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Abstract
This paper proposes a novel particle scheme that provides convergent approximations of a weak solution of
the Navier-Stokes equations for the 1-D flow of a viscous compressible fluid. Moreover, it is shown that all
differential inequalities that hold for the fluid model are preserved by the particle method: mass is conserved,
mechanical energy is decaying, and a modified mechanical energy functional is also decaying. The proposed
particle method can be used both as a numerical method and as a method of proving existence of solutions
for compressible fluid models.

K E Y W O R D S

Compressible fluid, Navier-Stokes, viscous Saint-Venant, macroscopic traffic models

1 INTRODUCTION

The study of the flow of viscous compressible fluids is a major research topic that has attracted the attention of many researchers
(see for instance [7, 10, 21, 22, 23, 24, 25, 27, 28, 29]). The Navier-Stokes equations that are used for the description of the
flow of a viscous fluid have been studied in detail for existence/uniqueness issues, as well as for the dynamical behavior of
the solutions and the numerical approximation of the solutions (see for instance [7] for a description of finite-volume and
finite-elements methods).

Among the numerical methods used for the approximation of the solutions of the Navier-Stokes equations we should mention
the so-called “particle methods”, which is also known as the method of “Smoothed Particle Hydrodynamics” (see [8, 26, 33] and
references therein) and has been used extensively for many difficult flow problems. Recently, particle methods have been used
for other Partial Differential Equations (PDEs) than the Navier-Stokes equations (see [3, 6]). It can be said that particle methods
provide the link between the macroscopic fluid model and the microscopic ODE model that describes the interaction between
the fluid particles. This is important from a mathematical viewpoint (Hilbert’s 6th problem), even when the forces acting on
the particles are fictitious. Moreover, particle methods have been used recently for the proof of existence of entropy solutions
for traffic flow problems (see [4, 11]). The use of particle methods in traffic flow problems is important due to a real-world
application: the design and use of cruise controllers for automated vehicles. Cruise controllers can manipulate the accelerations
of the vehicles and implement forces that may be considered as fictitious forces from a physical point of view. When the vehicles
are considered as (self-driven) particles of a fluid (“the traffic fluid”) the corresponding macroscopic PDE models are very
similar to the equations of a viscous compressible fluid (see [14, 32]). It then becomes clear that the questions of convergence
and accuracy are crucial.

On the other hand, feedback controllers have been proposed for 1-D compressible fluid models (and the related 1-D Saint-
Venant models for incompressible fluids), which are based on proving differential inequalities for (Control) Lyapunov functionals
(not only mass and mechanical energy, but also for other functionals; see [15, 16, 17, 18]). However, there is no guarantee that

Journal 2023;00:1–35 wileyonlinelibrary.com/journal/ © 2023 Copyright Holder Name 1



2 KARAFYLLIS I. and PAPAGEORGIOU M.

the differential inequalities hold (in a discretized form) for the numerical approximation. This is a well-known problem (see [9,
13, 30] for the analysis of the problem in a finite-dimensional setting), which is closely related to the issue of numerical stability
for the applied scheme. To our knowledge, the issue has not been studied for particle methods.

The present work provides some rigorous answers to the aforementioned issues. Adopting a methodology that is inspired
from [4, 11, 12], we construct a novel particle scheme. The particle method is shown to provide approximations that converge to
a weak solution of the Navier-Stokes equations for the 1-D flow of a viscous compressible fluid. The results of the paper cover
the case where the viscosity depends on the density of the fluid. Moreover, we show that all differential inequalities that hold
for the PDE model are preserved by the particle method: mass is conserved, mechanical energy is decaying, and a modified
mechanical energy functional used recently in [15, 16, 17, 18] is also decaying. We see the proposed particle method both as a
numerical method (because Lemma 4 and Lemma 5 below provide sharp estimates of the numerical accuracy of the scheme) and
as a method of proving existence of solutions for compressible fluid models. In particular, it should be noticed that, when the
particle method is considered as a method of proving existence of solutions for compressible fluid models then the method has a
similar structure with the so-called “method of lines” (see [10, 24]). However, there are also crucial differences between the
proposed particle method and the method of lines: in the method of lines the states (density and velocity) are approximated at
fixed grid points in Lagrangian coordinates while in the particle method shown in this work the states (position and velocity of
the particles) are evaluated at time-varying positions (the position of the particles) in Eulerian coordinates.

The structure of the paper is as follows. Section 2 is devoted to the presentation of the problem. Section 3 contains the
statements of the assumptions and the main results of the paper. The proofs of all results are provided in Section 4. Finally,
Section 5 gives the concluding remarks of the present work.

