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Abstract

Localization technologies are essential for applications ranging from asset
tracking to navigation systems. This study explores minimizing Bluetooth
Low Energy (BLE) multi-antenna receivers (locators) to reduce energy con-
sumption, hardware usage, and installation costs. It introduces a hyperbolic
localization technique based on phase differences, using linear approxima-
tions of hyperbolas to calculate 3D direction of arrival (DoA) and estimate
BLE tag positions. On a single locator, DoA estimation achieves a Mean
Absolute Error (MAE) under 10° for azimuth and under 7° for elevation.
However, a single locator cannot determine the tag’s position due to system
limitations. Therefore, the study explores using multiple locators. On mul-
tiple locators, the proposed localization method can enhance the prior art
localization method, reducing the MAE of localization error by 10%.

The work also compares Radio Frequency Identification (RFID) and BLE
for tag localization accuracy under static conditions. While the hyperbolic
localization technique is effective, it is sensitive to multipath noise. BLE’s
spatial and frequency diversity mitigate multipath issues, achieving a 3D
localization MAE of 30 cm for the topology with high coverage and 80 cm for
the topology with low coverage. In contrast, RFID, lacking such diversity,
results in a 3D localization MAE of 1.2 m for the second topology. This
comparison suggests developing new algorithms for consistent results across
both technologies and the potential for merging BLE and RFID into a single
tag to minimize energy consumption and enhance localization accuracy.

To further minimize BLE locators, neural networks were employed. Rec-
ognizing BLE single position measurements as sequential data, Recurrent
Neural Networks (RNNs) were utilized, achieving a 2D localization MAE of

30 cm with a single locator, a challenge unsolvable by deterministic methods.
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Chapter 1

Introduction

Wireless communication technologies have fundamentally transformed our
daily interactions with devices and systems. From the widespread use of
smartphones to the networked devices in smart homes, the capability to
transmit data wirelessly has unlocked numerous applications that boost con-
venience, efficiency, and functionality. One particularly significant applica-
tion is indoor localization, which has become increasingly important due to
the demand for precise location tracking in environments where GPS signals
are inadequate.

Phase-based indoor localization has attracted significant interest within
the wireless research community, given its crucial role in a wide array of ap-
plications, including asset tracking, navigation, and location-based services.
These applications demand systems characterized by high accuracy and low
power consumption. Among the plethora of technologies available for phase-
based indoor positioning, Bluetooth Low Energy (BLE) and Radio-Frequency
Identification (RFID) have emerged as favored options.

Different categories of tags (active/battery-operated, semi-passive /battery-
assisted, or passive/batteryless) find many applications across different in-
dustries due to their unique capabilities, such as real-time tracking and moni-
toring. These tags are used in healthcare and medical applications, retail and
inventory management, supply chain logistics, and smart packaging. These
applications share the common need for indoor localization and require accu-
rate estimation of the tag’s location to acquire information about the item’s

whereabouts or the path it may follow.
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1.1 Bluetooth Low Energy (BLE) Protocol

Bluetooth Low Energy (BLE) is a wireless communication protocol designed
for short-range communication with an emphasis on low power consumption,
introduced as part of the Bluetooth 4.0 specification in 2010 [1]. BLE oper-
ates in the 2.4 GHz ISM band and utilizes frequency hopping to minimize
interference and enhance communication reliability.

Bluetooth Low Energy is structured as a protocol, functioning as a rule-
book that devices must adhere to in order to communicate or exchange infor-
mation efficiently and reliably. A protocol’s general functionality is broken
down into smaller, specialized protocols, each responsible for a specific role.
These smaller protocols are organized into a layered architecture known as a
protocol stack or protocol suite.

The BLE protocol stack is broadly divided into three primary compo-
nents or subsystems: application, host, and controller. Each of these blocks
contains distinct layers that handle various aspects of BLE communication.

The main layers in the BLE protocol stack include:

e The Physical Layer: This layer handles the radio transmission and
reception of raw bitstreams over the air. It defines the modulation and
demodulation techniques, frequency channels, and power levels used

for communication.

e The Link Layer: Responsible for establishing and maintaining the
physical link between devices. It manages the device’s roles, connection

establishment, advertising, scanning, and data packet handling.

e The Host Controller Interface (HCI): This layer acts as a stan-
dardized interface between the host and controller, enabling communi-
cation between the higher layers of the host stack and the lower layers

of the controller stack.

e The Logical Link Control and Adaptation Protocol (L2CAP):
This layer facilitates the multiplexing of data between different higher
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layer protocols. It handles the segmentation and reassembly of large

data packets and provides quality of service (QoS) features.

e Attribute Protocol (ATT): Defines how data is organized and ac-
cessed in a BLE device. It provides a framework for defining attributes,

which are used to represent data and services.

e Generic Attribute Profile (GATT): Built on top of ATT, GATT
specifies how data is structured, discovered, and accessed in a BLE de-
vice. It defines standard profiles and services, enabling interoperability

between devices from different manufacturers.

e Generic Access Profile (GAP): Manages the device’s advertise-
ment, discovery, connection, and security procedures. GAP defines the
roles that devices can adopt (e.g., central, peripheral, observer, broad-
caster) and the procedures for establishing connections and exchanging
data.

The BLE architecture is based on a master-slave configuration, where the
master device (central) can connect to multiple slave devices (peripherals).
BLE communication is structured around two main processes: advertising

and scanning.

e Advertising: In this process, peripheral devices broadcast packets
containing information about their capabilities and available services.
These packets are sent on predefined advertising channels. The adver-
tising process is crucial for the discovery phase, where devices announce

their presence and readiness to connect.

e Scanning: Central devices scan for these advertising packets to dis-
cover nearby peripherals. Once an advertising packet is detected, the
central device can initiate a connection request. Upon acceptance, a

connection is established, allowing for data exchange.

After establishing a connection, data transfer between the central and pe-

ripheral devices occurs primarily using the GATT protocol. GATT organizes
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data into a hierarchical structure composed of services and characteristics,

making it easy to discover, access, and manage data efficiently.

1.1.1 Constant Tone Extension (CTE)

The Constant Tone Extension (CTE) is designed to improve direction finding
and localization accuracy [2]. CTE is a type of continuous wave that consists
solely of a series of symbols, each representing binary 1. Although the CTE
is a simple continuous wave, with a variable length of 16 us to 160 ps, it is
divided into specific periods. The first 4 us of the CTE is called the guard
period, followed by an 8 us reference period. After the reference period,
the CTE consists of a sequence of alternating switch slots and sample slots,
each either 1 us or 2 us long, as specified by the application. The 2-us slots
allow the use of a cheaper RF switch between the antennas that has a longer
transition time. The 1-us slots enable sampling each antenna multiple times,

which can help reduce the effect of noise and improve accuracy.

AoA transmit

Continuous transmission

AoA receive: 1 ps switching and sampling slots

[[ Gua(r: pe)riod Refer(:gce $eri0d st | Smpt | | smp | S| S | S| Srpl s sl s s
Hs HS L] B | ° 7

SO e OO0 00000 e e e e e C e

AoA receive: 2 ps switching and sampling slots

{ Guard period Reference period Switch | Sample | Switch | Sample Switch Sample

’ (4 ps) (8 us) slot slot 1 slot slot 2 see slot slot 37

oo 0 0000000 Ce e OO0 e

Figure 1.1: Sampling of CTE.

Once a CTE has started, the radio samples the In-phase (I) and Quadra-
ture (Q) components of the baseband signal at its native sample rate. The
samples are then downsampled to a 1 sample/us rate. The first 4 samples
(taken during the guard period) are discarded, and the next 8 samples (taken
during the reference period) are stored in the sample buffer. Subsequently,

every sample taken during switching slots is discarded, and every sample
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taken during sample slots is stored in the sample buffer. In the case of 2-
us slots, only one sample is kept for each sample slot. This procedure is
illustrated in Fig. 1.1.

Antenna Switching

The goal of CTE is to sample the same continuous wave on different anten-
nas. Since the radio can only sample one antenna at a time, an RF path
switching network must be created among the antennas [2]. The antenna
switching pattern, which is the order of addressing the different antennas,
can be set using the CTE Receiver and CTE Transmitter Bluetooth APIs.
The switching pattern can have any length between 1 and 35. It is repeated
over the CTE time period; once the end of the pattern is reached, it starts
over and repeats until the end of the CTE signal. Note that the first switch
happens after the reference period, meaning that the first antenna in the

pattern will be sampled 8 times.

Phase Compensation

Ideally, all antennas should be sampled simultaneously to easily calculate the
phase difference between them. However, this is not possible with a single
radio. The only way to sample more than one antenna is time division, which
results in a time shift in sampling.

Although the incoming signal is mixed and downsampled by the radio
such that the central frequency of the channel corresponds to a DC signal in
the baseband, the CTE will not have zero frequency in the baseband because
oscillators are not always perfectly tuned, resulting in an offset between the
ideal carrier frequency and the actual carrier frequency.

Since the reference samples are taken on the same antenna, they can be
used to measure the actual phase shift over a 1-us period. This can be done
either by averaging the phase differences between the first 8 samples or by
applying a median filter on those phase differences. Once a phase shift for
1 ws is calculated, this value should be multiplied and used to compensate

for the phase shift between samples after the reference period due to the
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non-sampled switching slots.

1.2 RFID Gen2 Protocol

The RFID Gen2 protocol, also known as EPCglobal Class 1 Generation 2, is a
standard for UHF (Ultra High Frequency) RFID communication established
by the EPCglobal consortium [3].

