
equations: 
 

(𝛻𝛻𝛻𝛻)𝑃𝑃Q
𝑐𝑐 ∙ 𝑟𝑟𝑃𝑃Q = 𝑈𝑈Q − 𝑈𝑈𝑃𝑃 

(𝛻𝛻𝛻𝛻)𝑃𝑃𝑢𝑢 = 2(𝛻𝛻𝛻𝛻)𝑃𝑃 − (𝛻𝛻𝛻𝛻)𝑃𝑃Q
𝑐𝑐  

(𝛻𝛻𝛻𝛻)Q
𝑢𝑢 = 2(𝛻𝛻𝛻𝛻)Q − (𝛻𝛻𝛻𝛻)𝑃𝑃Q

𝑐𝑐  

(2.2.58) 

 
When these gradients are calculated then equations (2.2.55) and (2.2.56) can be written as 

[Bla01, Lyg13c]: 

𝑈𝑈𝑃𝑃Q
𝐿𝐿 = 𝑈𝑈𝑃𝑃 +

1
2
∙ 𝛷𝛷�(𝛻𝛻𝛻𝛻)𝑃𝑃𝑢𝑢 ∙ 𝑟𝑟𝑃𝑃Q, (𝛻𝛻𝛻𝛻)𝑃𝑃Q

𝑢𝑢 ∙ 𝑟𝑟𝑃𝑃Q � (2.2.59) 

 

𝑈𝑈𝑃𝑃Q
𝑅𝑅 = 𝑈𝑈Q +

1
2
∙ 𝛷𝛷�(𝛻𝛻𝛻𝛻)Q

𝑢𝑢 ∙ 𝑟𝑟𝑃𝑃Q, (𝛻𝛻𝛻𝛻)𝑃𝑃Q
𝑢𝑢 ∙ 𝑟𝑟𝑃𝑃Q � (2.2.60) 

 
where Φ is the limiter function and is defined as [Swe84]: 
 

Φ(𝑎𝑎, 𝑏𝑏) =

⎩
⎪
⎨

⎪
⎧
𝑎𝑎

𝑏𝑏

0

  𝑖𝑖𝑖𝑖 |𝑎𝑎| < |𝑏𝑏| 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 > 0

  𝑖𝑖𝑖𝑖 |𝑏𝑏| < |𝑎𝑎| 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 > 0

𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 ≤ 0

 

 

(2.2.61) 

The Van Albada – Van Leer [Van82] limiter has exactly the same formulation as Min-mod, 
differing only in the limiting function Φ. For this specific limiter the Φ function is defined as: 

 

Φ(𝑎𝑎, 𝑏𝑏) = �
(𝑎𝑎2 + 𝑒𝑒)𝑏𝑏 + (𝑏𝑏2 + 𝑒𝑒)𝑎𝑎

𝑎𝑎2 + 𝑏𝑏2 + 2𝑒𝑒
,

0,

    𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 > 0

    𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 ≤ 0
 

 

(2.2.62) 

where e is a very small number with a typical value of 1.0 × 10−16 basically used to avoid 
division by zero. 
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2.2.6 Boundary conditions 
 

If surfaces exist inside the fluid domain, then the contribution of these surfaces in the flux 
balance of the appropriate nodes must be considered. In the cases examined in this work 
boundary conditions such as wall, inlet, outlet and symmetry are used. Those boundary 
conditions are already implemented in Galatea and more information about the implementation 
can found in [Lyg15a]. In this section only the necessary boundary conditions used for the 
cases in the Results section will be described. 

If a face is defined as inlet, then a one-dimensional Riemann problem is assumed across the 
face barycenter and the far field in order to compute the convective fluxes. Then the acquired 
fluxes are shared to the corresponding boundary nodes. Sharing with the boundary nodes is 
solved by implementing the Steger-Warming scheme [Ste81, Lan98] as: 
 

𝐻𝐻��⃗ 𝐾𝐾,𝑜𝑜𝑜𝑜𝑜𝑜
𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐴̃𝐴𝐾𝐾+𝑊𝑊���⃗ 𝐾𝐾 + 𝐴̃𝐴𝐾𝐾−𝑊𝑊���⃗ 𝑜𝑜𝑜𝑜𝑜𝑜 (2.2.63) 

 
where the subscript K denotes the barycenter of the boundary face and the subscript out is the 
far field. The values of the variables of the 𝑊𝑊���⃗ 𝑜𝑜𝑜𝑜𝑜𝑜 vector are obtained either from the far field or 
the boundary barycenter depending if the flow is internal or external [Bla01]. The diffusive 
fluxes due to their low contribution are omitted away from the solid surfaces [Kou03]. The 
same practice described for the inlet faces is followed for the outlet faces. In the symmetry 
boundary condition free-slip is imposed on the boundary nodes such those for solid walls in 
inviscid flow. 

Generally, in most CFD codes a no-slip boundary condition is imposed on the walls by 
explicitly zeroing the velocity components on the nodes located on the walls. Due to the 
rarefaction of the flows examined in this work this boundary condition is no longer valid 
especially if the Knudsen number is above 0.001 [Zha12, Ho98, Gad99]. In this case, the 
velocity slip and temperature jump must be taken into account on the walls. The main idea of 
the slip condition on the walls was first introduced by Navier [Zha12] and the first 
mathematical approach was proposed by Maxwell in 1879 [Max79]. According to Maxwell’s 
approach the values of velocity and temperature on solid walls are defined by the corresponding 
normal to the boundary surface gradients [Gad99]. 

Since that time many researchers have proposed solutions for the prediction of rarefied gas 
flows using numerical methods in two-dimensional or three-dimensional grids, structured or 
unstructured with first or second order accurate spatial schemes over complicated geometries 
[Don09, Myo01, Myo04, Myo05, Mad08, Het08]. Moreover, significant effort has been 
exerted to develop high-order accurate spatial slip schemes in order to improve the steady state 
solution on the solid walls [Bes15, Kar02, She05, Ste15]. From all the aforementioned 
approaches the one from Beskok and Karniadakis [Kar02, Bes99] seems to be very effective 
and easy to implement. It avoids numerical difficulties resulting from the computation of the 
second derivative of velocity components when complex geometries are combined with 
unstructured or hybrid grids. Due to the wall function mode in which these boundary conditions 
are applied, the corresponding schemes are susceptible to produce residual oscillations 
(especially during the initial steps of the iterative procedure) or fail. A method to counter this 
shortcoming has been proposed by Ferras et al. [Fer13] in which a specific normalization 
strategy is followed, allowing for the gradual change of the velocity or temperature values on 
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the boundary nodes. A visual representation of the aforementioned boundary condition can be 
seen in Figure 2.5.  
 

 
Figure 2.5. Visual representation of the velocity slip boundary condition. 

 
Mathematically, this scheme, is described for the dimensionless slip velocity 𝑈𝑈𝑠𝑠 as [Zha12, 

Max79, Bes99]: 
 

𝑈𝑈𝑠𝑠 − 𝑈𝑈𝑤𝑤 =
2 − 𝜎𝜎𝑢𝑢
𝜎𝜎𝑢𝑢

𝐾𝐾𝐾𝐾
𝜕𝜕𝑈𝑈𝑠𝑠
𝜕𝜕𝜕𝜕

+
3

2𝜋𝜋
(𝛾𝛾 − 1)

𝛾𝛾
𝐾𝐾𝐾𝐾2𝑅𝑅𝑅𝑅
𝐸𝐸𝑐𝑐

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 (2.2.64) 

 
where 𝑈𝑈𝑤𝑤 is the velocity of the wall surface, 𝐾𝐾𝐾𝐾 is the Knudsen number, 𝜕𝜕𝑈𝑈𝑠𝑠

𝜕𝜕𝜕𝜕
 is the transverse 

velocity gradient, i.e., the derivative of the tangential slip velocity normal to the wall surface, 
denoted by the vector 𝑛𝑛 [Het08], 𝜎𝜎𝑢𝑢 is the tangential momentum accommodation coefficient, 
which actually models the momentum exchange of the gas molecules impinging on the solid 
boundaries. It depends on the surface quality of the wall; small values of 𝜎𝜎𝑢𝑢 can increase the 
slip velocity even for low Knudsen numbers [Kar02]. In this work 𝜎𝜎𝑢𝑢 was set equal to unity 
[Klo16, Klo17, Klo20, Klo21, Fan01, Sho14]. The second right-hand side term includes the 
values of the dimensionless Reynolds number 𝑅𝑅𝑅𝑅 and Eckert number 𝐸𝐸𝑐𝑐 along with the ideal 
gas constant 𝛾𝛾 and the tangential to the wall surface derivative of temperature accounting for 
the slip velocity contribution induced by the thermal creep. In this work this quantity is 
neglected as it is revealed to be relatively small in comparison with the right-hand side term. 
In common engineering problems there is only a very small temperature change across the wall 
surfaces [Het08]. 

The temperature jump condition is implemented in a similar as the velocity slip one and is 
described by the following equation [Het08]: 
 

𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑤𝑤 =
3 − 𝜎𝜎𝛵𝛵
𝜎𝜎𝛵𝛵

2𝛾𝛾
𝛾𝛾 + 1

𝐾𝐾𝐾𝐾
𝑃𝑃𝑃𝑃

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 (2.2.65) 
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where 𝑇𝑇𝑠𝑠 is the temperature slip, 𝑇𝑇𝑤𝑤 is the wall temperature and the term 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 denotes the 
derivative of the temperature normal to the wall surface. 𝑃𝑃𝑃𝑃 is the dimensionless Prandtl 
number and 𝜎𝜎𝛵𝛵 is the thermal energy accommodation coefficient. Similarly, to the momentum 
coefficient 𝜎𝜎𝑢𝑢 the thermal energy accommodation coefficient depends on the surface quality 
[Bes99]. In this work it was set equal to unity [Fan01, Sho14]. 

For the improvement of the solution on the solid wall boundaries, several second order 
accurate spatial schemes can be employed [Bes99, Kar02, She05, Ste15]. However, most of 
them are based on the reconstruction of the first right-hand side term of equation (2.2.64) with 
a Taylor expansion series [She05, Ste15]. Despite the fact that this reconstruction can be an 
easy task in a two-dimensional grid, for unstructured or hybrid three-dimensional grids with 
complex geometries is not a straight forward procedure. The computation of the second 
derivative of the tangential velocity in the normal direction to the surface usually introduces 
significant numerical errors, besides the a priori computational difficulty it poses in such cases 
[Bes99]. Considering this, the approach of Beskok and Karniadakis [Bes99] was implemented 
in this work, as it appears to avoid the aforementioned numerical difficulties [Kar02]. 
Following this approach, equation (2.2.64) can be rewritten as: 
 

𝑈𝑈𝑠𝑠 − 𝑈𝑈𝑤𝑤 =
2 − 𝜎𝜎𝑢𝑢
𝜎𝜎𝑢𝑢

𝐾𝐾𝐾𝐾
(1 − 𝑏𝑏𝑏𝑏𝑏𝑏)

𝜕𝜕𝑈𝑈𝑠𝑠
𝜕𝜕𝜕𝜕

 (2.2.66) 

  
where 𝑏𝑏 is the slip coefficient; which can be defined experimentally or from other methods 
depending on the Boltzmann equation of the DSMC approach [Bes99]. This coefficient 
actually stands for the vorticity flux exerted to the surface divided by the vorticity of the flow 
field on that surface as obtained by the no-slip approach. In this work this coefficient was set 
to -1.0 as in [Bes99]. 

The velocity slip and temperature jump boundary conditions are implemented in a Dirichlet 
way; hence they are sensitive to residual oscillations especially during the initial timesteps of 
an explicit iterative scheme [Fer13, Klo16]. To address this problem the normalization scheme 
proposed by Ferras et al. [Fer13] was implemented in the Galatea solver. This scheme allowed 
for a gradual increase of the slip velocity and temperature values. The equation for this scheme 
is defined as [Fer13]: 
 

𝑈𝑈𝑠𝑠𝑖𝑖 = 𝑎𝑎𝑈𝑈𝑠𝑠𝑖𝑖−1 + (1 − 𝑎𝑎)𝑈𝑈𝑠𝑠𝑖𝑖 (2.2.67) 
 
where 𝑎𝑎 is the normalization coefficient. It can be set to values smaller than unity. For the cases 
examined in this work a value of 0.95 was adequate. Since the Galatea simulations in this work 
are multigrid accelerated the velocity slip and temperature jump values are calculated solely at 
the finest resolution. Therefore, they are restricted to the coarser multigrid levels similar to the 
rest nodal values [Lyg16]. 

 
 

2.2.7 Time integration 
 

For the time integration of the cases examined in this work an explicit second order temporal 
accurate four-stage Runge-Kutta scheme was used [Bla01, Lyg14, Sor03]. For the 
implementation of this scheme equation (44) is transformed to: 
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−𝑉𝑉𝑃𝑃 �
𝑑𝑑𝑊𝑊���⃗
𝑑𝑑𝑑𝑑

�
𝑃𝑃

= −𝑉𝑉𝑃𝑃
∆𝑊𝑊���⃗ 𝑃𝑃𝑛𝑛+1

∆𝑡𝑡𝑃𝑃

= � 𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖
𝑄𝑄∈𝐾𝐾𝑁𝑁(𝑃𝑃)

+ � 𝛷𝛷��⃗ 𝑃𝑃,𝑜𝑜𝑜𝑜𝑜𝑜
𝑖𝑖𝑖𝑖𝑖𝑖

𝐾𝐾𝑜𝑜𝑜𝑜𝑜𝑜∈𝜕𝜕𝜕𝜕𝑉𝑉𝑝𝑝∩𝛤𝛤

− � 𝛷𝛷��⃗ 𝑃𝑃𝑃𝑃𝑣𝑣𝑣𝑣𝑣𝑣
𝑄𝑄∈𝐾𝐾𝑁𝑁(𝑃𝑃)

− � 𝛷𝛷��⃗ 𝑃𝑃,𝑜𝑜𝑜𝑜𝑜𝑜
𝑣𝑣𝑣𝑣𝑣𝑣

𝐾𝐾𝑜𝑜𝑜𝑜𝑜𝑜∈𝜕𝜕𝜕𝜕𝑉𝑉𝑝𝑝∩𝛤𝛤

− 𝑆𝑆𝑃𝑃𝑉𝑉𝑃𝑃 = 𝑅𝑅�⃗ 𝑃𝑃𝑛𝑛 

(2.2.68) 

 
where ∆𝑡𝑡𝑃𝑃 is the local timestep on node P which depends on the type of the flow (laminar in 
this work) and is computed as [Kim03, Lyg11]: 
 

∆𝑡𝑡𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙 = 𝐶𝐶𝐶𝐶𝐶𝐶 ∙
�0.5𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 𝑙𝑙 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑃𝑃�

2

��𝑈𝑈��⃗ 𝑃𝑃� + 𝑐𝑐𝑃𝑃�0.5𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 𝑙𝑙 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑃𝑃 + 2𝛾𝛾𝛾𝛾
𝜌𝜌𝑃𝑃𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅

 (2.2.69) 

 
where �𝑈𝑈��⃗ 𝑃𝑃� is the velocity value on node P, 𝑐𝑐𝑃𝑃 is the speed of sound on the same node and 
𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 𝑙𝑙 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑃𝑃 is the length of the smallest edge connected to node P. Local time stepping in a 
widely used technique in CFD and assures that each control volume will be assigned the 
maximum permissible timestep. This leads to the acceleration of convergence to steady-state 
[Bla01]. If in any case a global timestep is required, this can be defined as the smallest of the 
local timesteps of all grid nodes. 

As aforementioned in this work an explicit scheme was used along with a four-stage Runge-
Kutta (RK4) [Bla01, Sor03, Sar14, Lyg14, Kal96] in order to solve equation (2.2.68) iteratively 
and is defined as: 
 

𝑊𝑊���⃗𝑃𝑃
𝑛𝑛+1,0 = 𝑊𝑊���⃗ 𝑃𝑃𝑛𝑛 

𝑊𝑊���⃗𝑃𝑃
𝑛𝑛+1,𝑘𝑘 = 𝑊𝑊���⃗ 𝑃𝑃𝑛𝑛 − 𝑎𝑎𝑘𝑘

∆𝑡𝑡𝑃𝑃
𝑉𝑉𝑃𝑃

𝑅𝑅�⃗ �𝑊𝑊���⃗𝑃𝑃
𝑛𝑛−1,𝑘𝑘−1�,𝑘𝑘 = 1, … ,4 

𝑊𝑊���⃗ 𝑃𝑃𝑛𝑛+1 = 𝑊𝑊���⃗𝑃𝑃
𝑛𝑛+1,4 

(2.2.70) 

 
where 𝑘𝑘 is the number of the internal stage of the scheme. In most of this work the constants 
𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3, 𝑎𝑎4 have values of 0.11, 0.26, 0.5 and 1.0 respectively yielding a second order 
temporal accuracy to the procedure [Bla01]. Taking into account the low convergence rate of 
the explicit time stepping, in order to assure the stability of time integration an implicit residual 
smoothing technique is implemented in Galatea solver [Lyg15a] which attributes implicit 
features to the scheme and allows the use of larger CFL numbers [Bla01, Kim03]. Based on 
that the modified residual of a node P is can now be defined as [Kim03]: 
 

𝑅𝑅𝑃𝑃𝑚𝑚+1
𝑅𝑅𝑃𝑃0 + 𝜀𝜀 ∑ 𝑅𝑅𝑄𝑄𝑗𝑗

𝑚𝑚𝑙𝑙
𝑗𝑗=1

1 + 𝜀𝜀 ∑ 1𝑙𝑙
𝑗𝑗=1

 (2.2.71) 
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where 𝑄𝑄𝑗𝑗 are the neighboring nodes to node P and 𝜀𝜀 is a coefficient with typical values of 0.5-
0.8 defining the blending degree [Bla01]. In this work 𝜀𝜀 was set to 0.5. 
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2.3 Linear stability theory 
 
 
2.3.1 Equations of motion 

 
All viscous or Newtonian fluids that follow the perfect gas assumption are governed by the 

Navier-Stokes equations. These equations can be written in a nondimensional form as: 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 ∙ (𝜌𝜌𝜌𝜌) = 0 (2.3.1) 

 
𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝛻𝛻 ∙ (𝜌𝜌𝜌𝜌𝜌𝜌) = −𝛻𝛻𝛻𝛻 +
1
𝑅𝑅𝑅𝑅

𝛻𝛻 ∙ 𝜎𝜎 (2.3.2) 

 

ρ
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝐸𝐸𝑐𝑐
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐸𝐸𝑐𝑐(𝑉𝑉 ∙ 𝛻𝛻𝛻𝛻) − 𝜌𝜌𝜌𝜌𝜌𝜌 ∙ 𝑇𝑇 +
1

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
𝛻𝛻 ∙ (𝑘𝑘𝑘𝑘𝑘𝑘) +

𝐸𝐸𝑐𝑐
𝑅𝑅𝑅𝑅 �

1
2

(𝛻𝛻𝛻𝛻 + 𝛻𝛻𝛻𝛻):𝜎𝜎� (2.3.3) 

 

p =
𝜌𝜌𝜌𝜌

𝛾𝛾𝑀𝑀𝑀𝑀2
 (2.3.4) 

 
where 𝜎𝜎 is the viscous stress tensor and is denoted as 𝜎𝜎 = �𝜇𝜇(𝛻𝛻𝛻𝛻 + (𝛻𝛻𝛻𝛻)𝑇𝑇)� + 𝛻𝛻 �𝜆̃𝜆(𝛻𝛻 ∙ 𝑉𝑉)�, 
𝑉𝑉 is the velocity vector components 𝑉𝑉 = (𝑢𝑢, 𝑣𝑣,𝑤𝑤)𝑇𝑇, 𝜌𝜌 is the fluid density, 𝑇𝑇 is the fluid 
temperature, 𝑘𝑘 is the fluid thermal conductivity, while 𝜇𝜇 and 𝜆̃𝜆 are the first and second 
coefficient of viscosity respectively. In order to obtain a non-dimensional form of the 
aforementioned equations we scale all velocities by a reference velocity 𝑈𝑈𝑟𝑟𝑟𝑟𝑟𝑟∗ , temperature by 
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟∗ , pressure is scaled as: 
 

𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟�𝑈𝑈𝑟𝑟𝑟𝑟𝑟𝑟�
2
 (2.3.5) 

 
while all lengths are scaled by a characteristic length 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟∗  and the reference free-stream speed 
of sound is denoted as: 
 

𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟 = ��𝛾𝛾𝛾𝛾𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟� (2.3.6) 

  
where 𝛾𝛾 as mentioned before is the ratio of specific heats and 𝑅𝑅 is the specific gas constant. 

Herein, all variables with an asterisk (∗) denote dimensional quantities. Based on the 
aforementioned formulation Reynolds number (𝑅𝑅𝑅𝑅), Mach number (𝑀𝑀𝑀𝑀), Prandtl number (𝑃𝑃𝑃𝑃) 
and Eckert number (𝐸𝐸𝐸𝐸) can be written as: 
 

Re =
𝜌𝜌𝑟𝑟𝑟𝑟𝑟𝑟𝑈𝑈𝑟𝑟𝑟𝑟𝑟𝑟𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟

𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟
 (2.3.7) 

 

Ma =
𝑈𝑈𝑟𝑟𝑟𝑟𝑟𝑟
𝛼𝛼𝑟𝑟𝑟𝑟𝑟𝑟

 (2.3.8) 
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Pr =
𝑐𝑐𝑝𝑝,𝑟𝑟𝑟𝑟𝑟𝑟𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟
𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟

 (2.3.9) 

 
𝐸𝐸𝑐𝑐 = (𝛾𝛾 − 1)𝑀𝑀𝑀𝑀2 (2.3.10) 

 
Assuming Stokes hypothesis for calculating 𝜆̃𝜆 and Sutherland’s law [Sut93] for calculating 𝜇𝜇 
the dimensional viscosity 𝜇𝜇 is defined similarly to equation (2.2.5) where the coefficients 𝑐𝑐1 
and c2 for standard air are equal to 1.458×10-6kgm-1sec-1K-1/2 and 110.4 K respectively. 
 
 
 
2.3.2 Linearized Navier-Stokes equations (LNSE) 

 
Defining the vector 𝑞𝑞 = (𝑝𝑝,𝑇𝑇,𝑢𝑢, 𝑣𝑣,𝑤𝑤)𝑇𝑇 as the vector containing all physical flow quantities, 

the Linearised Navier-Stokes equations (LNSE) are derived by a linear decomposition of vector 
𝑞𝑞 to a steady laminar base flow 𝑞𝑞� and a small amplitude perturbation 𝑞𝑞� formulated as: 
 

q(𝒙𝒙, 𝑡𝑡) = 𝑞𝑞�(𝒙𝒙, 𝑡𝑡) + 𝑒𝑒𝑞𝑞�(𝒙𝒙, 𝑡𝑡),     𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑒𝑒 ≪ 1 (2.3.11) 
 
where 𝒙𝒙 is the space vector coordinator, 𝑡𝑡 is time and 𝑒𝑒 is a very small amplitude disturbance. 
The 𝑂𝑂(1) equations derived from the above are those that govern the base state and are satisfied 
by construction. The resulting 𝑂𝑂(𝑒𝑒2) equations are neglected, on account of smallness. The 
𝑂𝑂(𝑒𝑒) remaining terms define the LNSE, that need to be solved, either as an eigenvalues 
problem (modal analysis) or as an initial value problem for non-modal analysis. 

The decomposition of equation (2.3.11) is valid for one-, two- and three-dimensional base 
flows. While there are three main categories of stability analysis, local, non-local and global. 
For completeness Table 2.3.1 shows all modern linear stability analysis concepts. From these 
three main categories only, the local analysis was used for the stability analysis in this work 
along with other data-driven stability analysis methods that will be discussed in the next 
section. In local stability analysis, the wall-normal spatial direction is taken as inhomogeneous 
in both the base flow and the amplitude functions. Two-dimensional parallel flow is assumed 
and only the streamwise velocity and temperature flow components are extracted from the 
DSMC simulations. After performing separation of variables, these two directions are 
decomposed in Fourier space and the linearized equations of motion can be now written as a 
system of ordinary differential equations (ODE) and are discussed extensively by Mack 
[Mac65, Mac69, Mac84].  