Notation. Throughout this paper, we adopt the following notation.
∗ R+ = [0, +∞) denotes the set of non-negative real numbers.
∗ Let X be a given normed linear space with norm ∥·∥X , let B ⊆ X be a subset of X and let I ⊆ R be a non-empty interval.
By C0 (I; B) we denote the class of continuous mappings f : I → B. By C0

c (I; X) we denote the class of continuous mappings
f : I → X with compact support. By C1

c (I), where I ⊆ R is an open interval, we denote the class of continuously differentiable
functions f : I → R with compact support. For any γ ∈ (0, 1], by C0,γ (I; B) we denote the class of Hölder continuous mappings
f : I → B with exponent γ ∈ (0, 1], i.e., the class of mappings f : I → B for which sup

{
∥f (t)–f (t0)∥X

|t–t0|γ : t, t0 ∈ I , t ̸= t0
}

< +∞.
∗ Let S ⊆ Rn be an open set and let A ⊆ Rn be a set that satisfies S ⊆ A ⊆ cl(S). By C0(A ; Ω), we denote the class of
continuous functions on A, which take values in Ω ⊆ Rm. By Ck(A ; Ω), where k ≥ 1 is an integer, we denote the class of
functions on A ⊆ Rn, which take values in Ω ⊆ ℜm and have continuous derivatives of order k.
∗ Let I ⊆ R be an interval and let a < b be given constants. Let the function u : I × (a, b) → R be given. We use the notation u[t]
to denote the profile at certain t ∈ I, i.e., (u[t])(x) = u(t, x) for all x ∈ (a, b).
∗ We denote by K∞ the class of continuous, increasing functions a : R+ → R+ with a (R+) = R+.
∗ Let Ω ⊆ Rn be a given open set given. For p ∈ [1, +∞), Lp(Ω) is the set of equivalence classes of Lebesgue measurable
functions u : Ω → R with ∥u∥p :=

(∫
Ω

∣∣u(x)
∣∣p dx

)1/p
< +∞. L∞(Ω) is the set of equivalence classes of Lebesgue measurable

functions u : Ω → R with ∥u∥∞ := ess sup
x∈Ω

(∣∣u(x)
∣∣) < +∞.

∗ Let X be a given Banach space with norm ∥·∥X and let I ⊆ R be a given open interval. A function f : I → X is measurable if
there exists a set E ⊂ I of measure zero and a sequence

{
fn ∈ C0

c (I; X) : n ≥ 1
}

such that lim
n→+∞

(fn(t)) = f (t) for all t ∈ I\E. For

p ∈ [1, +∞), Lp(I; X) is the set of equivalence classes of measurable functions f : I → X with ∥f∥p :=
(∫

I ∥f (t)∥p
X dx

)1/p
< +∞.

L∞(I; X) is the set of equivalence classes of measurable functions f : I → X with ∥f∥∞ := ess sup
t∈I

(
∥f (t)∥X

)
< +∞.

∗ Let a < b be given constants. For p ∈ [1, +∞], W1,p(a, b) denotes the Sobolev space of functions in Lp(a, b) with weak
derivative in Lp(a, b). We set H1(a, b) = W1,2(a, b). The closure of C1

c ((a, b)) in H1(a, b) is denoted by H1
0(a, b). The dual space

of H1
0(a, b) is denoted by H–1(a, b).

2 DESCRIPTION OF THE PROBLEM

Let L > 0 be a given constant. We consider the following model

ρt + (ρv)x = 0, for t > 0, x ∈ [0, L] (1)
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(ρv)t +
(
ρv2 + P(ρ)

)
x = (µ(ρ)vx)x , for t > 0, x ∈ (0, L) (2)

v(t, 0) = v(t, L) = 0, for t ≥ 0 (3)

where ρ(t, x) > 0, v(t, x) ∈ R, and the functions P,µ : (0, +∞) → (0, +∞) are C2 ((0, +∞)) functions with P′(ρ) > 0 for all ρ > 0.
Mathematical model (1), (2), (3) may describe:

1. the 1-D isentropic (or polytropic) motion of a compressible Newtonian fluid contained between two walls placed at x = 0 and
x = L; in this case ρ(t, x) > 0 and v(t, x) ∈ R are the fluid density and fluid velocity, respectively, at time t ≥ 0 and position
x ∈ [0, L], the dynamic viscosity of the fluid is µ(ρ) and the pressure is given by the equation P(ρ) = kργ with k > 0, γ > 1,

2. the motion of an incompressible Newtonian liquid within a tank of length L > 0 (case of viscous Saint-Venant model; see
[16, 17, 18, 20, 31]); in this case, ρ(t, x) > 0 and v(t, x) ∈ R are the liquid level and the liquid velocity, respectively, at time
t ≥ 0 and position x ∈ [0, L], while P(ρ) := g

2ρ
2 and µ(ρ) := µρ, where g,µ > 0 (constants), are the acceleration of gravity

and the kinematic viscosity of the liquid.