RFID (Radio-Frequency Identification) systems consist of readers and
tags. Readers, also called interrogators, send out radio waves to communicate
with tags. Tags, which are attached to objects, respond with their stored data
when they receive these signals. The communication between the reader and
the tag in the Gen2 protocol is based on backscatter modulation, where the
tag reflects the reader’s signal to transmit its information.

RFID tags are typically passive, meaning they do not have an internal
power source. Instead, they harvest energy from the radio waves emitted
by the reader. This harvested energy powers the tag, enabling it to re-
spond. Each RFID tag is equipped with an antenna that can toggle between
two states, Zp and Z;. In the low state (Zp), the antenna operates as an
open-circuit, maximizing its reflection coefficient to backscatter the signal to
the receiver. In the high state (Z;),“perfect” matching occurs, setting the
reflection coefficient to zero and maximizing power transfer for RF energy
harvesting, where the tag absorbs energy from the signal.

Some of the operations that Gen2 RFID protocol can perform are:

e Inventory Process: The Gen2 protocol starts with an inventory pro-
cess where the reader identifies tags within its range. The reader
transmits a continuous wave (CW) signal to power up the tags and
then sends a QUERY command. This command initiates the inven-
tory round by setting parameters such as the tag data rate and the
number of slots in the framed slotted Aloha (FSA) algorithm.

e Framed Slotted Aloha (FSA) Algorithm: This algorithm helps
manage multiple tag responses and reduce collisions. The QUERY

command defines the number of slots available for tag responses. Each
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tag randomly selects a slot to respond with a 16-bit random number
(RN16). If a tag’s chosen slot is collision-free, it sends the RN16 back

to the reader.

e Tag Identification: Upon receiving the RN16, the reader responds
with an acknowledgment (ACK) containing the RN16, confirming suc-
cessful communication. The tag then transmits its unique identifier,
the Electronic Product Code (EPC), which is typically 96 bits long.
This EPC identifies the tag and the object it is attached to.

1.3 Localization Prior Art

Phase measurements [4] inherently introduce ambiguity in distance estima-
tion, typically measured in multiples of the wavelength (for one-way wireless
communication) or half-wavelength (for round-trip backscatter communica-
tion). This ambiguity can be addressed through various means, such as lever-
aging multiple wavelengths and increased bandwidth [5], or by incorporating
mobility, which involves taking measurements at multiple positions with ei-
ther the tags in motion [6, 7], where neural networks are also deployed in the
latter case, or the reader in motion [8-11]. In the case of RFID reader mobil-
ity, additional challenges arise, including the need to estimate or determine
the reader’s location beforehand [12].

Research utilizing CSI-methods [13], [14] and DoA methods [15] leverage
the 80 MHz bandwidth of BLE to deliver impressive localization results.
However, energy consumption limitations can pose challenges for large-scale
applications. Alongside large-scale deployment, maintainability throughout
the life cycle of BLE beacon systems becomes a critical evaluation criterion,
encompassing deployment, battery replacement, repairs, and more. In [16],
the authors propose batteryless BLE tags utilizing energy harvesting as a
solution.

Even though excessive bandwidth can yield impressive localization re-
sults, Gen2 RFID operation (e.g., in European UHF ISM bands) is not com-

patible with such bandwidth requirements. Nevertheless, this challenge can
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be addressed using alternative methods. Research conducted in [12], [17],
[18] utilizes a particle filtering method to facilitate 2D/3D tag localization
while [19] improves upon that by introducing a different distance metric of
each particle-measurement phase pair, based on geometry arguments, which
is more robust to phase measurement noise (e.g., due to multipath) compared
to other phase-based localization methods. Moreover, research has explored
DoA estimation and localization techniques [20], [21], with the latter employ-
ing a bistatic/multistatic Gen2 RFID architecture. Finally, recent research
integrates stereo vision, RFID, and BLE to identify individuals within groups

in complex outdoor environments [22].

1.4 Equipment

Regarding the Bluetooth receiving equipment, one ore more ADVEOS ADV361
8-element BLE 5.1 locators were employed, as depicted in Fig. 1.2a. The re-
ceived signal is sampled with each antenna, resulting in the same unknown
random phase of the tag ¢ across all antennas. Furthermore, the additional
phase due to cabling ¢. remains consistent across all antennas due to the
construction of the locator. BLE utilizes a total of 40 channels, each with a
bandwidth of 2 MHz, resulting in a cumulative bandwidth of 80 MHz span-
ning from 2.402 GHz to 2.480 GHz. Out of these, 3 channels are dedicated to
advertising, while the remaining 37 are for transmitting data packets. How-
ever, the BLE waveform utilizes only 1 MHz bandwidth within each channel.
As a result, each received packet has a different carrier wavelength, allowing
this uniqueness to be leveraged to estimate the position of the tag with better
accuracy.

Regarding the RFID equipment, the Impinj Speedway R420 RFID reader
was employed, Fig. 1.2b, along with a total of six FlexiRay SF-2110 5 dBi
antennas. Finally, the BLE tag that came with the locators and the Alien
ALN-9540 (Higgs-2) RFID tag were utilized, depicted in Fig. 1.3.

A Turtlebot2 platform, Fig. 1.4a, was used to precisely collect BLE mea-
surement of grid positions, used to train the Neural Networks in Chapter 5.

The TurtleBot2 is a popular, low-cost robot kit with open-source software,
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S5 " (b) Impinj Speedway R420 RFID
(a) ADVEOS ADV361 Locator. Reader.

Figure 1.3: BLE and RFID Tags.

commonly used for education and research purposes.

The TurtleBot2 is renowned for its modular design, allowing users to
easily customize and extend the robot by adding or removing components
to suit specific needs. Its affordability makes it accessible to a wide range of
users, from students to researchers. A significant advantage of the TurtleBot2
is its reliance on open-source software, particularly the Robot Operating
System (ROS), which facilitates extensive customization and development.
Additionally, the strong community support surrounding TurtleBot2 means
that users can benefit from shared knowledge, resources, and continuous

improvements contributed by other developers.
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The core components of the TurtleBot2 include the Kobuki Base, which
provides mobility and basic sensor capabilities. A key feature of this base is
its built-in rechargeable battery, which powers the entire robot. The Turtle-
Bot2 3D sensor, enabling the robot to perceive its environment in three di-
mensions. This is complemented by a netbook or single-board computer, such
as a Raspberry Pi, which handles data processing and runs the necessary soft-
ware. The robot also includes customizable mounting plates, allowing users
to easily add additional sensors, cameras, or other hardware components to
enhance its functionality. These elements together make the TurtleBot2 a
versatile and powerful platform for a variety of robotics applications.

For distance measurement and environmental mapping, our robotic sys-
tem employs a Hokuyo UST-20LX, a sensor that operates based on Light
Detection and Ranging (LiDAR) technology, Fig. 1.4b.

(a) The Default Configuration of the
Turtlebot2 Platform. (b) Hokuyo UST-20LX Sensor.

Figure 1.4: Equipment for Collecting Neural Network Datasets.
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Chapter 2
Single Locator

2.1 Hyperbolas

Definition 1. A hyperbola is the set of all points (x,y) in a plane such that
the absolute difference of the distances between (z,y) and two fized points,

called the foct, is a positive constant.

The equation of a hyperbola depends on the position of its foci. The

general form of the equation of a hyperbola is:

L
a2 b2

If the two foci are not aligned along the x-axis, a rotation matrix should

(2.1)

Y

be applied.

sinf cos0

R(O) = [COS@ —Siﬂ@] | (2.2)

where 6 is the angle of the counterclockwise rotation required to align the
x-axis with the line defined by the two foci. For the entirety of this work, the
hyperbola is rotated by 8 = 90°, necessitating the application of the rotation

matrix to determine the new axes

0 -1 —
= = y (2.3)
Y 1 0 Y T

v _r (2.4)

However, this hyperbola has its center at the point O(0, 0). The equation
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of the hyperbola with its center at the point P(xq, yo) is given by

(y — ) (z—x)? —1, (2.5)

a? b2

Figure 2.1: Definition of Hyperbola Parameters.

As depicted in Fig.2.1, let a point T'(z, y) lie on the hyperbola and d;, d
be the distance of this point and the 2 foci, at points A(—c, 0) and B(c, 0),
respectively. Then the parameters of the hyperbola are defined as

e 20 = |d1—d2|

e 2¢c = ||A — B||2, the distance of points A, B

o b=+/c?2 —qa?
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2.1.1 Mathematical Proof of Hyperbolas

A BLE tag at position 7 = [Ttag, Ytag]T transmits a BLE packet with CTE
extension using different carrier frequencies f(@. These transmissions occur
with an unknown random phase ¢y. Upon reception at the locator’s location

(xR), the received signal is subject to a time delay of

(2.6)

where d 2 |ltr — xr||2 is the Euclidean distance between the locator and

the tag, c is the speed of light, and A is the carrier wavelength. In the case

of no multipath and only line-of-sight (LoS) propagation, this is equivalent
to a signal received at the locator with a phase of
(i) dy

o — 2w VT = g — QWW. (2.7)

In the case of multipath between the reader and the tag, the (one-way)

flat fading channel can be expressed as follows:

N’,’L
h = age ko 4 e Ikds 2.8
ERAEDY 2
direct path '™
multipath
N
= age PP [ 1+ Z %efjk(dz'*do) (2.9)
T/ — g
0 N\ J
o,
= hohm,, (2.10)

Here, d; represents the length of the i-th propagation path (out of N,,), which
depends on the locations of the reflectors, as well as the positions of the
reader and the tag. Additionally, the complex coefficients a;, ¢ € 1,..., N,,
depend on space geometry, reflector dielectric constants, and antenna gains.