Assuming x and z directions are the homogeneous spatial directions, such that the base flow 
depends only on the y spatial direction, in a Cartesian frame of reference, then the modal 
perturbations can be written in a local context such as: 
 

𝑞𝑞�(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑞𝑞�(𝑦𝑦)𝑒𝑒𝑖𝑖(𝑎𝑎𝑎𝑎+𝛽𝛽𝛽𝛽+𝜔𝜔𝑡𝑡) (2.3.12) 
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Table 2.3.1: Classification of linear stability theories [Jun13] 

 Denomination Base flow 
assumptions Amplitude function Phase function 

Global 
TriGlobal 
PSE-3D 
Biglobal 

- 
𝜕𝜕𝑥𝑥𝑞𝑞� ≪ 𝜕𝜕𝑦𝑦𝑞𝑞� 
𝜕𝜕𝑥𝑥𝑞𝑞� = 0 

𝑞𝑞�(𝑥𝑥,𝑦𝑦, 𝑧𝑧) 
𝑞𝑞�(𝑋𝑋, 𝑦𝑦, 𝑧𝑧) 
𝑞𝑞�(𝑦𝑦, 𝑧𝑧) 

𝜔𝜔𝜔𝜔 

� 𝑎𝑎(𝜉𝜉)𝑑𝑑𝜉𝜉 − 𝜔𝜔𝑡𝑡
𝑋𝑋

0
 

𝑎𝑎𝑎𝑎 − 𝜔𝜔𝑡𝑡 

Nonlocal PSE 𝜕𝜕𝑥𝑥𝑞𝑞� ≪ 𝜕𝜕𝑦𝑦𝑞𝑞�; 𝜕𝜕𝑧𝑧𝑞𝑞� = 0 𝑞𝑞�(𝑋𝑋, 𝑦𝑦) � 𝑎𝑎(𝜉𝜉)𝑑𝑑𝜉𝜉 + 𝛽𝛽𝛽𝛽 − 𝜔𝜔𝑡𝑡
𝑋𝑋

0
 

Local OSE 𝜕𝜕𝑥𝑥𝑞𝑞� = 𝜕𝜕𝑧𝑧𝑞𝑞� = 0 𝑞𝑞�(𝑦𝑦) 𝑎𝑎𝑎𝑎 + 𝛽𝛽𝑧𝑧 − 𝜔𝜔𝑡𝑡 
 
 

In a temporal framework, the variables 𝑎𝑎 = 2𝜋𝜋 𝐿𝐿𝑥𝑥⁄  and 𝛽𝛽 = 2𝜋𝜋 𝐿𝐿𝑧𝑧⁄  are the wavenumbers in 
the streamwise and spanwise direction respectively, while 𝜔𝜔 is a complex eigenvalue we solve 
for. Its real part 𝜔𝜔𝑟𝑟 relates to the perturbation angular frequency whereas the imaginary part 𝜔𝜔𝑖𝑖 
is the damping rate. As aforementioned the dimensional qualities of length are divided by 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 
to become dimensionless and the streamwise velocity is divided by the edge of boundary layer 
velocity 𝑢𝑢𝑒𝑒 which will be discussed later. 

By substituting equation (2.3.11) into the LNSE, the one-dimensional eigenvalue problem 
is formulated and can be solved as per [Mac69, Mac84]. This can be written as: 
 

ℒ𝑞𝑞� = 𝜔𝜔𝑞𝑞� (2.3.13) 
 
where 𝑞𝑞� is the one-dimensional amplitude function. By solving the eigenvalue problem, can be 
determined if the flow is stable or unstable [The11]. The latter depends on the sign of the 
complex parameter 𝜔𝜔. If 𝜔𝜔𝑖𝑖 < 0 then the flow is stable and the perturbations decay in time, 
while if 𝜔𝜔𝑖𝑖 > 0 then the flow is considered unstable and the perturbations grow exponentially. 
The eigenvalue problem (2.3.13) is solved by using the in-house developed Linear Global 
instability for Hypersonic Transition (LiGHT) solver [Qui17, Qui19, Qui21, The20]. The code 
is developed in Fortran and is solving in parallel complex non-symmetric eigenvalue problems 
(EVP) and singular value decomposition problems arising in linear flow instability.  

For completeness the equations governing the two-dimensional compressible boundary 
layer and the boundary conditions used will be discussed. The boundary layer equations in a 
Cartesian domain can be written as: 
 

𝜕𝜕(𝜌𝜌𝜌𝜌)
𝜕𝜕𝜕𝜕

+
𝜕𝜕(𝜌𝜌𝜌𝜌)
𝜕𝜕𝜕𝜕

= 0 (2.3.14) 

 

ρu
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜌𝜌𝑒𝑒𝑢𝑢𝑒𝑒
𝑑𝑑𝑢𝑢𝑒𝑒
𝑑𝑑𝑑𝑑

+
𝜕𝜕
𝜕𝜕𝜕𝜕 �

𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

 (2.3.15) 

 

ρu
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝜌𝜌
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

= 𝜌𝜌𝑒𝑒𝑢𝑢
𝑑𝑑ℎ𝑒𝑒
𝑑𝑑𝑑𝑑

+
𝜕𝜕
𝜕𝜕𝜕𝜕 �

𝑘𝑘
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

+ 𝜇𝜇 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

2

 (2.3.16) 

 
where streamwise velocity and wall-normal velocity are denoted by 𝑢𝑢 and 𝑣𝑣 respectively, ℎ is 
the height of the boundary layer and the subscript 𝑒𝑒 denotes the conditions at the edge of the 
boundary layer [Cri03, Ill49, Mac65, Whi05]. 
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As aforementioned when the flow becomes more and more rarefied (Knudsen number 
increases) slip flow exists and equations (2.3.14-2.3.16) will require velocity slip and 
temperature jump boundary conditions in order to be closed. Herein, the equations used for 
velocity slip and temperature jump are those of Von Smoluchowski [Smo69] with a correction 
to the Maxwell conditions [Max79] and are written as: 
 

𝑈𝑈𝑠𝑠 =
1
2

[𝑢𝑢𝜆𝜆 + (1 − 𝜎𝜎𝑢𝑢)𝑢𝑢𝜆𝜆 + 𝜎𝜎𝑢𝑢𝑈𝑈𝑤𝑤] +
3𝜎𝜎𝑢𝑢

8
𝜇𝜇
𝜌𝜌𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 (2.3.17) 

 

𝑇𝑇𝑠𝑠 =

2 − 𝜎𝜎𝑇𝑇
𝑃𝑃𝑃𝑃

𝛾𝛾
𝛾𝛾 + 1𝑇𝑇𝜆𝜆 + 𝜎𝜎𝑇𝑇𝑇𝑇𝑤𝑤

𝜎𝜎𝛵𝛵 + 2 − 𝜎𝜎𝛵𝛵
𝑃𝑃𝑃𝑃

 (2.3.18) 

 
where 𝑢𝑢𝜆𝜆 and 𝑇𝑇𝜆𝜆 denote the values of the streamwise velocity and temperature respectively at 
a distance of one mean free path from the wall. This form of the equations according to [Bes99] 
can obtain solutions within the slip and transition regime (𝐾𝐾𝐾𝐾~0.5). The accommodation 
coefficients 𝜎𝜎𝑢𝑢 and 𝜎𝜎𝑇𝑇 are set equal to unity [Bes99, Cha61, Klo17]. 

In order to perform stability analysis, the dimensional variables of equations (2.3.14 – 
2.3.18) must be converted in a non-dimensional form. Therefore, velocities 𝑢𝑢, 𝑣𝑣, density 𝜌𝜌, 
dynamic viscosity 𝜇𝜇 and temperature 𝑇𝑇 are scaled by their corresponding boundary layer edge 
values denoted by the subscript 𝑒𝑒. The spatial coordinates are scaled as proposed by Mack 
[Mac65] inducing: 
 

ξ = 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝜂𝜂 =
𝑦𝑦
𝑥𝑥 �

𝑅𝑅𝑅𝑅𝑥𝑥 (2.3.19) 
 

𝑅𝑅𝑅𝑅𝑥𝑥 =
𝜌𝜌𝑒𝑒𝑢𝑢𝑒𝑒𝑥𝑥
𝜇𝜇𝑒𝑒

 (2.3.20) 

 
The Reynolds number used in linear stability analysis then can be expressed as: 
 

Re = �𝑅𝑅𝑅𝑅𝑥𝑥 (2.3.21) 
 

By substituting equation (2.3.21) to (2.3.14-2.3.16) we derive the system to be solved for a 
zero-pressure gradient compressible boundary layer as: 
 

ρ𝑣𝑣 −
1

�𝑅𝑅𝑅𝑅𝑥𝑥
(𝜂𝜂𝑔𝑔′ − 𝑔𝑔) = 0 (2.3.22) 

 
𝑑𝑑
𝑑𝑑𝜂𝜂 �

𝜇𝜇
𝑑𝑑𝑑𝑑
𝑑𝑑𝜂𝜂�

+ 𝑔𝑔
𝑑𝑑𝑢𝑢
𝑑𝑑𝑑𝑑

= 0 (2.3.23) 

 
𝑑𝑑
𝑑𝑑𝜂𝜂 �

𝜇𝜇
𝑃𝑃𝑃𝑃

𝑑𝑑𝑑𝑑
𝑑𝑑𝜂𝜂�

+ 𝑔𝑔
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 2𝜇𝜇 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝜂𝜂�

2

= 0 (2.3.24) 

 
where: 
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𝑔𝑔′ =
𝑑𝑑𝑑𝑑
𝑑𝑑𝜂𝜂

≡
1
2
𝜌𝜌𝑢𝑢 (2.3.25) 

 

ϑ =
𝑇𝑇 − 𝑇𝑇𝑒𝑒
𝑇𝑇0 − 𝑇𝑇𝑒𝑒

 (2.3.26) 

 

𝑇𝑇0 = 𝑇𝑇𝑒𝑒 +
𝑢𝑢𝑒𝑒2

2𝑐𝑐𝑃𝑃
 (2.3.27) 

 
𝑇𝑇
𝑇𝑇�𝑒𝑒𝑒𝑒

≡ 𝑇𝑇� = 1 +
𝛾𝛾 − 1

2
𝛭𝛭𝛭𝛭𝑒𝑒2𝜗𝜗 (2.3.28) 

 
while herein Prandtl number is defined as: 
 

Pr =
𝜇𝜇𝑒𝑒𝑐𝑐𝑃𝑃
𝑘𝑘𝑒𝑒

 (2.3.29) 

 
In order to complete the aforementioned system closed form the dependency of viscosity to the 
temperature has to be considered and is defined as: 
 

μ = 𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟 �
𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

�
𝜔𝜔�

 (2.3.30) 

 
where 𝜇𝜇𝑟𝑟𝑟𝑟𝑟𝑟 denotes the reference viscosity 𝜔𝜔� is the viscosity exponent.  
 

Finally, the boundary layer system defined herein, can be solved subjected to the boundary 
conditions: 
 

u(𝜂𝜂 = 0) = 𝑈𝑈𝑠𝑠 𝑢𝑢𝑒𝑒𝑒𝑒�  (2.3.31) 
 

u(𝜂𝜂 → ∞) = 1 (2.3.32) 
 

T(𝜂𝜂 = 0) = 0   𝑜𝑜𝑜𝑜   𝑇𝑇(𝜂𝜂 = 0) = 𝑇𝑇𝑤𝑤 (2.3.33) 
 

T(𝜂𝜂 → ∞) = 1 (2.3.34) 
 
 
 
2.3.3 Data driven stability analysis – The residuals algorithm 
 

During the past years Theofilis showed that the well-known flow properties residuals are 
directly linked to decay of the least-stable global eigenmode [The00]. This can be represented 
mathematically as: 
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𝜔𝜔� =
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑙𝑙𝑙𝑙|𝑞𝑞(𝑥𝑥, 𝑡𝑡) − 𝑞𝑞(𝑥𝑥)|) (2.3.35) 

 
where, as mentioned in the previous section 𝑞𝑞(𝑥𝑥, 𝑡𝑡) is any flow variable at a specific location 
(𝑥𝑥,𝑦𝑦, 𝑧𝑧) in the flow field in time 𝑡𝑡, 𝜔𝜔 is the amplification rate of the global eigenmode while 
𝑞𝑞�(𝑥𝑥) is the final value of the aforementioned variable at the examined location 𝑥𝑥 of the flow 
field. The term residuals algorithm describes the method used in order to recover an 
amplification rate and the amplitude functions of the least-damped global flow eigenmode 
directly from a numerical simulation. In this work, time windows in which 𝜔𝜔 is practically 
constant will be referred as linear decay regime. When the decay rate of the least stable global 
is calculated, then the corresponding amplitude function can be recovered using the linear 
stability Antsaz as defined in equation (2.3.11). Based on equation (2.3.11) any flow field can 
be decomposed in a steady state 𝑞𝑞�(𝑥𝑥) and an infinitely small perturbation, 𝜀𝜀 ≪ 1, 𝜀𝜀𝑞𝑞�(𝑥𝑥, 𝑡𝑡)  
Herein, for the residuals algorithm the amplitude perturbation 𝑞𝑞� is formulated as follows: 
 

𝑞𝑞�(𝑥𝑥, 𝑡𝑡) = 𝑞𝑞�(𝑥𝑥)𝑒𝑒−𝜔𝜔𝑡𝑡 (2.3.36) 
 
where 𝑞𝑞�(𝑥𝑥) is the amplitude function of the damped disturbance. Equation (2.3.36) assumes a 
global stationary mode but the Ansatz as shown in [The00] can be easily generalized for 
travelling modes. Since the damping rate remains constant throughout the linear decay time 
window, two discrete times can be selected and a 2 × 2 can be formed from which the 
amplitude functions can be computed as: 
 

ε𝑞𝑞�(𝑥𝑥) =
𝑞𝑞�(𝑥𝑥, 𝑡𝑡1) − 𝑞𝑞�(𝑥𝑥, 𝑡𝑡2)
𝑒𝑒−𝜔𝜔𝑡𝑡1 −  𝑒𝑒−𝜔𝜔𝑡𝑡2

 (2.3.37) 

 
where 𝑡𝑡1 and 𝑡𝑡2 are two subsequent timesteps within the linear decay regime from which the 
flow fields are extracted. 
 
 
 
2.3.4 Data driven stability analysis – Dynamic mode decomposition 

 
Dynamic mode decomposition (DMD) is a numerical technique usually used to identify 

coherent flow structures in experimental of simulation data [Sch10]. In order to do that, a 
collection of flow snapshots is required which are then decomposed and in case of the flow 
being in the linear decay regime (small perturbations in the base flow) the extracted modes are 
equivalent to the result of a global stability analysis for a nonlinear flow [Sch10]. The result of 
the aforementioned decomposition yields structures of a linear tangent approximation to the 
underlying flow and can provide a description of fluid elements that express the most dominant 
dynamic behavior that is captured in the examined flow snapshots [Sch10, Sch11]. The method 
does not utilize a matrix formulation but relies only on the input data, ignoring any information 
about the underlying system matrix [Sch10]. The outline of the DMD algorithm used in this 
work is outlined in this section. 

Let 𝑠𝑠𝑖𝑖 be one snapshot of a flow field in a particular time. Then a collection of the flow field 
snapshot is arranged in two matrices such as: 
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𝑆𝑆1 = [𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑚𝑚−1], 𝑆𝑆2 = [𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑚𝑚] (2.3.38) 
 
Then the Singular Value Decomposition (SVD) of matrix 𝑆𝑆1 can be written as: 
 

𝑆𝑆1 = U𝛴𝛴𝑉𝑉∗ (2.3.39) 
 
where U is an orthogonal matrix whose column vectors are the left singular vector of 𝑆𝑆1 and is 
of size 𝑛𝑛 × 𝑟𝑟, 𝛴𝛴 is a diagonal matrix containing the singular values of 𝑆𝑆1 and is of size 𝑟𝑟 × 𝑟𝑟 
and 𝑉𝑉is a matrix whose columns contain the right singular vectors of 𝑆𝑆1 while 𝑉𝑉∗is the 
conjugate transpose of 𝑉𝑉 and is of size 𝑚𝑚 × 𝑟𝑟 and 𝑟𝑟 is the truncated value. The superscript (∗) 
herein denotes the conjugate transpose matrix. Then matrix 𝐴̂𝐴 is defined such as: 
 

𝐴̂𝐴 = U∗𝑆𝑆2𝑉𝑉𝛴𝛴−1 (2.3.40) 
 
The eigenvalues and eigenvectors of 𝐴̂𝐴 are computed as: 
 

𝐴̂𝐴𝑦𝑦� = 𝛬𝛬𝑦𝑦� (2.3.41) 
 

Finally, the DMD mode corresponding to the DMD eigenvalue 𝛬𝛬 is given by: 
 

𝛷𝛷� = U𝑦𝑦� (2.3.42) 
 
In this version of the DMD algorithm it is assumed that the data is a sequential dataset of 
vectors. 
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2.4 Introduction to hypersonic and waverider vehicles 
design 
 

In this section a short introduction to hypersonic vehicles design will be given. The potential 
benefits derived from the practical implementation of reusable hypersonic flight vehicles are 
desirable for all developed societies. However, the natural phenomena that occur during a 
hypersonic flight within the atmosphere introduce huge technological challenges that render 
the design and development of such a hypersonic vehicle a very difficult task. The technical 
complexities associated with the development of reusable hypersonic vehicles that are capable 
of controlled performance while withstanding sustained high temperature in a low-density 
aerodynamic environment are enormous. These natural phenomena which define hypersonic 
speed are discussed by Anderson and are the following [And06]: 
 
• shock waves causing large flow property and entropy gradients 
 
• high level of viscous interaction between the fluid and the vehicle geometry causing 
high heat flux and thick boundary layers 
 
• thin shock layers due to the close vicinity of the shock to the surface of the vehicle 
trapping high temperature flow around the hypersonic object. 
 

All the aforementioned physical phenomena produce large heat loads, which pose a 
challenge to materials to endure for long time periods. Therefore, material options for 
hypersonic vehicles are very slim and the residence time in the hypersonic regime very limited. 
The major technological challenges are the undesirable properties of existing materials and 
limited capabilities of existing thermal protection systems. 

Furthermore, there are limited options and capabilities of current propulsion systems to 
provide and sustain the thrust required for hypersonic speeds. This is the main reason why all 
successful hypersonic crafts use rockets to provide the thrust needed to achieve hypersonic 
speeds. Rockets, which have proven to be very effective, are expensively inefficient. The 
required fuel accounts for a large portion of the take-off weight and success of rocket 
propulsion requires a very accurate and precise design of explosions. Alternatively, with the 
recent successful test flights of the X-51A [Mil01] and X-43A [Vol06], the scramjet is showing 
promise as another feasible option for hypersonic propulsion. The scramjet is a dynamic thrust 
airbreathing propulsion system that uses oxygen from the atmosphere as fuel. This feature 
dramatically decreases the weight of the required onboard fuel and entails higher performance 
efficiency than rockets as shown in Figure 2.6. 

Research efforts are also made in field of the design of the Magneto hydrodynamics (MHD) 
supersonic turbojet engines which are projected to be capable of a wide range of speeds of 
Mach numbers and more specifically between 0 and 7 utilizing existing technology [Bla03]. 
Both the scramjet and MHD supersonic turbojet are immature technologies still undergoing 
research studies and are not yet ready for extensive practical use. Since its inception in the 
1950s, the waverider has been an object of study [Lun15]. Once a conceptual design is devised, 
the next step is its analysis. Aerodynamic analyses of flight vehicle configurations are obtained 
through various means. The typical methods are the use of engineering correlations, flight tests, 
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wind tunnel testing and numerical simulations. These methods are not only used for analyses 
but also proof of concept and building of knowledge. In the subsonic regime, each method has 
shown to be effective in conclusively determining performance and gaining scientific 
perspective. However, in hypersonics, each method has shown to have some issues in its 
reliability and/or implementation. Still research continues to improve upon these methods to 
gain knowledge for mastering the hypersonic regime. 
 

 
Figure 2.6. Visual representation of a scramjet engine. Adapted from [Ser12]. 

 
During the early quest for hypersonic flight, NASA designed, constructed and tested a 

hypersonic vehicle [And06]. The vehicle, illustrated in Figure 2.7, demonstrated that it was 
capable of achieving speeds up to Mach 8 [Flo63]. However, a closer look at wind tunnel data 
revealed an interesting phenomenon. It was observed that the vehicle’s aerodynamic 
performance parameter L/D decreased as Mach number increased [Flo63]. Consequently, 
Kuchemann et al. [Kuc78] conducted an extended number of empirical studies of 
supersonic/hypersonic research and vehicle performance of that time over a range of Mach 
numbers and documented the trend of the maximum L/D decrease as Mach number increased 
establishing a parameter called the L/D barrier. This attempt highlights another challenge in 
the realization of hypersonic flight vehicles; the traditional aerodynamic designs and design 
methodology were not effective in the hypersonic regime. Later on, Bowcutt, showed a method 
to optimize waverider configurations using a multidisciplinary approach yielding geometric 
configurations with relatively higher L/D ratios at higher Mach numbers [Bow01]. Bowcutt’s 
findings were also supported by others [Coc94, Cor88]. Figure 2.8 illustrates the comparison 
of Kuchemann, Bowcutt and Corda findings; the non-filled circles represent experimental data 
obtained from flight tests and experiments. Kuchemann established the solid line and Bowcutt 
established the dashed line [Kuc78, Bow01]. The work of Bowcutt renewed interest in the 
waverider design technique that was first introduced in the 1950’s by Nonweiler during his 
attempt to design a hypersonic wing for re-entry purposes. Figure2.9, established by 
Kuchemann, represents vehicle configurations that will likely achieve maximum L/D in their 
respective flight regime [Kuc78]. As evidenced, the trend shows a highly integrated vehicle 
configuration with aerodynamic and propulsion features fused together, would fare as the 
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optimum aerodynamic configuration for the hypersonic regime. The waverider design 
methodology inherently yields geometries that support this type of configuration. 

 
Figure 2.7. NASA first hypersonic vehicle. Adapted from [Flo63]. 

 
A waverider is a hypersonic vehicle configuration designed such that the high pressure due 

to the shockwave generated is only exerted to the lower surface of the vehicle. This 
configuration is achieved through an inverse design methodology that sets the leading edge of 
the geometry onto a generated shock. At the time of its creation, the waverider design concept 
solved a major re-entry problem by yielding configurations with the L/D needed for long-range 
glided re-entry landings. However, the leading edge of a waverider is inherently sharp which 
yields an extreme aerothermodynamic load. Also, early waverider configurations of the 1950’s 
and 1960’s were thin and presented limited ‘volumetric efficiencies and their performance 
analysis did not consider viscous effects [Flo63]. Computational resources in the 1950s were 
not available to produce a wider range of configurations or perform viscous analysis due to 
their computational load. These circumstances rendered waveriders unrealistic at the time. 
However, the work of Bowcutt during the 1980s summarized in [Bow01] optimized waveriders 
by implementing established engineering relations and computational resources to predict the 
viscous effects on performance. However, even with the excitement of the waverider potential, 
the design methodology has yet to extend to a practical design of a working hypersonic vehicle. 

Waveriders are designed as products of a hypersonic flow environment through an inverse 
design methodology. The inverse design approach uses the streamlines of a post shock inviscid 
flow field as the design space for the compression stream surface (usually the lower surface) 
of waverider geometries. The waverider methodology ideally produces a streamlined geometry 
for the hypersonic flow regime. The lower surface formed by a set of neighboring streamlines 
yields the attachment of the leading edge to the shock. Below a short version of a design 
algorithm for waverider generation is given: 
 
• Selection and design of the cone to produce the basic flow field 
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• Solving the basic flow field using Taylor-Maccoll equation, or Euler or Navier-Stokes 
• Tracing the streamlines 
• Application of the osculating cone theory in the spanwise direction 
 
• Remodel the final model 

 
 

 
Figure 2.8. L/D barriers. Adapted from [Cor88]. 

 
 

 
Figure 2.9. Aircraft flight spectrum. Adapted from [Kuc78]. 
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Figure 2.10. Schematic approach of the design methodology. 

 
More specifically, to define the initial flow field from which the waverider will be derived 

a cone is designed with an angle δ. Then the inlet boundary conditions are defined such as 
Mach number, pressure and temperature and the flow field is calculated using a computational 
fluid dynamics method.  After obtaining the flow field, the streamlines can be traced by 
numerically evaluating equation (2.3.1) by marching from points located on the shock to obtain 
streamline points. A schematic representation of the traced streamlines from the conical shock 
is shown in Figure 2.10. 
 