Using (1) and (3), we can prove that for every classical solution of (1)-(3) it holds that d
d t

(∫ L
0 ρ(t, x)dx

)
= 0 for all t > 0.

Therefore, the total mass of the fluid m > 0 is constant. Thus, without loss of generality, we assume that every solution of (1)-(3)
satisfies the equation ∫ L

0
ρ(t, x)dx ≡ m (4)

where m > 0 is a given constant. It should be emphasized that for obvious physical reasons, ρ(t, x) must be positive for all times,
i.e., we must have:

min
x∈[0,L]

(ρ(t, x)) > 0, for t ≥ 0. (5)

System (1)-(4) allows a unique equilibrium point, namely the point
ρ(x) ≡ ρ∗, v(x) ≡ 0, for x ∈ [0, L] (6)

where ρ∗ = m/L.
Define the functions

k(ρ) :=
∫ ρ

ρ∗

µ(τ )
τ

dτ (7)

Q(ρ) := ρ

∫ ρ

ρ∗

P(τ )
τ 2 dτ –

P(ρ∗)
ρ∗

ρ + P(ρ∗). (8)

Since Q′′(ρ) = ρ–1P′(ρ) > 0 for all ρ > 0, Q(ρ∗) = Q′(ρ∗) = 0, it follows that Q(ρ) > 0 for all ρ > 0, ρ ̸= ρ∗.
Given ρ ∈ C0 ([0, L]; (0, +∞)) ∩ H1 ((0, L)), v ∈ L2 ((0, L)) with

∫ L
0 ρ(x)dx = m, we define the following functionals:

E(ρ, v) :=
1
2

∫ L

0
ρ(x)v2(x)dx + U(ρ) (9)

W(ρ, v) :=
1
2

∫ L

0

1
ρ(x)

(
ρ(x)v(x) +

∂

∂ x
(k(ρ(x)))

)2

dx + U(ρ) (10)

U(ρ) :=
∫ L

0
Q(ρ(x))dx. (11)

We notice that:

1. the functional U is the potential energy of the fluid;
2. the functional E is the total mechanical energy of the fluid. Indeed, notice that E is the sum of the potential energy (U) and

the kinetic energy of the fluid ( 1
2

∫ L
0 ρ(x)v2(x)dx);
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3. the functional W is a modified mechanical energy and has been constructed based on a specific transformation that has
been used extensively in the literature of isentropic, compressible fluid flow (see [19, 27, 28, 29]). More specifically, the
transformation w = ρv + (k(ρ))x has the effect of making the viscosity term disappear from the momentum equation, which
then becomes wt + (vw)x = – (P(ρ))x. The modified mechanical energy W has been used recently for the construction of
stabilizing feedback laws in control problems (see [15, 16, 17, 18]).

The functionals E, W are non-increasing along the classical solutions of (1)-(4). More specifically, we have the following lemma.
Its proof is straightforward and is omitted.

Lemma 1. For every classical solution of the PDE system (1)-(4) the following equations hold for all t > 0:

d
d t

E (ρ[t], v[t]) = –
∫ L

0
µ(ρ(t, x))v2

x(t, x)dx (12)

d
d t

W (ρ[t], v[t]) = –
∫ L

0
ρ–2(t, x)P′(ρ(t, x))µ(ρ(t, x))ρ2

x(t, x)dx (13)

where E, W are defined by (9), (10), respectively.

In what follows, we assume the following property for the pressure function P.

(A) lim
ρ→+∞

(∫ ρ

ρ∗ s–2P (s) ds
)

= +∞ and inf
ρ>0

(∫ ρ

ρ∗ s–2P (s) ds
)

> –∞.

Assumption (A) holds automatically for the viscous Saint-Venant model as well as for the isentropic (or polytropic) motion of a
compressible Newtonian fluid since every pressure function of the form P(ρ) = kργ with k > 0, γ > 1 satisfies Assumption (A).

We next provide the precise notion of a weak solution for the problem (1)-(4).

