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1 | INTRODUCTION

The study of the flow of viscous compressible fluids is a major research topic that has attracted the attention of many researchers
(see for instance [7, 10, 21, 22, 23, 24, 25, 27, 28, 29]). The Navier-Stokes equations that are used for the description of the
flow of a viscous fluid have been studied in detail for existence/uniqueness issues, as well as for the dynamical behavior of
the solutions and the numerical approximation of the solutions (see for instance [7] for a description of finite-volume and
finite-elements methods).

Among the numerical methods used for the approximation of the solutions of the Navier-Stokes equations we should mention
the so-called “particle methods”, which is also known as the method of “Smoothed Particle Hydrodynamics” (see [8, 26, 33] and
references therein) and has been used extensively for many difficult flow problems. Recently, particle methods have been used
for other Partial Differential Equations (PDEs) than the Navier-Stokes equations (see [3, 6]). It can be said that particle methods
provide the link between the macroscopic fluid model and the microscopic ODE model that describes the interaction between
the fluid particles. This is important from a mathematical viewpoint (Hilbert’s 6" problem), even when the forces acting on
the particles are fictitious. Moreover, particle methods have been used recently for the proof of existence of entropy solutions
for traffic flow problems (see [4, 11]). The use of particle methods in traffic flow problems is important due to a real-world
application: the design and use of cruise controllers for automated vehicles. Cruise controllers can manipulate the accelerations
of the vehicles and implement forces that may be considered as fictitious forces from a physical point of view. When the vehicles
are considered as (self-driven) particles of a fluid (“the traffic fluid”) the corresponding macroscopic PDE models are very
similar to the equations of a viscous compressible fluid (see [14, 32]). It then becomes clear that the questions of convergence
and accuracy are crucial.

On the other hand, feedback controllers have been proposed for 1-D compressible fluid models (and the related 1-D Saint-
Venant models for incompressible fluids), which are based on proving differential inequalities for (Control) Lyapunov functionals
(not only mass and mechanical energy, but also for other functionals; see [15, 16, 17, 18]). However, there is no guarantee that
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the differential inequalities hold (in a discretized form) for the numerical approximation. This is a well-known problem (see [9,
13, 30] for the analysis of the problem in a finite-dimensional setting), which is closely related to the issue of numerical stability
for the applied scheme. To our knowledge, the issue has not been studied for particle methods.

The present work provides some rigorous answers to the aforementioned issues. Adopting a methodology that is inspired
from [4, 11, 12], we construct a novel particle scheme. The particle method is shown to provide approximations that converge to
a weak solution of the Navier-Stokes equations for the 1-D flow of a viscous compressible fluid. The results of the paper cover
the case where the viscosity depends on the density of the fluid. Moreover, we show that all differential inequalities that hold
for the PDE model are preserved by the particle method: mass is conserved, mechanical energy is decaying, and a modified
mechanical energy functional used recently in [15, 16, 17, 18] is also decaying. We see the proposed particle method both as a
numerical method (because Lemma 4 and Lemma 5 below provide sharp estimates of the numerical accuracy of the scheme) and
as a method of proving existence of solutions for compressible fluid models. In particular, it should be noticed that, when the
particle method is considered as a method of proving existence of solutions for compressible fluid models then the method has a
similar structure with the so-called “method of lines” (see [10, 24]). However, there are also crucial differences between the
proposed particle method and the method of lines: in the method of lines the states (density and velocity) are approximated at
fixed grid points in Lagrangian coordinates while in the particle method shown in this work the states (position and velocity of
the particles) are evaluated at time-varying positions (the position of the particles) in Eulerian coordinates.

The structure of the paper is as follows. Section 2 is devoted to the presentation of the problem. Section 3 contains the
statements of the assumptions and the main results of the paper. The proofs of all results are provided in Section 4. Finally,
Section 5 gives the concluding remarks of the present work.

Notation. Throughout this paper, we adopt the following notation.

* R, = [0, +00) denotes the set of non-negative real numbers.

« Let X be a given normed linear space with norm ||-||y, let B C X be a subset of X and let / C R be a non-empty interval.
By C° (I; B) we denote the class of continuous mappings f : I — B. By C? (I; X) we denote the class of continuous mappings
f I — X with compact support. By C! (I), where I C R is an open interval, we denote the class of continuously differentiable
functions f : I — R with compact support. For any «y € (0, 1], by C®7 (I; B) we denote the class of Holder continuous mappings
f I — B with exponent vy € (0, 1], i.e., the class of mappings f : I — B for which sup { % it €1, tF 1 } < 400.
x Let S C R” be an open set and let A C R” be a set that satisfies S C A C cI(S). By C°(A ; ), we denote the class of
continuous functions on A, which take values in 2 C R™. By C*(A ; Q), where k > 1is an integer, we denote the class of
functions on A C R”, which take values in  C ™ and have continuous derivatives of order k.

* Let I C R be an interval and let a < b be given constants. Let the function u : I X (a,b) — R be given. We use the notation u[¢]
to denote the profile at certain ¢ € I, i.e., (u[t])(x) = u(t,x) for all x € (a, b).

* We denote by K, the class of continuous, increasing functions a : R, — R, witha (R,) =R,.

x Let 2 C R” be a given open set given. For p € [1,+00), LP(§2) is the set of equivalence classes of Lebesgue measurable
functions u : Q@ — R with [|uf, := (Jo |u(x)|p dx) " < oo, L () is the set of equivalence classes of Lebesgue measurable
functions u : 2 — R with [|u||  := ess Sglzlp (Juo)|) < +oc.

xe
* Let X be a given Banach space with norm ||-||, and let / C R be a given open interval. A function f : I — X is measurable if
there exists a set E C I of measure zero and a sequence {f,, € C? LX) :n> 1} such that lim (f,(¢)) =f(¢) for all t € \E. For
n—+00

p € [1,+00), LP(I; X) is the set of equivalence classes of measurable functions f : I — X with [[f]], := (f; IF @5 dx) " < +o0.
L>(I;X) is the set of equivalence classes of measurable functions f : I — X with ||f|| = esssup ([[f(1)]ly) < +oo.
el

x Let a < b be given constants. For p € [1, +o0], WP (a, b) denotes the Sobolev space of functions in L”(a, b) with weak
derivative in L?(a, b). We set H'(a, b) = W'?(a, b). The closure of Cg ((a, b)) in H'(a, b) is denoted by Hé(a, b). The dual space
of Hé(a, b) is denoted by H™'(a, b).

2 | DESCRIPTION OF THE PROBLEM

Let L > 0 be a given constant. We consider the following model

pr+(pv)y =0, fort>0, x € [0,L] @))
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(V) + (0v* + P(p)) , = (u(p)va), , for 1> 0, x € (0,L) 2)

v(t,0) = v(t,L) = 0, fort >0 3

where p(t,x) > 0, v(t,x) € R, and the functions P, 11 : (0, +00) — (0, +00) are C? ((0, +00)) functions with P’(p) > 0 for all p > 0.
Mathematical model (I), (2, (3) may describe:

1. the 1-D isentropic (or polytropic) motion of a compressible Newtonian fluid contained between two walls placed at x = 0 and
x = L; in this case p(t,x) > 0 and v(#,x) € R are the fluid density and fluid velocity, respectively, at time ¢ > 0 and position
x € [0, L], the dynamic viscosity of the fluid is (p) and the pressure is given by the equation P(p) = kp” withk > 0,y > 1,

2. the motion of an incompressible Newtonian liquid within a tank of length L > 0 (case of viscous Saint-Venant model; see
[16, 17, 18, 20, 31]); in this case, p(t, x) > 0 and v(#,x) € R are the liquid level and the liquid velocity, respectively, at time
t > 0 and position x € [0, L], while P(p) := % p2 and pu(p) := pup, where g, u > 0 (constants), are the acceleration of gravity
and the kinematic viscosity of the liquid.

Using (T) and (3), we can prove that for every classical solution of (T)-(3) it holds that £ ( fOL o(t, x)dx) =0forallt>0.
Therefore, the total mass of the fluid m > 0 is constant. Thus, without loss of generality, we assume that every solution of (I)-(3)
satisfies the equation

L
/ pt,x)dx =m €]
0

where m > 0 is a given constant. It should be emphasized that for obvious physical reasons, p(z, x) must be positive for all times,
i.e., we must have:

min (p(t,x)) >0, fort > 0. )
x€[0,L]
System (I)-(@) allows a unique equilibrium point, namely the point
p(x) = p*, v(x) =0, forx € [0,L] (6)
where p* = m/L.
Define the functions
P ()
kw»=/‘ﬁ——7 (7)
oo T
P P(1) P(p") *
wa=p/'—7dr— P2 p+ P(o"). (8)
oo T P

Since Q" (p) = p~'P'(p) > 0 for all p > 0, Q(p*) = Q'(p*) = 0, it follows that Q(p) > 0 for all p > 0, p # p*.
Given p € C° ([0, L]; (0,+00)) N H' ((0,L)), v € L? ((0, L)) with fOL p(x)dx = m, we define the following functionals:

1 L
E(p,v) = 3 /o PV (x)dx + U(p) &)
1 /Lo B) 2
W(p,v) = = / — | pOIV(x) + 5= (k(p(x))) | dx+ U(p) (10)
2 Jo px) dx
L
U@»=A 0(p(x))dx. (1n

We notice that:

1. the functional U is the potential energy of the fluid;
2. the functional E is the total mechanical energy of the fluid. Indeed, notice that E is the sum of the potential energy (U) and
the kinetic energy of the fluid (% fOL POV (x)dx);



4 | KARAFYLLIS I. and PAPAGEORGIOU M.

3. the functional W is a modified mechanical energy and has been constructed based on a specific transformation that has
been used extensively in the literature of isentropic, compressible fluid flow (see [19, 27, 28, 29]). More specifically, the
transformation w = pv + (k(p)), has the effect of making the viscosity term disappear from the momentum equation, which
then becomes w; + (vw), = — (P(p)),. The modified mechanical energy W has been used recently for the construction of
stabilizing feedback laws in control problems (see [15, 16, 17, 18]).

The functionals E, W are non-increasing along the classical solutions of (I)-(@). More specifically, we have the following lemma.
Its proof is straightforward and is omitted.

Lemma 1. For every classical solution of the PDE system (I)-@) the following equations hold for all t > 0:

d L
EE(P[I],V[I]) =—/0 p(p(t, X))y (8, xX)dx 12)

d L
EW(p[t],v[t]) =—/0 (8 X)P (p(t, X))l p(t, X)) pi (1, x)dlx (13)

where E, W are defined by (), (10), respectively.
In what follows, we assume the following property for the pressure function P.

: ) _ - P B
(A) pgr-Poo (fp 2P (s) ds) = +00 and })I;g (fp* s2P(s) ds) > —00.

Assumption (A) holds automatically for the viscous Saint-Venant model as well as for the isentropic (or polytropic) motion of a
compressible Newtonian fluid since every pressure function of the form P(p) = kp” with k > 0, > 1 satisfies Assumption (A).

We next provide the precise notion of a weak solution for the problem (T))-(@).
Definition 1. Let py € W ((0, L)) N C° ([0, L]; (0, +00)) with fOL po(x)dx =m, vy € H}) ((0, L)) be given. A weak solution of
the initial-boundary value problem (I))-@) with

plOI=po . V[0l =wo (14)

on the interval [0, T], where T > 0, is a pair of functions
p € L™ ((0,T):H' ((0,L))) N C*" ([0, T];L* ((0,L))) ,v € L ((0,T); Hy ((0,L))) N C*"* ([0, T]; L* ((0, L)))

with pe € L* ((0,T) x (0,L)), p, € L ((0,T); L* ((0,L))) , v, € L* ((0,T); H™' ((0,L)))

and p[t],v[t] € L ((0,L)) forall t € [0,T]

for which there exist constants pmax > Pmin > 0, Vmax > 0, such that @]) holds for all ¢ € [0, T] and the following additional
conditions hold:

i 00, x)poC0dx + [ [ p(t, %) (18, X) + V{2, X)p(t, X)) dxelt = O
for every ¢ € C' ([0, T] x [0, L]) with o(T,x) =0 for all x € [0, L]

fOL (0, x) po(X)vo (x)dx + fOT fOL 0 (t, X)p(t, X)v(t, X)dxdt

+f7 i paltox) (p(t, V(1. 2) + P(p(t1,)) = p(p(t, X))Vi(t, %)) dxdt = O 16)
for every ¢ € C2 ([0, T] x [0, L]) with @(T,x) =0forall x € [0,L] and

o(,0) =@(t,L) = pu(t,L) =0 for all t € [0, T]

15)

E(pl1],v[1]) < E(pltol, vitoD), forall T >t > 1) > 0 a7

W(ols). vishds < mL |2 + 2m a2l 4 g ( m ) ,

lpoll oo

forallt € [O,T)andh>0witht+h§TandM:max{K’(s) : W <s< p:f;.,}

1 rt+h
hJe

(18)
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Pmin < p(t,%) < pmax, for (t,x) € (0,T) x (0,L) a.e. (19)
Pmin < p(t,X) < pmax, for all t € [0,T] and for x € (0,L) a.e. (20)
[v(t,%)| < Vinax, for (1,x) € (0,T) x (0,L) a.e. 1)

[v(t,0)| < Vmax, for all t € [0,T] and for x € (0,L) a.e. (22)

Remarks on Definition 1: (i) The main difference of the notion of weak solution introduced in the present work and other
notions used in the literature (see [7, 10, 21, 25]) is condition (T8)). Indeed, while some works are using the mechanical energy
functional E for the definition of a weak solution of (I)-[) (see for instance [7]), we could not find any other work that uses
both the mechanical energy functional £ and the modified mechanical energy functional W. However, as noticed above, the use
of both functionals is important for control purposes (see [15, 16, 17, 18]).