𝑑𝑑𝑑𝑑
𝑉𝑉𝑟𝑟

=
𝑟𝑟𝑟𝑟𝑟𝑟
𝑉𝑉𝜗𝜗

 (2.3.1) 

    
In order to specify the waverider geometry using the osculating cone waverider derived 

method, firstly, a base curve must be specified. The base curve is then projected into the shock 
parallel to the freestream to obtain the leading edge. After that, streamlines are traced from the 
leading-edge locations on the shock back to the base plane to generate the compression (lower) 
surface of the waverider. Apart from the analytical equation (2.3.1) another more simplified 
technique also can be used to trace the streamlines as well. Streamlines can be traced tangential 
to the base cone surface to easily obtain the compression surface geometry. The base curve 
equation used for the waverider design is shown around the symmetry plane in Figure 2.11.  
Denoted as 𝑙𝑙 is the total width of the waverider, while 𝑙𝑙𝑢𝑢 is the flat part of the curve. The curved 
part of the curve can be calculated by the equation shown in Figure 2.11. The value of 𝑏𝑏 can 
be calculated given the 𝑙𝑙𝑢𝑢,𝑙𝑙 and ℎ which can be specified after the solution of the initial conical 
flow field. 
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Figure 2.11. Base curve equation. 

 

To produce a practical waverider design, the inherent sharp leading edge must be handled 
properly. Therefore, a practical design approach must incorporate blunting techniques to 
accomplish this task. Blunting the leading edge as well as areas where two stream surfaces 
meet relieves heating effects and yields a more realistic shape for manufacturing processes. On 
the other hand, blunting inherently deviates from a true waverider design and allows some 
leakage of pressure from the lower surface to upper surface. Hence, drag is increased and 
aerodynamic performance of a waverider is decreased. It has been shown through studies 
[San09, Che11] that blunting decreases the heat flux experienced by a vehicle while negatively 
affecting its L/D. Even with this effect, a blunted waverider design will still potentially provide 
exceptional aerodynamic performance compared to others. The seepage of pressure can be 
controlled and potentially minimized through the design of the leading edge. The amount and 
type of blunting must be determined through a compromise between minimizing heating and 
maximizing aerodynamic performance. As there is a variety of configurations for a waverider, 
there is a variety of designs for a blunt leading edge [Tin94]. There are two main approaches 
to blunting a leading edge as shown in Figure 2.12 [Tin94]. One approach removes material 
and the other adds material. Tincher and Burnett in their joint work suggested the addition of 
material will have less of an aerodynamic cost [Tin94]. 
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Figure 2.11. The two main leading-edge curving techniques.  

Adapted from [Tin94]. 
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3. Numerical Results 
 

 
Definitions 

 
In order to get a better understanding of hypersonic flows several different in nature cases 

were examined. Amongst, there were also validation test cases widely known in literature both 
two- and three-dimensional as well as comparisons with experimental data and results obtained 
by other solvers. The compared solutions with the CFD code GALATEA [Lyg13] concern 
mainly the pressure coefficient distribution as defined in [Abb49, Mun98] 

 

Cp = 
2 (p-p∞)
ρ∞V��⃗ ∞2

 (3.1) 

 
where 𝑝𝑝 denotes the local pressure and 𝑝𝑝∞, 𝜌𝜌∞, 𝑉𝑉∞2 the pressure, density and velocity at the 
free-stream respectively. Furthermore, in flows over aircraft-like geometries, the lift and drag 
coefficients are used for comparisons. These can be computed as [Abb49, Mun98] 

 

CL = 
2L

ρ∞V��⃗ ∞2  S
 (3.2) 

 

Cp = 
2D

ρ∞V��⃗ ∞2  S
 (3.3) 

 
where 𝑆𝑆 is a characteristic area of the aircraft (usually the mean aerodynamic cord or the 
fuselage length). The total lift 𝐿𝐿 and drag 𝐷𝐷 forces in GALATEA are evaluated by a single loop 
over the boundary nodes or faces using the (pressure and viscous) stress tensor (near-field 
analysis) [Vos10, Vos13]. Whereas, in the DSMC these are calculated as the three-dimensional 
force and components acting on the surface elements. 

This section is continued with the evaluation of the proposed methodology against test cases, 
considering rarefied flows in the slip regime over complex geometries. All the quantities 
denoted with the ∞ sign refer to freestream, whereas those with the 𝑒𝑒 refer to boundary layer 
edge values and those with the 𝑤𝑤 refer to wall values. For the test cases presented in this chapter 
the in-house GALATEA CFD code was used for solving the dimensionless Navier-Stokes 
PDEs [Lyg15, Lyg16]. For the DSMC solutions the code used in all calculations is the open-
source SPARTA DSMC kernel developed in Sandia National Laboratories [Gal14].  

All flow properties with the subscript symbol of ∞ concern the free-stream properties while 
the properties having the w subscript symbol refer to wall properties. For the stability analysis 
the code LiGHT was used developed in University of Liverpool by Dr. Helio Quintanilha Jr. 
In the cases entitled Slip effects and stability analysis of a DSMC generated supersonic 
boundary layer and Hypersonic flow around a flat plate at range of 4.5≤ M∞ ≤9 the LiGHT 
code was ran by Dr. Helio Quintanilha Jr. All the rest stability analysis results were produced 
by Mr. Kamil Dylewicz. In the cases in which GALATEA was used to solve the Navier-Stokes 
PDEs the code was ran by Dr. Georgios Lygidakis. 
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Knudsen number was calculated using the classical definition: 
 

Kn =
λ
D (3.4) 

 
where λ is the mean free path and D is the characteristic length unless stated otherwise. The 
mean free path is calculated using the equation: 
 

λ = 
1

√2 π dref
2  Nd �

Tref
T �

ω - 12
 

(3.5) 

  
where 𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟 is the particle characteristic diameter as mentioned in [Bir94], Nd is the number 
density, Tref is the characteristic temperature (273.15 K), T is the flow temperature and omega 
is the power law exponent. In all test cases the variable soft sphere (VSS) molecular model has 
been used as described in [Bir94] and implemented in SPARTA [Gal14]. The code for the 
analytical calculation of the compressible boundary layer (cBL) was provided by Prof. Vasilios 
Theofilis. The code used for the dynamic mode decomposition (DMD) is the open-source code 
PyDMD which implements the DMD method as described by Schmidt [Sch10] and was ran by 
Mr Kamil Dylewicz. 
 
In simulations where Air is used as the gas it’s modelled as 79% N2 and 21% O2 unless stated 
otherwise. In all simulations the Variable Soft Sphere (VSS) molecular model was used. In 
cases where the Variable Hard Sphere (VHS) model was used the angular scattering parameter 
(alpha) of VSS was set equal to 1. The two following Tables show the parameters used for the 
molecular species (Table Species) and the VSS model parameters (Table VSS). Rotational 
relaxation was considered constant unless stated otherwise. 

 
Table Species: Species parameters. 

Species 
Molecular 

mass  
(kg) 

Rotational 
degrees of 
freedom 

Rotational 
relaxation 

Vibrational 
degrees of 
freedom 

Vibrational 
relaxation 

Vibrational 
temperature 

(K) 
O2 5.31 ×10-26 2 0.2 2 5.58659 ×10-5 2256 
N2 4.65 ×10-26 2 0.2 2 1.90114 ×10-5 3371 

 
Table VSS: VSS model parameters.  

Species Diameter 
(m) omega 

Reference 
temperature 

(K) 
alpha 

Rotational 
relaxation 

infinite 
(𝐙𝐙𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫) 

O2 3.96 ×10-10 0.77 273.15 1.4 16.5 
N2 4.07 ×10-10 0.74 273.15 1.6 18.1 
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3.1 Rarefied flow over a NACA 0012 wing 
 

The first validation test case is a flow over a NACA 0012 airfoil [Fan01, Sho14, All85] at 
two different angles of attack. The first angle is equal to 0o (Case 1) whereas the second is 10𝑜𝑜 
(Case 2) [Fan01, Sho14, All85]. The grid utilized for the CFD code comprises of 305,978 
nodes, 566,245 tetrahedra and 394,760 prisms the latter located on the solid wall region to 
allow for effective prediction of the boundary layer region. The Mach number was assumed 
equal to 2.0, while the Knudsen and Reynolds numbers are equal to 0.026 and 106 [Sho14] 
respectively, the latter based on the mean aerodynamic cord, which was re-dimensionalized to 
become equal to unity due to the dimensionless formulation of the code [Lyg15]. Freestream 
temperature was set to 161 K, while the corresponding value on the surface was set to 290 K. 
The aforementioned flow conditions are summarized in Table 3.1.  

For the computation of the inviscid fluxes the Roe’s approximate Riemann solver along with 
a second-order spatial accurate scheme, coupled with the Min-mod limiter, was employed; the 
corresponding viscous fluxes were computed based on the nodal-averaging scheme. Time 
integration was succeeded via the incorporated explicit scheme (Runge-Kutta method) with a 
CFL number equal to 0.5. Both the incorporated first- and second-order spatial accurate slip 
models were implemented [Bes99]. However, no difference was identified between their 
results; this lack of difference is attributed to the relatively fine grid utilized. To accelerate the 
solution procedure on a DELLTM R815 PowerEdge Server with four AMD OpteronTM 6380 
sixteen-core processors) the initial grid was decomposed in four sub-domains to be processed 
in parallel; two coarser levels were constructed for each of them applying the full-coarsening 
directional agglomeration strategy, in order the incorporated multigrid scheme to be applied 
[Bes99]. 

The proposed solver was succeeded with a DSMC approach code, the parallel open-source 
kernel SPARTA [Gal14]. The encountered computational domain was designed with 
dimensions 0.38 m and 0.24 m along the x- and y-axis, respectively; its discretization was 
succeeded with a Cartesian two-dimensional mesh, composed of 1200 cells along x-axis and 
800 cells along y-axis. Considering that the mean free path in such test cases is approximately 
0.000923 m, each grid cell was constructed to be more or less 1/3 the size of it, a common 
practice in such simulations [Bir94]. Furthermore, the grid around the airfoil was generated 
such as no more than four points, used for airfoil representation (a total number of 1600 was 
used), to be included at each computational cell; as a result, a smoother discretization was 
achieved. Figure 3.2 illustrates a close-up view of the utilized computational grid around the 
NACA0012 airfoil. 

The SPARTA code was run on the same to Galatea solver computer system with the flow 
conditions summarized in Table 3.1. As far as the simulation parameters are concerned, the 
number density was set equal to 1.296×1021 particles m3⁄ , while the time step equal to 
3.0×107 s; the latter value along with the employed grid density ensures that each particle needs 
approximately three timesteps to cross entirely a grid cell [Bir94]. The simulation began with 
a transient period of 140,000 steps, producing the initial steady-state solution, while at next 
samples were taken for additional 40,000 steps, aiming to reduce the statistical scattering error. 
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Figure 3.1. Computational grid used with the Galatea code. 

 
The aforementioned parameters are outlined in Table 3.2. Considering that DSMC 

simulations depend strongly on the employed number of particles, several different numbers 
of them were tested (between 2×106  and 16×106  ) along with the aforementioned grid, as 
well as with a finer one; the latter was generated by refining each computation cell around the 
airfoil into 5x5 smaller ones. From this study the optimum number of particles was selected 
which is of 8×106   simulator particles for the whole simulation domain. As far as the grid is 
concerned, no difference was identified, hence, the initial mesh was selected. The previous 
parameters defining actually the DoFs (Degrees of Freedom) of the simulation were proved to 
produce the desired accuracy, avoiding though any excessive requirements for computational 
load and storage. 

In Figure 3.4 the extracted velocity contours around the NACA0012 airfoil by both the 
Galatea and SPARTA solvers are presented for the first test case (Case 1 - angle of attack 0o). 
As one can observe a satisfactory comparison is obtained, especially in the bow shock and 
stagnation regions, indicating qualitatively the potential of the proposed solver for such 
simulations. Furthermore, a very good agreement can be observed with the available 
experimental and numerical results, reported in [All85] and [Fan01, Sho14] respectively. It is 
pointed out that  dimensionless values are included in both the aforementioned figures. Figure 
3.5 includes the derived distributions, compared with the one reported in [Sho14]; the 
distribution of Galatea code simulation was extracted from the mid-span of the wing geometry. 
Similarly, to Case 1, Figure 3.7 illustrates the extracted velocity contours around the 
NACA0012 airfoil by both the Galatea and SPARTA codes for Case 2 (angle of attack 10o). 
Figure 3.5 shows a comparison between the results obtained from both codes and results found 
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in literature [Sho14]. Once more, a very good qualitative agreement is achieved between the 
results of the employed solvers and the results found in literature with the comparison for the 
distributions of the pressure coefficient Cp around the NACA0012 airfoil, depicted in Figure 
3.5. Figure 3.6 shows a comparison of the results obtained from SPARTA and Galatea in Case 
2 where the airfoil is at an angle of attack of 10o.  It is obvious that for both test cases (with 
angle of attack 0oand 10o) the employed codes produce almost identical results, despite they 
are based on completely different numerical approaches. 

 
 

Table 3.1: Flow parameters (rarefied flow over a NACA 0012 wing). 
Case M∞ Re∞ Kn∞ U∞ ( m s⁄ ) a (deg) ρ∞ ( kg m3⁄ ) T∞ (K) Tw (K) 

1 2.0 106 0.026 506 0 6.026×10-5 161 290 
2 2.0 106 0.026 506 10 6.026×10-5 161 290 

 
 

Table 3.2: CFD computational parameters (rarefied gas flow over a re-entry capsule 
geometry). 

CFD parameters 

Grid density 
305,978 nodes 

566,245 tetrahedra 
394,760 prisms 

Number of partitions 4 
Iterative scheme Second order four-stage Runge-Kutta 

CFL 0.5 

Computational system 
DELLTM R815 Poweredge Server with 

four AMD OpteronTM 6380 sixteen-core 
processors 

 
 

Table 3.3: DSMC computational parameters (rarefied gas flow over a re-entry capsule 
geometry). 

DSMC parameters 
Grid density 960,000 Cartesian grid cells 

Number of particles 86×106 
Number density (particles/m3) 1.296×1021 

Timestep (s) 3×10-7 
Transient period (timesteps) 140,000 
Sampling period (timesteps) 40,000 

Number of cores 60 
Wall-clock time (h) 6 
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Figure 3.2. Density on the symmetry surface of the computational grid used with the Galatea 

code. 
 

 
Figure 3.3. Computational grid used in SPARTA. 
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Figure 3.4. Velocity contours (Case 1) as obtained from SPARTA (top) and Galatea (bottom). 
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Figure 3.5. Distribution of pressure coefficient Cp around the NACA0012 airfoil (Case 1). 

 

 
Figure 3.6. Distribution of pressure coefficient Cp around the NACA0012 airfoil (Case 2). 
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Figure 3.7. Velocity contours (Case 2) as obtained from SPARTA (top) and Galatea 

(bottom). 
 
 
 
3.2 Rarefied gas flow over a re-entry space capsule geometry 
 

The second test case is a three-dimensional test case of a Mach 3.2 flow over a space capsule 
geometry at an angle of attack of 0𝑜𝑜. The examined geometry stands for the blunt portion of a 



Numerical Results 
 

 

68 
 

spaceship returning to Earth after a spaceflight. It resembles the REV (Robotic Enhanced 
Vehicle) of the DART (Delft Aerospace Reentry Test) demonstrator program [Ott01]. This 
program began at Delft University of Technology in 2001, aiming to study the aerodynamic 
phenomena appearing during the re-entry of space vehicles. An overview of the geometry is 
shown in Fig. 1. The spherical nose cap has a radius rn= 345.22 mm, a length L=1546.63 mm 
with a cone radius of R=525 mm. In order to reduce the computational cost only the quarter of 
the aforementioned configuration was simulated.  

For this simulation the flow velocity was set to 850 m/s which results to a Mach number of 
approximately 3.2. The freestream temperature was set equal to 168.72 K while the temperature 
on the surface of the capsule was set to 290 K. The background pressure was set to 0.5 Pa, a 
value corresponding to an altitude of approximately 90 km. Despite this velocity being 
relatively small comparing to that of such a space capsule during its re-entry phase, it was 
assumed to be adequate considering the initial motivation of the study to assess a modified 
Navier-Stokes solver against a rarefied gas dynamics problem.  

 
 

 
     Figure 3.8. Capsule geometry details in 2D (top) and 3D (bottom). 

 
Considering the aforementioned flow data, a hybrid unstructured grid was generated for the 

CFD solver composed of 4,212,308 nodes, 21,032,650 tetrahedra and 1,168,000 prisms. The 
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prismatic layers are located on the solid wall region, i.e., close to the surface of the capsule, 
allowing for accurate prediction of the corresponding flow phenomena [Lyg15, Lyg16]. Figure 
3.9 shows the complete computational grid, while Figure 3.10 focuses on the symmetry/capsule 
surface. In order to use this grid with the dimensionless Galatea solver was re-dimensionalized 
in order its base’s radius to become equal to unity [Lyg15]. For the calculation of the inviscid 
fluxes the Roe’s approximate Riemann solver was employed along with a second-order spatial 
accurate scheme, coupled with the Van Albada-Van Leer slope limiter [Lyg15, Lyg16]. The 
nodal-averaging scheme was applied for the computation of the velocity and temperature 
gradients, and consequently the viscous fluxes. Time integration and iterative approximation 
of the final steady-state solution was succeeded with the incorporated second-order accurate in 
time four-stage Runge-Kutta scheme. The CFL number was set equal to 0.5. To accelerate the 
iterative procedure the initial grid was divided in eight sub-domains to be processed in parallel 
[Lyg15] (on a workstation with an AMD FXTM 8350 8-core processor at 4.00 GHz). Two 
coarser resolutions were constructed for each of the aforementioned sub- grids, following the 
incorporated directional agglomeration strategy, in order the corresponding multigrid scheme 
to accelerate further the solution process [Lyg16]. 

For the DSMC solution a 2D-axisymmetric computational domain was defined with 
dimensions 6 m and 2.5 m in x- and r- axis, respectively. Spatial discretization was employed 
by partitioning of the computational domain to 10,000,000 cells, by constructing a Cartesian 
grid with 4000 and 2500 cells in 𝑥𝑥 − and 𝑟𝑟 −axis, respectively. Regarding the corresponding 
simulation parameters, the number density was set equal to 2.147×1020 particles m3⁄ , whereas 
the time step was selected equal to 3×10-7s. The time step was defined so that each particle 
needs approximately five timesteps to cross one cell. The simulation began with a transient 
period of 100,000 steps, deriving the initial steady-state solution, while samples were taken for 
additional 60,000 timesteps, aiming to reduce the statistical scattering error. Considering that 
DSMC methodology relies strongly on the employed number of particles, several different 
numbers of them were tested (between 10×106 and 86×106). From these tests the optimum 
Fnum (real particles per simulator particle) was selected, which subsequently produced a total 
number of 86×106 particles for the whole simulation domain. The aforementioned parameters, 
defining actually the utilized DoFs (Degrees of Freedom), were revealed to derive the desired 
accuracy, avoiding yet any excessive computational and memory requirements. The whole 
parameters used with the SPARTA solver are summarized in Table 3.4. The DSMC run was 
carried out on a DELLTM R815 PowerEdgeTM server, with four AMD OpteronTM 6380 16-core 
processors at 2.50 GHz (64 cores in total); 60 cores were used for the run, which required 
approximately 5 days (wall clock). 

Figure 3.11 illustrates the pressure coefficient Cp distributions in 𝑥𝑥 and 𝑟𝑟 axis, extracted by 
both the aforementioned solvers (Galatea and SPARTA). As one can observe, a very 
satisfactory comparison is obtained. A slight difference in the front area of the capsule 
geometry can be identified in Figure 3.11 (right), regarding Cp distribution in the 𝑟𝑟 axis. It 
stems probably from the strong bow shock in front of the capsule. In Figure 3.12 the extracted 
pressure contours by both solvers are presented. The compared contours appear to be very 
similar, especially in the bow shock region in front of the capsule. Pressure at the stagnation 
point was computed approximately equal to 6.8 Pa by both solvers. In Figure 3.13 the extracted 
(non-dimensional) velocity contours by both solvers are presented. Figure 3.14 contains the 
axial positions where velocity profiles were extracted; the corresponding profiles are depicted 
in Figure 3.8, where a very good agreement between the two solvers is observed. A steeper 
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velocity transition at the bow shock region is computed by the SPARTA code, compared to the 
Galatea solver (positions 2, 3 and 4, in Figure 3.15); this is attributed to the relatively low grid 
density, used by the Galatea solver in the corresponding region (no local grid refinement was 
applied). 

Considering the previously described qualitative and quantitative results, a very satisfactory 
agreement is clearly identified between the employed solvers, despite the fact that they depend 
on completely different computational approaches. As a result, the proposed solver’s potential 
to predict effectively such demanding flows is demonstrated. 

 
 

Table 3.6: DSMC computational parameters (rarefied gas flow over a re-entry capsule 
geometry). 

Grid density 10,000,000 Cartesian grid cells 
Number of particles  86×106 

Number density (particles/m3)  2.147×1020 
Timestep (s)  3×10-7 

Transient period (timesteps) 100,000 
Sampling period (timesteps) 60,000 

Number of cores 60 
Wall-clock time (h) 120 

 
 
 
 
 

 
Figure 3.9. Computational grid used with the Galatea solver. 
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Figure 3.10. Close-up view of the symmetry/capsule surface of the three-dimensional 

computational grid. 
 
 
 

 
Figure 3.11. Pressure coefficient distributions at the capsule surface along the x-axis (left) 

and the r-axis (right). 
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   Figure 3.12. Pressure contours, extracted by the SPARTA software (top) and the Galatea 

solver (bottom). 
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Figure 3.13. Velocity contours extracted from SPARTA (top) and the Galatea solver 
(bottom). 
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Figure 3.14. The five axial positions (distance from the cone’s base) where velocity profiles 
were extracted for both solvers (1: x = 0 m; 2: x = 0.355 m; 3: x = 0.71 m; 4: x = 1.065 m; 

5: x = 1.42 m). 
 
 

Figure 3.15. Velocity profiles, extracted for both solvers at the five axial positions of Figure 
14. 
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3.3 Slip effects and stability analysis of a DSMC generated 
supersonic boundary layer 
 

The third set (2D) of test cases challenges the potential of the DSMC method to produce 
accurate results that can be later be used for the stability analysis of the flow. In this specific 
test case, the flow over a two-dimensional flat plate is evaluated. The geometry consists of a 
flat plate with a blunt leading edge of 0.5 mm radius and a length of 0.15 m (Case 1) and a flat 
plate of a length of 1 m (Case 2) while the radius remains the same. For Case 1 the flow 
conditions are the same as in Kumar et al. [Kum11] namely a temperature of 273 K and a 
pressure of 48.88 𝑁𝑁 𝑚𝑚2⁄ . For Case 2 the same conditions were used apart from the Mach 
number which is increased to 4.5. In order to accommodate all flow effects a domain of 0.15 
m x 0.1 m was selected for Case 1 whereas for Case 2 the domain size was set to 1.0 m x 0.4 
m. The inflow boundary was set to the left side of the domain with uniform flow conditions at 
the free-stream quantities, 𝑢𝑢∞, 𝑇𝑇∞ and 𝑀𝑀∞ imposed. The right boundary is defined as outflow 
whereas the upper and lower boundaries are defined as specular reflective. The flat plate 
surface in both cases is treated as a diffuse reflective isothermal wall with full thermal 
accommodation and wall temperatures of 273 K for Case 1 and 290 K for Case 2. The grid 
density in Case 1 is 6,000,000 cells while for Case 2 is 160,000,000 cells. The Knudsen number 
based on the Mach number at the edge of the boundary layer and the square root of local 
Reynolds [Cha61] is calculated as Kn= Me �Rex⁄  for both cases. In Case 1 the Mach number 
at the boundary layer edge was found to be 2.98, whereas in the second case 4.33. The flow 
and computational parameters are summarized in Table 3.7, Table 3.8 and Table 3.9 
respectively. In both test cases the working gas is Argon. 

 
Table 3.7: Flow parameters (Slip effects and stability analysis of a DSMC generated 

supersonic boundary layer). 