Consequently, the phase of the one-way propagation channel h (i.e., from the
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tag to the locator) follows:

27Td0

Pprop = Lh = — Q)

+ LR, (2.11)

where Zh,, represents the phase introduced by multipath effects. Addition-
ally, there are further delays due to cabling (resulting in a constant phase

®c), as well as phase noise ¢,, at the locator’s receiver chain:

¢R = ¢0 + ¢prop + ¢c + ¢n7

2md
=~ + G0+ Do+ L+ b,
AD o ——
27Td0
= —W+9+¢n. (2.12)

Receivers typically report a value in the range [—m, 7) or [0,27). Thus,

the measured phase is:

queas - ¢R mod 27T> (213)
1 2md
e + 0 mod 27 + ¢, mod 27| mod 2,
2\@) \qf_/ \ ,
6 b,
[ 27d, "
= —% mod 27 + 6 + &, | mod 2r. (2.14)

Theorem 1. [23, 24] Assuming two antennas A and B located along the
same line, if the distance 9, between the two receiving antennas is such that
dx < A, then a unique constant distance difference |da — dp|, where dy and
dp represent the Fuclidean distances between the tag and antennas A and B

respectively, can be determined, regardless of the tag’s location.

Proof. Two antennas denoted as A and B, depicted in Fig.2.2, are considered.

Ya+ B) mod v = [(a mod 7) + (8 mod ~)] mod ~.
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Their phases are represented as ¢4 and ¢p, respectively, following Eq.2.14:

d d
ba = <—127r) mod 27 and ¢p = <—227r) mod 27 (2.15)

A A
Thus,
Tag
d,
d,
A B
Figure 2.2: Antennas and Tag.
ha = <%27r) mod 27
— (Mgﬂ) mod 27
A
dy —d

= <X227T—|— L 3 227?) mod 27

2 d dy —d

= <(X227T) mod 27r+< L 3 2277) mod 27T> mod 27

= <¢B + <d1 ;dz 27?) mod 27T> mod 27

From the triangular inequality in the triangle defined by the two antennas
and the tag, it is observed that ||d; — da| < d..

2(a+ B) mod 7 = [(a mod «) + (B mod )] mod 7.



2.1. Hyperbolas

Suppose that d, < A and d; > dy. Then

dy — do

O<di—do< A = 0< 2 < 27

So,

Oa = (¢B + (dl ; d 27r) mod 2%) mod 27

dy —d
:(¢B+ 1)\ 227r> mod 27

dy — do

A

= P4 — ¢ =

= ¢p + 21 = ¢pu + 2k7

dy —d
! 2om — 2km

Since 0 < ¢4, ¢p < 2w, two cases need to be checked. If ¢4 > ¢p then

dy —d
0<a—op<2r=0< 1A 291 — 2k < 27 = [k = 0]
Else if ¢4 < ¢p then

di —d
=21 < ¢Pa—¢p<0= 21 < 1)\ 227?—2k7r<():>

The case of dy < dy needs to be examined. Then

dy — dy

“A<di —dy <0 = 21 < 2r <0

So,

di —d
¢A=(¢B+( 1)\ 227r> mod 27r) mod 27

di —d
=(¢B+ ! 227?—1—%) mod 27

A
dy — do

A

= o4 — ¢ =

= ¢p + 2T = ¢ + 2km

dy —d
! 2om — 2km
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If 4 > ¢ then
di — ds
0<gu—odp<2r=0< o — 2km < 21 = |k = —1]
Else if ¢A < ¢B then
dy — dsy
2T <¢pa—¢pp<0=> 21 < 3 27r—2k:7r<0:>
It can now be concluded that
dy —d
1A 2om .dy > dy and ¢4 > bp
dy —d
L on—21r ,dy>dy and ¢4 < ép
Ap=¢a—op = (2.16)
dy —d
! S 2o+ 21 ,dy < dy and ¢4 > ép
dy —d
1A 2o dy < dy and ¢4 < dp
\
One can now solve for d; — dy and conclude that
04— %8 Jdi > dy and ¢4 >
2m
QMQ;WQSBHA Jdi > dy and ¢4 < d
dy — dy = (2.17)
PAZOBN N\ 4 < dyand by > op
2m
%A (i < dy and ¢4 < 6
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2.1.2 Linear Approximation of Hyperbolas

Tag
B
X X
—0.04 -0.03 -0.02 —0.01 0.01 0.02 0.03 0.04
=0.1
-0.2
(a) Antennas Distance = 5 cm.
0.4
03
Tag
0.2
0.1
A B
AV4 AV4
006 -6d5 -0.04 -003 -002 -0.01 001 002 003 004 005 0.06
-0
~0.2

(b) Antennas Distance = 10 cm.

Figure 2.3: Linear Approximation of Hyperbolas for Different Antenna Dis-
tances.

As mentioned before in Section2.1 a constant distance difference can be

translated into a hyperbola equation because all the parameters are defined.

Theorem 2. If the distance between the two foci of a hyperbola is small,

then the asymptotic line provides a good approrimation of the hyperbola.

The latter can be visualized in Fig.2.3, where the two foci were at dis-
tances of 5 and 10 cm. This implies that we can utilize the asymptotic lines

of the hyperbolas to simplify the model. For the hyperbola defined by Eq.2.5,
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the asymptotic lines are expressed as:
a
Y—yo= ig(ﬂf — Zo), (2.18)

where P(xq, yo) represents the center of the hyperbola, and a and b are the

previously calculated parameters of the hyperbola.

2.1.3 2D Simulation Results

1.2 1.2
* Antennas * Antennas
11| = Tag 11t ¢ Tag
—Asymptotic 1,3 —Asymptotic 1,3
0.8 —Asymptotic 1,2 08 —Asymptotic 1,2
"7 | |—Asymptotic 2,3 " | |—Asymptotic 2,3
—~ 0.6 —~ 0.6
£ E
> 04 > 04
0.2 0.2
0 0
-0.2 -0.2
-0.2 0 0.2 0.4 0.6 0.8 -0.2 0 0.2 0.4 0.6 0.8
x(m) x(m)
(a) Intersection Without Noise. (b) Intersection With Noise.

Figure 2.4: Tag’s Estimated Position.

If more antennas are deployed under the condition 6, < A, and in a
noise-free environment, the tag’s position can be estimated as the common
intersection of the hyperbolas, as depicted in Fig.2.4a. However, in real-
world noisy environments, finding an accurate estimate becomes challenging
due to the doubled noise variance introduced by deploying phase differences.
Moreover, when the antennas’ pairs are in close proximity, even a slight
change in the slope of the lines can lead to intersections very close to the
antennas, as depicted in Fig.2.4b. Consequently, this method is not reliable

in such scenarios.
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2.1.4 2D Experimental Results

The setup for this experiment requires a single stationary locator and a BLE
tag mounted on a stand, rotating around the locator from —75° to 75°. To
measure the change of 5° at each position, a printed protractor is used. The
tag maintains a constant distance from the locator throughout the rotation.
To achieve this, the edges of a 1 m rope are glued to the locator and the

stand, as depicted in Fig. 2.5.

(a) Front View of the Setup.

(b) Back View of the Setup.

Figure 2.5: Experimental Setup of Hyperbolas Intersection with One Locator.
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The simulation results can be replicated and validated by the experimen-
tal findings. In this scenario, obtaining a position estimate is challenging, as
illustrated in Fig.2.6

157 15
¢ Antennas
11 * Tag 1
—Asymptotic 1,3
05" —Asymptotic 1,2 05
—Asymptotic 2,3
E o E o
> >
* Antennas
-0.5 0.5 + Tag
—Asymptotic 1,3
At -1 —Asymptotic 1,2
—Asymptotic 2,3
-1.5 -1.5 : : : : ‘
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x(m) x(m)
(a) Tag to the Left of the Locator. (b) Tag to the Right of the Locator.

Figure 2.6: Inability to Determine the Tag’s Position.

2.2 Direction of Arrival (DoA)

Definition 2. Direction of Arrival (DoA) refers to the angle at which a prop-
agating wavefront, such as a radio, sound, or electromagnetic wave, arrives

at a receiving sensor or antenna array.

Determining the DoA is crucial in various applications including radar,
sonar, wireless communications, and signal processing, as it allows for the

localization and tracking of the source of the wavefront.

2.2.1 DoA Estimation Methods

Some of the techniques used to determine the DoA of a signal will be sum-

marized later [25].
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Figure 2.7: Calculate the AoA.

The trivial solution

Assume the use of two receiver antennas as depicted in Fig. 2.7. If the
incoming signal hits these antennas at an angle, it results in a phase difference
(A¢) because the wavefront propagates at the speed of light (¢) and takes
more time to reach the farther antenna. This phase shift can be translated

into the distance between the wavefront and the farther antenna:
A
D= A¢p— (2.19)
21

If the receivers are far enough from the transmitter, it can be assumed that

they are in the far field of the transmitter.

Definition 3. The far field, also known as the Fraunhofer region, is the
region of the electromagnetic field surrounding an antenna or scattering object
where the angular field distribution is essentially independent of the distance

from the source.

In this region, electromagnetic waves are assumed to propagate in parallel,
and the wavefronts are approximately planar. In this case, the angle of

the received signal can be determined using trigonometric functions and the
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previously calculated distance D:

0 = arccos (%) : (2.20)

where d is the distance between the antennas.