(ii) Another difference of the notion of weak solution introduced in the present work and other notions used in the literature is
the fact that we require the density to be positive (recall (I9), 20))). Other works in the literature (see [7, 10, 25]) simply require
the density to be non-negative. The difference is crucial: we do not allow vacuum to be formed while in other works in the
literature vacuum is allowed. Therefore, the assumptions in the main results that are presented below (namely, Assumption (A)
and inequality below) can be considered to be sufficient conditions for the exclusion of vacuum. This is a useful point when
one faces the question of vacuum: vacuum can only appear when the existence of a weak solution is verified using relevant
results in the literature that allow density to be zero and when the assumptions of the present work are violated.

(iii) Another difference of the notion of weak solution introduced in the present work and other notions used in the literature is
the regularity guaranteed for the solution and the regularity properties required for the initial condition. However, it should be
noted that the notion of weak solution of Definition 1 requires less regularity than the notion of strong solution used in [22].

3 | ANOVEL PARTICLE METHOD

3.1 | Equations

We consider n > 2 particles of fluid spaced at x;(t) € [0,L], i = 1, ..., n, each with mass . We also consider a “ghost” particle at
Xo(#) = L and we assume that x,,(f) = 0 < x,,_;(f) < ... < x1(¢) < x0(f) = L. The ghost particle has no mass and does not move, i.e.,

Xo(t) =vo(r) =0 (23)
while all other particles move according to the following equations fori =1, ...,n—1:
Xi(t) = vi(1)
Vi(t) = n®' (n(xi1 () = x;(1))) = n®' (n(x;(1) - xi11(1))) (24)

+12 K (n(xi_1 (1) — x;(2))) (Vi1 (1) = vi(0)) + n? K’ (n(xi(1) = Xis1 (1)) (Vi1 () = vi(D))
and the equation
X,() =v,(t) = 0. (25)

The functions @, K : (0,+00) — R are selected below in an appropriate way. The state space for the dynamical system (24)) is

the open set
Q= { (1 ooy X1 V1 e V) € (0,0 X R 2 5y < oo<xy ) (26)

If we follow the methodology in [14] and relate finite-dimensional system 23, (24), (25) with the infinite-dimensional system
(T)-@) and if we follow the approximation

m m m T m?
P~ = (p(x,-+1)) ~f (p(x») +f (p(x») Gy P

then the functions @, K : (0, +00) — R must satisfy the following relations for all x > 0
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' (x)=-1P(2) <0 27)
K@= L (8)>0
as well as the equation
®(L)=0. (28)
Consequently, by virtue of (7) and 27), (28)), we get for all x > 0:
d(x) = fp”’/* s2P (s) ds 29)

Koo =5k (2)

The potential function @ is related to the function Q defined by (8)) that gives the potential energy of the fluid U(p) = foL O(p(x))dx
by means of the following formula that holds for all p > 0:

0(p) = p® (’”) —P(p") (’1 - 1) : (30)
p p

Assumption (A) guarantees the following property for the potential function ® (recall (29)):

lin(}+ (®(x)) = +o0 and ® : (0, +00) — R is bounded from below, i.e., ing(é(x)) > —00. (€18
We define the following functions for n > 2:
m «— ) m —
Exn)= o Elj v+ 21: (1 (xi1 (1) = x:(1))) (32)
m n—1 m n
LACEEw Z Wi + Z ® (1 (x;-1 (1) = xi(1))) (33)
_ Vi1 (1) —vi())
0= Z X1 (0~ (1) oY
H,(1) = ax (n|K (n(xi1 (1) = x:(0))) = K (n(xi(1) = X101 (1)) |) (35)
where
wi(t) = vi(t) = nK (n(xi-1 (1) = xi(1))) + nK(n(x;(t) = xi41 (1)), fori=1,...n-1. (36)

We consider the parameterized family of finite-dimensional systems (23), (24), (23) defined on €, parameterized by n > 2 with
initial conditions (x1(0), ..., x,_1(0), v{(0), ..., v,_1 (0)) in £2,,, for which there exist constants E, W, Z, A > 0 such that the following
conditions hold:

o :’1 V0 + 230 @ (n(xi1(0) — xi(0)) < E,

3,’, L wH0) + 2 n S @ (1 (xi1(0) —x,(0))) < W, -
(v, (0)-vi(0))* ~
2 Z, 1 xl'1<0>—x1<0) =z

max (n|K (n(xi-1(0) = x:(0))) = K (n(x;(0) = x:41(0)))]) < A

Define the increasing function F : (0, +00) — R by means of the formula:

Fi(p) Fp) kp) : *
rp-{ BRI E) 7oz (38)
min(RA ) 0 0err
where
P
Fi(p) = / 572 1u(s)\/ Q(s)ds (39)
-
P
Fa(p) = / s p(s)ds. (40)
-

The following theorem provides results for the parameterized family of finite-dimensional systems 23)), (24), (23).
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Theorem 1. Suppose that Assumption (A) holds. Let E,W,Z,A > 0 be given constants with

VW + VE < min ( lim_(F(p)).~ lim (F(p))) . 1)
p—r+00 p—0*

Then there exist constants k,R; >0, i =1, ...,6, (independent of n > 2 but dependent on E, W, Z,A > 0) such that every solution
of @3), 4), @3) with initial condition that satisfies also satisfies the following estimates for alln > 2 and t > 0:

E() <E 42)

W, (1) < W 43)
n—1

0> (K(n(eir (1) = xi(0)) - Ki(i(d) = xisn 0)) < Ry (44)
i=1

a <nx_1(t)-x;() <b, fori=1,..,n 45)

Z,(1) <Ry (46)

H, (1) < Rz exp (k1) 47)

max ([vi(n]) < Ry (48)

2
o e\ xi() = X1 (5) xi_1<s>_xi(s)> ds < Rs +Ret (49)

’"‘ (w(s) Vier(s)  viia(8) = vils)
b=

where a = € (0,L] and > L.
F(VE(VEVW))

NE ( VEHVW
Remarks on Theorem 1:
(i) Theorem 1 can be interpreted as a stability result for the numerical scheme @]), @]), @]) Indeed, notice that under
the assumptions of Theorem 1, the solutions of (23)), (24), (23] are bounded and the approximations of the solutions of the
initial-boundary value problem (I)-(@) with (I4) are bounded in various spaces.

(ii) When pgrrloo (F(p) = pli_}rr& (—F (p)) = +oc then condition (1) is automatically satisfied and arbitrary initial conditions

PV

for the finite-dimensional system (23), (24), (25) can be allowed. For an ideal gas under constant entropy, it holds that
lim (F(p)) = lirrol (=F (p)) = +00, and consequently, arbitrary initial conditions for the finite-dimensional system 23)), (24),
p—>+00 p—0F

[@3) can be allowed. Indeed, for an ideal gas under constant entropy we have P(p) = cp”, P = fpT and pu = B+/T, where
-1 .
T > 0 is the temperature and c, f, 3,y > 0 are constants with v € (1, 2) (see [10 15]) Therefore, we have u(p) = Ap™z with
” .
A= B+/fcand Q(p) := P (07 =) o+ (v =D(p*)), k(p) = ( — ()T ) Fi(p)=A fpp* 5= \/O(s)ds. Notice
2

~-

that the fact that Q(p) > §(p*)" for 0 < p < %= p* implies that F (p) < —%\/g(p*)% P - (g—jp*) ’ > for0<p< L= p*.
Consequently, the fact that v € (1,2) and definition (38)) guarantees that lim (F(p)) = lirr(} (=F (p)) = +oo for an ideal gas
p—+00 p—0*

under constant entropy.

(iii) However, for the case of the vrscous Saint-Venant problem (Where w(p) = pp, k(p) = p(p—p*) for a constant p > 0),
condition (41)) gives VW + VE < “g) aé;gg) s ) and therefore Theorem 1 does not hold for arbitrary
initial conditions for the finite-dimensional system éé) @]) This result is in accordance with the fact that the viscous
Saint-Venant problem is well-posed for initial data close to the equilibrium (see [20, 31]).

(iv) Working as above, it is possible to show that EIPoo (F(p) = li_}rrol+ (=F (p)) = +o0 are valid for any gas that satisfies the
inequalities P(p) > cp” and u(p) > Ap', where cpA, v>0,n¢ §l‘€are constants with v € (1,2) and 7 € [0, 1/2]. Therefore,
condition hm (F(p) = hm (-F (p)) = +o0 is valid for a wide class of gases.

(v) The functlon Fi(p) deﬁned by (39) was recently used in [15, 16, 17, 18] for control problems related to model (I)-(@) in
order to obtain estimates of the upper and lower bounds of density or liquid level.
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3.2 | The choice of the initial condition

Givenn > 2,v € H} ((0,L)), p € W ((0,L)) N C° ([0, L]; (0, +00)) with fOL p(x)dx = m, we can find a unique set of points
X, =0<x,_1 <..<Xx; <xo=L with f;” p(x)dx = fori = 1,...,n. We also define v; = v (x;) for i = 0, 1, ..., n. In this way, we
may define the mapping

X 5(p,v) = Pa(p,V) = (X1, o0y X1, VIs ooy Vi) € €y (50)
with

L
X=8xH}(0,L), S = {p e W ((0,L)) N C° ([0, L]; (0, +0)) : / p(x)dx = m} . (51)
0

For the numerical scheme (23)), (24), (23) and the initial-boundary value problem (T)-(@) with (T4) we consider as initial condition
the point (x(0), ..., x,-1(0), v1(0), ..., v,_1(0)) = P, (po, vo) € €2,. For this particular selection, we have the following result.

Theorem 2. Let an initial condition (po, vo) € X for the initial-boundary value problem (1)-@), (14) be given and suppose that

2 o el m 2
v%L»mb+mMMzUﬁm+m¢(me)+¢gw%m+n@(“ﬁw) o)
< min ( lim (F(p)),— lim (F(p)))

p—r+00 p—0+

leolloe = 7 = Pmin
conditions 37), @1) are valid for all n > 2 with (x1(0), ..., X,_1(0), v1(0), ..., v,_1(0)) = P, (po, Vo) € Q.

where M = max { K'(s) : 22— <g< L } and puin = 01<ni1<lL (po(x)). Then there exist constants E,W,Z,A > 0 such that
X

Again, it should be noted that if lim (F(p)) = lir{)l (=F (p)) = +oo then condition (]3_7[) is automatically satisfied.
p—r+00 p—0*

3.3 | Properties of the numerical scheme

Let a solution of (23)), 24), 23) defined for all # > 0 be given. Define for all # > 0:

m

pi(t) = m, for i= 1, I ) (53)
m

= = 54
polt) = p1(0) = 7= (54)

VOt x) = vi(h) + S (v - (), x € D), % ()
POER) = pil) + 20D () L x € D)3 (1) (55)

fori=1,..,n

v, L) =0 , p™(t L) = por). (56)
The functions v, p™ : R, x [0,L] — R are C' on the set Uso {62 1 x € [0,L], x#x,(1), i =0,...,n} (are C! ae. on

R, x [0, L]) and are used as approximations of the solution of the initial- boundary value problem (T)-@) with (T4). The functions
™, v defined for each n > 2 and ¢ > 0 by means of the formulas

5(n) — 5. Lirt (D=pi(1) Pi1t(D=pi®) . (n)
P x) = pi(t) + Ty o xi(0) = B v (5 x) 57)

forx € [x;(t),xi1(8), i=1,..,n

(1 3) = () 4 DD (1 )y GO0 ey v o)
VEE0) = vilD + o W6 O) = G ey 6 O) ~ G5 Vi

forx € [x;(t),xi (1), i=1,..,n

are the weak time derivatives of the functions p™, v defined by (53).
The following theorem summarizes our convergence results.

(58)
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Theorem 3. Suppose that Assumption (A) holds. Let (po, vo) € X that satisfies (52) be given. Consider the unique solution
of @3), @4), 23) with n > 2 and initial condition (x(0), ..., X,_1(0), v1(0), ..., v,-1(0)) = Py (po,vo) € Q. Define v, p™ :
Ry X [0,L] — R by means of (53)-(56). Then there exists a subsequence of { (p(”), v(”)) tn> 2} that converges to a weak
solution (p, v) of the initial-boundary value problem (I)-(@) with (T4) in the following sense:

p € L* ((0,T); H' ((0,L1))) N C*'* ([0, T1; L* ((0,L))) ,v € L™ ((0,T); Hy ((0,L))) N C*" ([0, T1; L* (0, L)))

o™ — pand v — v in C° ([0, T1; L? ((0, L))) strongly
v s yin L® ((O, T);Hé ((O,L))) weak star
p"™ — pin L ((0,T); H' ((0,L))) weak star
p" = pyin L ((0,T); L* ((0,L))) weak star
v — v in L* ((0,T); H' ((0, 1)) weakly

P — p,in L= ((0,T) x (0,L)) weak star

Moreover, if in addition

p)((") — pyin C° ([O, T1; L? ((0, L))) strongly

then the weak solution satisfies the following additional estimate:

W(pltl, vt < W(pltol, vitol), for allT >t > 19 > 0. (59)

Theorem 3 is a convergence result for the particle scheme @), @, @) Indeed, a subsequence of the numerical solutions
generated by the particle scheme (23)), (24), (23) is guaranteed to converge to a weak solution of the initial-boundary value
problem (T)-@) with (T4). However, Theorem 3 can also be considered to be an existence result for the initial-boundary value
problem (T)-@) with (T4) because it guarantees that there exists a weak solution of the initial-boundary value problem (T)-(@)
with (]E) Indeed, we have the following result.

Corollary 1. Suppose that Assumption (A) holds. Let (po, vo) € X that satisfies (52)) be given. Then there exists weak solution
(p,v) of the initial-boundary value problem (1)-(@) with (T4).

Again, it should be noted that if lim (F (p)) = lin(} (—F (p)) = +oo then condition (52)) is automatically satisfied. In this case,
p—r+o0 p—0*

Theorem 3 and Corollary 1 provide global existence results (with no restriction on the size of the initial conditions).