Case 𝑴𝑴∞ 𝑹𝑹𝑹𝑹∞* 𝑲𝑲𝑲𝑲∞ 𝑼𝑼∞ 
 (𝒎𝒎 𝒔𝒔⁄ ) 𝑮𝑮𝑮𝑮𝑮𝑮 𝑵𝑵𝒅𝒅𝒅𝒅𝒅𝒅  

(# 𝒎𝒎𝟑𝟑⁄ ) 
𝑻𝑻∞  
(𝑲𝑲) 

𝑻𝑻𝒘𝒘  
(𝑲𝑲) 

1 3.0 5600 0.0392 1310 Air 6.297×1022 273 273 
2 4.5 59000 0.0018 1310 Air 6.297×1022 245.45 290 

*Based on the flat plate length 
 

Table 3.8: DSMC computational parameters (Case 1) 
Grid density 6,000,000 Cartesian grid cells 

Number of particles  1.9×106 
Timestep (𝒔𝒔)  2.5×10-8 

Transient period (𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕) 80,000 
Sampling period (𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕) 100,000 

Number of cores 80 
Wall-clock time (h) 6 
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Table 3.9: DSMC computational parameters (Case 2) 

Grid density 160,000,000 Cartesian grid cells 
Number of particles  1.5×108 

Timestep (𝒔𝒔)  1.8×10-8 
Transient period (𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕) 300,000 
Sampling period (𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕) 70,000 

Number of cores 80 
Wall-clock time (h) 48 

 
 

Table 3.10: Wall shear du
dy

(y=0) �1
s
� at three locations on the plate, as extracted from the 

DSMC simulation (Case 1) 
FD approximation 

order x = 0.05 m x = 0.075 m x = 0.1 m 

2nd 323250 232620 214450 
3rd 346856 239640 226950 
4th 368601 252495 238795 
5th 390835 271279 249867 

 
 

 
Figure 3.16. Knudsen number defined as 𝐾𝐾𝐾𝐾 = 𝑀𝑀𝑒𝑒 �𝑅𝑅𝑅𝑅𝑥𝑥⁄  (Case 1). 

 
Figure 3.16 presents the global Knudsen number (Case 1). It can be seen that its maximum 

value in the overall domain is Kn < 0.05, which places this flow well into the slip regime. 
Figure 3.17 shows the dependence of Knudsen number on the wall normal coordinate, at three 
streamwise locations, X = 0.05, 0.075 and 0.1 m. Here, it can be seen that inside the boundary 
layer 0.04 ≤ Kn ≤ 0.05, slip walls may be expected. Figure 18 shows the streamwise velocity 
component and the temperature in the entire field, and it can be clearly seen that slip velocity 
and temperature jump exist along the plate surface, both of which are decreasing as we 



Numerical Results 
 

 

77 
 

advance toward the end of the plate. In Figure 3.19 the velocity and temperature on the plate 
surface is shown. Comparisons with the predictions of Kumar et al. [Kum11] at randomly 
selected streamwise locations along the plate surface are quite satisfactory, e.g. at x = 0.05 m 
those authors quote a slip velocity uslip= 30 m/s and our calculations deliver uslip= 30.86 m/s.  

 

 
Figure 3.17. Knudsen number, Kn= Me �Rex⁄  (Case 1). 

 
Turning to comparisons with boundary layer theory, the velocity and thermal boundary 

layer edge, defined by δ99, can be seen in Figure 3.20 for Case 1. Figure 3.21 shows the 
pressure along the x-axis at two different heights from the surface, Y = 0.021 m, coinciding 
with the boundary layer edge at the outflow boundary, and Y = 0.05 m, well outside of the 
boundary layer. The results of either of these curves suggest that zero pressure gradient 
conditions have not been obtained in this simulation, although towards the end of the plate 
the favorable pressure gradient at the edge of the boundary layer is relatively small, 
dp dx⁄ (y=0.021 m)= -50 Pa m⁄ . This smallness of the streamwise pressure gradient is 
further corroborated by the results shown in Figure 3.22, where pressure is presented as a 
function of Y at three different X locations. Two effects can be seen: firstly, wall pressure 
tends to converge toward a constant value as X increases, as evidenced by the diminishing 
differences between the wall pressure values at successive streamwise locations; secondly, 
pressure across the boundary layer is becoming constant, as required by boundary layer 
theory. Table 3.10 presents the (dimensional) wall-shear values at the same three x-axis 
locations discussed in Figure 3.22; these results are used to generate wall slip velocity and 
temperature jump conditions according to equations (2.65) and (2.66) in Section 2 and solve 
the boundary layer equations. Such solutions of the boundary layer equations, subject to slip 
velocity and temperature jump boundary conditions, have been obtained at a number of flow 
conditions and Figure 3.23 shows the comparison between the present results and those 
obtained by [Kum11]. While excellent agreement is obtained for the velocity profiles, a small 
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discrepancy can be seen in the temperature profiles, which we attribute to the inclusion of the 
thermal creep term in equation (2.65). 

 

 
Figure 3.18. Streamwise velocity (upper) and temperature (lower) fields obtained from the 

DSMC simulation (Case 1). 
 

The rather good agreement obtained between DSMC and boundary layer theory at low 
Reynolds numbers was also observed in the second test case, at an order of magnitude larger 
Reynolds number. In order to approach zero free-stream pressure gradient conditions, the flat 
plate length was increased to 1 m, while the domain height was increased to 0.4 m. All 
subsequent DSMC and boundary layer theory comparisons were made at a distance of 0.7 m 
from the leading edge of the flat plate. The pressure gradient at that location is shown in 
Figure 3.23. In Figure 3.25 very good agreement can also be seen in the streamwise velocity 
components results obtained by the two methods at the higher Reynolds and Mach number 
cases. Figure 3.26 shows the result of the temperature across the boundary layer predicted by 
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the two codes. We can clearly see that in both codes the temperature is matched everywhere 
except at the boundary layer edge, where the compressible boundary layer theory code 
predicts a slightly shallower thermal boundary layer. Possible explanations, apart from the 
underlying pressure gradient, include the different viscosity laws used in the two methods or 
the exact value of the variable Prandtl number in the DSMC simulations. Figure 3.24 shows 
the pressure along the boundary layer edge for Case 2. Again, here we see a small pressure 
gradient as we move downstream the flat plate leading edge.  

 

 
Figure 3.19. Velocity slip and temperature jump on the flat plate surface (Case 1). 

 
 

Moving to stability analysis, the eigenspectra of the two profiles were computed using the 
LiGHT code and are shown in Fig. 27. It can be seen that the two spectra are quite close to 
each other and that, at the analysis conditions chosen, namely edge Mach number Me= 4.33, 
�Rex = 201, a = 0.2 (scaled with the local distance from the leading edge �𝑥𝑥 �𝑅𝑅𝑅𝑅𝑥𝑥⁄ � ), and 
β = 0, no unstable modes exist. Figures 3.28 and 3.29 show the normalized eigenfunctions for 
velocity and pressure perturbations, respectively. As expected, these figures too evidence the 
very good agreement over the entire domain. These results point to the fact that, at conditions 
at which the parameters of the particle-based DSMC method indicate a flow approaching 
continuum, very good agreement has been obtained in linear instability analysis results of base 
flows obtained in DSMC and the compressible boundary layer, the latter subject to appropriate 
velocity slip and temperature jump conditions. 

Despite the low pressure and the flow rarefaction generally in this case a good agreement 
between a double precision boundary layer code and a statistical method (DSMC) can be 
achieved if the flow is treated carefully. This leads to the conclusion that DSMC informed base 
flows can be used to stability analysis and produce results with adequate accuracy. 
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Figure 3.20. Boundary layer edge (Case 1). 

 

 
Figure 3.21. Pressure distribution at the boundary layer edge and outside the boundary layer 

edge (Case 1). 
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Figure 3.22. Pressure distribution along the y-axis in 4 locations 0.05 m, 0.075m and 0.1 m 

from the leading edge (Case 1). 

 
Figure 3.23. Comparison of present compressible boundary layer analysis with results 

obtained from [Kum11] (denoted as KTL) (Case 1). 
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Figure 3.24. Pressure distribution at the boundary layer (Case 2). 

 

 
Figure 3.25. DSMC and compressible boundary layer (cBL) comparison of streamwise 

velocity at x=0.7 m location (Case 2). 
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Figure 3.26. DSMC and compressible boundary layer (cBL) comparison of temperature at 

x=0.7 m location (Case 2). 
 

 
Figure 3.27. Eigenvalue spectra for the DSMC and cBL base flows for Case 2. The 
respective discrete modes are ωcBL=0.17611-0.0071i and. ωcBL=0.17728-0.00828i. 
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Figure 3.28. Normalized streamwise disturbance velocity amplitude function 𝑢𝑢� 𝑢𝑢�𝑚𝑚𝑚𝑚𝑚𝑚(𝜂𝜂)⁄  as 
obtained from analyses of the DSMC signal at x=0.7 m (solid line) and the corresponding 

compressible zero pressure gradient boundary layer solution (dashed line) at 
Me=4.33, Re=�Rex=200.98 and wavenumbers a=0.2 and β=0. 

 

 
Figure 3.29. Normalized disturbance pressure amplitude function 𝑝̂𝑝(𝜂𝜂) at the same 

conditions as in Figure 3.28. 
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3.4 Hypersonic flow around a flat plate at range of 4.5 ≤ M∞ ≤ 9 
 

In this test Case 1 domain of 1.05 m by 0.4 m was used to capture the full flow field in Cases 
1 and 2 whereas in Case 3 the domain was 0.105 m by 0.05 m. The flat plate has a blunt leading 
edge of 0.5 mm radius and is 1 m in length for Case 1 and Case 2 while in Case 3 the length of 
the plate was limited to 0.1 m. To accurately capture the flow characteristics a cell size below 
the local mean free path was used. This results to a grid for Case 1 and Case 2 of 170,000,000 
cells whereas in Case 3 due to the shorter plate and domain the grid was limited to 2,400,000 
cells. When the vortex generator was added to Case 3 due to the very high density in that area, 
in order to reduce the computational cost, specifically in that are the cell size was set equal to 
two mean free paths. Although the cell size is larger than the local mean free path in that area 
the near-collision partner scheme was used to ensure collisions accuracy [Gal11, Gal17].  

 
Table 3.11: Flow parameters (Hypersonic flow around a flat plate at range of 4.5 ≤ M∞ ≤ 9). 

 Case 1 
Air 

Case 2 
Ar 

Case 3 
N2 

    
Mach number (M∞) 4.74 5.11 9.39 

Reynolds number, ReL 
(-) 60,354 71,394 11,859 

Prandtl number, Pr (-) 0.72 2/3 0.72 
Specific gas constant, R 

(Jkg-1K-1) 287.00 208.13 296.80 

Ratio of specific heats, 
γ 7/5 5/3 7/5 

Plate length, L (m) 1.0 1.0 0.1 
Nose radius, rn (m)  5×10-4  5×10-4  5×10-4 

Freestream velocity, U∞ 
(m/s) 1310 1310 3000 

Freestream 
temperature, T∞ (K) 190 190 245 

Freestream density, ρ∞ 
kg/m3  6.04×10-4  8.60×10-4  6.04×10-4 

Freestream viscosity, 
μ∞ (N s m-2) 

 
1.311×10-5  1.578×10-5  1.528×10-5 

Reference viscosity, μref 
(N s m-2) 

 
1.719×10-5  2.117×10-5  1.656×10-5 

Reference temperature,  
Tref (K) 273 273 273 

Wall temperature, Tw (K) Adiabatic Adiabatic 245.45 
 

According to this collision scheme, a collision partner is selected from within a sphere with 
radius equal to the distance the particle travels in one timestep. It has been shown that, for cells 
sizes bigger than the local mean free path and with 30 simulators per cell it produces accurate 
collisions. The average number of particles per cell for the vortex generator in particular is 270. 
In all three cases the inflow is defined left of the flat plate’s leading edge and the outflow at 
the end of the flat plate. The flat plate walls are defined as adiabatic in Case 1 and Case 2 while 
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in Case 3 are treated as diffuse reflecting with full thermal accommodation. A summary of the 
flow and computational parameters can be found in Table 3.11 and Table 3.12 respectively. 
The total number of cells and CPU hours needed for each test case can be found in Table 3.12. 
All simulations were run on ARCHER2 supercomputer. Each compute node has dual AMD 
EPYCTM 7742 processors and 256 GB of RAM. 

 
Table 3.12: DSMC computational parameters. 

 Case 1 
Air 

Case 2 
Ar 

Case 3 
N2 

Knudsen number, Kn 0.0187 0.0212 0.0897 
Number of particles, 

Np  1.2×109  1.2×109  7.2×108 

Timestep, dt (s)  1.8×10−8  1.8×10−8  1.0×10−9 
Transient period 

(timesteps) 300,000 300,000 250,000 

Samples 80,000 80,000 Instant 
Mean free path, λ (m)  9.11×10−5  8.91×10−5  1.01×10−4 

Power law exponent, ω 0.75 0.81 0.74 
Number of cells  ~ 1.7×108  ~ 1.7×108 ~ 2.4×106 

Wall-clock time (CPU-
h) 75,200 75,200 37,000 

 
Furthermore, in this test Case 1 Stack Autoencoder Neural Network (SANN) was used to 

smooth the DSMC data. An autoencoder is a deep learning neural network that is constructed 
in a way that it is able to copy its input to its output [Vou18]. In contrast with other neural 
networks, only one hidden layer is used to represent the input data, such that the autoencoder 
network be viewed in two parts: the first is an encoder function h*=f(x), which is decoded in 
the second part, where the reconstruction of the input data is calculated as r*=g(h*). 
Autoencoders can also work with incomplete/undercomplete and sparse data, such as the under 
sampled DSMC simulation profiles. An undercomplete set is trained such as the input copying 
task results in the hidden layer capturing useful properties by constraining it to have a smaller 
dimension than the input. A network that has learnt to represent undercomplete data is able to 
capture the most important underlying information; in the case of the DSMC simulation 
profiles, this information is the mean value of the quantities of interest, in which the noise level 
has been reduced. The learning procedure can be described as minimizing a loss function 
L(x, g�f(x)� ), where the L is a loss function penalizing the g( f (x )) or dissimilar to x; as an 
example an L function can be the mean-squared error. If the decoder is linear and L is the mean 
squared error then the undercomplete autoencoder learns the principal subspace of the training 
data as a side effect. It is well known [Kaw84, Sav64] that the choice of an inappropriate 
smoothing method can cause severe changes to the original data and can lead to false 
interpretations of the results. The SANN used here is an unsupervised neural network and was 
fed with the results from Case 1 and Case 2. Boundary layer profiles were used from different 
locations of the plate to train the NN. At this point must be mentioned that the quality of the 
smoothing is determined by that of the simulation itself. More specifically, in order to train the 
neural network four wall-normal velocity profiles taken at locations 
x=0.2 m, 0.3 m, 0.4 m, and 0.5 m from the flat plate leading edge and a total of 1200 data points 
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in each training set were used. After the network was trained, the smoothed wall-normal 
velocity profile at a single, randomly chosen location x=0.7 m, was compared with simulation 
data in order to verify the quality of the neural network training. The result obtained for air at 
the parameters shown in Table 3.11 and 3.12 are shown in Figure 3.32. 

The temperature used in the simulations is the translational temperature which is the same 
temperature used in the continuum equations. Nevertheless, during the DSMC simulation 
translational, rotational and vibrational temperatures are calculated, assuming the correct 
thermal non-equilibrium, but only the translational temperature, calculated according to 
[Bir94], is used for the linear stability analysis. Vibrational energy relaxation is neglected in 
the LST equations and rotational energy relaxation is approximated by the bulk viscosity 
[Ber98], thus avoiding the need of introducing a rotational temperature. The equations defining 
the translational temperature have been discussed in detail by Bird [Bir94]. Since DSMC 
calculations are performed in the slip regime, we obtain relatively low overall temperatures of 
~ 800 K in the boundary layer. In the present simulations, rotational and vibrational relaxation 
numbers were treated as constants. The rotational relaxation number was set to Zrot = 5 for both 
linear stability analysis of hypersonic boundary layers N2 and O2, whereas a vibrational 
relaxation number Zvib = 52600 for N2 and Zvib = 17900 for O2 have been used [Bir94]. Constant 
values were used because generally Zrot increases with temperature but its variation only 
becomes significant for temperatures above ∼ 1200 K. 

To employ the vortex generator (VG) used in Case 3 a pulsating high-density jet was used 
emanating from the flat plate surface at a specific angle and introducing particles into the flow 
at a given frequency. Two aspects to be considered are the pulsation frequency, which is chosen 
in the range of boundary layer response, and the necessity to maintain zero net mass addition 
in the simulation domain. Both requirements have only been satisfied during a limited period 
of the simulation, during which comparison data were extracted. As can be seen by the 
horizontal line in Figure 3.38, after the VG was eliminated, the flow returned to its unperturbed 
steady state.  

 
Table 3.13: Boundary layer parameters. 

 Case 1 
Air 

Case 2 
Ar 

Case 3 
N2 

Mach number, Me 4.55 4.5 6.99 
Re=�Rex, Np 214.0 213.7 78.1 

Streamwise location, x (m) 0.7 0.7 0.04 
Slip velocity, uslip (m/s) 24.28 34.89 103.62 
Edge velocity, ue (m/s) 1301.7 1291.5 2924.0 

Edge temperature, Te (K) 202.9 238.41 421.00 
Edge density, ρe, (kg/m3)  6.91×10-4  9.59×10-4  1.19×10−3 
Edge pressure, Pe, (Pa) 40.296 47.537 148.85 

Edge viscosity, μe (Nsm-2)  1.376×10−5   1.896×10−5   2.282×10−5 
Wall temperature, Tw (K) 887.77 1469.66 416.73 

 
The latter has been analyzed with respect to its linear stability. The orifice from which the 

vortical perturbations are introduced inside the boundary layer by a jet of high-density particles 
has a diameter Do = 1 mm, placed at xo = 1 cm from the leading edge. The jet pulsates 
periodically at an excitation frequency fe = 277.77 kHz and particles are injected with a velocity 
magnitude of Uo = 4000 m/s at an angle of 60 degrees to the plate, at a temperature of To = 
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245.45 K. Each time the jet fires about 105 particles enter the domain and the mass flow rate 
that passes from a surface with a length of 20 computational cells is ṁ=3.76×10-4 kg/s. The 
reduced momentum coefficient, Cμ, and reduced frequency F+, corresponding to the jet 
actuation are, respectively, defined [Gre00] as in equations (vale to noumero) and are equal to 
0.268 and 0.983 respectively. On account of the rather large jet velocity, Uo, chosen in the 
simulations, the reduced momentum coefficient is substantially larger than that which was 
found to be adequate for the excitation of linear perturbations in the boundary layer 
experiments of [Gre00], while the reduced frequency value is of the same order of magnitude 
as that found in experiments. 

 
 

 
Figure 3.30: Upper: Streamwise velocity component at steady state in the DSMC simulation 

for argon. Lower: Pressure along the plate at the boundary layer edge (y = 0.0014m) for 
argon and air. 

At the start of the simulation, properties of the particle group that is going to be inserted 
such as number density, velocity components and thermal temperature are defined. At every 
timestep inside each grid cell that overlaps with one or more emitting surface elements, the 
number of particles to be added is computed, according to equation (4.22) in [Bir94]. The 
number of particles to be inserted is based on the molecular flux calculated by this equation 
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and also from properties like the ratio fnum of the injected particles to those in the flow, the 
overall number density, velocity components and temperature of the injected particles, as well 
as the fraction of the surface element that overlaps with the corresponding insertion grid cell 
and the cell orientation with respect to the streaming velocity. 

 

 
Figure 3.31: Schematic of the Stack Autoencoder Neural Network used to smooth DSMC 

simulation data [Pra17]. 
 

Figure 3.33 shows a comparison of velocity and temperature profiles for argon and air at a 
given location x = 0.7 m along the plate, where �Rex≅200, as obtained by DSMC and the 
compressible similar zero pressure gradient boundary layer equations. The different properties 
of the gases result in substantially different boundary layer velocity and (especially) 
temperature profiles, the wall temperature for Ar being 75% higher than that of air. When 
comparing the DSMC and boundary layer predictions, it can be seen that the former is 
marginally thicker than the latter. The quantitative differences observed are attributed to the 
mild pressure gradient of the DSMC results at the streamwise location monitored, as well as to 
the slightly different value of the Prandtl number, which is taken to be constant in the boundary 
layer approximation.  

Eigenspectra pertaining to the DMSC and boundary layer profiles obtained for air in Case 
1 and Argon in Case 2 at a given two-dimensional wavenumber α = 0.2 are, respectively, shown 
in Figures 3.34 and 3.35; the corresponding amplitude functions can be found in Figures 3.36 
and 3.37. In the plots showing the amplitude functions of air, the location of the generalized 
inflection point (GIP) is also indicated by a dashed horizontal line. Both sets of results show 
that the linear instability properties of the profiles extracted from the DSMC simulations and 
those computed in the corresponding boundary layer approximation are qualitatively identical 
and actually in close quantitative agreement. Only damped eigenvalues have been found at all 
sets of parameters, as expected from the relatively low values of Re=�Rex.  

Interestingly, Figure 3.34 also includes the eigenspectra of compressible boundary layer 
profiles in which the classic no-slip boundary condition is imposed, as well as that calculated 
from the neural network smoothing. The least damped discrete mode corresponding to the no-
slip boundary layer profile is less stable than that pertaining to the profile in which the slip and 
temperature jump boundary conditions have been imposed. The implication is that imposition 
of the no-slip boundary condition in the base flow profile leads to theoretical prediction of 
earlier boundary layer transition. On the other hand, the least damped discrete eigenvalue 
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pertaining to the smoothed data is marginally more stable than that of the raw DSMC profiles. 
As can be seen in the results of Figure 3.34, the least damped discrete boundary layer mode is 
25% more stable than its counterpart based on the Navier–Stokes equations. This is attributed 
to the stabilizing effect of the pressure gradient visible in Figure 3.30 and is analogous in 
magnitude to the effect that slip has on the stability of the base flow. 

The acoustic branches pertaining to all four base flow profiles are practically identical, as 
are (rather surprisingly), the frequencies of the leading discrete modes of the raw DSMC profile 
and that of the boundary layer subject to slip velocity and temperature jump boundary 
conditions. The quantitative differences between the damping rates of air and argon may be 
attributed again to the nonzero pressure gradient present in the DSMC results, seen in Figure 
3.30 (lower); consequently, DSMC profiles are found to be stronger damped than their 
boundary layer counterparts. These results also demonstrate that imposition of the no-slip 
boundary condition on the base flow profiles leads to prediction of less damped/more unstable 
leading discrete eigenmodes compared to those found when the slip boundary condition is 
imposed. 
 

 
Figure 3.32: Comparison of raw DSMC data and the smoothed profiles at x = 0.7m, 

obtained by the neural network for air at the parameters of Tables 3.11 and 3.12. 
 

A qualitative image of the perturbations generated can be seen in Figure 3.39. In the bottom 
image of this figure, two white lines are marked, one inside in the boundary layer at a distance 
0.001 m from the plate surface, and another one close to the shock, at a distance 4.4 mm from 
the flat plate and at an angle φ=13.19o to the plate. On these lines, unsteady flow data are 
extracted. In Figure 3.38 (upper), the evolution in time of the total number of particles in the 
simulation is shown. Immediately after the jet firing has started at t = 0, an increase in the 
number of particles can be seen, as expected due to the addition of new particles in the 
simulation domain and a steady state is reached after t ≈ 0.2 ms. As the injection of particles 
continues, a new periodic state is arrived at around t ≈ 0.54 ms, as shown in the inset figure, in 
which a zero-net-mass state, in which the number of particles entering and exiting the 
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simulation domain is the same, has been established. At around t ≈ 0.67 ms, the injection of 
particles ceases and the flow returns to its previously established steady state, as evidenced, for 
example, by the streamwise velocity profile at x = 0.05 m, shown before (“pre”) and after 
(“post”) the action of the vortex generator in the lower part of Figure 3.38 (Lower).  
 

 
Figure 3.33: Velocity and temperature profiles obtained by DSMC in argon and air (solid) at 
x= 0.7m and comparison with corresponding boundary layer solutions (dashed). The velocity 

slip computed in DSMC and calculated by equations. (number) is shown in 
Table 3.13. 

 
Figure 3.40 presents the wall-normal component of the velocity as a function of the 

streamwise spatial coordinate at a height of 1.5 mm, at two successive timesteps, t1 = 0.5549 
ms and t2 = 0.5569 ms, shortly after the zero-net-mass injection conditions shown in Figure 
3.38 (left) had been established. This quasi-periodic signal, as well as others extracted at 
different heights within the boundary layer, but not shown here for brevity, can be seen to decay 
exponentially with x along the downstream spatial direction. In order to compare the 
characteristics of this signal with the theoretical result of the least damped linear instability, an 
exponential curve fit was constructed, in the form y=Aeσx+C with A=508.86, σ=-40.32 and 
C=25.60. The curves resulting from damping rates with an error bar of ±10% are also indicated 
in the figure. 