Classical Beamformer

Beamforming is a technique utilized to enhance the signal-to-noise ratio
(SNR) of received signals, eliminate undesirable interference sources, and
concentrate transmitted signals on specific locations. The classical or con-
ventional beamformer method, also known as the delay-and-sum method or
Bartlett method, is commonly employed.

Consider an Uniform Linear Array (ULA) consisting of M elements. A(6)

represents the steering of the antenna array:

A6) = [1 exp (j%d;m(e)) e (j27r(M —Al)dsin(e)) T(;'Ql)

where d is the distance between adjacent antennas, A is the wavelength of

the signal, and 6 represents the angle of arrival (AoA). The receiving signal

as a function of time ¢ is given by:
x = A(0)s(t) + n(t), (2.22)

where s is the transmitted signal and n is the additive noise. The covariance

matrix of the received signal can be approximated using Eq.2.22 as:

1 N

where N is the total time samples of the receiving signal and H represents

the Hermitian transpose of a matrix. The objective of classical beamforming
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is to maximize the output power as a function of the angle:
Pclassical(e) = A(Q)R$IA<9)H (224)

The direction that produces the highest output power is the estimate of the

desired signal’s direction.

Multiple Signal Classification (MUSIC)

The fundamental concept behind the MUSIC algorithm [26] is to perform
eigenvalue decomposition on the covariance matrix R, of the array output
data:

Rex = VUV (2.25)

where U is a diagonal matrix containing the eigenvalues and V' contains the
corresponding eigenvectors of R,,. The objective function that needs to be

maximized is:
1

Pavsic(6) = AO)WVVHAG)H

(2.26)

2.2.2 Hyperbolas DoA Estimation

The Hyperbolas Direction of Arrival (DoA) estimation technique relies on
the mathematical proof outlined in Section 2.1.1. According to Theorem 2,
when the antennas are sufficiently close, the asymptotic lines of the hyperbola
offer highly accurate approximations. Hence, determining the DoA entails
computing the slope of the asymptotic line. As previously demonstrated, the

equation of the asymptotic line is given by:
a
Y=o =5~ 1) (2.27)
meaning that the slope of this line is:

slope = j:% (2.28)
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The default sign for the slope can be set to negative (—) since in Eq.2.17,
the value of d; — ds can be either positive or negative. Additionally, because
the calculation of the parameter b depends on a?, ¢?, the sign of a can be
disregarded. However, utilizing the parameter a with its sign to determine
the slope of the asymptotic line can ascertain the correct sign for the slope.

Thus, the equation for parameter a and the slope is updated as follows:

dy — d
a=——=2= and slope = e (2.29)
2 b
To ascertain the DoA/AoA, the angle corresponding to this slope estimate

must be computed using trigonometric functions:

w = arctan(slope) = arctan (—%) . (2.30)

2.2.3 Comparison of Methods

It can be proved that 3D DoA can be estimated using the method of hy-
perbolas and shapes of revolution. Briefly, the hyperbolas method needs to
be applied to two pairs of antennas, one at y-axis and one at z-axis. The
complete proof can be found in Section 3.2 in the next chapter.

The DoA estimation method using hyperbolas should be compared to
an existing DoA estimation method known for its high accuracy. One such
method is the MUSIC algorithm. As shown in Fig. 2.8a, the azimuth esti-
mates from the hyperbolas method are very close to those from the MUSIC
algorithm, both being under 10° with a difference of only 2°. On the other
hand, the elevation estimates exhibit a slightly different behavior; both algo-
rithms result in a mean absolute error (MAE) under 8°, with the hyperbolas
method having a slight advantage, as depicted in Fig. 2.8b.

Both algorithms produce excellent results. However, it is important to
note that the high sensitivity of the hyperbolas method to noise can lead
to slightly higher errors compared to the MUSIC algorithm, which is less
sensitive to noise. The full results for the DoA estimation are summarized
in Table 2.1.
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MAE azimuth MAE elevation
20
/2] 0
§ 19 3
50 1 5 1 4
= L =
T o 5
0 0
MUSIC Hyperbolas MUSIC Hyperbolas
(a) MAE of Azimuth Estimation. (b) MAE of Elevation Estimation.
Figure 2.8: MAE of DoA Estimation.
Measurements MAE (degrees)
Azimuth Elevation
MUSIC | Hyperbolas | MUSIC | Hyperbolas
Raw 12.32 12.29 11.88 12
Buffered 7.33 9.53 7.45 6.66
RMSE (degrees)
Azimuth Elevation
MUSIC | Hyperbolas | MUSIC | Hyperbolas
Raw 21.97 21.51 20.84 17.15
Buffered 12.78 16 13.53 9.32

Table 2.1: DoA Comparison Results.

2.3 Localization Method

In the previous section, a proof was presented demonstrating that position
estimates of a tag using a single locator are not reliable, but a good DoA
estimation was provided. The objective of this section is to determine the
distance between the tag and the locator and combine it with the previously
calculated DoA line to derive an estimate of the tag’s position. Below, a

mathematical proof of distance estimation is provided.
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2.3.1 Mathematical Proof of Distance Estimation

Measurements obtained only from one antenna at various frequencies (each
BLE packet corresponds to a different carrier frequency). Given the sta-
tionary nature of both the tag and the antenna, the distance between them
remains constant over time. The phase of the received signal at the antenna,
corresponding to frequencies f; and fy (with fo > f1), denoted as ¢; and ¢
respectively, follows the Eq.2.14

2 2
01 = 2md mod 27 and ¢ = 2md mod 27 (2.31)
)\1 >\2
Thus,
2md
< /7\2 > mod 27
2md 27rd 2md
d?2
( /\2 " ) mod 27
21 2 27Td
( )\1)\2 )\1 ) mod 27
2rd(A 2rd
2 [( il )\11)\2 ) mod 27 + ( ;\Tl ) mod 27T:| mod 27
2md Al mod 27 + ¢, mod 27
/\1>\2
2rd(A — A
It needs to be checked if m = % € [0, 2m).
1A2
For Ay > Xa=m >0
m < 2r = %M < 2
A1 A2

= d()\l — /\2) < )\1)\2

C2
NN HR €
N—d f-% BT

=d<

3(a+b) mod 27 = (@ mod 27 +b mod 27) mod 27
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c + 3-108 150
d< -2 = 200 2%
Af  2-w-106 w

For d < d,, 4z

_Sdmaxiw*:

150 150
w

dmax

The results can be summarized by this equation:

Oy = {(27TdAf) mod 27 + <Z>11 mod 27

C

2md - w
= {( 150 ) mod 27r+¢1] mod 27

If w < w* then m € [0, 2)

2mdw
¢r=<f@ +¢O mod 27

2mdw
= 2 7
150 + ¢ + 2km, k €

2mdw
150

= Ap=¢s— 1 = + 2k

Since 0 < ¢1, §Z§2 <2m. If d)Q > QZ51 then

0<py— o1 <27
2mdw
150
=k=0

=0< + 2km < 27

Else if gbg < ¢1 then

4w: frequencies index difference

(2.32)

(2.33)
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So,
150A
9 ¢ 7¢2 > gbl
w
d= (2.34)

150A 150
¢ + o P2 < O

2mw

If w > w* then m > 27

150
2md
:< m w+¢1) mod 27

2
Gg = ( mdw + 2k + ¢1) mod 27

150

2mdw
= 2km. ke Z
150 + @1 + 2k, €

2mdw
150

+ 2km

= AP =g — g1 =
Since 0 < ¢, pg < 27. If ¢ > P then

0<¢g— 1 <27
2rdw
150

= k<0

=0< + 2km < 2

Else if ¢o < ¢ then

2T < Py — 1 <0
2mdw
= —2 — + 2k 0
T < 150 + 2R <
= k<0

Since a specific interval for m cannot be defined, so the equation is as follows:

~ 150(A¢ — 2km)
N 2mw

d k<0 (2.35)
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From (2.34) and (2.35), it is derived that

( 150A
504¢ Jw < w* and ¢y > ¢y
2mw
150A 150
d = gb__ yw < w* and ¢y < ¢y (2.36)
2mw w
150A 150%
¢ 150 yw>w', k<0
\ 271w w

This approach offers an alternative proof for the distance estimation equa-
tion from [27], which can also be applied to BLE. The two approaches differ
fundamentally in the phase model they use; this approach uses a different
phase model along with the wrapped phase, whereas [27] uses the unwrapped
phase. The equation in [27] corresponds to the first case of distance estima-
tion in this model, but this model also includes two additional cases: one for

the negative phase difference and one for w > w* (though with ambiguity).

2.3.2 Experimental results of CPO removal

The above estimation technique could not be applied to the current equip-
ment because the BLE tag transmits a BLE packet with an unknown random
phase ¢ that varies from packet to packet. One possible reason for this issue
is the frequency hopping that occurs in the BLE tag. This frequency hop-
ping results in an additive unknown phase for each packet. In the conducted
experiment, the locator and the tag were stationary at a predetermined dis-
tance, as shown in Fig. 2.9, to measure the phase resulting from each hop.
The results in Fig.2.10 indicate that a specific hop from f; to f; follows a
normal distribution (Fig.2.10a), implying randomness that cannot be elimi-
nated without numerous measurements of each hop, or is close to a uniform
distribution (Fig.2.10b), implying that randomness cannot be eliminated in
general. The problem is that the channels used are 37, resulting in 372 = 1369
different hop combinations, and the hopping is random, making real-time es-

timations infeasible.
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NN

(a) Front View of the Setup. (b) Back View of the Setup.