4 | PROOFS OF MAIN RESULTS

The following facts hold for the parameterized family of finite-dimensional systems (23)), (24), (23) defined on €2, (recall (26)).
Fact 1: For every solution of 23), 24), 23) the following equation holds
Ey(t)=-nm > K'(n(xi1 (1) = x:(0))) (vi (1) = vi(1))* < 0 (60)

i=1

as long as the solution of 23), 24), 23) is defined.

Remark: Inequality is the discretized version of inequality (T2) and shows that the discretized mechanical energy E, is
decaying.
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Proof. Using 23), 24), 23) and (32)), we get:

Ey(1) = m Y10 vi0) (@' (n(xi1 (1) = x:(0)) = @' (n(xi(0) — 141 (1))
+m Yy (1 (i (1) = xi(1)) (Vi1 (1) = vi(D))
+mn Enfll vi(?) (K" (n(xie1 (1) = (1)) izt (£) = vi(0)) + K (n(xi(1) = X111 (1)) (Vi1 (1) = vi(0)))
= mn 3y vit) (K (n(xi1 (1) = 5:0)) (i1 (6) = vi(0)) + K/ (n(xi(0) = X111 (1)) (i1 (8) = vi(0)))
—mn Yy K (n(xizt (8) = xi()) (via () = vi(0))?
The fact that El'.;l K/ (n(xi_1(£) — x:(£))) (vi_1 () = vi(2))* > 0 follows from definitions (Z7) (which implies that K’(x) > 0, for all
x> 0).

O
Fact 2: Suppose that Assumption (A) is valid. Then every solution of 23), 24), 23) is defined for all t > 0.

Proof. This fact is a direct consequence of Assumption (A), (3T)) and Fact 1, i.e., the fact that

YL v+ Z, 1 @ (1 (xiy (1) = xi(0))
< E0) =3, Zf’l Vi(0) + 2 37 @ (n(x;-1(0) — xi(0)))
as long as the solution of 23), (24), (23) is defined, and the facts that hrg (P(x)) = +oo, 1n(])? (®(x)) > —oo which
shows that the solution of (23, @) (23) remains bounded and cannot approach the boundary of the open set €,
{(xl, s Xy Vis s V1) € (O, LY X R 2 x << }
O

Fact 3: Suppose that Assumption (A) is valid. Then for every solution of 23), 24), (23)) the following equation holds for all t > 0:
‘/Vn(t) =
—mn Z;:ll (@' (n(xi-1 (1) = xi(1))) = @ (n(xi (1) = x341 (1)) (K (n(xizy (1) = x:(1))) = K(n(xi(1) = x341 (1)) < 0

Remark: Inequality (61) is the discretized version of inequality (T3)) and shows that the discretized mechanical energy W, is
decaying.

Proof. Using (23), 24), (25) and definition (36) we get the following equations fori = 1,...,n—1:

(61)

xi(1) = wi(®) + nK(n(xi1 (1) — x,(1))) — nK (n(x;(1) — xi41 (1))
Wi(t) = n® (nxi1 (1) = xi(1))) = n®’ (n(x;(t) — xi1.1(1)))
Using definition (33) and equations (62)) we get:

(62)

Wo(0) = m S0 wi (9 (n(xit (1) = xi(0)) = ®' (n(xi(0) = X341 (1))

+m S0 B (1 (i (1) — xi(0)) (Wi (1) — wile))

+mn S0 B (1 (i1 (1) — xi(0))) (K (n(xi 2 () = i1 (1)) = 2K (n(xi_1 (1) = x:(8))) + K (n(xi(8) = i1 (1))

—m®’ (n (L - x1(£))) w1 (1) + nK (n(L - x1(1))) = nK (n(x1 (£) = x2(1))))

+m®’ (1,1 (1)) W1 (1) + 1K (1 2(0) = X1 (1)) = nK (1,1 (£)))

= —mn S (B (1 (i1 (1) = x:(0)) = B (1 (1) = 521 (1)) (K (i1 (1) = (1)) = K(n(xi(7) = 141 (1))))
The fact that

Z (@' (n(xiz1 (1) = xi(1))) = @' (n(x; (1) — xi41 (1)) (K(nxiy (1) = xi(1))) = K(n(xi(1) = xi41 (1)) > 0
i=1
follows from definitions @) (which implies that both K(x) and ®’(x) are increasing functions).

The following fact is trivial and is proof is omitted.

Fact 4: Let the set {u; € R :i=1,...,n} be given. Then the following inequality holds:

n—1

max (u)— mm () < Z |tie1 — ;] (63)

,,,,,,,,,,
i=1

----------
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max ‘u, E |u,+1—u,

.....

The following fact plays a crucial role in what follows.

Fact 5: The following inequality holds for all t > 0:

n—1

WY KnGia () -5(0) - K - xin ) < = (/Wold) + VED)

i=1
Define the increasing function F : (0,+00) — R by means of (33). If the following inequality holds

V Wa(0) + v/ E,(f) < min (plim (F(p)),~ lim (F (p)))
—+00 p—0*

then the following inequalities hold for alli =1, ...,n

0<F! ( (\/W )+ VE,1) )) m < (\/W 0+ VEx1) ) < +o0
Proof. Since Y, (xi_1(t) — x;(1)) (m - p*) = 0 (a consequence of the fact that p* = m/L), we get

o, () =7 = 2 (s )
i=l,..., n(xi_1 (1) — x;(1)) i=1,..., n (xi (1) = x;(1)

Using (68) and the facts that Fy, F,, k are increasing (recall (7), (39), (@0)), we get:

. m m .
in, (Ff <<<><»)> SO0< max (Ff (<<><»>) Jori=1.2

. m m
A <k (n(xi_l(t) —x,~(t))>> =0= max (k <n(x,-_1(t) _xi(t))>>

Fact 4 in conjunction with (69) and (70) implies the following inequalities

m
m?(vigmmumob ‘ﬂ(mmem)JﬁmenmJ’

n—1 m
gﬁﬁ(FéLMMWmmN)SELﬂP%(WMWMM)_B<MMWL®J
m n-1 m _
£P§(k(ﬂm@%@JDj£X;1%(WﬂHmW) k(mﬂwmm)

.....

Define the following functions for all u € K ((0, +00)):

F(u) <K1()>,f0rj=1,2
Notice that definitions (72) imply that

Fi(Z) =F (K@), forj=1,2and x>0
X

Using (7)), (73) and the fact that K(x) = —Lk () for x > 0 (recall (27)), we get:

X

l
max ([P (G )|) < 25 1P K 0660 = 310100 = Py (K (1 0 = o))
max (|F2 (st )|) < 200 [P (K 000 = i1 (0) = Fa (K (010 = x0))|
max (|k (Gt ) |) < m S K (0 =i 0) = K (nGxi10) 50|

i=1,...,

Definitions (39), @0), (72) and (27) imply that

F{(u) = —\/mK1 (w) Q (K_r]n(u)) forall u € K ((0,+00))

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)
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Fj(u) = —/mK- (u), for all u € K (0, +00)) (76)
Equations (73) and ({76) give us the following estimates forall i = 1,...,n—1:

|F\ Gie1) = F1 0]

77
< Vm|yin - i max{ ‘ K'wQ (#(u)) s min (Yirr, yi) < u < max (Vier, Yi) } 77
|F> (i) = F2 ()| 78)
< V/m |yir =i max{ ‘\/ K1 ()| min (v, y:) < u < max (yis1, i) }
with y; = K (n(x;_1(f) — x:(1))). Since K~! is increasing (recall 27)) we get from (78):
|F2 is1) = F2 09)] < v/nmmax (i(t) = xiz1 (), xe1(0) = x:0) [yia1 = i (79)

The function g(s) = sQ (%) for s > 0 satisfies g'(s) = P(p*) — P(m/s) (recall @). Since P is increasing, it follows that g is convex.
Consequently, we get from (77):

|F1 5ie1) = F1 ()]
< /m|yier - il \/max {g(s) : K" (min (yie1,y) < 5 < K~ (max (ie1, 1)) }
= v/ [yiet =i (/max (g (K1 (min (i1, ) € (K1 (max (3it, ) 30)
< v vier = 3i] (/g (K (min (i1, ) + g (K (max (v, 30)
= /i [y - yi| \/ (0 =331 © (g ) + G105 © ()
Using (74), and (80), we get:

__m
;max ( Fy (n(x,;](r)—x,-(r))) ’)

< /am ! |K (i) — it (0) ~ K (n(xi1(0) — x:(0)| \/ w0 =311 © (35 ) (81

w/mm S K (i) = xia1 (1) = K (s (1) = x:0)| \/ (10 =) @ (s )

max (172 () )
< im S | K (0xi(n) = X1 (6) = K (n(xi1 (6) = 50) | /500 = X1 () (82)
+y/mm S K (nei(r) = X1 () = K (n(xit (1) = :(0) | /X1 (1) — x:(0)

Applying the Cauchy-Schwarz inequality, we obtain from (74)), (8T) and (82) and the fact that Y, (x;1 (1) —x;(1)) = L:

n—1 172
e ('k <n(xl_1(gl—x,(z))> D <m <n ; |K (n(xi() = xi1 (1)) = K (n(xi1(¢) —xi(t)))]2> (83)
max (|71 (i)
n—1 2 172 .

<2y (n S5 K (0 =i 0) = K (i 0= x| (S 0610 =50 € (555 )

12
o ( F2 (,M,(,'Z’_x(,))) D <2vLm (nEI: |K (i) = xia (1)) — K (i1 (1) —xi(t)))|2> (85)

Using (30), (32)., (33) and the facts that p* = m/L, Y (xi1(t) — x;(1)) = L, we get:

12 (84)

n—1

3 Gt () - xi(1) @ (M) = 23 @ (1) -x(0)) < min (E,(0). Wo(0) (86)
i=1 = ! i=1
Using the inequality
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L (1) — nK (n(xi-1 (1) = xi(1))) + nK (n(xi(0) = xi1 (D)) + (8 + DVE(D)
> 1 (K(n(xi1 (1) = (1)) = K (n(xi(1) = xia1 (1))
that holds for all § > 0, we obtain the inequality

20 (570 010 = K (131 0) = 350)) + K (1) = 53 (D) + 32 S0 v20))
> n 30 (K (it (6) — xi(1)) = K(n(xidt) — i1 (D))
Using definitions (32), (33), (36) and the fact that Y ;| ® (n (xi_1(f) — x;(r))) > 0 (a consequence of the facts that p* = m/L,
zﬁdﬁ¢ﬁﬂ—m0»=qu@)20ﬁnaHp>0amﬂ@®whdﬁmmmsmm©C0=iQOM@+PQf)C%—%)ﬂnaﬂx>0)
we get from (§7):

87)

5 | n—1
m (m W)+ (5 + I)En(t)> >n Y (K(nxi (1) — xi(1) = K(n(xi(t) = xi1 (1)) (88)
m ) i=1

Selecting § = /W, (t)/E,,(1) when E,(t) > 0 we get (63). Estimate (88)) shows that inequality (63) also holds for the case where
E, (1) = 0.
Combining (63), (83), (84), (83) and ([B6) we get the following estimates for all i = 1,...,n
V2 (VWD + VED) < k (st ) < V20 (V0 + VD)
2V2L (VWD +VED) < F (5t ) < 2V2L (VW0 + VED) (89)
2 ” 2
2v2( U+V@@)§F(mmﬁmﬁ<2Vx W) + v/ En(D))
Combining (89), (38), (39), (@0) and using (68), we obtain estimates (67).

We next show the following lemma.

Lemma 2. For every pair of constants a,b > Q with 0 < a < L < b there exist constants o,w,r > 0 (independent of n > 2) and
a function B € K, (independent of n > 2) for which the following property holds: If

a <nlxi_1()—-x;()) < b, foralli=1,...n (90)
then
Z(1) < =0Z, (1) + WZ (1) + B (W, (1) + En(1)) oD
rn
Zy(1) < 3 Z (Bir1v(D) = 5:v(0)) + WZ (1) + B (W, (1) + Ey(1)) 92)
=1
where 6;v(t) = ;::Eg:;g; fori=1,...n
Proof. Equations 23), 24), (23), the fact that d;v(t) = = ‘8 ;fg fori=1,...,n and definition (34) give:

Zy(t) = =3 Sy (i (0 = i) Gv(0) +1 Y15 5v(8) (D (i (0) = i1 (1)) = ' (i1 (1) = (1))
+1 3 iv(1) (=@’ (n(xiz1 (1) — xi(0))) + D' ((xi(1) = ;41 (1))
+n? Z::zl 5iv() (K (n(xi2(t) = xi1 (1)) (ica (1) = viey (1)) = K/ (n(xiy (£) = x,(0))) (vic1 (1) = vi(0)))
+1? 31, Gv(o) (=K' (n(xiz1 (8) = i) i1 (1) = vi(0)) + K’ (n(xi(8) = xi5.1(1))) (i) = Vi1 (1)) ) 93)
—n61v(t) (B (n(L - x1(1))) — B’ (n(x1(2) = x2(1)))) + 16V (1) (P (2(1) = X1 (1)) = D' (1,01 (1))
+n261v(1) (K’ (n(L = x1(0))v1 (1) = K (n(x1 () — x2(1))) (va(1) = v1 (1))
+126,(1) (K’ (n(xXn2(1) = X1 (1)) (Vo () = Vit (1)) = K/ (01 (1)1 (D))
Rearranging terms in (93) we obtain:
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Zy(t) = =1 30 it () = vi()) (G ()’

+1 30 (Biaav(0) = 5(0)) (@ (i () = xi(1)) = @ ((xi (1) = X141 (1)) )
+12 S (B v(0) — 50(0) K (i1 (1) = (1)) (v (6) = vi(8))

—n? Z::ll (Oiz1v(1) — 0,v()) K’ (n(xi () — Xi41 (1)) (i (1) — vi1 (1))

Next define the function G : (0, +00) — (0, +00) by means of the formula:

(94)

G(x) = xK'(x), for all x > 0 (95)
Using definition (93)), rearranging terms in (94) and using equations 23), (23), we get:

Zu(1) = =1 S vi(0) (B v(@) = 59(0)) (Bis1 v(2) + ;v (1))

+1 30! (G v(0) = 5i(D) (@ (nxict (1) = xi(1))) = ' (n(xi(1) — 111 (1))

-1 3 Gn(xii (1) = xi(1))) (Gis V(1) — 5iv(1))?