The steady laminar boundary layer profile at x = 0.04 m was subsequently analyzed at the 
parameters shown in Table 3.13. Figures 3.12 and 3.13, respectively, present the eigenspectrum 
and the eigenfunctions of the leading damped modes of this flow, as predicted by solution of 
the eigenvalue problem pertaining to the DSMC profile; the respective dimensionless and 
dimensional results are shown in Table 3.4. Figure 3.42 presents the amplitude functions of the 
least damped flow perturbation, denoted as Mode 1, alongside the second in significance linear 
perturbation at these parameters, denoted as Mode 2 and identified as the compressible analog 
of a Tollmien–Schlichting (TS) wave. Interesting as it may be, the fact that a TS wave exists 
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in the eigenspectrum of the steady laminar DSMC profile is less significant than the ability of 
the kinetic theory to capture as damped periodic oscillation the leading eigenmode of the 
underlying steady boundary layer profile. The dimensional value of the damping rate obtained 
in the stability analysis is used as σ to construct the curve-fit equation plotted in Figure 3.40, 
where an error bar corresponding to ±10% deviation from the value of σ used is also indicated. 
The results leave little doubt that the damped oscillation generated by the action of the pulsating 
jet is that captured as Mode 1 in the linear stability analysis of the steady laminar DSMC profile. 

Figure 3.43 presents the wall-normal velocity component inside the boundary layer, already 
shown in Figure 3.40, alongside the value of the same quantity along the oblique line shown in 
Figure 3.39 in the shock. It can clearly be seen that the oscillation inside the boundary layer is 
synchronized with the footprint of the shock oscillation. In order to quantify the oscillations, 
the two signals are Fourier transformed and the result is shown in the lower part of Figure 3.43. 
It can be seen that the wavenumber of the oscillation inside the boundary layer, given by the 
equation below, 

 
1
Lx

=
a

2πLref
 ≈ 100

1
m

  

 
can also be found in the signal measured below the shock, although the peak wavenumber of 
the shock oscillation is slightly displaced toward lower values; in other words, the waves 
propagating along the shock are found to have slightly larger wavelengths than those inside the 
boundary layer. Additionally, it is interesting to note that the lower wavenumber content of the 
shock oscillation is consistently higher than that inside the boundary layer. The dimensional 
frequency of the leading damped mode inside the boundary layer can be computed from the 
dimensionless result for 𝜔𝜔𝑟𝑟 by 
 

f = ωr
ue

2πLref
 ≈ 288.66 kHz  

 
and is found to be within 4% of the jet oscillation frequency. 

It may be argued that these results are not surprising due to the Knudsen number regime at 
which the present analysis is performed. But it’s very reassuring to be able to recover instability 
results that are closely related to their Navier–Stokes counterparts and only show relatively 
small quantitative differences due to pressure gradient and slip. Thermal non-equilibrium 
effects are not expected at these temperatures. However, thermal non-equilibrium will become 
increasingly important as temperatures increase. This effect can be captured in the DSMC base 
flow. Linear stability analysis of these effects will require extending the system of stability 
equations solved to accordingly account for non-equilibrium thermal effects. As far as 
prediction of frequency response of the system is concerned, it’s not surprising that the 
boundary layer and shock system oscillate at the imposed frequency. What makes the results 
of Figure 3.40 very interesting is that the decay of the amplitude of this oscillation downstream 
is exactly predicted by linear stability analysis of the steady-state profile of the boundary layer 
in the absence of an excitation. We are unaware of the response of this system in the transition 
or the free molecular regimes. The present analysis builds confidence in applying DSMC-based 
stability analysis tools to explore these regimes. 
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Figure 3.34: Eigenvalue spectra of raw and smoothed DSMC data, compared with 

compressible boundary layer (cBL) spectra under slip and no-slip boundary conditions on 
the base flow at the parameters of Case 1. The discrete eigenvalue obtained on the profiles 

including velocity slip and temperature jump for the boundary layer is 
ωBL = 0.181859-0.00298i, while that corresponding to the raw DSMC data is 

ωDSMC=0.182390-0.00396i. 
 
 

Table 3.14: LST parameters and results. 
 Case 1 

Air 
Case 2 

Ar 
Case 3 

N2 
Length scale, Lref (mm) 3.269 3.276 0.511 

Streamwise wavenumber, α (-) 0.20 0.20 0.20 
Spanwise wavenumber, β (-) 0 0 0 

cBL, ωr (-) 0.1818 0.1846 - 
DSMC, ωr (-) 0.1824 0.1850 0.3169 

cBL, ωi (-) -0.0029 -0.0021 - 
DSMC, ωi (-) -0.0039 -0.0039 -0.0206 

cBL dimensional frequency, f 
(kHz) 11.523 11.586 - 

DSMC dimensional frequency, 
f (kHz) 11.557 11.610 288.640 

cBL amplification rate, (1/m) -0.91 -0.61 - 
DSMC amplification rate, (1/m) -1.21 -1.21 -40.32 
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Figure 3.35: Eigenvalue spectra of DSMC and compressible boundary layer (cBL) profiles 

for argon at the parameters of Case 2. The respective discrete eigenvalues are 
ωBL=0.18651-0.00209i and ωDSMC=0.185048-0.00396i. 

 
 
 

 
Figure 3.36: Normalized amplitude functions of linear perturbations in air, at the 

parameters of Figure 3.34. The location of the generalized inflection point (GIP) is indicated 
by a horizontal line. 

 



Numerical Results 
 

 

95 
 

 
Figure 3.37: Normalized amplitude functions of linear perturbations in argon, at the 

parameters of Figure 3.35. 

 

 
Figure 3.38: Left: Total number of particles in the simulation as a function of time. The inset 
shows a magnified view of mass-neutral oscillations generated. Right: Wall-normal velocity 
component, sampled at steady state at x = 0.05 m, and instantaneous velocity obtained at t = 
0.75 ms, after the jet stops emitting; the location of the shock is clearly visible at y ≈ 0.015 m. 
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Figure 3.39: Comparison of steady state (upper) and disturbed velocity field (lower). The 
white lines show the measurements positions close to the shock and in the boundary layer. 

The measurements close to the shock were taken along a 13.19oangle line. 

 

 
Figure 3.40: Wall-normal velocity component inside the boundary layer and at a height of 
0.0015 m from the wall, as a function streamwise coordinate; black and red indicate raw 
data at two successive time steps. Also shown an exponential curve of the form y=Aeσx+C 
with A=508.86, σ=-40.32 and C=25.60. On the curve fit a ±10% error bar in the dumping 

rate σ has been marked. 
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Figure 3.41: Eigenvalue spectrum of the DSMC profile of nitrogen flow at Me=6.99, 

�Rex=78.1 and wavenumbers α=0.321 and β=0. 
 

 
Figure 3.42: Normalized disturbance amplitude functions corresponding to the leading 

discrete damped mode shown in Figure 3.41. Dashed lines represent the amplitude functions 
of the second in significance Mode 2. 
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Figure 3.43: Upper: Streamwise disturbance amplitude as extracted from the DSMC signal 
in the boundary layer (black) and in the shock (red). Lower: Fourier decomposition of two 

signals using the same color code. 
 
 
 

3.5 Investigation of the Instabilities of Hypersonic Flow over a 
Blunt Geometries 

 
This test case extends the previous work done concerning the analysis of linear stability of 

a planar compressible semi-infinite flat plate boundary layer flow. In the previous test cases 
the flow was considered two-dimensional while in this case the flow is axisymmetric. The 
geometry used is a 7-degree half angle blunt cone at Mach 5.9. Two cases with this flow were 
examined, each at an order of magnitude different Knudsen number (and free stream pressure) 
from the next, are examined. In the first case, corresponding to free-stream pressure of 100 Pa, 
the Knudsen number is at the border of slip flow, Kn ~ O (0.007), whereas in the second case, 
with a free stream pressure of 1000 Pa, the Knudsen number Kn ~ O (0.0007) is such that the 
flow is at the limit of the slip regime. The respective Reynolds numbers based on the nose 
radius are 1359 and 13590. Both cases are also computed by Direct Numerical Simulation 
(DNS). The flow conditions as well as the DSMC computational parameters for this set of test 
cases can be found in Table 3.15 and Table 3.16 respectively. 

For all test cases the flow gas was air containing a mixture of 79% N2 and 21% O2. The 
DNS methodology was employed to a low-pressure environment in the first test case thus 
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discrepancies are expected for these parameters. The geometry used in all the test cases is a 7-
degree blunt cone with a length of 0.047 m and a nose radius of 1.524 mm. In the DSMC 
simulations an adapted grid was used with an adaption criterion based on the local Knudsen 
number to be greater than one. This ensures that the size of the computational cells to be less 
or equal to the mean free path of the flow. As evidenced from Table 3.16 the mean free path 
for Case 1 is 1.04×10-5 m and for Case 2 is 1.04×10-6 m. Finally, to accommodate all the 
effects of the flow, a domain of 0.048 m x 0.055 m was used. The inflow boundary is defined 
at the left side of the computational domain; uniform flow at the free-stream quantities, 
U∞, T∞ and P∞ are imposed at this boundary. The right boundary is defined as outflow, the 
lower boundary is the axis of symmetry and in the upper boundary a specular reflection 
boundary condition was applied. The entire flow field mesh was generated using a uniform 
Cartesian grid. On the cone’s surface an isothermal wall with full thermal accommodation and 
a wall temperature of 300 K was imposed. Gas molecules are assumed to reflect diffusely from 
the wall, according to the Maxwellian distribution at Tw. To validate and compare the flow 
parameters 3 different locations were chosen as it can be seen in Figure 3.44. The first 
measuring location is across the stagnation point the second is at an angle of 135-degrees and 
the last one is at the shoulder of the cone’s nose. In Figures 3.45 and 3.46 the velocity 
magnitude, the temperature and the pressure can be seen for both cases. As evidenced in Case 
1 the shock layer is much thicker than the one in Case 2. This difference is attributed due to the 
more rarefied environment of Case 1. Furthermore, the pressure at the stagnation points for 
both cases is ≈ 40 times higher than the one in the free-stream. 

Comparisons of DSMC with DNS velocity and temperature can be seen in Figures 3.47, 
48, 49 and 50. Generally a very good agreement is observed between the two methods for 
both test cases examined. In Figure 3.47 the velocity along x-axis for the first test case can 
be seen. For the first location (across the stagnation line) close to the surface there is very 
good agreement between the 2 methods. DNS predicts a Ux velocity on the surface of 
0.10555 m/s whereas the DSMC predicts 0.096019 m/s. Differences can be seen close and 
at the shock location. The very good agreement at this particular location can be attributed 
to the fact that the pressure is very high in that area so the velocity slip is quite small and 
DNS can perform better under these conditions. DSMC predicts a shock at the same 
location as DNS but ≈ 30% thicker. In the second location there is an excellent agreement 
between the two methods.  

 
Table 3.15: Flow parameters (Investigation of the Instabilities of Hypersonic Flow over a 

Blunt Geometries). 

Case 
Free 

stream 
pressure, 
P∞ (Pa) 

Re∞* U∞ 
( m s⁄ ) Gas Nden 

( # m3⁄ ) T∞ (K) Tw (K) 

1 100 1359 1038.15 Air 9.43833×1022 76.74 300 
2 1000 1350 1038.15 Air 9.43833×1022 76.74 300 

*Based on the cone radius 
 
A slight disagreement can be seen in the prediction of the slip velocity on the wall as 

DSMC predicts a higher slip velocity than DNS. On the other hand, shock location and 
thickness are in perfect agreement. In the last location on the shoulder of the cone there is 
excellent agreement everywhere apart from the shock thickness. Again, a thicker shock in 
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that location is predicted by DSMC. As far the second test case is concerned it can be 
evidenced from Figure 3.49 that there is an excellent agreement in the shock location, 
thickness and slip velocity. This perfect agreement was expected because for this test case 
with an order of magnitude higher pressure than the previous case there are no rarefaction 
effects. The shock thickness is very small (infinitesimally small maybe) and the slip velocity 
is very close to zero. 

 
Table 3.16: DSMC computational parameters. 
 Case 1 Case 2 

Knudsen number, Kn 0.0068 0.0006 
Number of particles, Np  1.65×108  1.25×109 
Timestep, dt (s)  1.0×10-9  1.0×10-10 
Transient period (timesteps) 60,000 600,000 
Samples 100,000 100,000 
Mean free path, λ (m)  1.04×10-5  1.04×10-6 
Power law exponent, ω 0.75 0.81 
Mach number, Ma∞ 5.92 5.92 

 
As far as the temperature comparison is concerned there is a general good agreement 

apart from the area close and inside the shock. For first test case it is evidenced from Figure 
3.48 that in the location across the stagnation point DSMC and DNS have an excellent 
agreement close to the surface. Moving towards the shock DNS is unable to analyze the 
temperature close and inside the shock. This happens because DNS treats the shock as a 
discontinuity. Both methods predict the shock at the same location while DSMC as 
previous mentioned and is evident also in Figure 3.48 predicts a thicker shock. 

For the other two locations a general good agreement is achieved. For the second test 
case where the pressure is an order of magnitude higher, and the shock is stronger and 
thinner than the first test Case 2oth methods agree quite well as it can be seen in Figure 
3.50. In the first location both methods have a slight disagreement in the temperature 
around the shock area whereas very good agreement can be observed in the other two 
locations. Even with this thinner shock DSMC can capture the temperature rise inside the 
shock whereas DNS seems to smooth out the temperature spike inside the shock. In Figure 
3.51 the surface properties for both test cases can be seen. In both test cases the pressure 
on the surface for the location near the stagnation point is ≈ 45 times higher than the free-
stream pressure. As expected, the pressure drops as we move away from the stagnation 
point. The temperature in the first case has a spike near the shoulder of the cone whereas 
in the second case is doesn’t change much as we move along the surface. This can happen 
because of rarefaction effects occurring in the 100 Pa test case. Finally, the slip velocity 
increases from 0 to ≈ 100 m/s and ≈ 50 m/s for the first and second test case respectively. 
This happens because of the major pressure drop occurring as we move away from the 
stagnation point but then after right after the shoulder the flow stabilizes across the rest of 
the surface. 
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Figure 3.44: Locations at which flow properties are extracted in the vicinity of the cone 

nose. 
 

 

Figure 3.45: Velocity (left), temperature (middle) and pressure (right) fields, as calculated 
from the DSMC at 100 Pa. 

 
 

Figure 3.46: Velocity (left), temperature (right) and pressure (bottom) fields, as calculated 
from the DSMC at 1000 Pa. 
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Figure 3.47: Comparison of velocity profiles obtained by DSMC and DNS at the three 

locations shown in Figure 3.44, at a pressure of 100 Pa. 

  

 
Figure 3.48: Temperature comparison of DSMC and DNS at the three locations shown in  

Figure 3.44 at a pressure of 100 Pa. 
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Figure 3.49: Comparison of velocity profiles obtained by DSMC and DNS at the three 

locations shown in Figure 3.44 at a pressure of 1000 Pa. 

 
 
 
 
 
 
 
 
 
 

Figure 3.50: Temperature comparison of DSMC and DNS at the three locations shown in 
Figure 3.44, at a pressure of 1000Pa. 
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Figure 3.51: Comparison of velocity slip, surface temperature and surface pressure, as 

calculated from DSMC at 100 Pa (black line) and 1000 pa (red line). 
 
 
 

3.6 Hypersonic flow over a complex suborbital vehicle 
 
The sixth test case is a fully three-dimensional (3D) test case. The geometry used was 

provided by Thomas Frevillier. The vehicle was designed by his team (Azim UTBM) and 
won the Airbus Group Prize during the 2014 Student Aerospace Challenge. The length of 
the vehicle is 12.8 m, while its wingspan is approximately 8 m with curved wingtips. Figure 
3.52 includes three different of the geometry. For this test case half configuration was 
simulated to account for computational efficiency. In order for this geometry to be used with 
the Galatea [Lyg15, Lyg16] solver it had to be re-dimensionalized, in order the mean 
aerodynamic cord to become unity. The mean aerodynamic cord and consequently the 
required for the N-S simulation reference length was set to 6.0578 m. To be able to validate 
our velocity slip and temperature boundary conditions implementation two test cases were 
examined whose differences focus on the values of the free-stream velocity and angle of 
attack. The first one called thereafter Case 1, the angle of attack was set to 0º, while the free-
stream velocity was assumed 700 m/s. The same values were used for the second test case, 
called thereafter Case 2, were 40º and 1400 m/s respectively. The Mach and Reynolds 
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numbers (the latter based on the mean aerodynamic cord) were computed equal to 2.693 and 
273.207 respectively for Case 1; for Case 2 the corresponding values were 5.386 and 
424.414. In both cases the Knudsen number was assumed equal to 0.01634 (slip flow 
regime).  The free-stream temperature was set equal to 168.721 K while the corresponding 
temperature on the shuttle surface was set to 290 K. The background pressure was assumed 
equal to 2.8 Pa, a value corresponding to an altitude of 120 km. The flow conditions for both 
test cases are summarized in Table 3.17. The velocity values are relatively small comparing 
to this of a shuttle during the re-entry phase, nevertheless, they were assumed adequate, 
considering our motivation to assess Galatea solver against rarefied gas dynamics problems. 

Considering the flow conditions, a hybrid unstructured grid was constructed for the N-S 
solver, composed of 2,265,392 nodes, 10,618,201 tetrahedra, 906,706 prisms and 561 
pyramids. The prismatic elements were located on the solid wall regions such as the fuselage 
and the wings of the vehicle, to allow for the effective prediction of the boundary layer. 
Figure 3.53 illustrates the employed computational grid while Figure 3.54 depicts its density 
on the symmetry (top) and the vehicle (bottom) surfaces. 

 
 
Table 3.17: Flow parameters (Hypersonic flow over a complex suborbital vehicle). 

 Case 1 Case 2 
Mach number, Ma∞ 2.693 5.386 
Reynolds, Re∞ 213.207 426.414 
Freestream velocity, 𝑼𝑼∞ (m/s) 700 1400 
Knudsen number, (Kn)* 0.01634 0.01634 
Angle of attack, α (degrees) 0 40 
Freestream density, ρ∞ (kg/m3)  5.77×10-7  5.77×10-7 
Freestream temperature, T∞ (K) 168.721 168.721 
Wall temperature, Tw (K) 290 290 
Gas Air Air 

            *Based on the vehicle’s length 
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Figure 3.52: Vehicle geometry overview. Front view (top left), side view (top right) and top 
view (bottom). 

 
 

 
Figure 3.53: Overview of the computational grid used in Galatea solver. 
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Figure 3.54: Grid density on the symmetry (top) and shuttle (bottom) surfaces of the 

computational grid used with the Galatea solver. 
 

For the Galatea solver the calculation of the inviscid fluxes the Roe’s approximate 
Riemann solver was employed along with a second-order spatial accurate scheme, coupled 
with the Van Albada-Van Leer slope limiter. The nodal-averaging scheme was applied for 
the computation of the velocity and temperature gradients, and consequently the viscous 
fluxes. Time integration and iterative approximation of the final steady-state solution was 
succeeded with the incorporated second-order accurate in time four-stage Runge-Kutta 
scheme. The CFL number was set equal to 0.5. In Case 1 (Mach number 2.693 and angle 
of attack 0º) both the incorporated first- and second-order accurate slip models were 
implemented [Bes99, Kar02]. To accelerate the solution procedure (on a DELLTM R815 
Poweredge Server with four AMD OpteronTM 6380 sixteen-core processors) the initial grid 
was divided in eight sub-domains to be processed in parallel. Moreover, two coarser 
resolutions were constructed for each partition applying the full-coarsening directional 
agglomeration strategy; further acceleration was succeeded via the incorporated multigrid 
scheme. For this test case due to the absence of any experimental or computational data, 
the assessment of Galatea in terms of accuracy was performed with the SPARTA DSMC 
code. For its implementation a computational domain with dimensions 50 m, 10 m, and 42 
m in x-, y- and z-axis, respectively, was designed. Spatial discretization was succeeded by 
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dividing the domain in approximately 21,000,000 cells, by employing a Cartesian grid with 
500, 120 and 420 cells in x-, y- and z-axis, respectively.  

 

 
 

Figure 3.55.  Pressure coefficient distribution at wing spanwise  
section Y=1.21156 m (Case 1). 

 
For the DSMC solver as seen in Table 3.18 the number density was set to 1.22×1019 

(#/m3), while the time step was selected equal to 3.5×10-5 s for Case 1 and 1.42×10-5 s for 
Case 2. The time steps were defined so that are smaller than the mean collision time and 
each particle requires approximately five-time steps to cross each cell. The simulation 
began with a transient period of 25,000 steps, deriving the initial steady-state solution, 
while after that samples were taken for additional 120,000 steps, aiming to reduce the 
statistical scattering error. Considering that DSMC methodology depends strongly on the 
used number of particles, several tests were performed and from these tests the optimum 
Fnum of 6.3×1017was selected, which subsequently produced a total number of 
4.21×108particles for the whole simulation domain. The parameters, defining actually the 
employed DoFs (Degrees of Freedom), were revealed to derive the desired accuracy, 
avoiding yet any excessive computational and memory requirements. In order to enhance 
accuracy near the surfaces a cell volume grid weighting scheme was used in the DSMC 
code. This mechanism induces every grid cell to contain roughly the same number of 
particles (even if cells are of varying size or closed to surfaces), to minimize the total 
number of particles used in a simulation while preserving accurate time and spatial 
averages of flow quantities. 

 
Table 3.18: DSMC computational parameters. 
 Case 1 Case 2 

Number density, 𝑵𝑵𝑵𝑵∞ (#/m3)  1.22×1019  1.22×1019 
Timestep (s)  3.5×10-5  1.42×10-5 
Transient period 25,000 25,000 
Sample period 120,000 120,000 
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Number of particles (#)  4.21×108  4.21×108 
 
 

 
 

Figure 3.56. Pressure coefficient distribution at wing  
spanwise section Y=1.51445 m (Case 1). 

 
Due to the big three-dimensional domain and the high computational cost of the DSMC 

method it should pointed out that for this test case, SPARTA required approximately six 
times more wall clock computational time than Galatea. More specifically the DSMC 
solution required about 145 hours using 64 cores, while the N-S solution required only 24 
hours in 8 cores at the same computer system. Figures 3.61 and 3.62 illustrate the 
dimensionless velocity magnitude contours on the symmetry plane, extracted with the 
Galatea and SPARTA solver respectively, for Case 1. As observed, a satisfactory 
agreement is achieved, particularly in the bow shock region at the front of the vehicle. 
Galatea predicts a shock angle of 36o (without grid adaption), while SPARTA predicts a 
shock angle of 34.5o. This results in a 4.25% difference in shock angle prediction between 
the two methods. Besides the qualitative comparison, quantitative comparisons have also 
been performed. Figures 3.55 to 3.60 contain the pressure coefficient distributions, 
extracted by the two solvers at six different wing spanwise sections, namely, Y=1.21156 
m, 1.51445 m, 2.42312 m, 3.0289 m, 3.63468 m and 4.24046 m. The results include the 
distributions derived by the incorporated second-order accurate slip model of Beskok and 
Karniadakis as well. It is quite obvious that the employed solvers produced very close 
results, despite the fact that they are based on completely different computational 
approaches. Though no significant differences are identified between the first- and second-
order accurate slip models, the latter one appears to derive results about 30% (quantify) 
closer to those of the DSMC approach in the leading-edge region Therefore, in Case 2 only 
the second-order model was implemented. 
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Figure 3.57. Pressure coefficient distribution at wing  
spanwise section Y=2.42312 m (Case 1). 

 
In Figures 3.63 and 3.64 the dimensionless velocity magnitude contours on the 

symmetry plane, derived by the aforementioned N-S and DSMC solvers respectively, for 
Case 2 is shown. At this point should be highlighted that the 40º angle of attack was 
succeeded with a corresponding rotation of the far field flow direction in case of the 
Galatea code; in case of the SPARTA code a respective revolution of the whole surface 
grid was performed for easiness reasons. Once more, the derived qualitative results appear 
to be very close. The same holds for Figures 3.65 to 3.69 containing the produced pressure 
coefficient distributions at six different wing spanwise sections (Galatea was used only 
with the second-order accurate slip model as aforementioned in this test case). As a result, 
the capability of the Galatea solver to predict such complex rarefied gas flows in terms of 
accuracy is clearly demonstrated. In the DSMC data there is some noise in the negative 
coefficient of pressure area. Since the vehicle is at an angle of attack this accounts for the 
wing’s upper surface. This happens due to the lack of particles hitting the upper surface of 
the wing. If the number of particles was higher this effect would have been avoided but a 
higher number of particles in this particular test case would exceed the available system 
memory. Thus, the number of particles used in the simulation had to be limited in order for 
the test case to fit in the available system’s memory. 
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Figure 3.58. Pressure coefficient distribution at wing spanwise  
section Y=3.0289 m (Case 1). 