Figure 2.9: Experimental Setup to Measure the Phase Resulting from Fre-
quency Hopping.



2.3. Localization Method 40

8 7

6,

29 25
IS £
=) =

— ‘54*
o4 N

5 gs
£ §

z Z 2

N

—_

0 0
-300 -200 -100 0 100 200 -200 0 200
Phase difference Phase difference
(a) Normal Distributed Phase Differences.

5 5

4r 4t
g 8
IS €
237 33r
G ©
s 3
= 2 = 27
> =]
z pd

-
—_

0 0
-200 -100 0 100 200 300 -300 -200 -100 0 100 200
Phase difference Phase difference

(b) Uniform Distributed Phase Differences.

Figure 2.10: Number of Occurrences of Phase Differences in a Specific Hop.
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Chapter 3

Multiple locators

In this chapter, multiple locators are employed to address the limitations of a
single locator. The main objective is to obtain an accurate real-time estimate
of the tag’s position. The BLE tag transmits every 7 ms, allowing for real-
time estimation. Additionally, using the “right” topology, the accuracy of

these estimates can be significantly improved.

3.1 2D Localization Method

As mentioned in the previous chapter, each locator can produce good DoA
estimates. Employing multiple locators means utilizing multiple DoA lines.

Each DoA line follows the equation:
a
y—yoz—g(iﬂ—xo)éy:mx%—d, (3.1)

where the point P(zg, yo) is the starting point of the DoA line, m is the
slope of the line (m = —a/b), and d = —azo/b + yo.
Assuming there are N DoA lines, each following Eq. 3.1:

y=miz+d;, i={1,2,---, N} (3.2)

A linear system is then formulated as follows:

[1 —m] [i] =d, (3.3)
———
A

where 1 is a N x 1 vector with one in every entry, m = [m; --- my|* and
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d=1d, - dy]*.
The solution to this system, representing the intersection of these N DoA

lines, is the estimated tag’s position:

p=(ATA) " ATd. (3.4)

3.2 3D Localization Method

The idea of finding the intersection point of N DoA lines to determine the
tag’s position can be extended into 3D space. Following the proof in Sec-
tion 2.1.1, a new hyperbola can be defined, which lies on the plane formed

by the pair of antennas and the tag, as depicted in Fig. 3.1

Figure 3.1: Hyperbola in 3D Space.

Rotating this hyperbola around its transverse axis (i.e., the line that
connects the two foci) results in a circular hyperboloid (or hyperboloid of
revolution) with two sheets, as depicted in Fig. 3.2. Because this hyper-
boloid is constructed from a specific hyperbola, its intersection with any
plane containing the two foci (and thus the line connecting them) produces
a hyperbola with the same parameters lying on that plane.

Two angles are required to define a 3D DoA line: azimuth (¢) and eleva-
tion (). Let the antennas lie in the yz-plane and face towards the positive

x-semi-axis. Then,
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Figure 3.2: Hyperboloid of Revolution of Two Sheets.

e The intersection of a hyperboloid, which is constructed from a hyper-
bola with its foci on y-axis, and the xy-plane is a hyperbola with the

same parameters that lies on zy-plane; the azimuth estimation follows:

é = arctan (—%) , (3.5)

Y

where a,, b, are the parameters of the hyperbola with its foci on y-axis.

e The intersection of a hyperboloid, which is constructed from a hyper-
bola with its foci on z-axis, and the xz-plane is a hyperbola with the

same parameters that lies on xz-plane; the elevation estimation follows:

f = arctan (—%) , (3.6)

z
where a., b, are the parameters of the hyperbola with its foci on z-axis.

The final azimuth estimate for each locator is calculated as the mean value
of all azimuth estimations obtained from every pair of antennas parallel to
the y-axis. Similarly, the final elevation estimation is determined using pairs
parallel to the z-axis.

In 3D space, there is no guarantee that the DoA lines will intersect, as

they may lie on different planes. To resolve this, the point that minimizes
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the distance to the lines needs to be calculated. This involves minimizing the
distance from the point to each line, formulating a least-squares problem; let
n,; be the unit direction vector of the i-th 3D DoA line:

cos(6;) cos(g% )
n; = | cos(0;)sin(¢;) | , (3.7)
sin(0;)

and s; the origin on the i-th 3D DoA line. Then, the point that solves the

least-squares problem is [28]:

p= <Z (I- nm?)) _ > (I-nn])s;, (3.8)

% 7

where I is the identity matrix.

3.2.1 3D Simulation Results

For the 3D simulation results, a comparison with an existing method is nec-
essary. The existing method, provided as a demo code with the locator, is a

custom solution developed by ADVEOS, a company based in Athens.

Definition 4. The Rician K-factor is the ratio between the received power

of the strongest path and the sum of powers of all other paths.

In this simulation, the positioning error needs to be measured across dif-
ferent K-factors. The results are summarized in Fig. 3.3, indicating that
hyperbolas are highly sensitive to phase noise compared to the DoA estima-

tion method used in prior art.
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Figure 3.3: Positioning Error over Different K-factors

3.2.2 3D Experimental Results

For the 3D experimental results, two different topologies were employed.
The first topology utilized four locators positioned at the corners of a room,
rotated to converge on a single point at the center of the room. The second
topology involved two locators oriented forward. In both configurations,
the objective was to measure the positioning error. Additionally, in the
experimental results, a hybrid method was implemented, combining the DoA
estimates of the prior art algorithm with the hyperbolas.

Additionally, the comparison was conducted using both raw and buffered
measurements. Buffering is a smoothing technique designed to reduce the
standard deviation of estimators and enhance estimation accuracy. While
buffering was applied to the DoA estimates in this case, it could also be
applied to the received phases or the hyperbola parameters. The choice of

buffering was based on its performance.
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First Topology

The measurements for the first topology were collected at ADVEOS and
comprised a complete set of measurements on a 9 x 5 m? 2D grid at a height
of 1.3 m, used to compare the methods. Neither of the algorithms is aware

of any of the above parameters of the grid.

cdf - raw measurements ] cdf - buffered measurements
0.8 1 08¢
067 1 0.6¢
0.4y 1 04r
—Prior Art —Prior Art
0.2} . 102" B ]
Hyperbolas Hyperbolas
—Combination —Combination
0 ' : : ‘ ‘ 0 : ‘ ‘ : : :
1 2 3 4 5 0.5 1 1.5 2 25 3
Positioning Error Positioning Error
(a) CDF of Raw Measurements. (b) CDF of Buffered Measurements.

Figure 3.4: CDFs of Positioning Error.

As seen in Fig. 3.4a, the hyperbolas’ position estimation performs better
for raw measurements and has the same performance as the combination of
the Prior Art and the hyperbolas. On the other hand, if buffered measure-
ments are deployed, as depicted in Fig. 3.4b, the position estimation of the
combination performs better than the other two methods, and the Prior Art
algorithm is slightly better than the hyperbolas.

However, CDFs are not the only criterion for comparing methods and
discussing their accuracy. This is why the methods were compared based
on their accuracy in DoA estimation and position estimation. As seen in
Fig. 3.5a, the mean absolute error (MAE) of the azimuth estimate of the two
algorithms is very close, only around 5°. On the other hand, the elevation
estimate of the hyperbolas is slightly higher in comparison to the Prior Art
algorithm, as seen in Fig. 3.5b, but the MAE of the estimation remains small

at 8°. The full results for the DoA estimation are summarized in Table 3.1.
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Figure 3.5: MAE of DoA Estimation.
Measurements MAE (degrees)
Azimuth Elevation
Prior Art | Hyperbolas | Prior Art | Hyperbolas
Raw 13.63 10.4 12.48 13.33
Buffered 5.61 5.07 5.39 8.01
RMSE (degrees)
Azimuth Elevation
Prior Art | Hyperbolas | Prior Art | Hyperbolas
Raw 23.88 17.62 21.3 17.15
Buffered 8.57 8.2 7.68 9.84

Table 3.1: Summarized Results for the DoA Estimation of the Two Algo-
rithms.

For the position estimation, the combined method of the hyperbolas and
the Prior Art algorithm needs to be included. Similar to the comparison
of the CDF's for the position estimation of raw measurements, it is evident
that the combination of the methods and the hyperbolas alone provide very
similar estimations, both of which are better than the prior art algorithm.
In the case of buffered measurements, the positioning error of all methods is
lower than before. Here, the combination of the two methods offers the best
estimate, while the estimate of the prior art algorithm falls between the other

two. It is important to note that the estimations of all three algorithms are
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very good for the extensive grid. The full results for the position estimation

are summarized in Table 3.2.

MAE positioning error MAE positioning error
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(a) MAE of Raw Measurements. (b) MAE of Buffered Measurements.

Figure 3.6: MAE of Position Estimation.

Measurements MAE (m)
Prior Art | Hyperbolas | Combination
Raw 2.16 2.01 1.98
Buffered 0.94 0.98 0.86
RMSE (m)
Prior Art | Hyperbolas | Combination
Raw 2.5 2.3 2.25
Buffered 1.09 1.11 0.99

Table 3.2: Summarized Results for the Position Estimation of the Three
Algorithms.

Second Topology

The measurements for the second topology were collected on two different
days in different rooms, with the antennas at the same distance apart but
at different heights. The setup, as seen in Fig. 3.7, has the two locators
standing still with 3 meters between them, facing forward. All the tag’s
positions were either in front of one locator or between them. The 2D grid in
these experiments was 4 x 2 m? with the tag at a height of 0.75 m and 5 x 3
m? with the tag at a height of 1.15 m, on the two respective days. Again,

the algorithms do not know the parameters of the grid.
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) s . ?_,//:, ,..‘”
(b) Back View of the Setup.