Definition 1. Let ρ0 ∈ W1,∞ ((0, L)) ∩ C0 ([0, L]; (0, +∞)) with
∫ L

0 ρ0(x)dx = m, v0 ∈ H1
0 ((0, L)) be given. A weak solution of

the initial-boundary value problem (1)-(4) with

ρ[0] = ρ0 , v[0] = v0 (14)

on the interval [0, T], where T > 0, is a pair of functions

ρ ∈ L∞ ((0, T) ; H1 ((0, L))
)
∩ C0,1/2 ([0, T]; L2 ((0, L))

)
, v ∈ L∞ ((0, T) ; H1

0 ((0, L))
)
∩ C0,1/4 ([0, T]; L2 ((0, L))

)
with ρx ∈ L∞ ((0, T) × (0, L)) , ρt ∈ L∞ ((0, T); L2 ((0, L))

)
, vt ∈ L2 ((0, T); H–1 ((0, L))

)
and ρ[t], v[t] ∈ L∞ ((0, L)) for all t ∈ [0, T]

for which there exist constants ρmax > ρmin > 0, vmax > 0, such that (4) holds for all t ∈ [0, T] and the following additional
conditions hold: ∫ L

0 φ(0, x)ρ0(x)dx +
∫ T

0

∫ L
0 ρ(t, x) (φt(t, x) + v(t, x)φx(t, x)) dxdt = 0

for every φ ∈ C1 ([0, T] × [0, L]) with φ(T , x) = 0 for all x ∈ [0, L]
(15)

∫ L
0 φ(0, x)ρ0(x)v0(x)dx +

∫ T
0

∫ L
0 φt(t, x)ρ(t, x)v(t, x)dxdt

+
∫ T

0

∫ L
0 φx(t, x)

(
ρ(t, x)v2(t, x) + P(ρ(t, x)) – µ(ρ(t, x))vx(t, x)

)
dxdt = 0

for every φ ∈ C2 ([0, T] × [0, L]) with φ(T , x) = 0 for all x ∈ [0, L] and
φ(t, 0) = φ(t, L) = φx(t, L) = 0 for all t ∈ [0, T]

(16)

E(ρ[t], v[t]) ≤ E(ρ[t0], v[t0]), for all T ≥ t ≥ t0 ≥ 0 (17)

1
h

∫ t+h
t W(ρ[s], v[s])ds ≤ mL ∥v′0∥

2
2 + 2m5M̄2 ∥ρ′

0∥2

∞
ρ6

min
+ mΦ

(
m

∥ρ0∥∞

)
,

for all t ∈ [0, T) and h > 0 with t + h ≤ T and M̄ = max
{

K′(s) : m
∥ρ0∥∞

≤ s ≤ m
ρmin

} (18)
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ρmin ≤ ρ(t, x) ≤ ρmax, for (t, x) ∈ (0, T) × (0, L) a.e. (19)

ρmin ≤ ρ(t, x) ≤ ρmax, for all t ∈ [0, T] and for x ∈ (0, L) a.e. (20)

∣∣v(t, x)
∣∣ ≤ vmax, for (t, x) ∈ (0, T) × (0, L) a.e. (21)

∣∣v(t, x)
∣∣ ≤ vmax, for all t ∈ [0, T] and for x ∈ (0, L) a.e. (22)

Remarks on Definition 1: (i) The main difference of the notion of weak solution introduced in the present work and other
notions used in the literature (see [7, 10, 21, 25]) is condition (18). Indeed, while some works are using the mechanical energy
functional E for the definition of a weak solution of (1)-(4) (see for instance [7]), we could not find any other work that uses
both the mechanical energy functional E and the modified mechanical energy functional W. However, as noticed above, the use
of both functionals is important for control purposes (see [15, 16, 17, 18]).
(ii) Another difference of the notion of weak solution introduced in the present work and other notions used in the literature is
the fact that we require the density to be positive (recall (19), (20)). Other works in the literature (see [7, 10, 25]) simply require
the density to be non-negative. The difference is crucial: we do not allow vacuum to be formed while in other works in the
literature vacuum is allowed. Therefore, the assumptions in the main results that are presented below (namely, Assumption (A)
and inequality (52) below) can be considered to be sufficient conditions for the exclusion of vacuum. This is a useful point when
one faces the question of vacuum: vacuum can only appear when the existence of a weak solution is verified using relevant
results in the literature that allow density to be zero and when the assumptions of the present work are violated.
(iii) Another difference of the notion of weak solution introduced in the present work and other notions used in the literature is
the regularity guaranteed for the solution and the regularity properties required for the initial condition. However, it should be
noted that the notion of weak solution of Definition 1 requires less regularity than the notion of strong solution used in [22].