 

 
 

Figure 3.59. Pressure coefficient distribution at wing spanwise  
section Y=3.63468 m (Case 1). 
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Figure 3.60. Pressure coefficient distribution at wing  

spanwise section Y=4.24046 m (Case 1). 
  

 
 

 
Figure 3.61.  Dimensionless velocity magnitude contours on the symmetry plane,  

extracted with the Galatea solver (Case 1). 
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Figure 3.62. Dimensionless velocity magnitude contours on the symmetry plane,  

extracted with the SPARTA solver (Case 1). 
 

 

 
Figure 3.63. Dimensionless velocity magnitude contours on the symmetry plane,  

extracted with the Galatea solver (Case 2). 
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Figure 3.64. Dimensionless velocity magnitude contours on the symmetry plane,  

extracted with the SPARTA solver (Case 2). 
 

 

 
Figure 3.65. Pressure coefficient distribution at wing spanwise  

section Y=1.21156 m (Case 2). 
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Figure 3.66. Pressure coefficient distribution at wing spanwise  

section Y=1.51445 m (Case 2). 
 

 

 
Figure 3.67. Pressure coefficient distribution at wing spanwise  

section Y=1.2.42312 m (Case 2). 
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Figure 3.68. Pressure coefficient distribution at wing spanwise  

section Y=3.0289 m (Case 2). 
 

 

 
Figure 3.69. Pressure coefficient distribution at wing spanwise  

section Y=3.63468 m (Case 2). 
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Figure 3.68. Pressure coefficient distribution at wing spanwise  

section Y=4.24046 m (Case 2). 
 

 

 

3.7 Hypersonic flow over a complex suborbital vehicle with 
stability analysis  

 

After simulating this geometry with N-S using the velocity slip and temperature jump 
boundary conditions described above the case was rerun with a different set of flow 
conditions this time closer to re-entry conditions and an effort has been made to extract more 
data and perform a stability analysis based on the new DSMC that obtained. The gas mixture 
used for this variation is again a 79% N2 and 21% O2. The surface of the vehicle was 
modelled as diffuse reflecting with full thermal accommodation at 300 K. The flow 
conditions chosen for this simulation occur at 100 km altitude. The velocity selected is the 
typical velocity for that altitude according to [Viv20, Zup14, Pez16]. The rest parameters 
regarding the conditions at that altitude were taken from the US Standard Atmosphere 1976 
model. The simulation conditions are summarized in Table 3.19 and the parameters for the 
DSMC simulation can be found in Table 3.20. In order to accommodate all the flow effects 
the simulation domain in this run was set to 36 m long, 13 m in width and 35 m in height. 
The inflow boundary is defined at the left of the shuttle and at a distance of about 14 m from 
the nose whereas the outflow is defined about 22 m downstream of the nose. After running 
several tests this size was adequate to capture the fully developed flow field as well as a 
good fraction of the wake. The inter-particle collisions are modelled using the Variable Soft 
Sphere (VSS) model with default parameters as described in [Bir94]. In order to reduce the 
computational cost and further enhance the simulation accuracy the a near-neighbor 
collision partner selection scheme was used as described in [Gal11] where collision partners 
are selected within a sphere with radius equal to the distance the particle travels in one 
timestep. The shuttle was set at a 30º angle of attack. Typical values for this altitude range 
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are between 35-45 degrees as mentioned [Bla94] but for this specific test case after 
discussions with the Azim UTBM team, which designed the vehicle, as it’s entering not 
from outer space but from low earth orbit an angle of 30º seemed more reasonable. The 
resources for the simulations discussed here were provided by the Archer2 supercomputer. 
For the production runs 1024 nodes were used for 12 hours whereas for the visualization 10 
nodes were used to visualize the flow field. In this particular test case chemical reactions 
were neglected. In total twelve probes were used in order to capture flow characteristics in 
specific regions of flow field. More specifically, three probes are located along the lower 
part of the fuselage, another three at the wake, three more along the wing leading edge, one 
probe is close to the wingtip and two other probes are close to the leading-edge shock. 

 

Table 3.19: Flow parameters (Hypersonic flow over a complex suborbital vehicle with 
stability analysis. 

Mach number, Ma∞ 16 
Reynolds, 𝑹𝑹𝑹𝑹∞ 66,690 
Freestream velocity, U∞ (m/s) 4500 
Knudsen number, (Kn)* 0.00836 
Angle of attack, α (degrees) 30 
Freestream density, ρ∞ (kg/m3)  4.97×10-7 
Freestream temperature, T∞ (K) 196 
Wall temperature, Tw (K) 300 
Gas Air 

                             *Based on the vehicle’s length 

Table 3.20: DSMC computational parameters (Hypersonic flow over a complex suborbital 
vehicle with stability analysis. 

Number density, Nd∞ (#/m3)  1.19×1019 
Timestep (s)  1.0×10-8 
Transient period 25,000 
Sample period 120,000 
Number of particles (#)  6.6×109 
Number of cells  ≈15×108 
Wall-clock time (CPU hours) 1,572,864 

 
In Figure 3.69 we can see the streamwise velocity and in Figure 3.70 the Q-criterion on the 

symmetry plane can be seen. As seen in Figure 3.70 strong vortexes arise above the nose 
propagating downstream and then dumped, while under the nose, we can evidence the 
generation of weaker vortexes interacting with the shock. Due to this interaction inside the 
shock and at the interaction point, strain disturbances generated and propagated inside the 
shock downstream. To further enhance this observation a cut was made in the flow-field with 
a plane at the angle (Plane 1) and normal (Plane 2) to the shock as seen in Figure 3.71. The 
result of this cut can be seen in Figure 3.72 where the disturbances are propagating downstream 
within the shock region and then dumped. Moreover, the vorticity magnitude inside the shock 
region is shown in Figure 3.73. As shown in Figure 3.74 along Lines 1 and 2 information about 
the generated vortexes are extracted. Line 1 is right under the fuselage whereas Line 2 is inside 
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the shock. Figure 3.75 shows the spatial evolution of the vortices. Both vortices and strain 
disturbances are debilitated. After analyzing the evolution of Q-criterion over time it was found 
that the vortexes produced above the nose and the vortexes produced under the fuselage have 
the same frequency of 2.5 kHz.  

 

 
Figure 3.69. Snapshot of the streamwise  

velocity. 

 

 
Figure 3.70. Q-criterion visualized on  

the symmetry plane. 
 

In order to further understand the aforementioned oscillations, the Strouhal number inside 
the shock was calculated with the reference length set equal to the length of the examined 
vehicle. By using the frequency and as velocity the average velocity magnitude inside the shock 
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the Strouhal number was calculated as 7.8539. A Strouhal number above unity means that 
viscosity dominates the fluid flow, resulting in a collective movement of the fluid. This 
outcome is backed up by the negative Q-criterion values inside the shock which mean that this 
area is dominated by viscous stresses. 

 

 
Figure 3.71. Viscosity around the vehicle and two plane locations  

used for data acquisition. 
 

 
Figure 3.72. Q-criterion inside the shock region. 

 
As discussed earlier and as shown by other researchers [Saw21, Saw22] boundary layers 

and shock layers can be subjected to coupling. That’s the reason for placing probes close to the 
shock layer as well as in the boundary layer below the vehicle. The last flow feature that is 
under investigation using probes is the vehicle’s wake. From investigations carried out in the 
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past found in literature [Beh71, Tay64, Mur69] it is known that wakes can exhibit highly 
unstable behavior and contain reach topological structures of the instabilities. 

 
Figure 3.73. Vorticity magnitude inside the shock region. 

 
 

 
Figure 3.74. Lines used to extract vortex data. 
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Figure 3.75. Q-criterion snapshot at 11.5 ms. 

 
 

 
(a) 

 
(b) 

Figure 3.76. (a)Probe locations, (b) probe locations  
in the shock. 
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Figure 3.77. Underwing mode (Mode I).  

 
In order to monitor flow convergence relative residuals of number density and streamwise 

velocity have been obtained from the probe data and shown in Figures 3.80 and 3.81 
respectively. Each color in these figures represents one of the three probes at each location. 
Two regions of interest are highlighted in the figures in grey with reference numbers. These 
have been chosen as mentioned before based on the linear decay of the temporal signal. More 
specifically, Figures 3.80a and 3.81a show consistently that the linear decay in the region of 
the shock (Probe 14, Probe 24, Probe 34) is strongly dumped in comparison with the other 
probed locations and it takes approximately 4-5 ms to reach an established flow. In the area 
below the fuselage (Probe 13, Probe 22, Probe 32) in Figures 3.80b and 3.81b is evidenced 
more distinct linear decay than the one in the shock layer. This can be associated to disturbances 
decaying in the boundary and entropy layers formed over the geometry of the vehicle. The 
decay rates for this region appear to be smaller than the ones in the shock as the flow is 
established between 7 ms and 8 ms. The characteristics of wake’s least stable global mode 
differ significantly from the two previously discussed. In Figures 3.80c and 81c is evidenced 
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that mode 1 does not exist (no linear decay) in the wake. On the other hand, the second mode, 
is clear and very distinct with small damping as it takes about 11 ms for the flow to establish. 

 
Figure 3.78. Wake mode (Mode II). 

 
For this reason, the first mode is referred to as the underwing mode in order to emphasize 

its special proximity to the vehicle itself. These localized effects of this relatively short-lived 
perturbation are confirmed by the eigenmodes shown in Figure 3.77. The mode is better visible 
in the three-dimensional perturbation plot of number density (Nd�) and streamwise velocity (𝑢𝑢�).  
Mode I has a conical like shape and it exists under the fuselage and a part of it as can be seen 
from the figures in the middle exists above the wing area. It starts at about 2.5 m away from 
the nose and ends at a distance of about 3 m from the end of the vehicle, slightly extending into 
the wake. The second mode (Mode II) as seen in Figure 3.78 exists solely in the wake region 
and is referred to as the wake mode. This mode starts from a location of about 8 m from the 
nose and protrudes into the wake region of the vehicle. Its shape is more complicated than 
Mode I as it tries to circle around most of the vehicle’s wake region. Figure 3.82 shows a 
representation of Mode I and Mode II using streamlines to further understand the shape and 
the location of these modes. 
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Figure 3.79. Residual of the streamwise velocity 
 for three probes at the underside of the vehicle. 

 

 
Figure 3.80. Number density residuals for three probe groups. 
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Figure 3.81. Streamwise velocity residuals for three probe groups. 

 

 
Figure 3.82. Streamlines of the disturbances computed using the residuals algorithm  

Mode I (left) and Mode II (right). 
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In Figure 3.82 we can see the streamlines of Mode I (left) and Mode II (right) computed by 
the residuals algorithm (RA). Both figures are plotted using the streamlines of the streamwise 
velocity perturbation. Mode I although it mainly exists below the vehicle and only a part of it 
exists below and above the wing area as shown in Figure 3.77, in Figure 3.82 (left) we can see 
that the part that exists above the wing creates a massive stationary vortex above the vehicle, 
whereas Mode II which exists in the wake creates an interacting complicated vortex system in 
the wake area of the vehicle and at a distance of about 11 meters from the back of the vehicle. 
Furthermore, a few small size vortexes are created at a height of 6 meters above the wingtip. 
These vortexes exist due to the curvature and the presence of the wingtip. 

Figure 3.83 shows an overview of the Q-criterion colored by the velocity magnitude below 
the vehicle. The transparent grey contour is the shock generated by the vehicle. As seen, hairpin 
vortices start to form right below the nose and the leading edges and propagate downstream. 
Moving downstream we see that vorticity increases (since the Q-criterion increases) and then 
they blend into the wake flow at the back of the vehicle. As aforementioned the vortices close 
to the nose interact with the shock creating strain disturbances inside the shock that stay within 
the shock limits and decay downstream. A better view of this physical effect can be seen in 
Figure 3.74 where a cut is made at the symmetry plane and the strain disturbances inside the 
shock can be seen. 

 

 
Figure 3.83. Q-criterion colored by velocity magnitude. 

 
 
3.8 Hypersonic flow over a flat plate with a roughness element 

 
The seventh case is comprised of a two-dimensional and a three-dimensional flow over a 

roughness element. Before defining the geometry of the roughness element, the two-
dimensional flat plate without the roughness element has been solved. After that, the boundary 
layer thickness and properties are measured at the location of the roughness element and then 
the roughness element geometrical characteristics can be defined. In this test case the roughness 
element location was selected based on the critical Reynolds number (Rekk) which according 
to [Red02] a number of 250 and above gives a good probability for transition to happen. 
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According to [Red02] Rekk should not be taken into account as a guarantee for transition. Other 
aspects such as the examined geometry and the flow conditions play also an important role. 
Sometimes it happens that for a specific Rekk transition happens but when geometry is changed 
even with the same flow conditions there is no transition [Red02]. Schneider has also studied 
experimentally transition due to surface roughness and showed that different geometries can 
cause transition at different locations [Sch08]. In comparison with the earlier studies the 
Reynolds number in our conditions seems to be low but the Rekk is 249 which gives a good 
probability for transition to happen. The flow conditions for this case and the simulation 
parameters can be seen in Table 3.20 and 3.21 respectively. 

 

Table 3.20: Flow parameters (Hypersonic flow over a flat plate  
with a roughness element). 

Mach number, Ma∞ 6 
Reynolds, Re∞ 18,693.5 
Critical Reynolds, Rekk 249 
Freestream velocity, U∞ (m/s) 1916 
Knudsen number, (Kn)* 0.01 
Angle of attack, α (degrees) 0 
Freestream density, ρ∞ (kg/m3) 9.95×10-4 
Freestream temperature, T∞ (K) 245.45 
Wall temperature, Tw (K) 300 
Gas Air 

                             *Based on the flat plate nose radius 

 
Table 3.21: DSMC computational parameters (Hypersonic flow over a flat plate  

with a roughness element). 
Number density, Nd∞ (#/m3)  2.14×1022 
Timestep (s)  5.0×10-9 
Transient period 70,000 
Sample period 40,000 
Number of particles (#)  29.0×109 
Number of cells  ≈2.25×108 
Wall-clock time (CPU hours) 570,486 

 
The flat plate geometry and the roughness element geometry as well can be seen in Figure 

3.83. The flat plate used has a length of 0.15 m and a width of 0.09 m with a 2 mm blunt leading 
edge and a width of 0.09 m. A cylindrical roughness element was selected with a height and 
diameter of 0.006 m. The roughness element has a distance of 0.1 m from the leading edge. As 
aforementioned this location was picked due to the boundary layer thickness and the flow 
properties at that location. The roughness element is fully immersed into the boundary layer. 
The simulation domain used is 0.16 m in length, 0.09 m wide and has a height of 0.1 m in order 
to accommodate the leading-edge shock and all flow phenomena. The solution of the two-
dimensional flow field is shown in Figure 3.85.  
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Figure 3.84. Flat plate and roughness element geometry. 

 

 
Figure 3.85. Streamwise velocity of the two-dimensional flat plate without the roughness 

element. White line shows the direction along flow properties was measured. 
 

In Figure 3.86 the flow properties at the roughness element location are shown along the 
line shown in Figure 3.85. The boundary layer thickness was calculated based on the δ99 

assumption and is equal to 0.026 m. Apart from the boundary layer, in Figure 3.86 the shock 
location can be seen as well on the same plot. After the solution of the two-dimensional flow 
field was obtained the roughness element geometry was decided. As mentioned earlier in this 
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case the roughness element is cylindrical and a height and diameter of 6 mm were selected 
which according to the two-dimensional calculation allow for the roughness element to be fully 
inside the boundary layer. The three-dimensional geometry of the flat plate and the roughness 
element were designed in CAD software. 

 
 

 
Figure 3.86. Flow stream-wise velocity and temperature at the location of the roughness 

element. 
 

Before running the three-dimensional case a two-dimensional equivalent of the 3d domain 
was run in order to have an insight of any two-dimensional flow effects before running the 
three-dimensional case and in order to compare the 2d flow with the 3d flow. In Figure 3.87 
the stream-wise velocity for the two-dimensional test case can be seen and Figure 3.88 shows 
an overview of the velocity magnitude streamlines. As seen in Figure 3.87 although the 
roughness element is well inside the boundary layer a secondary oblique shock occurs at its 
location and is parallel to the leading-edge shock. By plotting the velocity magnitude in Figure 
3.88 two big vortices are revealed, one in front and one in the back of the roughness. After 
evidencing the interesting secondary shock structure revealed in the two-dimensional 
calculation a fully three-dimensional simulation of the flow-field was conducted.  

Figure 3.89 shows an overview of the streamwise velocity of the three-dimensional flow 
field and the shock structures as well. In the 3d calculation the shape of the second shock was 
identified. As seen in the parallel and the crossflow plane the second shock is a conical shock 
emanating from the roughness element. The vortex at the front of the roughness was identified 
as well but in the 3d calculation the size is very different from the one in the 2d calculation. In 
3d the vortex is smaller in size and it goes around the roughness element. Figures 3.90, 3.91, 
3.92 show a close-up view of the vortex in front of the roughness element. As evidenced the 
flow recirculates at the base of the roughness element creating a vortex core which goes around 
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the geometry and extending downstream. As seen in Figure 3.91 the existence of a horseshoe 
vortex in front of the roughness element is shown and two necklace vortices as well, one left 
and one right of the examined geometry. The necklace vortices propagate downstream and then 
decay to the wake flow. After obtaining the solution of the three-dimensional flow field three 
planes were extracted from the behind the roughness element and more specifically at 0.105 
m, 0.11 m and 0.13 m from the leading edge.  

These planes revealed a complex flow structure at the back of the roughness element moving 
downstream. These structures can be seen in detail in Figure 3.92 along with all the physical 
effects of the flow. As evidenced in Figure 3.93 by plotting the vorticity of the streamwise 
velocity component, this structure comprises by two pairs of counter-rotating vortices, two at 
the bottom and two on top. Moving downstream although these vortices grow, they become 
weaker as shown in Figure 3.94. The size of the vortices is determined by the angle of the 
conical shock as they grow up to the conical shock and cannot surpass it. Due to the existence 
of this complex vortex system a stability analysis was conducted on the plane at a distance of 
0.105 m from the leading edge. 

 

 
Figure 87. Streamwise velocity of the two-dimensional test case. 

 

 
Figure 3.88. Velocity magnitude streamlines of the two-dimensional test case. 
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Figure 3.89. Streamwise velocity and shock structures of the three-dimensional test case. 

 

 
Figure 3.90. Vortex core streamlines at the base of the roughness element. 

 
In order to conduct a stability analysis a high-resolution base flow is needed. In order for 

this test case to increase the resolution and limit the computational cost a plane at a distance of 
0.07 m from the leading edge was used from data obtained from the full three-dimensional 
field. By using this procedure, the computational domain was limited to half of its length and 
height. Then, the flow data gathered from the full field were interpolated to the new domain 
inflow. In order to examine the validity of this implementation the flow properties of the 
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previous domain at that location were compared with the properties of the new domain. Figure 
3.95 shows a comparison of the full three-dimensional domain and the interpolated data of the 
new domain. An excellent agreement between the two domains can be seen. Furthermore, the 
shock also has been properly interpolated and represented in the new domain. In order to further 
enhance the flow resolution about 100 particles per cell were used yielding a total of 30 billion 
particles. 

 

 
Figure 3.91. Top view of the necklace vortex around the roughness element. Colored 

streamlines (top) and black streamlines (bottom). 
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Figure 3.91. Streamlines of the vortex core in front of the roughness element. 

 
Figure 3.92. Planes at x=0.105m, x=0.11m and x=0.13m from the leading edge. 

Before starting the stability analysis, the convergence of the flow was checked by using data 
gathered from a probe at the back and at the same height of the roughness element. The 
residuals obtained by analyzing the number density and streamwise velocity time series 
captured by the probe and shown in Figure 3.96. As seen in the flow residuals there is a linear 
decay time window for both velocity and number density between timestep 25000 and 45000 
and the number density residual reveals clearly a damped stationary mode. For the stability 
analysis of this particular case 100 snapshots were used from the linear decay regime. 
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Figure 3.93. Vorticity of the streamwise velocity component at x=0.105m from the leading 

edge. 

 
Figure 3.94. Vorticity of the streamwise velocity component at x=0.13m from the leading 

edge. 

In order to perform our stability analysis two different methods were used and compared 
side by side. The first method is the Residuals Algorithm (RA) as described in [The00] and the 
second method implemented is the Dynamic Mode Decomposition (DMD) first introduced by 
Schmidt [Sch10]. More specifically, in this work the term residuals algorithm is used to 
describe the method of recovering an amplification rate and amplitude functions of least-
damped global flow eigenmode directly from a numerical simulation. On the other hand, the 
DMD methodology decomposes temporally resolved data into a set of dynamic modes 
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associated with a specific frequency and growth or damping rate. DMD can be regarded as a 
combination of Proper Orthogonal Decomposition (POD) and discrete Fourier transform 
[Row09, Chen12]. Modal analysis of the flow, including DMD, is thoroughly described by 
[Tai17]. Good agreement between RA and DMD, that is to be discussed next, indicates that 
100 snapshots were sufficient to converge the least-stable global eigenmode with dynamic 
mode decomposition. 

 

 
Figure 3.95. Comparison of data interpolation from the full three-dimensional domain to the 

reduced domain used for the stability analysis. 

As aforementioned, the three-dimensional nature of the flow is shown in Figure 3.92, in 
which three y-z (cross-flow) planes are included, at x = 0.105, 0.1105 and 0.13 m from the 
leading edge of the flat plate. The Residuals Algorithm and dynamic mode decomposition have 
been applied to the most downstream plane. For easier manipulation of the CAD geometry, it 
was necessary to use non-dimensional units to describe the geometry. Thus, the roughness 
element diameter (D) was used to un-dimensionalize the geometry (Figure 3.97).  As evidenced 
in Figure 3.98, a mushroom-like structure arises at the back of the roughness element. This 
structure is bounded by the curved shock created due to the roughness element geometry. Based 
on our non-dimensional geometry a crossflow plane was extracted from DSMC base flow at 
5D behind the center of the roughness element. 

The boundary layer parameters for that location can be seen in Table 3.22. In order to further 
reduce the computational cost of the analysis, stability calculations were performed only on 
velocity components and number density. Dynamic mode decomposition and residuals 
algorithm are both data-driven techniques meaning that the stability properties of the flow can 
be inferred directly from the non-linear simulation (DSMC) without explicitly relying on any 
governing equations (e.g., Linearized Navier-Stokes equations). 
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Figure 3.96. Number density, streamwise velocity and temperature residuals obtained from 

two probes. 

 
Figure 3.97. Non-dimensional CAD geometry used in stability analysis. 
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Figure 3.98. Least-stable global flow eigenmode, 𝑞𝑞�, obtained from dynamic mode 

decomposition at x = 0.13m from the leading edge, with figures representing stream-wise 
velocity component perturbation (top left), wall-normal velocity component perturbation (top 

right), cross-flow velocity component perturbation (bottom-left) and number density 
perturbation (bottom right). Black dotted lines represent locations of the cuts in Figure 3.99 
and letters refer to structures of interest; shock layer (S), mushroom-like structure (M) and 

vortex (V). All modes are self-normalized. 

Figure 3.98 shows the least-stable global flow eigenmode computed using dynamic mode 
decomposition. The velocity components are normalized by 𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚�  while number density is self-
normalized. In the figure, three main structures can be identified contributing to mode's shape; 
a shock layer (S), a separated shear layer with a mushroom-like structure (M) and a vortex (V). 
Contribution of the shock layer to the least stable global flow eigenmode can be seen in all 
eigenfunctions presented with the structure peaking near 𝑧𝑧 𝐷𝐷⁄ ± 2. Similarly, the vortex 
contribution to the mode is present in all eigenflowfields but clearly peaks in 𝑢𝑢�  velocity 
component while number density shows the lift-up of the boundary layer due to the horseshoe 
vortex at 𝑧𝑧 𝐷𝐷⁄ ± 1. The mushroom-like structure is very faint in 𝑢𝑢�  and 𝑤𝑤�  velocity components 
while being prominent in 𝑣𝑣� which can be attributed to the vertical displacement of the flow.  
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Figure 3.99. Number density, streamwise velocity and temperature residuals obtained from 

two probes. 