+1 30 (G v(0) = 5:0(D)) G v(0) (G(nxi1 (1) = X)) = G((xi(1) = X111 (1))

(96)

Define

r= aISnxlélb (Gx)) >0 7
Using (96) and definition (97) we get:

Zy(t) < =m0 Geav(0) = 60(0) + 5 S0 O] |8i1v(®) = 5iv(@)] 81 v(0) + (@)
+1 300 |G v(0) = 5v()] [ @ (nxiy (1) = xi(0)) — B (n(xi(1) — 141 (1) (98)
+1 30 |81 v(0) — 5(D)] [8:41v(D)] | Gy (8) = xi(1))) = G(nxi(r) — 141 (1))

Using the inequalities

Vi(D)] [81v(1) = 51v(0)| !6,+1v(r> + 0|
< 20 (5 v(0) = 60(0) + g5 [0 |01v(0) + ()

Snr

|Gt v(1) - 6v(r>| !@(n(xl_l(o xi(1))) = @ (n(xi(1) — xi41 (1))
< LGy =50 + 2 | & (n(xiy (1) = xi(0) = & (1) = xis (O
|81 v(®) = 6,v(2))| |61+1v<t)! |G(n<xl 1(8) = 5(8))) = Gl - Xin1 (D)

< £ Giav(®) = 0v(0) + |5z+1V(l)| |G(n(xi1 (1) = (1)) — G(n(xi(t) - xl+1(t)))’
we obtain from (98):

Z (t) <=2 QD) = Sv(0) + 12 S l(t)\ |Gis1v(D) + 5V(l)|
x |<I> (n(xi- 1(t) xi(1))) = @' (n(xi(r) — xl+1(t)))| 99)
> \6,+1v(r>| |Glnis (1) = (1) = Gn(xi(1) = xi ()
Using the fact that K’ (x) > 0 for all x > 0, we conclude that there exists a constant M > 0 such that the following inequalities
hold for all x,y € [a, b]:

9" (x) - @' ()| < M |Kx)-K(y)|
|G -G )| <M |Kx)-K()|

Combining (99), (T00), (63) and (90) we obtain:

z (t) <-wy Gunv() =, w()?
+ 16” |v,(t)\ ]5,+1v(t) +0; v(t)\ + M (W (1) + En (1)) (101)
+3M," =1 ‘5z+1 V(f)| |K (n(xi-1 (1) - xl(t))) K(n(xi() = xis (t)))|2

Using 23), 23), 4). definition (34), the fact that > (xi_1(f) — x;(r)) = L and the Cauchy-Schwarz inequality, we get:

(100)

max ([vi(0)]) Z|v, () -] < < Z'V”m v’(t)|> = \/2LZ,(1) (102)

i=0,1,.., X1 () = x; (1)
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Consequently, we obtain from (T0T), (T02):

Z,(t) < =% 305 Gunav(0) - 6v(r))
+3L20 57 ’5,+1v(t) + 60| + L (W, (1) + E, (1) (103)

8nr

+3A24," n_ ‘61+IV(I)| ‘K('l(xz— (f) xz(f))) K(n(x;(t) - xz+1(f)))’
Using the inequality |6i+1v(t) + 5,-v(t)| <2 }5i+1v(t)| +2 |5iv(t)| which gives Zi; |5i+1v(t) + 6iv(t)|2 <4y

get from (103) and (63):

Z(t)< nrs ] (5,+1v(t) Siv(r)? + L& Z:'l|6,-v(t)’2

2nr

104
(Wn(t) +E)+ 2 max ([dv)]”) Walt) + En(0) (104)
Using definition (34) and (O0) we get:
n min ((5 W) ) 3 o] < za—”z,,(t) (105)
’’’’ i=1
Consequently, we obtain from (T04) and (I03):
Zn() < — ;’ (0 S (W, (1) + En(1))

(106)

Using (63)), the Cauchy-Schwarz inequality, the 1nequa11ty 2xy < ;xz + eny? that holds for every € > 0, x,y € R, definition (34
and (90), we get:

lmax ((5 ) ) min ((5 ) ) s ‘(5i+1v(t))2—(5iv(t))2’

..........

|6,+1v(l) 5(t)| |§,+1v(t) +omn| <2 ( L o) " (S v -6 v(,)‘z) " (107)
< LS 16w +en X0 |8iiv(@) = 5v0)|” < 2 Z(0) + en S0 |60 v(t) - ()|
Estimate (I07) in conjunction with (TI03)) gives for every € > 0:
n-1

max (@v)?) < 2 ( )z (t)+€nz |5:21v(8) = 5,00 (108)

.....

Combining (T06) and (T08) we get for every € > 0:

Z(t><—(f—a (W) + Ea(e) ) 1 Y2 Gt = 00(0))°

(109)
+3LZ2(0) + 2 (W, () + E,(0)) + (1+ 1) ‘j}; (W, () + E, (1)) Z,(t)
Selecting € = 3550y When Wa(9) + E, (1) > 0, we get from (T09):
7o) < =257 (G0 v(0) = Sv(0)) + L (W, (1) + E, (1)) (110)

+3LZ2(1) + (36M> (W, (1) + Eo(1) + 7 m) LI (W (£) + En(1)) Zu(0)

ar3m?
Inequality (TTO) holds when W, (r) + E,(t) = 0 as well. Therefore, inequality (TTO) holds in any case. Using the inequality
(36M? (W, (1) + En(1) + r*m) ;,2%22 (Wn() + E (l))Z (®)

< Z20)+ (36M (W0 + B0y + m)” (82)” W)+ E,0))

it follows from (TT0) that the following estimate holds:

n—1
2,() =2 3 G0 = 60(0)’ + (1 + Z’;) Z2(1) + B(W,(1) + E, (1) (111)
i=1

ar’m?

2
where B(s) := 95 4+ (36M>s + rzm)2 ( L1 ) 52, for all s > 0. Inequality (92) is a direct consequence of (IT1).
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The fact that Zle (xi_1 (1) — xi(2)) 0;v(t) = vo(t) — v, () = O implies that min (J;v(r)) < 0 < max (J;¥(r)). Consequently, we
I I

=1,...n =1,...,n

obtain from Fact 4, (64) and the Cauchy-Schwarz inequality:

n—1

- - 112
max (|5iV(t)D < Z |5i+1v(l) - 51"’(0} < (”Z |5i+1V(f) - 5iV(t)|2> (112)

i=1,...,

i=1 i=1

Definition (34), (TT2)), the Cauchy-Schwarz inequality and the fact that ) ._, (x;_1(f) — x;()) = L give the estimate

22,(5) < max ([dv(0)]) 3L [via (0 = vi(o)

""" " 12 o\ 112
< (0325 [ov0 - &v(r)!z)m (L3op, ool )
= (v v -sv0[) V2AZ®

which directly implies the estimate

n—1

22,(t) < LY [8i1v(0) ~ 000)[* (113)
i=1

Consequently, we obtain from (IT1)) and (TT3) the estimate:

Z,( < _LZn(t) + <1 + 3L> Zy (1) + B(Wy (1) + E, (1)) (114)
3L ar

Estimate (TT4) directly implies estimate (9T).

We are now ready to provide the proof of Theorem 1.

Proof of Theorem 1. Estimates (42)), @3), (@4), @3) are consequences of (60), (61)), (63)), (66), (67), and definitions (32),
(3), @6).

We next show estimates (@6)), [8)). Notice that (60) and definitions (34)), (93), (97) imply the following estimate

N - Vi () = i)’
Eyty=-m_ Gn(xi1(1) - XN e S =2miZ (0

i=1

from which we get for all + > 0:

E,(t) + 2mr / Z,(5)ds < E,(0) (115)
0

Lemma 2 implies that there exist constants o,w,r > 0 (independent of n > 2 and r > 0 defined by @[)) and a function
B € K., (independent of n > 2) such that the differential inequalities (91), (92) hold for all # > 0. Using (91)) and defining
y(t) = exp (at —w fot Z,,(s)ds) Z,(?), we get for all ¢ > 0:

(1) < exp (OI—W/ Zn(s)ds) B(W,(1) + E, (1))
0

which directly implies the following estimate

Zo(t) < exp (—Ut rw ! Z,,(s)ds) 7,(0)
+ [L BOW,(7) + En(T)) exp (—a(t —Ptw ! Z,,(s)ds) dr
The above estimate combined with the fact that W,(¢) + E,(f) < W,(0) + E,(0) for all # > 0 (a consequence of and (6T)) and

(TT3) gives:

Zo(1) < exp (—m twf Zn(s)ds) Z,(0)
+B(Wo(0) + Ex(O) o exp (-0t = 1)+ [y Zu(s)ds ) dr

< exp (#2292 Z,(0) + B (W,(0) + E,(0)) exp (2222 [“exp (~o(t— 7)) dr
< exp (4229 (Z,(0) + LB (W,(0) + E,(0)))
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It is clear that the above estimate and (37) implies (@6)) with R, = exp (2mr) (Z+ 1B (W +E)). Moreover, estimates (T02) and

(@6) imply estimate [@8)) with Ry = \/2LR,.
We next show estimate (@9). Integrating (92) we get for all # > 0:

2
m [t =1 [ vi(s)=viri izt ($)-vi
Zu(0+ 7 o S (S - e ) ds
< Z,(0) +w [ ZX(s)ds + [1 B(Wy(s) + En(s)) ds (116)
<R, +wR3t+B(W+E)t
Estimate (TT6) combined with @2), [@3), [@6) gives estimate @J) with Rs = °R, and Rs = ¢ (wR} + B (W +E)).
Finally, we show estimate (@7). Equations (23)), (24), 23) imply the following equation forall > Oandi=1,...,n- 1:

& (K (n(xie1 (1) = (1)) = K (n(xi(5) = xe41(1))))
= 4Vil0) + ©' (n(xi(0) = i1 (1)) = ' (i1 (1) = (1))

Integrating (TT7) we getforallz > Oandi=1,...,n—1:

(117)

n (K (n(xi1 (1) = xi(1)) — K (n(xi(1) — xi+1(1))))
= n (K (n(xi1(0) - x,(0))) = K (n(x;(0) = x41(0)))) + vi(?) — vi(0) (118)
+1 [5 (B (n(xi(5) = %141 (5))) = B (x4 (5) = x:(5)))) s
Using the fact that K’ (x) > 0 we conclude that there exists a constant M > 0 such that the following inequalities hold for all
x,y € [a,b]:

|9'(x) - @'(y)| < M |K(x)-K()| (119)
Combining (T18) and (37), @8), (T19) we obtain forall > Oandi=1,..,n—1:
n |K (n(xi1 (1) = (1)) = K (n(xi(5) = xi51 (1)

_ 120)
<A+ 2R+ M [y n|K (n(xi(s) = xi11(5) — K (n(xi-1 (5) — x:(5)))| ds (
Applying the Gronwall-Bellman Lemma in (T20) we obtain forall > Oandi=1,...,n- 1:
1 |K (n(xiz () = (1)) = K (n(xi(1) = xi1 (1)) | < (A +2R4) exp(M1)
The above estimate and definition (33)) imply estimate @#7) with x = M and Rs = A + 2R;.
O

Next, we provide the proof of Theorem 2.

Proof of Theorem 2. Let (pg,vo) € X be given and suppose that @) holds. We set (x;(0), ..., x,_1(0), v{(0), ..., v,_1(0))

P, (po,vo) € Q,, where x,(0) = 0 < x,.1(0) < ... < x1(0) < x9(0) = L is the unique set of points with fx'(ol)o po(x)dx = =,

vi(0) = vo (x;(0)) for i = 0, 1, ..., n. Using the Cauchy Schwarz inequality, the fact that — < n(xi-1(0) - xi(0)) < - for
i=1,..,nwith pyi, = 0r<nin (po(x)), the fact that @ : (0, +00) — R is a decreasing function and the fact that vo(0) = 0, we get:
2 et V(O 5 3 @ (105 (0) ~xi(0))
m n Xz(o) m m n 2 m
<z (U /(s)ds) 23 @ (=) < 2 50 0 v+ m () (121
2
< 2 g+ m ()

Since py is continuous, for every i = 1,...,n there exists & € [x;(0),x;1(0)] with n (x;_;(0) — x;(0)) = Setting M =

(5)
max { K'(s) : ” <s < L } and using the fact that K’ (x) > 0 for all x > 0 and the fact that Tl H < n(xi1(0)—x;(0) <
2 fori=1,. n with Pmin = mm (po(x)), we get forall i =1,. -1:
Pmin 0<x<L

K (10510 = (0)) = K (1 (0) ~xin O] = [K (3255 ) ~K (525)]

5| < mnM "’”” &~ &int] (122)

1
p(&) — pEu1)
it 128 . 0) - x,+1<0)><2 2 1]

ledll.