3 A NOVEL PARTICLE METHOD

3.1 Equations

We consider n ≥ 2 particles of fluid spaced at xi(t) ∈ [0, L], i = 1, ..., n, each with mass m
n . We also consider a “ghost” particle at

x0(t) ≡ L and we assume that xn(t) = 0 < xn–1(t) < ... < x1(t) < x0(t) = L. The ghost particle has no mass and does not move, i.e.,

ẋ0(t) = v0(t) ≡ 0 (23)

while all other particles move according to the following equations for i = 1, ..., n – 1:
ẋi(t) = vi(t)
v̇i(t) = nΦ′(n(xi–1(t) – xi(t))) – nΦ′(n(xi(t) – xi+1(t)))
+n2K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t)) + n2K′(n(xi(t) – xi+1(t))) (vi+1(t) – vi(t))

(24)

and the equation
ẋn(t) = vn(t) ≡ 0. (25)

The functions Φ, K : (0, +∞) → R are selected below in an appropriate way. The state space for the dynamical system (24) is
the open set

Ωn :=
{

(x1, ..., xn–1, v1, ..., vn–1) ∈ (0, L)n–1 × Rn–1 : xn–1 < ... < x1
}

. (26)

If we follow the methodology in [14] and relate finite-dimensional system (23), (24), (25) with the infinite-dimensional system
(1)-(4) and if we follow the approximation

ρ(xi) ≈
m

n(xi–1 – xi)
, f
(

m
ρ(xi+1)

)
≈ f

(
m

ρ(xi)

)
+ f ′

(
m

ρ(xi)

)
m2

nρ3(xi)
ρx(xi)

then the functions Φ, K : (0, +∞) → R must satisfy the following relations for all x > 0
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Φ′′ (x) = x–2P′ (m
x

)
> 0

Φ′ (x) = – 1
m P
(m

x

)
< 0

K′ (x) = 1
mxµ

(m
x

)
> 0

(27)

as well as the equation
Φ (L) = 0. (28)

Consequently, by virtue of (7) and (27), (28), we get for all x > 0:
Φ(x) =

∫ m/x
ρ∗ s–2P (s) ds

K(x) = – 1
m k
(m

x

) (29)

The potential function Φ is related to the function Q defined by (8) that gives the potential energy of the fluid U(ρ) =
∫ L

0 Q(ρ(x))dx
by means of the following formula that holds for all ρ > 0:

Q(ρ) = ρΦ

(
m
ρ

)
– P
(
ρ∗
)( ρ

ρ∗
– 1
)

. (30)

Assumption (A) guarantees the following property for the potential function Φ (recall (29)):

lim
x→0+

(Φ(x)) = +∞ and Φ : (0, +∞) → R is bounded from below, i.e., inf
x>0

(Φ(x)) > –∞. (31)

We define the following functions for n ≥ 2:

En(t) =
m
2n

n∑
i=1

v2
i (t) +

m
n

n∑
i=1

Φ (n (xi–1(t) – xi(t))) (32)

Wn(t) =
m
2n

n–1∑
i=1

w2
i (t) +

m
n

n∑
i=1

Φ (n (xi–1(t) – xi(t))) (33)

Zn(t) =
1
2

n∑
i=1

(vi–1(t) – vi(t))2

xi–1(t) – xi(t)
(34)

Hn(t) = max
i=1,...,n–1

(
n
∣∣K (n(xi–1(t) – xi(t))) – K (n(xi(t) – xi+1(t)))

∣∣) (35)

where

wi(t) = vi(t) – nK(n(xi–1(t) – xi(t))) + nK(n(xi(t) – xi+1(t))), for i = 1, ..., n – 1. (36)

We consider the parameterized family of finite-dimensional systems (23), (24), (25) defined on Ωn parameterized by n ≥ 2 with
initial conditions (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) in Ωn, for which there exist constants Ē, W̄, Z̄, Ā > 0 such that the following
conditions hold:

m
2n

∑n
i=1 v2

i (0) + m
n

∑n
i=1 Φ (n (xi–1(0) – xi(0))) ≤ Ē,

m
2n

∑n–1
i=1 w2

i (0) + m
n

∑n
i=1 Φ (n (xi–1(0) – xi(0))) ≤ W̄,

1
2

∑n
i=1

(vi–1(0)–vi(0))2

xi–1(0)–xi(0) ≤ Z̄,
max

i=1,...,n–1

(
n
∣∣K (n(xi–1(0) – xi(0))) – K (n(xi(0) – xi+1(0)))

∣∣) ≤ Ā.

(37)

Define the increasing function F : (0, +∞) → R by means of the formula:

F(ρ) =

 max
(√

F1(ρ)
2
√

2
, F2(ρ)

2
√

2L
, k(ρ)√

2m

)
if ρ ≥ ρ∗

min
(

–
√

– F1(ρ)
2
√

2
, F2(ρ)

2
√

2L
, k(ρ)√

2m

)
if 0 < ρ < ρ∗

(38)

where
F1(ρ) =

∫ ρ

ρ∗
s–3/2µ(s)

√
Q(s)ds (39)

F2(ρ) =
∫ ρ

ρ∗
s–3/2µ(s)ds. (40)

The following theorem provides results for the parameterized family of finite-dimensional systems (23), (24), (25).
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Theorem 1. Suppose that Assumption (A) holds. Let Ē, W̄, Z̄, Ā > 0 be given constants with