 

Table 3.22: Boundary layer parameters at 5D behind  
the center of roughness element 

Specific gas constant, R, �Jkg-1K-1�  296.8 
Ratio of specific gas heats, γ (-)  7/5 
Reference viscosity, μref , (Nsm-2)  1.656×10-5 
Reference temperature, Tref , (K) 273 
Power law exponent, 𝝎𝝎� , (-)  0.74 
Mach number, Me , (-)  5.14 

Re= �Rex , [-]  101.52 
Streamwise location, x, (m) 0.13 
Slip velocity, uslip , (m/s) 51.98 
Edge velocity, ue , (m/s) 1847.7 
Edge temperature, Te , (K)  310.10 
Edge density, ρe , (kg/m3)  1.49×10-3 
Edge pressure, Pe , (Pa) 144.96 
Edge viscosity, μref , (Nsm-2)  1.819×10-5 
Wall temperature, Tw , (K) 300 

 
To get a better understanding of the relative contributions of different structures to the global 

mode, a cut through the 2D plot is taken at ≈ 1𝐷𝐷 off the roughness element center shown with 
black dotted line in Figure 3.98 and the results are plotted in Figure 3.99 where cuts obtained 
with dynamic mode decomposition and residuals algorithm are overlapped for validation 
purposes. Both methods produce the same results (within inherent DSMC fluctuations) and 
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have a good agreement for all compared properties apart from the stream-wise velocity 
perturbation 𝑢𝑢� . DMD is sensitive to the number of snapshots acquired in order to converge. 
Although 100 time-accurate snapshots of the flow field were used seems that were not enough 
for DMD in order to capture accurately the dynamics of the stream-wise velocity in comparison 
with RA. Horizontal color lines refer to locations of previously identified two-dimensional 
structures (as per Figure 3.98). Number density is self-normalized by the maximum value at 
that location, while velocity components are normalized by local maximum value of 𝑢𝑢� . 

Figure 3.99 shows that the vortical structure (V) behind the roughness elements significantly 
contributes to linear perturbation of stream-wise velocity component, 𝑢𝑢�  and has small relative 
influence on the eigenfunctions of remaining velocity components and number density. On the 
other hand, the amplitude function of 𝑢𝑢�  does not display significant traces of shock layer (S) 
nor the mushroom structure (M). Linear perturbation of the wall-normal velocity component, 
𝑣𝑣�, is dominated by the M-structure and followed in significance by contributions of shock layer 
with contribution of v� u�max, local⁄ ≈ 50% at that location. Interestingly, eigenfunction of 𝑤𝑤�  does 
not display any significant effects from V, S nor M structures. Finally, for the number density, 
the shock layer has the highest magnitude with the mushroom-like structure still being 
significant but of secondary importance with the contribution of only ≈ 80% with respect to the 
shock layer. Even though the vortex has a moderate contribution to this eigenfunction, the lift-
up of the boundary layer seems to play an important role near the wall with 𝑂𝑂1 effect. 

Sawant et al. [Saw21] have shown, also using kinetic methods, that shock waves exhibit 
low-frequency fluctuations that may contribute to laminar-turbulent transition. Furthermore, in 
our previous work [Klo21, Klo22] we have used DSMC and linear stability analysis of the 
compressible boundary layer on a semi-infinite two-dimensional flat plate at supersonic and 
hypersonic conditions and demonstrated the synchronization of instabilities of the shock layer 
with linear perturbations that decay inside the boundary layer. Very recently, Sawant et al. 
[Saw22] demonstrated, on a fully three-dimensional configuration, synchronization of shock 
layer with laminar separation bubble instabilities in hypersonic flow. Therefore, these findings 
about shock layer significant contribution to the least-stable global flow eigenmode may be 
consistent with existing literature. Moreover, present findings suggest that transition on this 
geometry, and chosen conditions, may occur on account of a complex mechanism that couples 
shock layer, detached shear layer (mushroom-like structure), horseshoe vortex and 
macroscopic fluctuations. 

Since the solution of the three-dimensional solution has been obtained with adequate 
resolution by using the DSMC it was deemed appropriate to examine the velocities distribution 
functions inside the shocks. DSMC is not bounded by the solution of PDEs so with an 
appropriate grid the internal structures of shocks can be resolved. In our case the leading-edge 
shock and the curved shock emanating from the roughness element have been examined by 
placing probes inside these shocks. Figures 3.100 and 3.101 show the location of the probes 
inside the leading-edge shock and inside the curved shock created by the roughness element 
respectively. In addition, in the same Figures the velocity magnitude distribution functions for 
each probe are presented, along with the corresponding Maxwellian velocity distribution at 
each location. The Maxwellian velocity distribution is computed using  the average 
translational temperature obtained by each probe. For probes P7, P6, P1 and P5 located in the 
roughness element shock, the respective temperatures are 621.86 K, 913.16 K, 1256.62 K and 
957.92 K. For the probes LE1, LE2 and LE3 situated inside the leading-edge shock the 
temperatures are 537.15 K, 1248.82 K and 1861.29 K respectively. All distribution functions 
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are normalized to unity. We can clearly see in Figure 3.100 that for all three probes in the 
leading-edge shock the velocity magnitude distribution function clearly shifts away from the 
corresponding Maxwellian. As moving further downstream inside the shock (probes LE2 and 
LE3) the velocity distribution function approaches the bimodal distribution.  

 

 
Figure 3.100. Velocity magnitude distribution function along with probe locations inside the 

leading-edge shock. 

 
Figure 3.101. Velocity magnitude distribution function along with probe locations inside and 

outside the curved shock emanating from the roughness element. 

An analogous behavior is not evidenced in Figure 3.101 for the probes around the shock in 
the roughness element location. It can be noted that as the distance from the curved shock 
increases the velocity distribution has very good agreement with the Maxwellian distribution 
(P7), however in close proximity to the shock (P5) the velocity probability density appears to 
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differ from the Maxwellian distribution. This shift of the velocity magnitude from the 
Maxwellian distribution leads to the conclusion that the flow in the shock and in the area close 
to the shock is not in equilibrium. Furthermore, as seen in [Tum18] close to the shock there's 
bi-modality in the velocity distribution. For the area around the roughness element, we don't 
evidence that. In an attempt to explain this behavior, the velocity in the shock location was 
measured and was found to be equal to Mach 1.  This fact leads to the conclusion that the shock 
is not strong enough at the location of the probes in order to see any bimodal distribution of the 
velocities. 

Since in this group of roughness element test cases the curved shock is parallel to the 
leading-edge shock there is no shock-shock interaction. In order to generate a shock-shock 
interaction a new geometry has been generated and the same roughness element has moved 
closer to the leading edge. More specifically the distance between the leading edge of the plate 
and the roughness element center has now become 1 cm. This geometry will cause the shock 
generated from the roughness element, now protruding well outside the boundary layer, to 
interact with the leading-edge shock. This configuration has been run with chemical and 
without chemical reactions and in 2D mode. Figure 3.101 shows an overview of the new 
geometry configuration with the probe locations and Figure 3.102 shows the steady state of the 
streamwise velocity flow with chemical reactions. To capture physical flow effects or 
fluctuations within the flow a configuration of seven probes were places in the simulation 
domain in the locations shown in Figure 3.101. To amplify the chemical reactions in the flow 
and close to the surface, flow velocity was increased to Mach 10 and surface temperature was 
increased from 300 K to 1500 K. The DSMC parameters remained the same as in Table 3.21. 
The new flow field properties can be seen in Table 3.23 and the chemical reactions used and 
along with their respective parameters can be seen in Table 3.24. The model for implementing 
the chemical reactions in this case is the Total Collision Energy (TCE) as implemented by 
[Bir94] and the reactions rates are the ones used in [Gim19, Kar23]. As seen in Figure 3.102 
in this configuration, in steady state the shock has a very different shape than in the previous 
configuration (Figure 3.92). 

 
 

Table 3.23: Flow parameters (Hypersonic flow over a flat plate  
with a roughness element 1cm from the leading edge). 

Mach number, Ma∞ 10 
Reynolds, Re∞ 31,031.21 
Freestream velocity, U∞ (m/s) 1916 
Knudsen number, (Kn)* 0.01 
Angle of attack, α (degrees) 0 
Freestream density, ρ∞ (kg/m3)  9.95×10-4 
Freestream temperature, T∞ (K) 244.12 
Wall temperature, Tw (K) 1500 
Gas Air 

               

               *Based on the flat plate nose radius 
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Figure 3.101. New geometry with the center of the roughness move to 1cm from the 

leading-edge. Probe locations are also shown. 

The leading-edge shock is at a very shallow angle in reference to the roughness element and 
the vortex in front of the roughness element almost reached the leading edge of the plate as 
shown in Figure 103. Furthermore, an expansion wave is formed at x=0.04 m position and 
extends to the end of the domain. To get a better insight of this flow the data from the probes 
have been analyzed and are presented next. The exact coordinates of all probe locations are 
shown in Table 3.24. As evidenced in Figure 3.103 all five probes capture a natural oscillation 
in the density of the flow, even probe 5 which is located inside the boundary layer which 
persists even after 1 million timesteps.  

 

 
Figure 3.102. Steady state of the streamwise velocity domain with chemical reactions. 

 

Table 3.23: Chemical reaction parameters (Hypersonic flow over a flat plate  
with a roughness element 1cm from the leading edge). 

Reaction A, m
3

s�  Ea (J) b DOF 

N2+O2 → N2+O+O 1.198×10-11 8.197×10-19 -1.0 1.0 

O2+O2 → O2+O+O 5.393×10-11 8.197×10-19 -1.0 1.0 

N2+O → NO+N 4.000×10-17 5.288×10-19 0.25 1.0 

NO+N → N2+O 8.890×10-18 0.0 0.25 0.0 
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NO+O → O2+N 5.279×10-21 2.719×10-19 1.0 0.0 

N2+NO → N2+N+O 6.590×10-10 10.43×10-19 -1.5 1.0 

 

Figure 3.104 reveals that the streamwise velocity is fluctuating as well in the shock layer 
and in the boundary layer as well. In order to calculate the frequency of these oscillations an 
FFT was performed on the probe data and a frequency of 34.20 kHz has been computed. 
Moreover, to verify is this oscillation comes from the interaction between the two shocks the 
data from probes Front and Back have also been examined. Figure 3.105 shows the data 
gathered from both probes. Probes Front and Back capture the same oscillation as the other 
probes. Especially probe Front being closer to the shock captures a more amplified oscillation 
than the other ones. This leads us to conclude that in this specific case the roughness element 
acts as a media to reduce the oscillation amplification. To verify this observation an FFT has 
been conducted to the data from probes Front, Back and Probe 1 and shown in Figure 3.106. 
FFT verified that the frequency of the oscillations captured by the Front probe are the same 
frequency as the oscillations at the rest of the probes, whereas the oscillation at the Front probe 
location is ≈28.8 times more amplified than in the rest probes. Comparing this result with the 
no chemistry simulation we can see in Figure 3.107 the same oscillation occurs at the same 
frequency but after about 400,000 timesteps decays and after another 200,000 timesteps dies 
out.  

This leads us to conclude that the inclusion of chemistry has a massive impact in the flow 
as it alters the equilibrium. Although this is two-dimensional shock the measured oscillation 
frequency is very close to the one measured by Sawant et al. in [Saw21]. As shown before the 
particle distribution functions differ from the Maxwellian inside the shock and close to the 
shock area. Thus, these oscillations can be attributed to the difference in the particle distribution 
functions in the nonequilibrium zone of the shock versus the equilibrium regime in the absence 
of chemical reactions 

 

 
Figure 3.102. Velocity magnitude oil lines. 

 

Table 3.23: Probe coordinates (Hypersonic flow over a flat plate  
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with a roughness element 1cm from the leading edge). 
Probe X Y 

1 0.105 0.008 
2 0.11 0.008 
3 0.12 0.008 
4 0.13 0.008 
5 0.12 0.004 

Front 0.003 0.008 
Back 0.013 0.008 

 

 
Figure 3.103. Flow density fluctuations captured by the five probes at the back of the 

roughness element. 
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Figure 3.104. Flow streamwise velocity fluctuations captured by the five probes at the back 

of the roughness element. 

 

 
Figure 3.105. Flow density fluctuations captured by the probes Front and Back at the back of 

the roughness element. 
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Figure 3.106. FFT of the data from probe 1, Front and Back. 

 

 
Figure 3.107. Comparison of density oscillation with and without chemistry. 
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3.9 Hypersonic flow over a cone with a swept fin 
 

The eighth case is a full three-dimensional simulation of a flow over a cone with a swept 
fin. This case was run in collaboration with Ms. Madeline Peck from the Purdue University. 
The geometry used was based on an experimental geometry used by many researchers to study 
boundary-layer transition on the surface of the cone and the fin [Tur18, Tur19, Mul19]. An 
overview of the aforementioned geometry is shown in Figure 3.108. The fin is 40.64 cm in 
length, 9.5 cm in height, it has a 1 mm hemispherical nose-tip and half-angle of 7o [Tur18a, 
Tur21]. The fin starts at a location of 10.16 cm from the leading edge and is swept at 65o. The 
presence of the fin at the top of the cone introduces a complex shock interaction system, 
between the leading-edge shock and the shock induced due to the fin. Due to large pressure 
gradients introduced by the geometry a series of vortices are generated between the cone and 
the fin. Very little attention has been given to the base of the fin. In this region the shock 
generated by the fin results in a shock-boundary layer interaction [Pec23]. In order to enhance 
our understanding on this interaction the boundary layer and the shock layer has to be resolved.  

Two geometry configurations were examined. The very high pressure used in the 
experiment yield an enormous computational cost for the full three-dimensional case for the 
DSMC. Thus, a set of parameters, different from the experiment parameters, was decided that 
could allow for a three-dimensional DSMC calculation while maintaining to some degree the 
structures observed in the higher-pressure test cases. In harmony with the previous statement 
of the fin was also modified in order to promote an interaction in the lower pressure 
environment. The swept of the fin used in the three-dimensional simulations is 75o instead of 
65o. The simulation parameters for the axisymmetric and the three-dimensional configurations 
can be found in Table 3.24 and 3.25 respectively. The experimental conditions allowed for a 
two-dimensional configuration [Tur18a, Tur21]. Comparisons in the experiment conditions 
were made with simulations run with the Navier-Stokes Data Parallel Line Relaxation code 
(DPLR) by Dr. Madeline Peck. In DPLR simulations a no-slip boundary condition was used 
on the surface. The axisymmetric simulation domain is 0.01 m in length and 0.0025 m in height 
and a grid with 161,600,000 cells and 4.5×109 particles were required to capture all flow 
physics accurately. The DSMC parameters for the axisymmetric and the three-dimensional 
case can be seen in Tables 3.26 and 3.27 respectively. 
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Figure 3.108. Cone with a swept fin geometry. 

 

Table 3.24: Flow parameters for the 2D-axisymmetric case 
(Hypersonic flow over a cone with a swept fin). 

Mach number, Ma∞ 6 
Reynolds, 𝑹𝑹𝑹𝑹∞ (1/m)  6.3×106 
Freestream velocity, U∞ (m/s) 870 
Knudsen number, (Kn)* 0.0018 
Angle of attack, α (degrees) 0 
Freestream density, ρ∞ (kg/m3) 2.40×10-2 
Freestream pressure, p∞ (Pa) 348.6 
Freestream temperature, T∞ (K) 50.61 
Wall temperature, Tw (K) 300 
Gas N2 

                             *Based on the cone nose radius 

Due to the elevated pressure, the full three-dimensional simulation of the cone was 
impossible to compute. To account for that, and to reduce the computational cost of the DSMC 
the full three-dimensional geometry was first run using DPLR. Then, for the DSMC, a three-
dimensional domain around the start of the fin was setup and the inflow boundary conditions 
for that location were taken from the DPLR solution. A plane was extracted from the three-
dimensional solution of DPLR and then the data points of that plane were interpolated to the 
DSMC grid using the inverse-distance method. An overview of the domain used for the DSMC 
can be seen in Figure 3.109. As seen, the DSMC computational domain is a fraction of the 
domain used in DPLR (Figure 3.110). More specifically, the volume of the three-dimensional 
DSMC domain is 60 times smaller than the one used in DPLR. As mentioned earlier, although 
the pressure was reduced in the three-dimensional simulation to be feasible, despite that, this 
domain required 5.62 × 108 computational cells and about 4.8 × 1010 particles. In order for 
this simulation to be feasible 22% of the UK national supercomputer ARCHER2 was acquired 
for 23,5 hours.  
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Figure 3.109. DSMC computational domain for the three-dimensional fincone case. 

 

Table 3.25: Flow parameters for the 3D case 
(Hypersonic flow over a cone with a swept fin). 

Mach number, Ma∞ 6 
Reynolds, 𝑹𝑹𝑹𝑹∞ (1/m)  1.37×106 
Freestream velocity, U∞ (m/s) 855 
Knudsen number, (Kn)* 0.162 
Angle of attack, α (degrees) 0 
Freestream density, ρ∞ (kg/m3) 4.99×10-3 
Freestream pressure, p∞ (Pa) 75 
Freestream temperature, T∞ (K) 50.61 
Wall temperature, Tw (K) 300 
Gas Air 

                            *Based on the cone nose radius 
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Figure 3.110. DPLR computational domain for the three-dimensional fincone case. 

 

Table 3.26: DSMC computational parameters for the 2D axisymmetric case (Hypersonic 
flow over a cone with a swept fin). 

Number density, Nd∞ (#/m3)  4.99×1023 
Timestep (s)  2.0×10-9 
Transient period 150,000 
Sample period 300,000 
Number of particles (#)  4.5×109 
Number of cells  1.616×108 
Wall-clock time (CPU hours) 405,623 

 
 

Table 3.27: DSMC computational parameters for the 3D case (Hypersonic flow over a 
cone with a swept fin). 

Number density, Nd∞ (#/m3)  1.08×1023 
Timestep (s)  2.0×10-9 
Transient period 70,000 
Sample period 150,000 
Number of particles (#)  4.5×1010 
Number of cells  5.625×108 
Wall-clock time (CPU hours) 3,927,040 
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Starting with the comparisons for the axisymmetric case first, a very good agreement in the 
Mach number contours shock position and boundary-layer thickness can be seen in Figure 
3.111 meaning the effects of velocity slip on the surface and temperature jump conditions are 
minimal in this area. In order to verify the visual result exact boundary layer profiles were 
extracted from the axial location x=0.008 m are shown in Figure 3.112. A more close-up view 
of these profiles focused on the boundary layer location is shown in Figure 3.113. Generally, 
the agreement between the two methods is very good. In Figure 3.113 some near-wall 
discrepancies can be seen probably resulting from the no-slip and no-temperature jump 
boundary conditions used in DPLR.  

 

 

Figure 3.111. DPLR Mach number (top) and DSMC Mach number (bottom). 

The excellent agreement between the DSMC and Navier-Stokes simulations along the 
whole flow field from the boundary till the shock indicates that the error introduced by the 
near-wall discrepancies is localized. Furthermore, the error near the wall is very small 
compared to the freestream values. After obtaining this very good agreement in the two-
dimensional high pressure axisymmetric case the lower pressure three-dimensional test case 
was ran. 

Even though the pressure was lowered in the three-dimensional case, due to the extremely 
high computational cost it was not feasible to run the full three-dimensional configuration of 
the cone. Thus, a small portion of the full domain, around the fin area was chosen and can be 
seen in Figure 3.109. For this small domain more than half a billion computational cells were 
required to capture the flow effects accurately. To limit the statistical noise a minimum number 
of 50 particles per cell was utilized and 150,000 samples were taken to calculate the flow 
macro-properties. The inflow plane was taken from the DPLR simulation at the same 
conditions and interpolated to the DSMC grid. The whole simulation was run using 166,400 
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MPI processes which is more than 22% of the UK Archer2 National Supercomputer for 23.6 
hours. 

To compare the results between the two solvers a fixed location was chosen in which the 
vortex created on the surface of the cone is present and not close to the DSMC outflow in order 
to avoid any fluctuations caused due to the particles deletion after they exit the simulation 
domain. This location for the SPARTA domain is 0.035 m from the outflow and the analogous 
location in DPLR domain is 0.065 m from the inflow boundary. A comparison of the three 
velocity components can is shown in Figure 3.114. As seen, all velocity components agree very 
well to the boundary layer, the shock position, the shear layer and the vortex size. Excellent 
agreement is also evidenced in Figure 3.115 for density temperature and the Mach number. 

 

 
Figure 3.112. Wall normal profiles at x=0.08 m. 

 

 
Figure 3.113. Boundary layer profiles at x=0.08 m. 

 
Visually a difference between the two methods can be seen in the contours of the W velocity 

component, density and temperature. It is present in the DSMC results in the middle of the 
shear layer. This flow feature looks like a very weak shock or a flow disturbance smoothed out 
in the DPLR result. In order to shed some light, the vorticity magnitude has also been plotted 
in Figure 3.116. Horizontal and vertical lines seen in Figure 3.116 are an artifact of the 
visualization software and not the solution. This slight disturbance is still present in the 
vorticity magnitude of the DSMC result although as seen in Figure 3.116 some flow 
characteristics are indeed smoothed out in the Navier-Stokes solution. DSMC captures a high 
vorticity number inside the shock and at an angle of 45-degrees in relation to the cone’s surface, 
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whereas in the Navier-Stokes only a fraction of that vorticity is captured and is the same across 
the whole shock. Also, in the vorticity plot of the DSMC solution small vortices can be seen 
emanating from the fin shock and moving sideways towards the boundary layer and the cone’s 
surfaces. These vortices reveal an area of non-equilibrium between the fin’s boundary layer 
and fin’s shock.  

 
 
 

 
Figure 3.114. Comparison between SPARTA and DPLR of the three velocity components at a 

location of 0.035 m from SPARTA inflow. 
 
 
 

 
Figure 3.115. Comparison between SPARTA and DPLR of density, temperature and Mach 

number at a location of 0.035 m from SPARTA inflow. 
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Apart from visual comparisons, profiles of the examined flow field have been extracted 
along three different locations shown in Figure 3.117. The lines named Side and Vortex 
Location are taken normal to the cone’s surface while the line Fin Shock is parallel to the 
vertical domain boundaries. The three velocity components, density and temperature for all 
data locations are plotted in Figures 3.118-3.120 respectively. For all the examined flow 
properties the line plots reveal an excellent agreement. The flow disturbance, as seen in Figure 
3.118, is more prominent to the V and W velocity components and it is shown by a sudden 
change “shock-like” change in these velocity components. In addition, it can be seen in the 
density profiles for all data locations and in the temperature profile of the Fin Shock line. Since 
there is excellent agreement across the whole flow profile this disturbance seems to be localized 
and doesn’t affect the entire flow field. 
 

 

 
Figure 3.116. Comparison between SPARTA and DPLR of vorticity magnitude at a location 

of 0.035 m from SPARTA inflow. 
 
 

 
Figure 3.117. Data extraction lines. 
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In conclusion, this case demonstrates the ability of DSMC to fully analyze all physical 

effects occurring in a hypersonic flow. Despite the high computational cost, the method can 
provide a valuable insight of physical phenomena that cannot be analyzed by the classical 
Navier-Stokes approach. Furthermore, as evidenced the accuracy of the method is comparable 
to the Navier-Stokes approach and can offer significant advantages at the very small flow scales 
such as velocity distributions of the gas particles across the entire domain and non-equilibrium 
phenomena can be simulated without the use of approximation models. In this particular test 
case chemistry was not used and it was assumed that no chemical reactions are happening in 
the flow. In our future work this case will be revisited and chemical reactions will be taken into 
account in order to compare the impact of chemistry in this particular flow configuration. 
 

 

 

 

 
Figure 3.118. Velocity components across all three data extraction lines. 
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Figure 3.119. Density profiles across all three data extraction lines. 

 
 

 
Figure 3.120. Temperature profiles across all three data extraction lines. 

 
 
 
3.10 Hypersonic flow over a Mach 7 waverider 
 

In this case an effort has been made to design a Mach 7 waverider using the osculating cone 
method described in section 2.3.5. As aforementioned, to design a functional waverider 
configuration a base flow field must be first generated. In this case the initial base flow field 
was generated by a 7𝑜𝑜 half-cone with a length of 2 m and a blunted nose with a radius of 1 cm. 
The full three-dimensional configuration of the cone was simulated. The flow conditions 
represent the conditions occurring at an altitude of 90 km and were taken from the US standard 
atmosphere model. To capture the flow effects accurately a grid of 91,832,000 cells was used 
with an additional level of refinement close to the surface. The flow conditions along with the 
DSMC simulation parameters can be seen in Tables 3.28 and 3.29 respectively. A three-
dimensional representation of the geometry of the cone used to produce the initial flow field 
can be seen in Figure 3.121. After the computation of the initial three-dimensional flow field 
the planar streamlines around the cone were extracted in order to identify the shock boundaries. 