‘min
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It follows from (122)) that
max (n |K (n(xi-1(0) = x:(0))) - K (n(xi(0) - i1 (0)))|) < 2m M HPOH (123)
i=1
..... min
Using the Cauchy-Schwarz mequahty, we get:
51(0) .
1y O nOr ] = (L) [ il as= 2 (124
Xi] X Xio| X; - )
O -x(0) 24 0-x0 ~ 2%/ '° 2 "o

i=1 i=1
Furthermore, (122) and the fact that ||| < \f Ll gives foralli=1,...,n-1:
|vi(0) — nK (n(xi-1(0) = x:(0))) + nK (n(x;(0) — x;11(0))) |
< [vo(xi(0))| + 1 |K (n(xi-1(0) - x:(0))) — K ((x;(0) — x:41(0))))| (125)
< VL gl + 2m2hr 12
Inequality (T23)) implies that

7112
[Vi(0) = nK (n(xi-1 (0) = x:(0))) + nK (n(xi(0) = xi1 (0)|* < 2L |[vp |3 + 4m4M2%

foralli = 1,...,n—1. Consequently, using the fact that T S<n (xi-1(0) —xi(0)) < 2 fori=1,...,n wWith pmin = 0I<ni£1L (po(x)),

the fact that ® : (0, +co) — R is a decreasing functlon, we get.

23 0i(0) = nK (n(xi-1(0) = xi1(0))) + nK (n(xi(0) = i1 (0)))* + 2 S0 @ (1 (xi-1(0) — x:(0))) (126)
< mL v} || +2m M? HP%”,X, +m® (HpoH )
We conclude from (121), (123), @ and (T126) that if we are given (pg,vo) € X then, no matter what n > 2 is, the
vector (x1(0), ..., x,-1(0), v1(0), ..., i1 (0)) = P, (po,vo) € €, satisfies inequalities (37) with E = ZE ||v6||§ + m® (W),

s llesl, ( ) o . v
mL||vO||2 + 2m’M e + m® B ‘ s Pmin = og&(p"(")) and M =

w

29

- p 5 2
A = 2m2M|| °” L Z o= 3w
<s< } Therefore, by virtue of (32)) we get (@T).

max { K'(s) : ‘

In order to prove Theorem 3 we first need to show some auxiliary technical results.

Lemma 3. Suppose that Assumption (A) holds. Let (po,vo) € X that satisfies (52)) be given. Consider the unique solution of 23],
[@4), @3) with initial condition (x1(0), ..., x,_1(0), v1(0), ..., v,_1(0)) = P, (po, vo) € Q, and define v, p™ : R, x [0,L] — R by
means of (B3)-G6). Then for every T > 0 it holds that

p™ € L ((0,T);H' ((0,L1)) " € L™ ((0,T); Hy ((0,1)))
Moreover, it holds that p™ € L> ((0,T) x (0, L)).
Proof. The functions v, p™ : Ry x [0,L] — R are C' on the set |J,», {(#,x) : x € [0,L], x #x(r), i =0,...,n} (are C'

a.e. on R, x [0,L]). Furthermore, for each t > 0 the functions v*[r], p®[1] : [0,L] — R are of class W"* ((0, L)) with
vW[1] € H} ((0,L)). Moreover, inequalities (3), (@8) and definitions (53)-(56) guarantee the following estimates for all # > 0:

m : n n n m
3 < min, (0"@0) < max (870) = |07 < (127)
V1| < Ra (128)

Using @4), @3), @7), 33). G3), (34) and the fact that K’(x) > 0 for all x > 0, we get for all 7 > 0:
R >n Z?;ll (K (n(xi_é () — x:(1))) — K(n(xi(1) = xi41 (1)) ,
2 (o, (K6) ) T (- 5am) = (min, () ) 21 ()
2
> (ur<nsi£1b (K’(s))) &S (a0 - (1))
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Ryexp (k1) > max (n[K (n(xi1() = x:(0) = K (n(xi(1) = xis1 ()] )

.....

. / m__ _m — . ! Pir1(O—pi(t)
> ( min (K o) Jmax (|25 - 225 ]) = m (;3;2,, (k <S>>> _max_(n|nen))
> ( min (K'(9) | 5 max_(n|pii() - pi0)])

We conclude from the above inequalities and (34) that there exist constants R;, Rg > 0 (independent of n > 2 but dependent on
Po, Vo) such that the following estimates hold for all r > 0:

n—1
nY (P (0= pi0)F < Ry (129)
i=0
max (n]pi1(5) = pi0)]) < Ry exp (it) (130)
Using (34), @3) and definitions (33), it follows that for every ¢ > 0 we get:
Xio1 (1) n 2
112 ) (v 2 Wil () —vi(®)” _

v = / (v (2,3)) 2y = Z/m (t,x)) dx = ; S Z(0) (131)
il = i (o @.0)” dv= S50 [ (o0 @.0)" (132
=2 % <eyL 1(Pi—1(f)—,0i(f))2

1 (8) = pi(t
11|, = max (W) < — max ([pea()-pi(1)]) (133)

We conclude from @6), (129)-(133) that there exists a constant Ry > 0 (independent of n > 2 but dependent on py, vo) such that
the following estimates hold for all # > 0:

Hvi”)[t]Hi <Ry (134)
P13 < Ro (135)
/1A, < Roexp (s) (136)

Next consider a continuous linear functional F on H' ((0, L)) which by virtue of Remark 21 on page 220 in [1] is given by

L L
F(u) = / Jo@)u(x)dx + / f100ou' (x)dx, for all u € H' (0, L))
0 0
for some fy,fi € L?((0,L)). Using definition (33) we get

1y . ' (0 " pii () - pit) [
F(p™[1]) z; po) | folodek > 050 S

from which we can conclude that the mapping t — F(p™[t]) is continuous for every continuous linear functional F on H' ((0, L)).

Hence the mapping t — p™[f] € H'((0,L)) is weakly continuous and Corollary 1.4.8 on page 6 in [2] implies that the

mapping t — p™[¢] € H' ((0,L)) is measurable. Therefore, we conclude from (127), (128), (134), (133) that for every 7' > 0

we have p™ € L ((0,T); H' ((0,L))). Similarly, we can prove (using definitions (33) and (36)) that for every 7 > 0 we have
v € L ((0,T); H) (0, L))). Moreover, from (I36) we conclude that for every 7 > 0 we have p{ € L> ((0,T) x (0, L)).

O

(fo(x) (x —x; (1) + f1(x)) dx

Lemma 4. Suppose that Assumption (A) holds. Let (po,vo) € X that satisfies (52)) be given. Consider the unique solution of (23),
@4), @3) with initial condition (x1(0), ..., x,-1(0), v(0), ..., v,_1(0)) = Py, (po, vo) € Q, and define v, p : R, x [0,L] — R by
means of @(]3_5[) Then for every T > 0 and for every ¢ € C' ([0, T] x [0, L]) with o(T, x) = 0 for allx € [0, L] there exists a
constant Ry > 0 (independent of n > 2 but dependent on py, vy, T, ) such that the following estimate holds for all n > 2:

L
/ (0, ) po(x)dx + / / P, %) (9i(t, x) + v (1, X) (1, %)) dxdt| < R’;" (137)
0
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Remark: Estimate (I37) shows how accurately the approximate solution v, p(® satisfies the continuity equation. Notice that
the accuracy provided by the particle scheme is of order 1/n.

Proof. Let T > 0 (arbitrary) be given and let ¢ € C' ([0, T] x [0, L]) with ¢(T, x) = 0 for all x € [0, L] (but otherwise arbitrary)
be given. We get
fOL P(0.9po()dr + Jo Jo ™t x) (it %) + (1, x)ipy (1, 1)) dixcls
XI(OI)(O) ©(0, )po(x)dx + fo Zz 1 fx'(;l)(t) p(t, x) (SOr(t, x) + V(2 x) (1, x)) dx) dt
= Zi L X’(Ol)(o) (0, x) po(x)dx + fo e [ X’(t‘)(t) (e, x)dx) dt
+ Iy (S0 o0 [ v 0dx) di + 1

(138)

where

T n Xi1 ()
I= / (Z / (P, x) = pi(0)) (spu(t ) + V1, X) (8, X)) dx) dt (139)
0 =1 7X@

Using (128)) and definition (139) we get

| < (R4+1)B/ (Z/ \p<">(t,x)—pi(t)|dx> dt (140)
xi(t)

where

b= (O TIX 0] (Jeot. 0] + @it )] + |ipx(t, 0] (141)

Combining (T40) with definition (53)) we obtain:
B T&
] <5 Re+1) / > i@ = pi®)| (s () = xi(0)) | dlt (142)
2 0 Nt
Using (129), (142) and the Cauchy-Schwarz inequality we get:

12
|1|< =R+ D) ) (130 [0 =) (S G0 -xi@)?)  dr

12 (143)
<max (xiz1 () = xi() Zz ](xl 10 - -xl(t))> dt
Using [@3), (T43) and the fact that >, (x._1(t) — x;()) = L we obtain:
1| < kel VZZLR7(R4+ 1) (144)

Using (53), (I38), integration by parts and the fact that

& (S o0 [0 ot 0dx) = Sy 510 [ ol 00
#3000 i0) [ ot x)dx + ST pil0) (Pt ximr (D)Viea (1) = 9 (8, xi(D)Vi(1)
which is a consequence of (23)), (24), 23), we get:

fOL (0, x) po(x)dx + fOT fOL P8, x) (i(t,x) + VO (1, x)px(t, X)) dxdt
= i (0, pit) (vt xe 1 (D), xi1 (0) = V1, 5D, x,-(t)))) dt
- ( Sy i) [ O0(n, x)p1, x)dx) di+l+ [ 4 (% ( i) [ e, x)dx) dt (145)
Dy x;o'f‘” 0, 0p0dx— [ (S o) [0 ot 0 ) i
— Jy (i i) (p(. X0 ()via (1) = p(t, xi(D)vi(0)) ) dlt
Definition (53) in conjunction with (I43) gives:
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fOL (0, x) po(x)dx + fOT fOL Pt x) (i(t,x) + VO (1, X) (1, x)) dxdt
=1+Y 0, piD) [ "/(T') (T, x)dx +J (146)

Iy (S (50 + p022828 ) [0 (2,21 e

where

n xi-1(0)
I=> / (0,) (po(x) — pi(0)) dx (147)
i=1 7 xi0)

Using (33) and the fact that | x‘(o')(o) po(x)dx = ™ for i = 1,...,n, we conclude that p;(0) = m ;2’0')(0) po(x)dx for

i =1,..,n. Since pg is continuous, for each i = 1,...,n there exists & € [x;(0),x,_1(0)] such that p;(0) = po(&;) and conse-
quently, po@) = pi(0)] < [l o (xi-1(0) = x;(0)) for all x € [x;(0), xi-1(0)]. Therefore, using (T47), @3), (T4T) and the fact that
Yoy (e () —xi(1) = L we get:

1] < Bllohll o Z(xl 1(0) - x,(0))? <—||p0|| (148)

i=1
The fact that (T, x) = 0 for all x € [0, L] and equations 23)), 24), 23) in conjunction with definition (33) (which imply that

5 () = — (1) Vel D-vi(D) . .
pi(t) = —pi(t) y=i 5 for i = 1,...,n) allow us to obtain from (T46):

‘fOL (0, x)po(x)dx + fOT fOL p™(t,x) (i(t,x) + VO (1, )1, 1)) dxdl‘
< |1+ /]

The above inequality in conjunction with (T44) and (T48) imply estimate (I37) with Ryo = bBL ||py|| ., + ZD2H (Ry + 1).
O

Lemma 5. Suppose that Assumption (A) holds. Let (po, vo) € X that satisfies (52)) be given. Consider the unique solution of (23)),
@4), [@3) with initial condition (x1(0), ..., x,_1(0),v1(0), ..., v,_1(0)) = P, (po,vo) € Q, and define v, p™ : R, x [0,L] — R
by means of @@) Then for every T > 0 and for every ¢ € C2([0, T x [0, L)) with o(T,x) = Ofor all x € [0,L] and
p(t,0) = p(t,L) = ox(t,L) = 0 for all t € [0,T] there exists a constant Ry} > 0 (independent of n > 2 but dependent on
po, Vo, T, ) such that the following estimate holds for all n > 2:

1

L
/ ©(0,2)p0(x)vo(x)dx + / / i1, 00" (1, 001, ) + @u(1, g (8, %)) dxdlt R}i (149)
0

where q(t,x) = p™(t,x) (v (1,)) + P(p™(2,2)) = (™ (&, )WL (1, ).

Remark: Estimate (T49) shows how accurately the approximate solution v”, p satisfies the momentum equation. Notice that
the accuracy provided by the particle scheme is of order 1/n.