√
W̄ +

√
Ē < min

(
lim

ρ→+∞
(F(ρ)) , – lim

ρ→0+
(F(ρ))

)
. (41)

Then there exist constants κ, Ri > 0, i = 1, ..., 6, (independent of n ≥ 2 but dependent on Ē, W̄, Z̄, Ā > 0) such that every solution
of (23), (24), (25) with initial condition that satisfies (37) also satisfies the following estimates for all n ≥ 2 and t ≥ 0:

En(t) ≤ Ē (42)

Wn(t) ≤ W̄ (43)

n
n–1∑
i=1

(K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))2 ≤ R1 (44)

a ≤ n(xi–1(t) – xi(t)) ≤ b, for i = 1, ..., n (45)

Zn(t) ≤ R2 (46)

Hn(t) ≤ R3 exp (κt) (47)

max
i=0,...,n

(∣∣vi(t)
∣∣) ≤ R4 (48)

n
∫ t

0

n–1∑
i=1

(
vi(s) – vi+1(s)
xi(s) – xi+1(s)

–
vi–1(s) – vi(s)
xi–1(s) – xi(s)

)2

ds ≤ R5 + R6 t (49)

where a := m
F–1

(√
2
m

(√
Ē+

√
W̄
)) ∈ (0, L] and b := m

F–1
(

–
√

2
m

(√
Ē+

√
W̄
)) ≥ L.

Remarks on Theorem 1:
(i) Theorem 1 can be interpreted as a stability result for the numerical scheme (23), (24), (25). Indeed, notice that under
the assumptions of Theorem 1, the solutions of (23), (24), (25) are bounded and the approximations of the solutions of the
initial-boundary value problem (1)-(4) with (14) are bounded in various spaces.
(ii) When lim

ρ→+∞
(F (ρ)) = lim

ρ→0+
(–F (ρ)) = +∞ then condition (41) is automatically satisfied and arbitrary initial conditions

for the finite-dimensional system (23), (24), (25) can be allowed. For an ideal gas under constant entropy, it holds that
lim

ρ→+∞
(F (ρ)) = lim

ρ→0+
(–F (ρ)) = +∞, and consequently, arbitrary initial conditions for the finite-dimensional system (23), (24),

(25) can be allowed. Indeed, for an ideal gas under constant entropy we have P(ρ) = cργ , P = fρT and µ = β
√

T , where
T > 0 is the temperature and c, f ,β, γ > 0 are constants with γ ∈ (1, 2) (see [10, 15]). Therefore, we have µ(ρ) = Aρ

γ–1
2 with

A = β
√

f –1c and Q(ρ) := c
γ–1

(
ργ – γ(ρ∗)γ–1ρ + (γ – 1)(ρ∗)γ

)
, k(ρ) := 2A

γ–1

(
ρ

γ–1
2 – (ρ∗)

γ–1
2

)
, F1(ρ) = A

∫ ρ

ρ∗ s
γ–4

2
√

Q(s)ds. Notice

that the fact that Q(ρ) ≥ c
2 (ρ∗)γ for 0 < ρ < γ–1

2γ ρ∗ implies that F1(ρ) ≤ – 2A
2–γ

√ c
2 (ρ∗)

γ
2

(
ρ

γ–2
2 –

(
γ–1
2γ ρ∗

) γ–2
2
)

for 0 < ρ < γ–1
2γ ρ∗.

Consequently, the fact that γ ∈ (1, 2) and definition (38) guarantees that lim
ρ→+∞

(F (ρ)) = lim
ρ→0+

(–F (ρ)) = +∞ for an ideal gas

under constant entropy.
(iii) However, for the case of the viscous Saint-Venant problem (where µ(ρ) = µρ, k(ρ) = µ (ρ – ρ∗) for a constant µ > 0),
condition (41) gives

√
W̄ +

√
Ē <

√
µρ∗

3

√
ρ∗g max

(
1,
√

3µ
2L

√
ρ∗g

)
, and therefore Theorem 1 does not hold for arbitrary

initial conditions for the finite-dimensional system (23), (24), (25). This result is in accordance with the fact that the viscous
Saint-Venant problem is well-posed for initial data close to the equilibrium (see [20, 31]).
(iv) Working as above, it is possible to show that lim

ρ→+∞
(F (ρ)) = lim

ρ→0+
(–F (ρ)) = +∞ are valid for any gas that satisfies the

inequalities P(ρ) ≥ cργ and µ(ρ) ≥ Aρη, where c, A, γ > 0, η ∈ ℜ are constants with γ ∈ (1, 2) and η ∈ [0, 1/2]. Therefore,
condition lim

ρ→+∞
(F (ρ)) = lim

ρ→0+
(–F (ρ)) = +∞ is valid for a wide class of gases.