Figure 3.7: Setup for the Second Topology.

As seen in Fig. 3.8, the combination of the methods improves the po-
sition estimates of the prior art algorithm in both cases (raw and buffered
measurements). However, the hyperbolas do not have as good estimates as
before. This is because this topology is noisier than the previous one, and
the hyperbolas are very sensitive to phase noise.

As before, the CDFs are not the only criterion for comparing the algo-
rithms, so accuracy in DoA estimation and position estimation will be used

as additional criteria.
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Figure 3.8: CDFs of Positioning Error.

In this experiment, the behavior of the MAE for azimuth and elevation
estimation changes. As seen in Fig. 3.9a, the mean absolute error (MAE)
of the azimuth estimate for the Prior Art algorithm is clearly better than
that for the hyperbolas. Conversely, the elevation estimates for the hyper-
bolas are noticeably better than those for the Prior Art algorithm, as shown

in Fig. 3.9b. The full results for the DoA estimation are summarized in
Table 3.3.
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Figure 3.9: MAE of DoA Estimation.



51

3.2. 3D Localization Method
Measurements MAE (degrees)
Azimuth Elevation
Prior Art | Hyperbolas | Prior Art | Hyperbolas
Raw 17.27 16.86 16.42 13.31
Buffered 10.97 14.87 11.11 7.88
RMSE (degrees)
Azimuth Elevation
Prior Art | Hyperbolas | Prior Art | Hyperbolas
Raw 30.32 27.61 28.05 18.65
Buffered 18.14 22.42 19.25 10.89
Table 3.3: Summarized Results for the DoA Estimation of the Two Algo-
rithms.
MAE positioning error MAE positioning error
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Figure 3.10: MAE of Position Estimation.

For the position estimation, the combined method of the hyperbolas and

the Prior Art algorithm will again be included. Similar to the comparison of
the CDF's for the position estimation, it is evident that the hyperbolas have

greater error and are noisier, as seen in Fig.3.10a. However, the combination

of the methods in raw measurements is clearly better than the prior art, but

for the buffered measurements, the error of these two is very similar, as seen

in Fig. 3.10b. It is important to mention that the errors in this topology are

increased, which occurs because of the locators’ gain decreasing as we move

to the side of the locator. Another reason is that the two rooms have strong

reflectors.

In Fig. 3.7 the wall is made of a very reflective material, and
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the ceiling has a unique shape that is very harmful to the reliability of the
measurements. The other room has fewer reflectors, but the measurement
space was closer to the walls as the room was smaller. The full results for

the position estimation are summarized in Table 3.2.

Measurements MAE (m)
Prior Art | Hyperbolas | Combination
Raw 2.28 2.84 1.93
Buffered 1.84 3.22 1.68
RMSE (m)
Prior Art | Hyperbolas | Combination
Raw 3.57 6.21 2.53
Buffered 3.21 8.26 2.53

Table 3.4: Summarized Results for the Position Estimation of the Two Al-
gorithms.
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Chapter 4

Comparative Analysis of BLE
and RFID

In this chapter, RFIDs are deployed to compare their DoA and position
estimation accuracy with that of BLE. A shorter version of this work was
presented in the “18th Annual International Conference on RFID” [29]. The
motivation for using RFIDs is their very low cost and low energy consumption
compared to BLE.

Before comparing the experimental results, the mathematical proof of the
hyperbolas needs to be revised to align with the two-way /roundtrip nature

of propagation.

4.1 Revised Proof of Hyperbolas

As before, an RFID tag is deployed at position @ 2 [Ttags Ytag]T- The RFID
reader transmits a signal with carrier frequency f. and phase ¢y.

Following the derivation of the mathematical proof in Section 2.1.1, the
phase of the received signal in the two-way/roundtrip propagation channel
h? is:

¢ _ lhz . _47Td0
prop — m

+ 2Ry, (4.1)

Apart from the delays caused by cabling ¢. and phase noise ¢,,, the RFID tag

introduces a term of ¢y,, into the phase measurement, which varies depending
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o4

on the impinged RF power at the tag [30]:

¢R = ¢D + ¢prop + ¢tag + ¢c + ¢na

4md,
= — %0 4 o+ be+ brag + 2L M + b,
)\ H,—/ N ~ )
0 bn
47d,
= -+ 0+ 6.

Thus, the measured phase in this case is given as follows:

¢meas - ¢R mod 27T7

—

o 47Td0

L © qgn
[ 4nd, A A
= |- Zomod2ﬂ+@+¢)n mod 2.

= ) mod 27 + 0 mcid 21+ ¢, mod 27| mod 2,

(4.2)

(4.4)

Following the same steps of the mathematical proof in Section 2.1.1, it

can be proven that the new equation for the unique distance difference is

given by:
( J—
M)\, dy > dy and ¢4 > ¢p,
47
— A
M)\+ —, dy >dy and ¢4 < ¢p,
A7 2
dl — dg -
— A
M)\_ —. di <dyand ¢4 > ¢p,
A 2
M)\, dy < dy and ¢4 < ¢p.
\ 4

(4.5)

The only difference between Eq. 2.17 and Eq. 4.5 is a factor of 2 at the

denominator, since one-way propagation is half of the roundtrip/two-way

propagation. Additionally, while BLE utilizes multiple carrier wavelengths,

RFID uses only one. Thus, in either RFID or BLE phase measurements, it
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is possible to exploit the phase difference between two antennas in order to

define a hyperbola.

4.2 Experimental Results

Three experiments were conducted using two Bluetooth locators and an Im-
pinj Speedway R420 RFID reader along with two triads of FlexiRay SF-2110
5 dBi antennas. The two Bluetooth locators and the two triads of FlexiRay
antennas, were positioned 2 meters apart, away from the tag wall, where a
single tag (BLE or RFID) is located, at distances of 1 meter, 1.3 meters, and
1.5 meters, as depicted in Fig. 4.1. Two Bluetooth locator topologies were
employed: one facing the tag wall (BLE Scenario 1 = BLE1), and one rotated
45° towards the wall (BLE Scenario 2 = BLE2). In Fig. 4.2b, only one set of
antennas is visible because the reader has 4 antenna ports, requiring the an-
tennas to be relocated to complete the measurements. Again, the comparison

will include both raw and buffered measurements for all experiments.

(a) BLE Scenario 1. (b) BLE Scenario 2.

Figure 4.1: Experimental Setups.

The comparison of the two technologies should be fair and conducted
under the same conditions. Therefore, the new hyperbola equation was used
to calculate the hyperbola parameters. By having the hyperbola parameters,

the algorithms will be the same, ensuring a fair comparison.
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Figure 4.2: Experimental Setups.

4.2.1 DoA Estimation

As seen in Fig. 4.3, BLE Scenario 2 outperforms BLE Scenario 1 for azimuth
estimation but has very similar errors for elevation estimation. This was
expected because the rotated scenario offers higher antenna gain and more
accurate parameter estimation, as discussed in Chapter 3. The elevation
estimation was anticipated to be similar for the two BLE scenarios because
the relative positions of the tags and the locators on the z-axis remained
constant. This means the locators were not tilted up or down to focus on the
center of the tag wall in Scenario 2. For azimuth estimation, however, the
locators were rotated to focus the direction of maximum gain on a point at
the center of the tag wall. Additionally, an important observation is that as
the locators moved closer to the tag wall, the azimuth estimations for BLE
Scenario 1 worsened. This was expected because the tag wall was positioned
where the locators’ gain was lower, resulting in a noisier received signal.

Additionally, the DoA estimation for RFID is higher compared to the
BLE scenarios. This was expected because RFID in static scenarios is not
reliable unless measurements from different positions are employed.

The full results for the DoA estimation are summarized in Table 4.1
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Table 4.1: DoA Estimation Error.

Azimuth (degrees) Elevation (degrees)

|Zant — Ttagl|2 Im | 1.3m | 1.5bm | 1m | 1.3m | 1.5m

BLE Scenario 1 (raw) | 16.23 | 11.07 | 945 | 9.19 | 7.96 | 8.43
BLE Scenario 2 (raw) | 5.74 | 6.14 | 5.61 | 9.13 | 8.48 | 8.22
RFID (raw) 23.57 | 19.33 | 15.63 | 18.83 | 14.05 | 22.03
BLE Scenario 1 (buf) | 15.47 | 9.86 | 8.10 | 6.30 | 5.34 | 5.56
BLE Scenario 2 (buf) | 3.32 | 3.35 | 349 | 6.97 | 540 | 5.63
RFID (buf) 21.64 | 18.66 | 13.63 | 18.14 | 13.35 | 20.49

4.2.2 Localization Accuracy

The higher DoA estimation errors of RFID translate into higher position
estimation errors. As seen in Fig. 4.4, the error of RFID in raw measurements
at 1 meter is close to the error of BLE Scenario 1. However, in buffered
measurements, the error of BLE Scenario 1 decreases, while the error of RFID
does not. This occurs because the RFID measurements are much closer to
each other (more stable) than the BLE’s, and buffering cannot significantly
improve the estimation accuracy. A noteworthy observation is that the RFID
error is more stable, with a smaller standard deviation, compared to BLE.
Additionally, it can be observed that BLE Scenario 2 performs better in every
case. Another notable point is that the positioning error of BLE Scenario 1
and RFID becomes more comparable as the distance between the tag wall and
the antennas/locators decreases. The full results for the position estimation

are summarized in Table 4.2

4.2.3 Summary

Multipath is the primary factor contributing to the increased error observed
in RFID scenarios. This effect can be mitigated through several methods,

including the use of multiple carrier frequencies (i.e., frequency diversity),
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Table 4.2: Tag Localization Error.