Proof. Let T > 0 (arbitrary) be given and let o € C' ([0, T] x [0, L]) with ¢(T,x) = 0 for all x € [0, L] and ©(t,0) = ©(t,L) =
wx(t,L) =0 for all t € [0, T] (but otherwise arbitrary) be given. We get

foL (0, x)po(x)vo(x)dx + fOT fOL (i, )™ (1, V"1, X) + px(t, X)q (1, X)) dxdt
=300, [0 (0. x)po(x)vo(x)dx

Sy (S 2 G pamia ) + oot xg( 0) ) d e
+fy (S L5 et x) (PP 0 ,2) = pilt)via (1) dx) dt
Using 23), (24), 23], 27) and definitions (33) we get for all i = 2,...,n and ¢t > 0:
5 OV (D) = =ity (0 D + 2 pi(0) (P (pi(1)) = P (pica (1))
1(0)-xi(1) (151)

n Via(D=vie1 (1) Vit (O-vi(D)
+2p0) (1 (i (0) 229220y (1) x,,,:(;,x,,é))
Multiplying (T51)) by (7, x), integrating and using (33) we get for all i =2, ...,n and t > 0:
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J2 4 (pieyia (1) @t xdx = = 200 piewit (W (1, x)p(2, x)dx
+2 500 pit) (P (pil0) = P (piz1 (1)) p(t, X)dlx (152)
w2 o0 (10 @) 020 - 1 (0 5052 ) 0

Using (23), (24), 23) we also obtain for all i = 2, ...,n and t > 0

L0 b (Dt x)dx = [0 L (pi(ovi (1) (t, x)dx
X1 (1)

+ oo POV (D@t X)dx + pi(0)viei (1) (o1, Xie (D)vie1 (1) = p(2, xi(0))vi(1))
which combined with (T32)) gives for all i =2, ...,n and ¢ > 0:

L[5 it (e x)dx = [0 pi(tyvin (e, x)ddx
(Vi1 (1) (0031 (D10 = P50 — [0 V00, 0001, 20 ) 15
2[5O b P (00 5)) (pia () — pi0) ot 0)dx + 2 [500 pi(t)gi(t, 1) p(r, x)dx

X1 () i-2(D)—Vi- i-1(1)=Vi
42 [0 i0) (11 (pica (00) 220200 — 1 (1)) 24828 ) ot )

where

8i(t.x) = P (pi()) = P (pic1 (1) = P (0" (1. )) (pi(1) = pi-1 (1)) (154)
Using (53), (53)) we obtain from (I53)) for all i = 2, ...,n and t > O:

L0 i O x)dx = [0 gt (1) (9i(1,2) + VO (1, 1)1, )) dx

X

Xi-1(1) n n Vi1 (D-vj n
_ Wl)z (P, (0™t %) = i’ (p™(t, %)) x,,iiii,x,iii) P2, X)p(t, x)dx

155)
(pi1(®) i (O-vi1 (1) i1 (O=vi(®) xi1 () (
M=) ()Vc,-é(t)—;,-,l(t) - i,»,:(o—)vc,»(r)) o Pt 0)dx
1 Xi1 (1) (D) X1 (D)
i Jut 8P+ ZEGEES J Jilt )t x)dx
where
Jit.) = p(pii ) — (i) — i (p™ (2. )) (pica () = pi(0)) (156)

Using (53), (53), integrating by parts and using the fact that g(z,x) = p™(z,x) (V"(z, x))2 + P(p"(t, x)) — p(p™ (2, ) (¢, x), we
obtain from (T33)) for all i = 2,...,nand 7 > O:

=P (pie1 (1) (1, xi-1(1)) + 1 (pic1 (1) SIS D (1, %101 (1)
+P (pi(0) @t xi(D) = 11 (pi(D) ELE2D (8, x,(1))
+ (Vi—Z(t)*Vi—l(t) _ Vi—l([)*"i(t)) ppi (1) X () ((t, x) — p(t, x1 (1)) dx

XioO=xi1 (1) X1 (D-xi(0) ) xie(O-xi(1) Jx;(0)
+m x):frl)(t) gi(t, x)o(t, x)dx + % x):?t])(t) fit, x)p(t, x)dx
+ [0 (piwina (1) = p™ 1, )1, 2)) VO (1, X) g8, X)dlx
Summing up all equations (I37)) for i = 2, ..., n, using 23)), 23) the facts that xo(r) = L, x,(1) = 0, (T, x) = 0 for all x € [0, L],

p(t,0) = o(t,L) = 0 for all ¢ € [0, T] and integrating we get:

L[5 piowia Ot x)dx = [0 (pityvin (@it x) + g1, x)pa(t, ) dx

(157)

100 T i
=SS Lo 00 000, 0 = [ (S S iV (0p1(1,%) + (1, x0p0(1, ) i)
T L T T )
~Jo (S 0y at. 00t 0dx) di = [ PGor) pte, 503t = fi HROMO o0, 1))
T (S ((vi2@=via® _ v @@\ _plpima @) xia)
+ho (X (Boane - Li(r)—im) i Juw (P10 = @ X1 () dx) dt
T 1(1) i1 (- i-1(0)
+f0 Z?:Z x,-_l(t)l—x,-(t) xf(zl) gi(t? x)QD(t’ x)dx+ (Xvifll((ll))*xvi((ft)))z Xf(t]) fi(t’ x)(p(t, x)dx>) dt
T i
(0 L™ (piovia (6 = p (1,2 (1, 2)) VO (1 x) g, x)dx) dt

The above equation combined with (T30) gives the following equation:
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foL (0, x) po (x)vo (x)dx + f()T fOL (21,20 p ™ (1, XV (2, x) + (1, X)q (2, X)) dxdt (158)
=h-L+L-14+]15

where

L=[ (2 ( L L2 (0,2 (1, x) — piltvis () VO )i, x)dx) dt
(s 1<l’> (n) ) (159
o (S L et (P00 = piowics (1)) )
i1(0)
b= Jy (Sho st S it 0p( 0dx ) dr e
;i i Xi1(1)
07 (S iy L3 e 0t ) a
L = fOT (fol(’) q(t, x)px(t, x)dx2 dt (161)
+ Jy P (o1 ot xi(0)dr + [ LD o1y, (1)dr
b (162)
T n Vi (D—vi Vi1 (H)-v; i i1(0)
Jy (i (2 - sty ) ponstys [0 (o1, 1 1) )
n xi-1(0)
Is = Z/ ©(0,x) (po(x)vo(x) — pi(0)vi-1(0)) dx (163)
%i(0)
We next estimate each one of the terms I;, i = 1, ..., 5. We start from the term /;. Using (128) and (T39) we get:
T n x, 10 1) (n)
| <B(1+Ry) [ (2, O @ 0| [ x) - i, 0)| dx) dt 60
B AR fy (S [0 pile,0) V000 - vioa )] d ) d
where
Bi= omax o (Je@0]+ o) + ot 0] + |ent)]) (165)

Using @3, (3, (25 and ([ we get:

L] <B(+R)Ry f (Z, O 50, 2) - pi(2,)| dx) dt 166
+B(1+R)™ [ (Z?l SO O (1, x) — vy (1) dx) dt

Using (53), (166) and the Cauchy-Schwarz inequality we get:

1] < 5BA+RYRy Jo (s i1 @) = pi(®)] iy (0 = xi(0))) dt
+B(1+Ry) 32 [y (L [vier (0 = vi0)| (ia (1) = xi1)))
n N2 12 1
< ABA+RORfy (S [pa@-p0]*) (i a0y —x0)?) dr {aen
m (T (5 ba@woP)"? s 312
+B (1 +Ry) 5a fO Zi:l ENGETOR (Zizl (xie1 () = x;(0)) ) dt
Using (. (@), (IZ9) and (I6T) we get:
12
|| < 5B (1L +R)Rav/R 7y < max (xi-1(f) - xi(1)) Dot (i (0) - xz(ﬂ)) dr
""" (168)
m 1/2
+B(1+Ry) "™k [F (mﬁf (xi-1 (1) - xm)) ORERORETH)

Using the fact that Y (xi_1(f) —x;(r)) = L and [@3), (T68) we get:

L) < 7(1 + Ry VbL (RM/ 0 > (169)
av'b

We continue with the term I,. Definitions (I54)), (I56) in conjunction with (53)), (I27) imply that for every ¢ > 0,i =2, ...,n and

x € [xi(1), xi_1 ()] we get:
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|gi(t. )| + [fit. )| < T (i) - pir (1)) (170)
where I' = max { [P"(s)] : % <s <2} +max{|p/(s)| : % <s <2} It follows from (T60), (T63) and (T70) that:

|I2| < FB fOT ( :l 1 (pz l(t) pl(t))z)

T B0 O O-p )’ (71
+T'B [ ( D ) i
We conclude from (130), (133) and (T71) that the following estimate holds:
2 n
|| < TBX exp2wT) [ (S0, (it (0) - xi(0)?) dt an)
2 n
+FB% exp(2xT) fOT (X8 it () = vi0) (i (1) — x,(0)) ) dt
Working as in the case of the term /; we get from (172):
bR}
|| < TB—3 (L+ \/2LR2> T exp(2kT) (173)
na

We next continue with the term 3. Since ¢(t, L) = ¢,(t, L) = 0 for all # € [0, T] and since xo(f) = L, we get from (163):

B
‘go(t,xl(t)){ < 5 (L-x1(0), |oxlts x)| <B(L-x1(0) forallt € [0,T] and x € [x,(2),0]
Consequently, we obtain from definition (I61) and @3), (33):

| <BJ/ ((L—xl(t)) ffm |q(t, )| dx) dt
+Bmax {P(s) : 2 <s <2V [T (L-xi(1)*dt (174)
+Bmax {u(s) : 2 <s <2 [T vi@)] @L-xi@0)de

Since g(t,x) = p"™(t,x) (vt x))2 + P(p™(t, ) — p(p™ (1, )W (8, x), we get from 23), (53), (127), (128) for all ¢ € [0, 7] and
x € [x1(0),0]:

lg(t,x)| <R3+ max {P(s) :

. [v
+max {p(s) : 2 <s< }Livl(t)

2 <s<n)
t

Combining the above estimate with (T74) we get:

15| < B (2R} + max {P(s) : 2 <s<mY) [T (L-x,(t)dr

(175)
+38 max {u(s) : 2 <s <2 [T @) (L-xi@)d
Using @3)), {@8), the facts that n > 2, xo(r) = L and we get:
BbT m_, 3 m m 3 m m
< — — = = <s< — — — < —
|I3‘ ;. (b(aR4+2max{P(s) 3 <s< a}>+2max{u(s) b = <s< a}R4) (176)
We next continue with the term 1y. Using (I63), @3), (53) we get
plpia®) [ B m m
— 1,x) = p(t, xi1 (1) | dx < = (X1 () — xi(2 - < —
0 |, PO esa @) < S @ -xemax {u) T <o < T
which combined with definition (T62) gives:
BM [ via(®) = via () via(0) = vil)
I < — - i1(0) —xi(1)) | dt 177
=7, (Z; K2 =31 xa)—y | O ”) 4

where M = max {u(s) : % <s <"} Applying the Cauchy-Schwarz inequality in (I77), using @3) and the fact that
Z:;l (x;i_1(t) = x;(t)) = L as well as the inequality

12
1 " ) 11 X
Vi (zz: )=o) ) < 3573 200 -0w0)

where d,v(t) = % fori=1,..,n, we get:
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172
<5 o (2212 |5f*1v(’)‘5f"(f)|2) (S0, Gt () —xie)?)  a
By 7 1 (52 o0 a00f)
2 Jo Um iz |0ic1v(?) ,v(t)} ) t
B [T (44 s [ 0w = oo ) di < BV (T4 (75 (60100 = o) )

Combining the above estimate with (@9) we obtain:

IN

IN

BMW

14| < (Rs+(1+Re)T) (178)

Finally, we estimate the term /5. Using (T63)) and deﬁmtlon (T63) we get:

dx
xi-1(0)

15| < 20 L5000 900.2)] | poevo@) = pi(O)vi-1 (0)
< [ (O)] dx+ 31, pic0) [0 |00, )] |volx) — viey (0)] dx (179)
xi-1(0)

< B|lvoll Z,1f"(5§°)|po(x)—pi(0>|dx+Bz;;,ol<0> JEO yo(x) = vy (0)]

Using (33) and the fact that [ x’(ol)( )po(x)dx = 2 for i = 1,...,n, we conclude that p;(0) = m ;2‘0')(0) po(®)dx for i =
1,...,n. Since py is continuous, for each i = 1, ..., n there exists & € [x;(0), x;_1(0)] such that p;(0) = po(&;) and consequently,

|p0(x) = pi0)] < [Iphl, xi-1(0) —x;(0)) for all x € [x;(0), x;-1(0)]. Therefore, we get from (T79):

5| < B[voll . 1£h], 27 | (1 (0) = x:(0))°

mB n 1 xi-1(0
S o Sy [¥00) Vi (0)] dx

Since v;(0) = v (x;(0)) fori = 0, 1, ..., n, we get using Cauchy-Schwarz inequality for all x € [x;(0), x;_; (0)]:

(180)

[7i40) = ()] = [oCxi-1(0) = vo(0)] < [ O |y (s)] ds
< GO =)' ([0 (v(s) ds)
Thus, we get from (I80) using the Cauchy-Schwarz inequality:

15| < B [volloo 1961l max (xi-1(0) —x(0)) P l(xl_l(O) x;(0))

,,,,,

xi-1(0)

FIB S (x 1(0) —x,-(0>>”2 ( [0 (vh5) d
< Bllvoll e 1261l max i1(0) —xi(0) S 1(x, 1(0) - x(0))

.....

112
(S 0 -500)” (S8 L (60" ds)
Since Y, (x1(0) —x;(0)) = L we get from (I8T) and @3):

(181)

B
15 < = (b1l bl L+ mVE I¥%11) (182)

Estimate (T49) is a direct consequence of (T38), (169), (173), (T76), (178) and (182).
O

Lemma 6. Suppose that Assumption (A) holds. Let (po,vo) € X that satisfies (52)) be given. Consider the unique solution of (23),
@4), @3) with initial condition (x1(0), ..., x,_1(0), v1(0), ..., v,_1(0)) = P, (po, vo) € 2, and define v, p™ : R, x [0,L] — R by
means of (53)-(36). Then there exists a constant Ry2 > 0 (independent of n > 2 but dependent on py, vo) such that the following
estimate holds for alln > 2 and t > 0:

‘/ (¢, x)dx — m‘ < 7 (183)

Proof. Definition (33) implies m = >, [ x'('r')(t) pi(t)dx. Using (33), (129), @3), the fact that Y | (xi1(r) —x;(t)) = L and the
Cauchy-Schwarz inequality we get:
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[y o —m| = S0 [ 070 - pio)]
13 i1 ®) = pi®)] (i (O = x:(0))

I 12 N
(S 0= p0f) (Sl G0 -50)?)

12
E/RZ (max (i () = xi(0) o1y (i () = x,(t))) < Lok

,,,,,

| /\

IN

IN

The above inequality implies (T83). O

Lemma 7. Suppose that Assumption (A) holds. Let (po,vo) € X that satisfies (52)) be given. Consider the unique solution of 23],
[@4), @23) with initial condition (x1(0), ..., x,-1(0), v(0), ..., v,_1(0)) = P, (po, vo) € Q, and define v, p™ : R, x [0,L] — R by
means of (53)-(56). Then there exists a constant Ry3 > 0 (independent of n > 2 but dependent on py, vo) such that the following
estimate holds for alln > 2 and t > ty > 0:

R
E(p" 1. v"11) < E(p 1] v l10]) + =2 (184)
where the functional E(p,v) is defined by (9).