The calculated field streamlines can be seen in Figure 3.122. The shock boundaries in the 
side and top plane (Figures 3.122 (middle) and 3.1.122 (top)) can be identified by the bending 
of the flow streamlines whereas in the rear plane at the back of the cone the shock layer is 
clearly visible in the streamwise velocity flow field. After extracting the flow data, the flow 
planes are imported to CAD (Computer Aided Design) in order to design the three-dimensional 
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shape of the waverider. After importing the planes, starting from the end of the initial cone 
shown in Figure 3.122 (bottom) curves that are tangent to the circular shock shape are drawn, 
resulting to the first section of the waverider. The first section can be seen in Figure 3.123. As 
mentioned in section 2.3.5 to obtain a realistic configuration, the leading edges must be blunted 
and not sharp. 

 
Table 3.28: Flow parameters 

 (Hypersonic flow Mach 7 waverider). 
Mach number, Ma∞ 7 
Reynolds, 𝑹𝑹𝑹𝑹∞ (1/m)  1.37×106 
Freestream velocity, U∞ (m/s) 1965 
Knudsen number, (Kn)* 0.621 
Angle of attack, α (degrees) 0 
Freestream density, ρ∞ (kg/m3)       9.62×10-6 
Freestream pressure, p∞ (Pa) 0.55 
Freestream temperature, T∞ (K) 196 
Wall temperature, Tw (K) 300 
Gas Air 

                        *Based on the cone nose radius 
 
 

Table 3.29: DSMC computational parameters  
(Hypersonic flow Mach 7 waverider). 

Number density, Nd∞ (#/m3)  2.00×1020 
Timestep (s)  3.0×10-7 
Transient period 80,000 
Sample period 100,000 
Number of particles (#)  8.0×109 
Number of cells  9.83×107 
Wall-clock time (CPU hours) 184,320 

 
 

 
Figure 3.121. 7-degree half cone used in the calculation of the initial flow field. 
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To control the bluntness of the leading edges a four-point Bezier curve was used to generate 
the leading-edge shape. Moving downstream to the flow field one section of the waverider is 
designed every 30 cm. Figure 3.1.24 shows an overview of these sections. For cleanness, not 
all sections are visible. Finally, when all sections are designed a loft operation with tangency 
constraints is imposed to generate the waverider surfaces. To reduce the design complexity and 
to take advantage of the symmetry of the flow field, only half of the final geometry is designed 
and then mirrored around the symmetry plane. Before starting the three-dimensional 
simulation, the surface of the waverider was meshed in order to be used in the SPARTA solver. 
As seen in Figure 3.125 attention has been given to the surface close to the leading edge, the 
nose and the compression part of the lower surface of the vehicle so that the grid transitions 
smoothly as we approach the surface’s change in curvature.  

 

 

        
Figure 3.122. Streamlines of the three-dimensional flow field around the cone. Side view 

(top), top view (middle), rear view (bottom). 
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To identify if the shock is properly attached to the leading edge of the vehicle the pressure 
and the Q-criterion contours have been plotted in Figures 3.126 and 3.127 respectively. 
Pressure contours in Figure 3.126 show an increase of pressure around the leading edge which 
is the result of the attached shock. This is also verified also by the Q-criterion contours in 
Figure 3.127 where below the leading edge a negative value of Q-criterion is found which is 
evident of a shock existing in that area. In Figure 47 also the surface of the waverider is colored 
by the pressure exerted on the vehicle surface. Higher values of pressure are evidenced around 
the leading edges and the nose, which verifies the existence of an attached shock wave in these 
regions. 

Apart from the three-dimensional contours, Q-criterion, is also plotted in the plane of 
symmetry in Figure 3.128 and on a vertical plane normal to the back section of the waverider 
in Figure 3.129. As verified, the Q-criterion is again negative around the nose and the leading 
edges. Figure 3.129 shows clearly that the shockwave is attached to the leading edges of the 
vehicle. Figures 3.130 and 3.131 show the streamwise velocity and the temperature field 
respectively around the vehicle. For the flow conditions used in this work a maximum 
temperature of 1400 K is identified in front of the nose. In this case due to the low temperature 
and the rarefaction of the flow chemical reactions were not enabled. In Figures 3.132 to 3.135 
flow field properties are shown on a plane parallel to the waverider and the surface of the 
vehicle is colored by surface pressure. Figure 3.132 shows the pressure on the aforementioned 
plane. Taking into account that the free-stream pressure is 0.55 Pa a temperature rise of one 
order of magnitude around the nose is evidenced. The pressure around the leading edges is 
increased as well, about four times higher than the free-stream pressure. The very high 
pressures in the nose and the leading-edge regions are exerted due to the shock attachment in 
these surfaces. Figure 3.133 shows the streamwise velocity on the same plane. Here, its 
evidenced again the shock adhering to the leading-edge and the nose of the vehicle. As seen in 
Figure 3.134 the temperature around the leading edges is 800 K which is about four times 
higher than the free-stream temperature of 196 K. Q-criterion on the same plane as before is 
shown in Figure 3.135 and shows the full field of the attached shock.  

 

 
Figure 3.123. First section of the waverider (units in mm). 
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Figure 3.124. Final waverider geometry. 

 

Furthermore, in Figure 3.127 the altering positive and negative values of Q-criterion around 
the leading edge reveal a vortex on the top part of the leading-edge surface. The extend of this 
vortex can be seen in Figure 3.136 where the vorticity magnitude at the back of the vehicle is 
plotted. On the plane two vortices exist, one left and one right, at the tip of the back section of 
the vehicle. Viewing the vehicle in the symmetry plane in Figure 3.128 the Q-criterion shows 
that these vortices are created due to flow separation at that point. The vortices separate from 
the surface and then damped into the vehicle’s wake region. 

 
 

 
Figure 3.125. Portion of meshed waverider surface. 
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Figure 3.126. Pressure contours around the vehicle. 

 
Due to the complexity of the vehicle surface introducing complex flow effects, the three-

dimensional iso-surfaces of the Q-criterion around the vehicle are plotted in order to identify 
the three-dimensional shape of the shock and the vortices. Figure 3.137 shows the three-
dimensional Q-criterion contours around the vehicle colored by vorticity magnitude. The 
transparent grey contours correspond to the three-dimensional outer shape of the shock. A part 
of the shockwave close to the compression surface can also be seen. In Figure 3.138 the same 
contours are plotted but this time colored by the velocity magnitude. As seen in Figure 3.138 
about 30 cm after the nose, where the compression surface is steeper, the vortices separate from 
the flow and continue downstream to the higher-pressure area towards the back side of the 
vehicle. Due to the angle of the compression surface towards the end of the vehicle a pressure 
rise is evidenced and the flow slows down about 1000 m/s within a few centimeters. In order 
to validate the vehicles performance, the L/D ratio was calculated using the pressure exerted 
on the surface.  

 

 
Figure 3.127. Q-criterion contours around the vehicle 

(Surface is colored by pressure). 

 

 



Numerical Results 
 

 

163 
 

 

 
Figure 3.128. Q-criterion contours in the plane of symmetry. 

 

To calculate lift and drag the shear stresses and the pressure three-dimensional components 
have been calculated. From the calculation the lift and drag forces in each surface cell have 
been computed. The lift and drag at each surface cell can be seen in Figure 1.139. From that 
figure we can also see that the maximum drag is concentrated at the tip of the nose whereas the 
area below the nose generates also a large amount of lift. By integrating the values of all cells, 
the total lift and drag have been calculated and the ration L/D is equal to 2.18.  According to 
open literature this value if typical for a waverider flying at 0𝑜𝑜 angle of attack [Hua11]. A value 
of L/D of above 2.0 yields a good vehicle performance for the design condition selected. Only 
one angle of attack was examined in this case, according to [Hua11] a slightly positive angle 
of attack can increase the L/D ration, thus performance, two to three times. In the open 
literature, waveriders are usually analyzed between 25 km and 40 km and in 90 km, used in this 
work. This fact has an impact to lift generation on the surface by the fluid, thus in this design 
the compression surface is larger than a conventional compression surface seen in waveriders 
flying in lower altitudes. 
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Figure 3.129. Q-criterion contours on a vertical plane normal to the first section of the 

vehicle. 

 

 
Figure 3.130. Streamwise velocity on the symmetry plane. 

In conclusion, in this case an effort to design a high altitude waverider is presented and 
analyzed at a zero angle of attack. The waverider yields good performance in the design 
condition due to the high L/D ratio. The simulation revealed lots of interesting physical 
phenomena occurring close to the vehicle. For waveriders presented in open literature the L/D 
ratio is typically over 3.0 and sometimes over 4.0, in comparison to these values this vehicle’s 
performance might seem poor at first glance. It must be noted though that these waveriders are 
simulated at much lower altitudes where air is denser, a fact that, has a major impact on the 
L/D ratio.  

 



Numerical Results 
 

 

165 
 

 
Figure 3.131. Temperature field on the symmetry plane. 

 
 

 

 
Figure 3.132. Pressure on a plane parallel to the vehicle (Surface is colored by the surface 

pressure). 
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Figure 3.133. Streamwise velocity on a plane parallel to the vehicle (Surface is colored by 

the surface pressure). 

 

 
Figure 3.134. Temperature on a plane parallel to the vehicle (Surface is colored by the 

surface pressure). 

 

 
Figure 3.135. Q-criterion on a plane parallel to the vehicle (Surface is colored by the surface 

pressure). 
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Figure 3.136. Vorticity magnitude on a plane normal to the vehicle’s first section (Surface is 

colored by the lifting force). 

 
 

 

 
Figure 3.137. Three-dimensional Q-criterion contours colored by vorticity magnitude. 
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Figure 3.138. Overview of the three-dimensional Q-criterion contours around the vehicle 

colored by velocity magnitude. 
 
 
 

 
Figure 3.139. Overview of the lift (bottom) and drag (top) exerted on the waverider’s 

surface. 
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4. Conclusions 
 
4.1 Summary 
 

In this thesis a two-fold objective has been reported. Firstly, the simulation of low-density 
high altitude hypersonic flows with a modified version of the in-house developed N-S solver 
Galatea and comparison of the solutions obtained from the DSMC method and secondly 
analysis of hypersonic base flows using linear stability analysis theory (LST) has been reported. 
Comparisons also have been made between chemically reacting and non-chemically reacting 
flows. For the representation of the computational domains for the Galatea solver, three-
dimensional unstructured grids have been used, whereas cartesian grids with different levels of 
refinement are employed for the SPARTA DSMC solver. The unstructured grids have 
tetrahedral, prismatic and pyramidical elements mainly to resolve effectively the severe 
anisotropy of boundary layers in viscous flows. The Cartesian grids on the other hand, have 
mainly cubical elements and triangular prismatic elements in locations where the surfaces cut 
the computational grid.  

In the numerical results for the rarefied gas cases obtained with the Galatea solver the RANS 
PDE’s implementation of the code was used without any turbulence models and the results 
were compared against those obtained by the DSMC method which is the dominant method for 
solving rarefied gas flows. From all the implemented slope limiters in Galatea solver the Van 
Albada-Van Leer and Min-Mod were used as both yielded the most accurate results by limiting 
sufficiently numerical diffusion and because of their smoothing abilities. As aforementioned in 
section 2 the Navier-Stokes equations cannot simulate rarefied gas flows without appropriate 
boundary conditions. Velocity slip and temperature jump boundary conditions [Bes96, Bes99, 
Kar02], first order and second order accurate, were implemented to Galatea in order to enhance 
the solver’s ability to simulate rarefied gas flows. It was shown that the code was able to 
simulate flows with Knudsen numbers well into the slip regime. In the cases examined in this 
work, no significant difference was evidenced between the first order and second order accurate 
methods. This can be attributed to the very fine grids used in the simulations. Very good 
agreement has been shown between the solutions obtained from the modified Navier-Stokes 
implementation and the DSMC method and experimental results, whenever the latter when 
available. In order to simulate complex geometries a normalization coefficient had to be 
introduced in the implemented models to allow to reduce residual oscillations during the initial 
timesteps and to allow for the gradual increase of the velocity slip and temperature jump values.  

Furthermore, the ability of the DSMC method to produce high quality flows suitable for 
stability analysis has also been reported. Stability analysis requires at least eight-digits 
convergence in order to produce an accurate result. Despite the fact that DSMC is a stochastic 
statistical method for the simulation of rarefied gas flows, in this work, has been reported that 
with a careful treatment of the grid and the simulation parameters DSMC can provide, although 
not eight-digit convergence, highly resolved base flows for stability analysis comparable to 
those obtained by solving the N-S equations. The boundary layer has been fully resolved and 
perturbations inside the boundary layer have been measured and found to match those predicted 
by the LST theory.  
In the first case presented a simple hypersonic flow over a NACA 0012 wing at 0o and 10o 
angle of attack is calculated. The flow was simulated with Galatea first and the results obtained 
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are compared with those obtained from SPARTA and the DSMC method and are also compared 
against experimental results found in the open literature and obtained by Shoja-Seni. In this 
case the second order accurate model used didn’t produce better results than the first order. In 
addition, the implemented normalization scheme [Fer13] was revealed a considerable 
enhancement, as the Dirichlet-type of the slip/jump boundary conditions was found to cause 
excessive oscillations without it, especially during the initial steps of the iterative solution 
procedure.  

To investigate our implementation in more complex geometries a complex re-entry vehicle 
geometry was selected, designed by the Azim UTBM team. In this case improved accuracy on 
solid surfaces is obtained with the second-order accurate slip scheme of Beskok and 
Karniadakis [Bes99, Kar02]. In particular, two test cases have been examined, with their 
differences focusing on the employed Mach numbers and angles of attack. Due to the absence 
of any experimental or computational data for this test case, the assessment of Galatea solver 
in terms of accuracy was performed with a the DSMC solver SPARTA. Both solvers produced 
very close results, despite they are based on two completely different computational 
approaches. Though no significant differences are identified between the first- and second-
order accurate slip models, the latter one appeared to be slightly more accurate, especially in 
the leading-edge region. The same geometry but at a larger Mach number and a different angle 
of attack (30o instead of 40o) was ran using the DSMC method. By extracting three-dimensional 
snapshots of the full flow field and using a data-driven stability analysis technique, two flow 
modes have been revealed. The first mode part of it relies below the vehicle and another part 
over the wing. The second is located in the wake. The part of the first mode located above the 
wing creates a massive stationary vortex above the vehicle while the second mode creates an 
interacting complicated vortex system within the wake. 

Before running three-dimensional simulations, the ability of the DSMC to provide highly 
resolved flows was checked by analyzing two-dimensional flows over flat plates. To this end 
simulations of flat plates in different Mach numbers have been presented and the results 
obtained were compared against an analytical solution of the boundary layer. Good agreement 
has been obtained not only for the boundary layer properties and thicknesses but also for the 
amplitude functions. DSMC was able to capture very accurately the amplitude functions of 
velocity and pressure and also the flow spectra. The generalized inflection point of the DSMC 
implementation was identical to the one calculated in the analytical solution. In addition, 
smoothing of the DSMC data by a Stack Autoencoder Neural Network (SANN) has been 
demonstrated. The neural network smoothing didn’t alter the eigenvalue spectra; thus, it is 
proven that smoothing of DSMC data using SANN networks can provide data for a reliable 
stability analysis. 

Apart from the two-dimensional simulations the ability of DSMC and the solver SPARTA 
used herein to provide highly resolved three-dimensional results is also demonstrated. A three-
dimensional non-reacting flow over a cylindrical roughness element was first the first to be 
studied to that end. This specific geometry was selected due to complex physical phenomena 
occurring due to the present of a roughness element in a hypersonic flow. The simulation of 
this case revealed two shocks in the flow field. One due to the leading-edge of the flat plate 
and a second conical shock was found. The presence of the conical shock is attributed to the 
roughness element. Stability analysis conducted in a plane behind the roughness element 
revealed a complicated flow structure comprising of the shock layer, a separated shear layer 
with a mushroom-like structure and a vortex. Contribution of the shock layer to the least stable 



Conclusions 

 

172 
 

global flow eigenmode was seen in all eigenfunctions. The vortex contribution was seen in all 
eigenflowfields as well but was clearly picking in the 𝑢𝑢�  velocity component eigenfunction 
while the number density shows the lift-up of the boundary layer due to the horseshoe vortex. 
The mushroom-like structure was very faint in the 𝑢𝑢�  and 𝑤𝑤�  velocity components while being 
very prominent in the 𝑣𝑣� component. Further analysis of this structure using two different data-
driven techniques was employed in order to confirm the aforementioned conclusions but also 
revealed that a discrepancy between the DMD and the Residuals Algorithm (RA) in the 
streamwise velocity 𝑈𝑈. This discrepancy can be attributed to the fact that DMD is sensitive to 
the number of snapshots acquired in order to converge. In this case although 100 time-accurate 
snapshots have been used in the DMD analysis we conclude that more were needed in order to 
capture the dynamics of the streamwise velocity accurately in comparison with the RA. 

Enabling chemical reactions for the aforementioned flow and moving the roughness element 
closer to the leading-edge of the flat plate, in order to enforce a shock-shock interaction 
revealed interesting physical phenomena occurring in the flow field. Chemistry caused a 
sustainable flow oscillation not only around the roughness element area but also downstream. 
This means that the flow oscillation beginning in front of the roughness element, propagates 
further downstream. By examining the probe data, it was found that the amplitude of the 
oscillation in front of the roughness element is about 20 times larger than the amplitude 
downstream. This verifies that the source of the oscillation is located within the interaction 
region of the two shocks. Although the oscillation decreases in amplitude downstream it’s still 
maintained. By applying FFT to the probe data the frequency of the oscillation was measured 
and found to be equal to 34.20 kHz, both in front and downstream of the roughness element. 

Due to the inability of N-S equations to fully analyze the internal structure of a shock, 
DSMC was applied to a portion of a cone with a swept fin in order to quantify any physical 
phenomena not captured by an N-S solver. To that end, the inflow plane taken from the solution 
of the flow field with an N-S solver was used to initialize DSMC at the area of interest. Despite 
the fact that the inflow was provided by another method, SPARTA was able to calculate the 
flow field accurately. Through the whole flow field excellent agreement was found between 
the two methods. Although the computational field of the DSMC was much smaller than the 
one used in the N-S solution, due to the high pressure and the flow three-dimensionality more 
than 20% of the UK national supercomputer was required for this calculation. The same 
geometry was also run in a 2d axisymmetric configuration with pressure about 4 times more 
than the pressure used in the three-dimensional configuration. Again, very good agreement in 
the extracted flow profiles was evidenced. 

Finally, an attempt has been made in this work to design a Mach 7 waverider. The well 
documented in open literature method of the osculating cones was used in order to extract the 
geometry profile of the waverider. Firstly, the three-dimensional flow field around a 7-degree 
cone with a blunt leading edge was calculated. Secondly, by extracting the flow streamlines in 
different planes the exact shock profile and location was found. Thirdly, by using the streamline 
data the profiles of the waverider surfaces were designed. After simulating the calculated 
waverider geometry the lift/drag ratio was calculated and was equal to 2.18. A lift/drag of 2.18 
seems to be small with lift/drag ratios found in open literature, but in the case studied in this 
work the flow conditions were set equal to the conditions occurring at 90 km altitude where air 
is very rarefied, while the waveriders found in literature are simulated with flow conditions 
occurring at 25-40 km altitudes. Despite this fact, a lift/drag of 2.18 demonstrates that the 
vehicle is capable of flying at the examined rarefied conditions. A close examination of the 
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simulation data also revealed that for the on-design conditions examined the shock wave is 
fully attached at the tip and the leading-edges of the vehicle. 
 
 
 
4.2 Contributions 
 
Considering similar studies available in the literature, the following original contributions have 
been introduced in this thesis: 
 

• An enhancement of an in-house developed three-dimensional N-S solver with 
velocity slip and temperature jump boundary conditions. At the time of 
modifying the aforementioned solver only two-dimensional analytical 
implementations of the velocity slip and temperature jump boundary conditions 
described were found in the literature. A three-dimensional implementation was not 
straightforward due to numerical difficulties introduced by the complex geometries 
examined. A methodology of how to counter this shortcoming has been presented 
and results were compared with those obtained from the DSMC method. A very good 
has been evidenced for all simulated cases. 
 

• The ability of the DSMC method to provide high quality flows for stability 
analysis has been demonstrated. A notable contribution of this thesis concerns the 
capability of DSMC to provide base flows for stability analysis. Despite the 
statistical nature of DSMC and the underlying statistical fluctuations it has been 
shown in this work that the method is capable to produce highly accurate base flows 
for stability analysis. Different approaches on how to limit the statistical noise 
documented and comparisons have been made with smoothed and unsmoothed data. 
To the authors knowledge, it’s also the first time the ability of a Stack Autoencoder 
Neural Network to smooth flow data is presented. Base flows provided by the DSMC 
method were also used in data-driven stability analysis methods and revealed 
interesting physical phenomena for the geometries examined in this thesis. 

 
 

• Velocity distribution functions inside shocks were documented. Due to the ability 
of the DSMC to fully analyze the internal structure of shock waves, velocity 
distribution functions of the particles inside shocks were calculated. It was found 
that inside a shock wave or in highly non-equilibrium areas the fluid particles don’t 
follow the well-known Maxwellian distribution but their velocities approach a 
bimodal distribution.  

• Shock-shock interaction with and without chemistry and the resulting flow 
oscillations have been quantified. A Mach 10 flow around a roughness element has 
been studied and was shown that by taking into account the chemical reactions 
occurring at the examined conditions flow oscillations originating from a shock-
shock interaction can be maintained and propagate downstream. The dominant 
frequency of the oscillation was measured by applying FFT to the simulation data 
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and was found to be close with the frequency of oscillations inside shocks found in 
the literature [Saw21]. 
 

• The influence of a cylindrical roughness element in a Mach 6 flow was 
investigated. The influence of a cylindrical roughness element embedded in the 
boundary layer of a hypersonic Mach 6 flow was studied. In this test case several 
flow planes behind the roughness element were extracted and a structure comprising 
of 2 vortex pairs was revealed behind the roughness element. Furthermore, for the 
examined flow conditions a curved shock was generated from the roughness element 
although it was inside the boundary layer. The aforementioned flow structure was 
growing downstream and its growth was defined by the shock location at each 
examined flow plane. Stability analysis was conducted to the plane closer to the 
roughness element and the different parts of the structure were analyzed and their 
contribution to the flow eigenfunctions was quantified. 
 

• Data-driven stability analysis techniques are applied to three-dimensional 
DSMC data. By using a complex re-entry vehicle geometry and flow conditions 
occurring at 90 km altitude DMD has been applied to three-dimensional DSMC data. 
The data were collected during a DSMC run, but were not averaged, and then fed to 
a DMD code in order to reveal any underlying three-dimensional structures that 
could lead to transition. The results were also analyzed using the residuals algorithm 
and compared with the DMD method. It was found that in that flow two modes 
existed one below the surface of the vehicle and one in the wake of the vehicle. 
 

• A Mach 7 waverider has been designed and simulated in highly rarefied flow 
conditions. In this thesis the design methodology of a Mach 7 waverider operating 
at 90 km altitude has been presented. Unlike other waverider configurations found 
in literature this specific waverider was designed for high altitude flight in rarefied 
atmosphere. Despite the rarefied environment the proposed geometry has a lift to 
drag ratio of 2.18 which is similar to waveriders designed for lower altitudes and 
dense environments.  

 
 
 
4.3 Future work 
 
Besides the previously described work, future extension of the presented cases includes the 
following: 
 

• Examine different shapes of roughness elements and quantifying the impact each 
different shape has to the flow. 
 

• Examine the impact of the location of the roughness element and the shock-shock 
interactions of the flow field. 
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• Compare different chemical models and quantifying the impact each chemical model 
has to the stability of the flow.  
 

• Study the impact of chemistry to the flow stability in different geometry 
configurations such as cylinders and spheres.  
 

• Simulate the proposed waverider configuration in off-design conditions and examine 
the ability of the vehicle to fly at velocities that are different than the ones taken into 
account during the design phase. 
 

• Coupling the geometries of waveriders designed at different conditions to a single 
vehicle geometry and study the aerodynamic characteristics of the hybrid vehicle. 
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