2D Localization Error

MAE (m) RMSE (m)

|Zant — Ttag|2 Im | 1.3m | 1.bm | 1m | 1.3m | 1.5m
BLE Scenario 1 (raw) | 0.90 | 0.57 | 0.53 | 2.89 | 1.48 | 1.25
BLE Scenario 2 (raw) | 0.27 | 0.30 | 0.29 | 0.46 | 0.40 | 0.37
RFID (raw) 0.84 | 0.68 | 0.83 | 1.00 | 0.79 | 1.03
BLE Scenario 1 (buf) | 0.57 | 0.47 | 0.46 | 0.86 | 0.71 | 1.36
BLE Scenario 2 (buf) | 0.18 | 0.18 | 0.21 | 0.25 | 0.23 | 0.26

RFID (buf) 0.78 | 0.65 | 0.76 | 0.95 | 0.73 | 0.91
3D Localization Error
MAE (m) RMSE (m)
|Tant — Ttag||2 Im | 1.3m | 1.bm | 1m | 1.3m | 1.5m

BLE Scenario 1 (raw) | 1.44 | 0.96 | 0.90 | 4.79 | 2.75 | 2.29
BLE Scenario 2 (raw) | 0.36 | 0.44 | 0.46 | 0.80 | 0.59 | 0.57
RFID (raw) 1.38 | 1.05 | 1.27 | 1.83 | 1.41 | 1.88
BLE Scenario 1 (buf) | 0.97 | 0.82 | 0.81 | 1.50 | 1.41 | 3.21
BLE Scenario 2 (buf) | 0.23 | 0.24 | 0.28 | 0.29 | 0.29 | 0.33
RFID (buf) 1.26 | 1.10 | 1.11 | 1.73 | 1.69 | 1.60

obtaining measurements from various locations, or increasing the number of
antennas (i.e., spatial diversity). However, in the case of RFID, only one car-
rier frequency was used, measurements were taken from two points, and the
minimum required, by the algorithm, number of antennas was utilized. In
contrast, BLE operates differently; it utilizes a bandwidth of 80 MHz divided
into 40 channels, providing frequency diversity. This is due to frequency hop-
ping in BLE, resulting in each packet having a different carrier wavelength,
allowing the entire available bandwidth to be utilized. Additionally, each
BLE locator is equipped with eight antennas, significantly more than RFID.
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Chapter 5

Neural Networks for Single

Locator

The focus of this chapter remains on solving the localization of a BLE tag
with a single locator. The next step involves deploying neural networks to
test their ability to address the problem of the initial phase introduced by
the tag. Since this specific issue has not been previously tackled, there is no
existing architecture to start with. Therefore, it is necessary to determine
the optimal architecture, including the number of hidden layers, the number
of neurons in each layer, the most effective optimizer, and the best activation
function.

Recent work [31] that applies neural networks in Elliptical DoA estima-
tion and localization suggests using the ADAM optimizer and tanh as an
activation function. These findings will be utilized to advance the results,
but comprehensive research is required to identify the architecture that is
most compatible with this problem.

While the research and results of this chapter are not yet complete, they
pave the way for future work and show promising results. Before presenting
these results, it is necessary to provide some general information about neu-
ral networks and the approach taken to develop an architecture capable of

solving a problem with no deterministic solution.

5.1 Basic Concepts of Neural Networks

Neural networks are computational models inspired by the structure and
function of the human brain. They are renowned for their ability to learn

complex and non-linear relationships between input data and desired outputs
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by processing vast amounts of data. These networks consist of interconnected

nodes, or neurons, organized into layers:

e Input Layer: Neurons in the input layer receive the input data, with

each neuron corresponding to a feature of the input.

e Hidden Layers: These layers perform computations and extract fea-
tures from the data. Multiple hidden layers can exist, each containing

numerous neuromns.

e Output Layer: The output layer produces the final result of the net-
work, with the number of neurons matching the output classes or the

output’s dimensional requirements.

Connections between neurons are weighted, with each weight adjusted during
training to minimize the error between predicted and actual outputs. Ad-
ditionally, each neuron has a bias, enabling adjustment of neuron activation
thresholds.

Activation functions introduce non-linearity by transforming the output
of each neuron, allowing the network to capture complex relationships within

the data. The most common activation functions are:

e Rectified Linear Unit (ReLU)

0 forz<O

ReLU(z) = { (5.1)

xz forxz >0

e Standard Logistic Function (Sigmoid)

1
i id(z) = 2
Sigmoid(x) e (5.2)
e Hyperbolic Tangent (tanh)
tanh(x) = S (5.3)

et 4 e %
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5.1.1 Learning Process

The learning process in neural networks involves iteratively updating the
weights and biases to minimize the loss function. The loss function mea-
sures the difference between the network’s predictions and the actual target
values. Common loss functions include Mean Absolute Error (MAE) and
Mean Squared Error (MSE) for regression tasks and Cross-Entropy Loss for
classification tasks. This is typically done through a method called back-

propagation, combined with an optimization algorithm like gradient descent.

e Forward Pass: In the forward pass, the input data is propagated
through the network to produce the output. The loss function then
calculates the error between the predicted output and the actual target

values.

e Backpropagation: Backpropagation is an algorithm used to calculate
the gradients of the loss function with respect to each weight and bias
in the network. These gradients are then used to update the weights

and biases to minimize the loss function.

5.1.2 Optimization Techniques

An optimization algorithm is a method designed to minimize a loss function
by updating the weights and biases of the model in response to the loss

function output.

Gradient Descent (GD)

Gradient descent is an optimization algorithm used to minimize a function by
iteratively moving in the direction of the steepest descent as defined by the

negative of the gradient. The parameter update rule for Gradient Descent is

given by:
Wiy = wy — VL (wy), (5.4)
where 7 is the learning rate, and VL(w;) = g—fv: is the partial derivative

of the loss function £ with respect to a weight w at a particular round of
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the algorithm, denoted as ¢. This update rule tells us that we adjust the
parameters w; in the direction opposite to the gradient V.L,(w;), scaled by a

factor n, to minimize the loss function L.

Stochastic Gradient Descent (SGD)

Stochastic Gradient Descent (SGD) is a variant of gradient descent where the
gradient is computed using a single random sample (or a small subset) from
the training set rather than the entire dataset. This approach introduces
randomness into the parameter updates but can significantly speed up the
convergence process, especially for large datasets. The parameter update

rule for SGD is given by:
W1 = W — nVﬁt’i(wt), (55)

where VL, ;(w;) is the gradient of the loss function £; with respect to wy,

computed on a single sample 1.

Adaptive Moment Estimation (ADAM)

Adaptive Moment Estimation (ADAM) adapts the learning rate for each
parameter based on exponentially decaying averages of past gradients and
squared gradients. The update rule for ADAM involves computing biased
estimates of the first moment (mean) and the second moment (uncentered

variance) of the gradients, and then using these estimates to update the

parameters:
M1 = Pimy + (1 — B1) VL (wy), (5.6)
Vi1 = Bove + (1= Ba) (VL (wy))?, (5.7)
. m
M1 = ﬁ; (5.8)
— P
. v
V41 = 1t—+1+1’ (5'9)
— P2
W1 = Wy — U& (5.10)

— )
Vg1 T €
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where (8; and 5 are decay rates for the moment estimates, 7 is the learning
rate, € is a small constant to prevent division by zero, m; and v, are the first
and second moment estimates respectively, and VL,(w;) is the gradient of

the loss function £; with respect to w;.

5.2 Types of Neural Networks

Different types of neural networks are designed to handle various types of
data and tasks. Here are some common types of neural networks, along with

their pros and cons:

Feedforward Neural Networks (FNN)

Feedforward Neural Networks (FNNs) are the simplest type of neural net-
work, where information moves in only one direction—forward from the input
nodes, through the hidden nodes (if any), and to the output nodes. There

are no cycles or loops in the network.

e Benefits

— Simple to implement and train.

— Effective for tasks where the relationship between input and out-

put is relatively straightforward.
e Drawbacks

— Cannot handle sequential data well.

— Limited ability to capture temporal dependencies.

Convolutional Neural Networks (CNN)

Convolutional Neural Networks (CNNs) are specialized for processing grid-
like data, such as images. They use convolutional layers to automatically

and adaptively learn spatial hierarchies of features from input data.

e Benefits
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— Excellent for image and video recognition tasks.

— Reduces the number of parameters in the network by sharing

weights.
e Drawbacks

— Requires a large amount of data and computational power.

— Not suitable for handling sequential data.

Recurrent Neural Networks (RNN)

Recurrent Neural Networks (RNNs) are designed to handle sequential data
by maintaining a hidden state that captures information from previous time

steps. This makes them ideal for tasks where context or order matters.

e Benefits

— Capable of processing sequences of varying lengths.

— Effective for tasks involving temporal dependencies, such as time

series forecasting and natural language processing.
e Drawbacks

— Can suffer from vanishing and exploding gradient problems, mak-

ing training difficult.

— May struggle with long-term dependencies due to limited memory.