Proof. Since (60) holds (which implies that E, (1) < E, () for all n > 2 and ¢ > 1, > 0), it suffices to show that there exists a
constant R4 > 0 (independent of n > 2 but dependent on py, vo) such that the following estimate holds for all » > 2 and ¢t > 0:

R
|[EG™1, 1) - Ea(0)] < == (185)
n
Using definitions (9), (TT)), (33) we get for all > 0:

E(Qp[.v™[]) = 150 f**(t‘)") P, x) (v<”>(t 0) de+ Y0, x*(t‘)(’) 0 (0™ (t, %)) dx
- %Zf O (00,2 = i) (WP, 0) dx+ S [0 (0 (0P, x)) - @ (pi(1))) dx (186)
L Lo o0 (00 = vi0) dx+ S [50 pitewi0) (V02 x) = i) dx
+1 50 POV (it (1) — xi(0) + 3o, O (pilt)) (ki (1) — x,(D))
Using (30), (32), (33) and the facts that >, (xi_1(t) — x;()) = L, p* = m/L, we also get for all 1 > 0:

% 27 L POV (et (1) = xi(0) + Dy O (pi() (xi1 (1) — xi(1))
S vi+ 3L, 0 (m) (xi-1 (1) = xi(1))

= L3 Vi) + BT @ (n(xi (D) - xi(1)))

—Zl P(pY) (m ~1) (a0 = 3(0) (187)
5 2=V ,(r> + oy 1 & (i () ~(1)

P (p )Y " Gt (0) - xi(1)
2SIV + 2300 @ (n(xia (1) — xi(8)) = Ey(1)

Combining (T86) and (I87) we get for all # > 0:

\E(p“”[r] VL) ~ E, (1)
< IS L |00 - pito)] (v(")(t 0) de+ S0 [5010 (0 (1)) - 0 (pil1))] dx (188)
+L 30 [ i) (v Ot x) = vi()) dx+ X0, [ 1O 00) [oi0)| V01, 2) - vid0)|
Using @3), @3), (33), (127) and (128) we obtain from (T88):
[EGp 111, v = Ey (1)
<3 (ﬁ +max {|Q'(s)| : # <5< m}) S | pict () = pi(0)| (xia (1) = xi(2)) (189)
ms e i () - Vz(l‘)| (et (1) = (1) + 2B S i () = vi@)| Gt (1) = xi(0))
Using (34), @6), @3), @) and the Cauchy-Schwarz inequality we obtain from (I89):
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| B, v 1) - Ex(0)| »
< (S emax{lo@] 7 <s<2}) (SLlp-p0) (S @@ -xu0?)

n i @O-vi@] 2
+6a 2iml o Kic1 (D) —xi(0)

mRy n @@ 12 n 3

+ 2a § :i:| X1 (D—x;(1) (E :i=] (-xl?l (t) _xi(t))
2

< VbLR; (% +maX{|QI(S)| . % S s S %}) mb> mb”Ry + mR4b\/2LR2

—  2n Ban? 2an

. . . . VBILR; (R} b R Rib\/2LR,
The above estimate implies (I83) with Ry4 = Y5~ (74 + max{|Q’(s)‘ s <s< %}) R

172
)

O

Lemma 8. Suppose that Assumption (A) holds. Let a constant T > 0 be given. Let (py, vo) € X that satisfies (32)) be given.
Consider the unique solution of 23), 24), 23) with initial condition (x1(0), ..., X, 1(0),v1(0), ..., v,_1(0)) = Py (po,vo) € Qs
and define v, p(") : Ry x [0,L] — R by means of @)-(]3_3[) Then there exists a constant Rys > 0 (independent of n > 2 but
dependent on py, vy, T) such that the following estimate holds foralln > 2 and T >t > ty > O:
R
W™ 11, v"1e]) < W(p 1], v Tro]) + — (190)
n
where the functional W(p,v) is defined by (T0).

Proof. Since (]B_T[) holds (which implies that W,(¢) < W, (7)) for alln > 2 and ¢ > 1ty > 0), it suffices to show that there exists a
constant Ry > 0 (independent of n > 2 but dependent on §, pg, vo, T) such that the following estimate holds for all n > 2 and
€ [0,T]:

R
W1y 1) = W] < =2 (191)
Using definitions (7)), (TI0), (33), (36), (33) we get for all 7 > 0:
n n Xi (t) n
W™ v 1) - W) = S, [0 0 (0™, %)) dx
i1 (n n X)) (n
+3 2 o PP (v( )(t,x) + 72‘25 ) (:;)))2) "t x)) dx (192)

2
o Qi ("l(t) ”K< <r>)+"K(p[I’f<z))) _%Ziﬂ@(%)

Using (30), (53) and (192) we obtain for all # > 0:

WP N - W) =1 + L+ 15 + 14 (193)

where

Ii = 31, @ (pi(0) (ki (0 = xi(D) = 2 ST, 150 (pi()

mp () S - . (194)
2P () (- ok ) + Sk 70 (0 (09.) — 0 (o) d
2
n i n n (n) X n
=130 [0 (0 x) - pi0) <v< (1) + T ;>(t,x)) dx
X n 2
+3 > ) (,'ft) pi() (VI (1,x) = visy (1)) dx (195)
Xie n D) (n
X0 L0 00 (YOt ) = vii (1) (m(z)+ sty §><z,x)) dx
0] () 2
=1 n Xi1 (7 n (p"(1.%) (pi(1)
=3 o0 [ (A0 0)° (gpﬁw) N0 ) & (196)
i n i n (1 x i
+ 30 00 [0 00 (via (6 + HB2 e, ) (g[g{;(;;))» ”;{g(j;))) dx
L= § S0 0 (10 + 2222201 50500 (197)
55 (0 ok () - (525))
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Using @3), (33), G3). (127). (129). the facts that >, (xi_1(t) — xi(1)) = L, p* = m/L and the Cauchy-Schwarz inequality, we get

from (T194):
L] < S8 [0 0 (07 (,2) - @ (pil)| dx
smax {|Q/(9)] : 2 <s <230 | pi(®) - piD)] (xi—llg) - xi(1))
< dmax{|Q'6)| : <5 <2} (S [p@-p0])) (S oo -5
VB max {[Q'(s)] : § <s <2}

Using (34), @3), @6), @3), (33), (33). @]} (128), (129), (136) the facts that »_, (xi1(1) —x;(t)) = L, t € [0,T] and the

Cauchy-Schwarz inequality, we get from (T93):

IN

(198)

/\

w\s v\s

I /\

2 n

f12| <1 (R4 + max{ ) n<s< }Rg exp(nT)) Sy [pict (O = pi0)| (i (1) = xi(0))

i) - Vi(l)| (i 1(1)—)65(1))
o (R4 max {4922 <5 < 2 Ry exp(nT) ) Ly [vios (0= vil0)] @i ) = xi(0) (199)
< —*/T R4 +rnax{”(g) n<s< %}RQGXP(I{T))Z + %
+2VIRe (R g max {492 1 % < 5 < 2 Ry exp(sT) )

Using @3), @3), (3. 3)., (127), (136) and the fact that 7 € [0, 7], we get from (196):
|| < 2R3 exp @T) K S, [pia (1) — pi0)] (it () — ) (200)
+2K1Rg exp (KT) (Ry + KaRo exp (1)) o | pict (1) — pi(0)| (xiz1 () — xi(2))

where K; = max { ‘ ”Y(Y) 2‘;3(5)’ B <s< ’;1} K, = max { B P<s< %} Exploiting @3), (200) the Cauchy-Schwarz
inequality and the fact that Z:‘zl (xi_1(H) —xi(1)) = L, we get:

bR =
1] < ﬁn (27R9K1 +/bLR; (R4 +K2R9)> K Ry exp 2xT) (201)
a
Finally, we deal with the term Is. Equation (T97) in conjunction with (33) gives:
=25 (u(gi(t)) P =pid) ( m ) K ( m )) 202)
2n pi () xio1 (1) —xi(0) pi(1) pi-1(t)

pE(t) X (D=xi() pi(t) pi-1(1)

70 70 1 1 pi-1()
NERER W
pi(®) pi_1(t) — _m_ mx X m J @ u

-1 (0 Pi-1 (0

where A; = 2v;_ (f) + L8 paO-pi® 4y g (l) -nkK ( ) Clearly, we have by using (27):

The above equation implies the existence of A € [0, 1] such that

I (m) e < m ) _ 1 (i) + A (pii (1) = pi(1))
pi(t) piei@®) ) m pi(®) + A(pia (1) — pi(D))
Consequently, we get by using (33):

(i1 (1) — pi(0)

pilt) it (O-pi(t) _ m
p 0 o K (p(z)) +nK (p,-_l(z))‘
— u(p,(r)) Piet=pi(®) _ n pPiO+A(pii (D=pi®)) (. .
= ‘ 0 w00 ~m e 0piy P10 = piD)

— 1 i) _ ppi®+Apii (D-pi(0)
pi(0) | pi(0) PiO+A(pi1 (D-pi(1))

Using @3), (33), (I30) and the facts that A € [0, 1], z € [0, T] we get:

w(pi(0) piei®=pi(®) _
‘ 20 waoan K (p(z)) +nK (pi m)‘ (203)
bZRZ —
< 5Kz exp (xT)

Pi-1(D=pi(1)
Xt (0)=x;(1)
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where K3 =max{‘@_§

(R <s< %} Similar arguments and the use of (@8) give:

2

_ Rgb _
|Ai| < 2Ry + KrRgb exp(kT) + exp(kT)Ky (204)

where K, = max { . m < %} Combining (202)), (203)) and (204) we get:

b*R} _ Rgb? N\ -
I < =, | 2R+ K>Rgb exp(kT) + exp(kT)Ky | K3 exp (kT) (205)
n
Estimate (T90) is a direct consequence of (193)), (198)), (T199), (201)) and (203)). The proof is complete. O

Lemma 9. Suppose that Assumption (A) holds. Let a constant T > 0 be given. Let (py, vo) € X that satisfies (52)) be given.
Consider the unique solution of 23), 24), 23) with initial condition (x,(0), ..., X,_1(0), v1(0), ..., v,_1(0)) = P, (po, vo) € 2, and
define v, p(") : Ry x [0,L] — R by means of @—@ Then there exist constants Ry7, Rig > 0 (independent of n > 2 but
dependent on py, vy, T) such that the following estimates hold for alln > 2 and t,ty € [0, T] with t > ty:

15”11]], < Riz (206)
L ' 12
©(s, x)"(s, x)dxds| < Rig < / ||g0x[s]||§ds> , for all ¢ € L* ((0,T); H) (0, 1)) (207)
0 fo

Remark: Estimate (207) shows that v € L? ((0,7); H™' (0, L))).
Proof. Using definition (57) we get:
.(n 2 n Xi1() ([ o(n 2
/| )[t]||2 =i (zl) (p"@,x)" d ,
Xi-1 (1) X1 (1) piy (D—pi
<A [ P der 450 (,;’ (L= (x— i) )
+4 Zz 1 le(t])(Z) ((,sl 11((;)) xl,J(XE)t;O i1 (&) —vi() (x — xz(t))) (208)
5 L (sa20vm) as
=430 P30 i () —xi(0) + 5 Sy (i (D) - pi(0)* (i (2) = xi(D))
+% Z?:l (pis1 (D=pi(1)° Vit (1) — v,-(t))2 +4 E?:l (pis1 (D=pi(1))° Viz(t)

Xi1 (D-xi(1) Xi1 (D-xi(1)
Using (@8) we obtain from (208):
: 2 ) no-
[A™L]]; < § 320, P20 it () —xi0) + B D0 pFH0) (it (1) — xi(0)) 200
L 20RE 1 (pii(tp0)’ (209)
3 i Xi-1(D)-xi(1)
Using (33), (54), we get from 209) and @3):
a2 126~ . 20R?
P71l < == 50+ =4y (s - pi(0)* (210)
=1 =1
Using 23), (24), 23) and (33) we get from (210) and @3):
12b S (i (1) = vi(D)? 20R?
QI it R 2t 4R 211
il < n ,Z;(xi_l(t)—x,-(t)fp’()+ 3a ¢1h

Using 2T1)) in conjunction with (34), @3)), (@6) we obtain:

24 2b 20R2
HP'(")[I]H2§R17=\/ Z Ry+ =Ry (212)

Equations (24), (33) imply the following equations fori = 1,...,n— 1:
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1 m ’ m
vit) = n® (P(f)) n® (Pm(t))
m(Gl2 )G Vit ()=vi(1) (213)
pi(®) pir1 (1) Xiet (D)-xi(2)
Vil=vie1 () _ vir (D-vi(®)
-nG (pm(f)) (Xi(t)*xi-t-l(l) Xi—l(t)*xi(l)>

where G(x) = xK'(x), for x > 0. Equations (213)) imply the following estimates fori = 1,...,n— 1:

90| < Ky |piCt) = pis1 (0] + 1Ko | pi0) = pia (0] 20

Xi-1 (D)-xi(1)
4K | Siao ~ a0
where Ky =max {|®” (%) #| : % <s < g} K =max {|G'(§) #] : & <s < FhK=max{[G(})] : § <5<}

Let arbitrary ¢ € L* ((0, T); Hj ((0,L))) be given. Definition (38) implies the following equations for all 7, 7y € [0, T] with t > to:

L - (n n Xi-1(S . Vi1 ($)-vi(s
S Jy ot 000 s = S0 [ [0 5,20 (9iG5) = 228288 (5) ) s
n Xi1(5) Vi1 (s)-vi(s Vi1 (8)-vi 2
+ Zi:l j;o f (Sl) (S’ x) (XF:ES;*JC;'ES; - EXHIES;—X[E?);Z) ()C—)C,'(S)) dxds
Using 23), @23), (34), (@3), the fact that |¢[s]]|, < VL lloxlslll, for s € [0,T] a.e. (a consequence of the fact that ¢[s] €
H| ((0, L)) for s € [0, T] a.e.) we obtain from 213) for all £,y € [0, T] with 7 > 1:

(215)

S Iy (s 09 s, dxds| < Sy o [0 0] ()] + |

+50 S et 0] (Bl 4 (il ) () dixds
< S Sy 12081 o [909)| it () = w0 ds + 30, [ [1pls]l] g [vier () = vilo)] [vics)| ds 216)
+5 2 f,f, lsTll e ([9ia ()] + [7i()]) @ima () =2l ds + 5 3Ly [y (i1 () =viCs))* [[plslll o e
< WYL 1o 0511, S0 [9is)| ds + RaVE [ llpulsllly Sy [viet(s) = vis)| ds
+BE [ lealsll, Zi()ds
Estimate (216)) combined with estimate (214) and the use of the Cauchy-Schwarz inequality gives for all ¢, 7y € [0, T with t > #:

|vi(s) }) dxds

(s,x)i/(")(s,x)dxds‘ < 2bK1\EflfJ lloxls1ll, > ”‘1 |Pi(S)—p,-+1(s)| ds
¥26KoVL [ llpalsllly S0 [ ils) = piaa s)] ool g

Xi-1 ($)=xi(s)

+2bK3\/th:) H‘px[s]Hz Zy_—l ‘v,-(s)—vl-ﬂ(s) Vi1 ($)-vi(s) ‘ ds + b\f fzn ||<,DX[S]||2Z (s)ds

i=1 | xi(s)=xis1 (5) x, 1(8)=xi(5)
) M 1/2
+RyVL [ [l oxls]l (ZL st ) (X0, (i1 (9) = xi(s)))

Using (T30), @3), (34), the Cauchy-Schwarz inequality, the facts that 7,7y € [0, T], >, (xi1(s) — xi(s)) = L, we get from (217)
for all 1,1y € [0, T] with ¢t > t,:

217)

(508" (s, dxds| < 26K\ Ryexp (T) VL [, eulslll ds
+2bK Ry exp (1) YL [! [ ouls]ll, Sy [vica(s) = vi(s)| ds

t n—1 i(9)=Vis1 (5) i-1(5)=vi(s) 2 12 (218)
RN [ ool (n i s - i) o

+ 2L [ ouls[l, Zu(s)ds + RaL [ [lipslsl, v/2Zu(5)ds
Using ([@6), (34), the Cauchy-Schwarz inequality, we get from (2I8) for all ¢, 7 € [0, 7] with # > 1,:

ft; fol‘ (s, X)) (s, X)dxds| < (ZbKle exp (kT) VL + sz +R4L\/ﬁ) f H@X sl ds
n— Vi —Vi(S 2 /2 —
+2bK,Rg exp (kT) % ft; lexls1], (Z;:l] %) (Z?zll (xi—l(S)—Xi(S))) ds (219)
t -l 2 N 2\
+2bK3/L (n fiyn ds> (f,o IIsox[s]IlzdS)

Finally, using (34), @8), @9), the fact that Y | (x;—1(s) —x;(s)) = L the Cauchy-Schwarz inequality, we get from (ZI8) for all
t,ty € [0, T] with t > 1,:

Vi($)=vir1(s) _ vi1($)-vi(s)

Xi($)=xix1(s)  Xim1(8)—xi(s)
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12
fto fo (s, )P (s, x)dxds‘ < 2bK;Rg exp (kT) vV L\/T— 1o (fto ||<px[s]H2ds)
+ (szf + R4L\/2R, + 2bK>Rg exp (kT) 2R2’;> Vi—1 (fto ||<Px[S]H2ds) 12 (220)

12
426Ky LR + ReD) ( llls1| ds )
Estimate (220) implies estimate (207)) with

Rig = 2bK1R8 exp (KJT) vVTL + 2bK3\/L (R5 + RGT)
+bRyV/TL + R4L\/2TR; + 2bK>Rg exp (kT) /2TR, &
The proof is complete.
O

Lemma 10. Suppose that Assumption (A) holds. Let a constant T > 0 be given. Let (po,vo) € X that satisfies (52)) be given.
Consider the unique solution of @23), 24), (23) with initial condition (x,(0), ..., X,-1(0), v1(0), ..., v,_1(0)) = P, (po, vo) € 2, and
define v\, p(”) : R, x [0,L] — R by means of @)-(]3_3[) Then there exist constants Ri9, Ryy > 0 (independent of n > 2 but
dependent on py, vy, T) such that the following estimates hold for alln > 2 and t,ty € [0, T]:

/™11 = p™ 1101, < Ruo |~ 10] " (221)

V1A = v lto]||, < Roo |1 —10] " (222)

Proof. Theorem 3 on page 287 in [5] in conjunction with (206)), (207) and the triangle inequality implies that the following
estimates hold for all 7, 7y € [0, T'] with t > ¢,:

101~ ool |5 < 2 1|6 s1], || 0151 - p™ o] | ds

223
< 2Ry J1 ([[0s1], + [l ) .
Hv(")[t] - v(")[to]Hz <2 ft(t) fOL v (s, x) (V0 (s, x) =" (19, x)) dxds

<> e " s N1 a2 Ol 5 12 (224)

< 2R (fy [v01s1 -l ][3ds) < 2Ris (2.0 0115 ds+2 ) [0 11 | ds)

Using (223)), (224) in conjunction with (I27) and (134) we get for all ¢, £y € [0, T] with t > :

o111 = Pl [ < 4VIRG ™ (¢ =10) (225)
Y211 vl < 4Ris /R [~ 10] " (226)

Estimates 221)), (222)) are direct consequences of estimates (223)), (226)). O

For the proof of Theorem 3 we use the following extension of the Arzela-Ascoli theorem. Its proof is exactly the same with the
usual Arzela-Ascoli theorem for real-valued functions and exploits the properties of the spaces H 1((0, L)) and L? ((0, L)).

Fact 6: Let {f,, :[0,T1 = H' ((0,L)),n > 1} be a given sequence of functions for which the following two properties hold:

i) Uniform Boundedness: there exists a constant M > 0 such that the estimate ||f,[t]||, + ||(f,[tDx|l, < M holds for all t € [0, T]
andn > 1.

ii) Uniform Equicontinuity: for every € > 0 there exists § > 0 such that the estimate ||f,[t] - fy[t0]||, < € holds for alln > 1,
1,1y € [0, T] with |t - to] < 6.

Then there exists a subsequence of {f, : n > 1} that converges in the topology of C° ([0, T1; L2 ((0, L))) to a function f €
(o ([0, T;L? ((O,L))).

Proof of Theorem 3. Let (py,vo) € X that satisfies (32) be given. Consider the unique solution of (23), (24), (25) with
initial condition (x;(0), ..., X,_1(0), v{(0), ..., v,-1(0)) = P, (po,vo) € Q, and define v, p™ : R, x [0,L] — R by means

of (33)-(36). It follows from (127), (128), (134) and (I33) that for every T > 0 the sequence {(p™,v™):n>2} C
L> ((0,T); H' ((0,L))) x L> ((0,T); H} ((0,L))) is bounded. Moreover, by virtue of (I36), (206), the sequences
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{p":n>2} C L®(0.T)x (0,L), {p™ :n>2} C L ((0,T);L*((0,L))), {#” :n>2} C L*((0,T):H" ((0.L)))
are bounded. Consequently, there exist p € L*° ((0, T); H' ((0, L))), v € L= ((0, T);Hé (0, L))) and a subsequence of
{(p(”),v(")) tn> 2} C L*® ((0, T);H' ((0, L))) x L™ ((0, T);Hé ((O,L))) (still denoted by {(p(”),v("))}) for which the
following convergence properties hold:

v s yin L ((O, ), H(% ((0, L))) weak star
v — v in L* ((0,T); H™' ((0, 1)) weakly
P — pin L™ ((O, T); H' ((0, L))) weak star
P — ppin L ((0,T); L* ((0,L))) weak star

P — p,in L= ((0,T) x (0,L)) weak star

Lemma 10, Fact 6 and estimates (127), (134), (I35) allow us to conclude that there exists a subsequence of
{(p™,v™) : n>2} CL>®((0,T);H' ((0,L))) x L> ((0,T); H} ((0,L))) for which

P — pinC° ([0, T1; L? ((0, L))) strongly

v — vin C° ([0,T1;L* ((0,L))) strongly
Moreover, by virtue of (221)), (222) there exist constants Ryg, Ryo > 0 such that the following estimates hold for all 7,1y € [0, T:

12

llple] - pliol|l, < Rio |t =10 (227)
1/4

[VIe1 =izl ||, < Rao |1 =10 (228)

Estimates (227), (228) imply that p € C%'2 ([0, T]; L* ((0,L))) and v € C*" ([0, T]; L* ((0, L))).
Define next the operator K : L2 ((0,L)) — L> ((0, L)) by means of the following formula:

mla if f(x)>mla
(Kf)x) =14 f@) if mlb <f(x) < mla , forallf € L*((0,L)) (229)
mib if  fx)<mib
where 0 < a < b are the constants involved in (127). Since ‘(f( )(x) — (K g)(x)‘ <
If —gl|, for all f, g € L ((0, L)). Moreover, by virtue of it holds that Kp™[f] = p™[] and the triangle inequality gives:

sup. (|lote —ffp[ﬂH)< sup. (Pt - Kpla||, +[|0*1e1 = ple1]|,)
< sup (o1 Kp[t]|lz)+ sup ([l 111 = ple1]1,)

te[0
= sup ([|Kp™ 11~ KplAll, >+ Sup (™11 = pte1]],)

1€[0.7]
<2 sup (||p™111-plel]],)
t€[0,7]

Since p(") — pin 0 ([0, T1; L? ((0, L))) strongly, it follows that K plt] = plt] for all ¢ € [0, T]. It follows that for all 7 € [0, T] it
holds that

% <pt,x) <™, forx e (0,L) ace. (230)
a

Estimate @ shows that for every ¢ € [0, T'] the function p[f] is of class L* ((0, L)). A similar argument can be provided for v
by using (128). It then follows that for all # € [0, T] it holds that

|v(t,x)| < Ry, forx € (0,L) ae. (231)
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which also shows that for every t € [0,T] the function v[f] is of class L™ ((0,L)). Since p™ — p and v?? — v in
C° ([0, T]; L* ((0, L)) strongly we have also have p™ — p and v — v in L*((0,T) x (0, L)) strongly. Then, Theorem 4.9
on page 94 in [1] implies that there exists a further subsequence of {(p™,v™) : n > 2} for which p™(1,x) — p(t,x) and
vi(t,x) — w(t, x) for (t,x) € (0,T) x (0,L) a.e.. Consequently, we also obtain from (127) and (128) that

% < plt,x) < % for (1, %) € (0,T) x (0,L) ae. (232)

[v(t,x)| < Ry, for (t,x) € (0,T) x (0,L) a.e. (233)
Lemma 4 and Lemma 5 and the above convergence properties imply that (T3], (T6) hold. Moreover, inequalities (230), (231),

[232), 233) show that (T9), (20) hold with prax = 2, Vimax = R4 and prin = %

Lemma 6 and Lemma 7 and the above convergence properties allow us to conclude that (@) and (7)) hold.

The only thing left to prove is estimate (I8). Define for each fixed r € [0,T) and & > 0 with # + h < T the functional
F:L*((t,t+h) x (0,L)) — R:

t+h 2 t+h  pL
Flu)= ~ / / (s, %) <v(s x)+ 820 (p(s,)) (s,x)) dxds + / / 0 (p(s, x)) dxds (234)
t 0

p*(s,%)
Definitions (7), (I0), (TT)., (234) guarantee that

t+h

F(px) = W(pls], v[sDds (235)

t
Moreover, F is convex and strongly continuous. Consequently, Corollary 3.9 on page 61 in [1], (233) and the fact that p" — p,
in L* ((0,T) x (0, L)) weak star (which implies that p(") — py in L*((t,t+h) x (0,L)) weakly) gives that

/ W(pls]. vishds < lim inf (F (F (b)) (236)
n—+
Exploiting the above convergence properties and (T36) we can show that
t+h
lim <F (p") - W(p™[s], v [s])ds) = (237)
n—+o0 t

Combining (236), (237) and (T90) with 7y = 0, we get:

ST WGls), visds < timinf ( [ W(pOLs], v [s])ds)
< lim inf (AW (p[0], v*[0]) + h %22 ) = hlim inf (W(p*[0], v[O]))
n—+00
Consequently, we obtain from @) and (19T):
/ W(pls], vIsDds < hm inf (W,,(O) + Rm) = ligl inf (W,(0)) (239)
n n—+oo

Estimate (T8) is a direct consequence of (239), (126) and definitions (33), (36).

(238)

5 | CONCLUSIONS

The present paper proposed a novel particle scheme that provides convergent approximations of a weak solution of the Navier-
Stokes equations for the 1-D flow of a viscous compressible fluid. Moreover, it is shown that all differential inequalities that
hold for the fluid model are preserved by the particle method: mass is conserved, mechanical energy is decaying and a modified
mechanical energy functional is also decaying. The proposed particle method can be used both as a numerical method and as a
method of proving existence of solutions for compressible fluid models. The method can be extended easily to the case where
external forces (e.g., gravity) are acting on the fluid and to the case where the tank containing the fluid is moving (see [15, 16, 17,
18]). On the other hand, the extension of the method to two and three spatial dimensions is demanding and will require new ideas.

The extension of the particle scheme to macroscopic models describing the flow of automated vehicles (see [14, 32]) can also
be studied. However, additional issues have to be resolved since the macroscopic models given in [14, 32] are similar but not
identical to the Navier-Stokes equations.
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