(v) The function F1(ρ) defined by (39) was recently used in [15, 16, 17, 18] for control problems related to model (1)-(4) in
order to obtain estimates of the upper and lower bounds of density or liquid level.
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3.2 The choice of the initial condition

Given n ≥ 2, v ∈ H1
0 ((0, L)), ρ ∈ W1,∞ ((0, L)) ∩ C0 ([0, L]; (0, +∞)) with

∫ L
0 ρ(x)dx = m, we can find a unique set of points

xn = 0 < xn–1 < ... < x1 < x0 = L with
∫ xi–1

xi
ρ(x)dx = m

n for i = 1, ..., n. We also define vi = v (xi) for i = 0, 1, ..., n. In this way, we
may define the mapping

X ϶ (ρ, v) → Pn(ρ, v) = (x1, ..., xn–1, v1, ..., vn–1) ∈ Ωn (50)

with

X = S × H1
0 ((0, L)) , S =

{
ρ ∈ W1,∞ ((0, L)) ∩ C0 ([0, L]; (0, +∞)) :

∫ L

0
ρ(x)dx = m

}
. (51)

For the numerical scheme (23), (24), (25) and the initial-boundary value problem (1)-(4) with (14) we consider as initial condition
the point (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn. For this particular selection, we have the following result.

Theorem 2. Let an initial condition (ρ0, v0) ∈ X for the initial-boundary value problem (1)-(4), (14) be given and suppose that√
mL ∥v′0∥

2
2 + 2m5M̄2 ∥ρ′

0∥2

∞
ρ6

min
+ mΦ

(
m

∥ρ0∥∞

)
+
√

mL
2 ∥v′0∥

2
2 + mΦ

(
m

∥ρ0∥∞

)
< min

(
lim

ρ→+∞
(F(ρ)) , – lim

ρ→0+
(F(ρ))

) (52)

where M̄ = max
{

K′(s) : m
∥ρ0∥∞

≤ s ≤ m
ρmin

}
and ρmin = min

0≤x≤L
(ρ0(x)). Then there exist constants Ē, W̄, Z̄, Ā > 0 such that

conditions (37), (41) are valid for all n ≥ 2 with (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn.

Again, it should be noted that if lim
ρ→+∞

(F (ρ)) = lim
ρ→0+

(–F (ρ)) = +∞ then condition (52) is automatically satisfied.

3.3 Properties of the numerical scheme

Let a solution of (23), (24), (25) defined for all t ≥ 0 be given. Define for all t ≥ 0:

ρi(t) :=
m

n(xi–1(t) – xi(t))
, for i = 1, ..., n (53)

ρ0(t) = ρ1(t) =
m

n(L – x1(t))
(54)

v(n)(t, x) = vi(t) + vi–1(t)–vi(t)
xi–1(t)–xi(t)

(x – xi(t)) , x ∈ [xi(t), xi–1(t))
ρ(n)(t, x) = ρi(t) + ρi–1(t)–ρi(t)

xi–1(t)–xi(t)
(x – xi(t)) , x ∈ [xi(t), xi–1(t))

for i = 1, ..., n
(55)

v(n)(t, L) = 0 , ρ(n)(t, L) = ρ0(t). (56)

The functions v(n), ρ(n) : R+ × [0, L] → R are C1 on the set
⋃

t≥0 {(t, x) : x ∈ [0, L] , x ̸= xi(t) , i = 0, ..., n } (are C1 a.e. on
R+ × [0, L]) and are used as approximations of the solution of the initial-boundary value problem (1)-(4) with (14). The functions
ρ̇(n), v̇(n) defined for each n ≥ 2 and t ≥ 0 by means of the formulas

ρ̇(n)(t, x) = ρ̇i(t) + ρ̇i–1(t)–ρ̇i(t)
xi–1(t)–xi(t)

(x – xi(t)) – ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

v(n)(t, x)
for x ∈ [xi(t), xi–1(t)) , i = 1, ..., n

(57)

v̇(n)(t, x) = v̇i(t) + v̇i–1(t)–v̇i(t)
xi–1(t)–xi(t)

(x – xi(t)) – (vi–1(t)–vi(t))2

(xi–1(t)–xi(t))2 (x – xi(t)) – vi–1(t)–vi(t)
xi–1(t)–xi(t)

vi(t)
for x ∈ [xi(t), xi–1(t)) , i = 1, ..., n

(58)

are the weak time derivatives of the functions ρ(n), v(n) defined by (55).
The following theorem summarizes our convergence results.
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Theorem 3. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution
of (23), (24), (25) with n ≥ 2 and initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn. Define v(n), ρ(n) :
R+ × [0, L] → R by means of (53)-(56). Then there exists a subsequence of