Long Short-Term Memory (LSTM) Networks

Long Short-Term Memory (LSTM) networks are a type of RNN designed to
overcome the limitations of traditional RNNs by incorporating memory cells

that can maintain information over long periods.

e Benefits

— Capable of learning long-term dependencies.
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— Effective for tasks requiring long-range context, such as language

modeling and machine translation.
e Drawbacks

— More complex and computationally intensive than traditional RNNs.

— Requires careful tuning of hyperparameters.

5.3 Construction of Neural Network Model

The construction of the neural network depends on data preparation, where
the input is preprocessed to ensure its suitability for the model. Additionally,
it is necessary to determine the best architecture to match these inputs so

they can produce the desired output.

5.3.1 Data Preparation

To preprocess the measurements of the BLE tag, it is essential to remove the
CFO using the method described in Section 1.1.1. Additionally, to ensure the
data is suitable for a neural network, either normalization or standardization
must be employed.

Normalization typically scales feature values to a range of [0, 1] or [—1, 1],
preserving the relationship between the minimum and maximum values of
each feature. On the other hand, standardization transforms the data so that
the resulting values have the properties of a standard normal distribution,

which can ensure faster convergence and greater algorithmic stability.

5.3.2 Architecture of Feedforward Neural Network

The design of the neural network for BLE tag localization encompasses sev-

eral key components:
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Network Design

The neural network consists of an input layer, multiple hidden layers, and

an output layer. The specific architecture includes:

e Input Layer: The input layer contains neurons corresponding to the
preprocessed features of the BLE measurements. These measurements
include 8 phase measurements from the 8 different antennas of the
locator, 28 phase differences from all possible pairs of antennas, and
the frequency of each packet. From these measurements, various input
configurations can be defined (e.g., only phases, only phase differences,
phases and frequency, differences and frequency, phases and differences,

and all combined).

e Hidden Layers: The optimal number of hidden layers is not yet defini-
tively determined, as research is ongoing. However, the current optimal
number is 4, due to the highly correlated nature of the input data and
the complexity introduced by the initial phase of the tag.

e Output Layer: The output layer consists of 2 neurons, corresponding
to the 2D estimated position of the tag.
Activation Functions, Optimization, and Learning Rate

Activation functions introduce non-linearity into the network, enabling it to

learn complex relationships:

e Hidden Layers: Recent findings in [31], the most suitable activation

function for neural networks in localization tasks is tanh.

e Output Layer: A linear activation function is employed in the output

layer to provide the estimated 2D position.

The network is trained using the ADAM optimizer with a learning rate

of 1073, This choice balances convergence speed and stability.
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Loss Function

The mean absolute error (MAE) is used to measure the error between the
predicted and actual positions of the tag. This aligns with the metric used

to evaluate the localization accuracy.

5.3.3 Architecture of Recurrent/Long Short-Term
Memory Neural Network

The design of the neural network for BLE tag localization encompasses sev-

eral key components:

Network Design

The neural network consists of an input layer, multiple hidden layers, and

an output layer. The specific architecture includes:

e Input Layer: The input layer contains neurons corresponding to the
preprocessed features of the BLE measurements. These measurements
include 8 phase measurements from the 8 different antennas of the
locator, 28 phase differences from all possible pairs of antennas, and
the frequency of each packet. The data is structured as a sequence of

measurements of each position over time.

e Hidden Layers: The network incorporates a mix of 2 LSTM layers
and 1 fully connected hidden layer to connect to the output layer and

produce the required output.
e Output Layer: The output layer consists of 2 neurons, corresponding
to the 2D estimated position of the tag.
Activation Functions, Optimization, and Learning Rate

Activation functions introduce non-linearity into the network, enabling it to

learn complex relationships:
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e Hidden Layers: Various activation functions were tested in the hid-

den layer to identify the best fit for the problem.

e Output Layer: A linear activation function is employed in the output

layer to provide the estimated 2D position.

The network is trained using the ADAM optimizer with a starting learn-
ing rate of 1072, which is then decreased using the ReduceLROnPlateau call-
back in Python with a factor of 0.2 and patience of 5 epochs. This choice

balances convergence speed and stability.

Loss Function

The mean absolute error (MAE) is used to measure the error between the
predicted and actual positions of the tag. This aligns with the metric used to
evaluate localization accuracy. Additionally, both MAE and mean squared
error (MSE) are monitored as metrics during training to capture the model’s

performance comprehensively.

5.4 Experimental Results

For this experiment, around 500 phase measurements were taken from various
positions on a 5 x 4 m? grid. To ensure sufficient data, the robot described in
Section 1.4, was employed, moving in increments of 10 cm along both z-axis
and y-axis. As seen in Fig. 5.1, the data was collected in a large indoor
area (without a ceiling) to maximize the grid space and minimize multipath
interference.

First, a feedforward neural network (FNN) was deployed to determine the
optimal number of hidden layers and the number of neurons for each layer.
For each neural network, utilizing various inputs, the number of neurons
in each hidden layer was increased to determine the optimal configuration,
followed by increasing the number of hidden layers. The number of neurons
found to be optimal remained consistent as the layers were increased. For
each additional layer, the number of neurons needed to be determined. This

procedure aimed to identify the best network for this problem.
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(b) Back View of the Setup.

Figure 5.1: Experimental Results For Neural Networks.

As seen in Fig. 5.2 and Fig. 5.3, the mean absolute error (MAE) of both
the testing and validation sets remains approximately the same, at over 80
cm, regardless of the increase in the number of layers and neurons. However,
the MAE of the training set drops significantly, indicating that the model is
either overfitting to the training data or that the optimal number of layers

and neurons required is extremely high.
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The second approach involved dividing the 500 measurements of each po-
sition into groups of 10 measurements. The data for each position can be
represented as a time series because all measurements from each position
are collected before moving to a new position. Additionally, the frequency
hopping of the BLE tag results in different wavelengths for each BLE packet,
making the measurements correlated to a certain degree. Consequently, these
groups of 10 can also be described as sequential data. By making this as-
sumption, recurrent neural networks (RNNs) can be used to address the
problem. As shown in Table 5.1, the use of RNNs yields significantly better
results.

As previously mentioned, the research in this chapter is unfinished. Fu-
ture work should address the localization problem using more complex ar-

chitectures to minimize test error and adapt the model for a 3D space.

Activation Function MAE (m) MSE (m)
Train | Validation | Test Train | Validation | Test
tanh 0.0772 0.3351 0.3075 | 0.0127 0.2277 0.1960
relu 0.1205 0.3186 0.3085 | 0.0283 0.1912 0.1807
sigmoid 0.1014 0.3345 0.3525 | 0.0217 0.2270 0.2494
softmax 0.8131 0.8596 0.8626 | 1.0082 1.1089 1.1419
softplus 0.1048 0.3353 0.3615 | 0.0222 0.2210 0.2527
softsign 0.0872 0.3539 0.3435 | 0.0163 0.2508 0.2311
selu 0.1113 0.3288 0.3433 | 0.0253 0.2141 0.2354
elu 0.0667 0.3335 0.3405 | 0.0089 0.2240 0.2352

Table 5.1: MAE and MSE of RNNs
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Chapter 6
Conclusion

6.1 Conclusion

The proposed linear approximations of hyperbolas demonstrate high accu-
racy for 3D DoA estimation, offering linear complexity and reducing both
computational cost and running time. However, this method is highly sensi-
tive to noise from multipath. The random initial phase included by the BLE
tag cannot be overcome with deterministic approaches, making it impossible
to use the theoretical proof of distance estimation with accurate direction of
arrival. Consequently, a single locator can provide accurate results for DoA
estimates but cannot deliver reliable localization estimates in either 2D or
3D.

To achieve reliable results in both DoA estimation and localization, the
use of multiple locators is essential. Prior Art algorithms require a specific
topology, with locators positioned to observe a specific point in the room
to improve coverage. The use of hyperbolic DoA estimation can enhance
these algorithms, providing excellent results across various topologies and
decreasing both DoA and localization errors.

BLE utilizes locators with eight antennas, providing spatial diversity, and
an 80 MHz bandwidth divided into 40 channels, offering frequency diversity.
This is due to frequency hopping in BLE, which results in each packet having
a different carrier wavelength, allowing the entire available bandwidth to
be utilized. These features enable BLE to mitigate the multipath effect,
the primary factor contributing to increased error in RFID scenarios. In
contrast, RFID uses only one carrier frequency, takes measurements from
just two points, and employs the minimum required number of antennas.

This lack of spatial and frequency diversity in RFID leads to higher errors
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compared to BLE.

The need to minimize the number of locators and the ease of BLE equip-
ment in rapidly collecting many measurements motivated the deployment
of neural networks (NNs). Viewing BLE measurements as sequential data
rather than isolated measurements allows the use of recurrent neural net-
works (RNNs) as the optimal NN architecture, minimizing the localization
error using only a single locator. However, the proposed architecture is not
yet optimal, as the number of layers, the number of neurons, and the hyper-

parameters have not been fully explored.

6.2 Future Work

This work raises questions about the localization accuracy of BLE and RFID
in moving scenarios, where RFID has demonstrated very good results. This
comparison suggests the potential of merging BLE and RFID into a single
tag and receiver to minimize energy consumption and fully solve the accu-
rate localization problem. However, merging BLE and RFID using current
algorithms is not feasible for stationary setups. Future research will explore
this possibility by developing algorithms for multipath mitigation while con-
sidering limitations on the number of antennas and available bandwidth.
Additionally, extensive research into the use of neural networks, partic-
ularly Recurrent Neural Networks, should be conducted to find the optimal
configuration that will solve the problem using a single locator and be ex-

tended in 3D space.
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