{(
ρ(n), v(n)

)
: n ≥ 2

}
that converges to a weak

solution (ρ, v) of the initial-boundary value problem (1)-(4) with (14) in the following sense:

ρ ∈ L∞ ((0, T) ; H1 ((0, L))
)
∩ C0,1/2 ([0, T]; L2 ((0, L))

)
, v ∈ L∞ ((0, T) ; H1

0 ((0, L))
)
∩ C0,1/4 ([0, T]; L2 ((0, L))

)
ρ(n) → ρ and v(n) → v in C0 ([0, T]; L2 ((0, L))

)
strongly

v(n) → v in L∞ ((0, T); H1
0 ((0, L))

)
weak star

ρ(n) → ρ in L∞ ((0, T); H1 ((0, L))
)

weak star

ρ̇(n) → ρt in L∞ ((0, T); L2 ((0, L))
)

weak star

v̇(n) → vt in L2 ((0, T); H–1 ((0, L))
)

weakly

ρ(n)
x → ρx in L∞ ((0, T) × (0, L)) weak star

Moreover, if in addition

ρ(n)
x → ρx in C0 ([0, T]; L2 ((0, L))

)
strongly

then the weak solution satisfies the following additional estimate:

W(ρ[t], v[t]) ≤ W(ρ[t0], v[t0]), for all T ≥ t ≥ t0 ≥ 0. (59)

Theorem 3 is a convergence result for the particle scheme (23), (24), (25). Indeed, a subsequence of the numerical solutions
generated by the particle scheme (23), (24), (25) is guaranteed to converge to a weak solution of the initial-boundary value
problem (1)-(4) with (14). However, Theorem 3 can also be considered to be an existence result for the initial-boundary value
problem (1)-(4) with (14) because it guarantees that there exists a weak solution of the initial-boundary value problem (1)-(4)
with (14). Indeed, we have the following result.

Corollary 1. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Then there exists weak solution
(ρ, v) of the initial-boundary value problem (1)-(4) with (14).

Again, it should be noted that if lim
ρ→+∞

(F (ρ)) = lim
ρ→0+

(–F (ρ)) = +∞ then condition (52) is automatically satisfied. In this case,

Theorem 3 and Corollary 1 provide global existence results (with no restriction on the size of the initial conditions).

4 PROOFS OF MAIN RESULTS

The following facts hold for the parameterized family of finite-dimensional systems (23), (24), (25) defined on Ωn (recall (26)).

Fact 1: For every solution of (23), (24), (25) the following equation holds

Ėn(t) = –nm
n∑

i=1

K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t))2 ≤ 0 (60)

as long as the solution of (23), (24), (25) is defined.

Remark: Inequality (60) is the discretized version of inequality (12) and shows that the discretized mechanical energy En is
decaying.
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Proof. Using (23), (24), (25) and (32), we get:

Ėn(t) = m
∑n–1

i=1 vi(t)
(
Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

)
+m
∑n

i=1 Φ
′ (n (xi–1(t) – xi(t))) (vi–1(t) – vi(t))

+mn
∑n–1

i=1 vi(t)
(
K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t)) + K′(n(xi(t) – xi+1(t))) (vi+1(t) – vi(t))

)
= mn

∑n–1
i=1 vi(t)

(
K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t)) + K′(n(xi(t) – xi+1(t))) (vi+1(t) – vi(t))

)
= –mn

∑n
i=1 K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t))2

The fact that
∑n

i=1 K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t))2 ≥ 0 follows from definitions (27) (which implies that K′(x) > 0, for all
x > 0).

Fact 2: Suppose that Assumption (A) is valid. Then every solution of (23), (24), (25) is defined for all t ≥ 0.

Proof. This fact is a direct consequence of Assumption (A), (31) and Fact 1, i.e., the fact that

m
2n

∑n
i=1 v2

i (t) + m
n

∑n
i=1 Φ (n (xi–1(t) – xi(t)))

≤ En(0) = m
2n

∑n
i=1 v2

i (0) + m
n

∑n
i=1 Φ (n (xi–1(0) – xi(0)))

as long as the solution of (23), (24), (25) is defined, and the facts that lim
x→0+

(Φ(x)) = +∞, inf
x>0

(Φ(x)) > –∞ which
shows that the solution of (23), (24), (25) remains bounded and cannot approach the boundary of the open set Ωn ={

(x1, ..., xn–1, v1, ..., vn–1) ∈ (0, L)n–1 × Rn–1 : xn–1 < ... < x1
}

.

Fact 3: Suppose that Assumption (A) is valid. Then for every solution of (23), (24), (25) the following equation holds for all t ≥ 0:

Ẇn(t) =
–mn

∑n–1
i=1

(
Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

)
(K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t)))) ≤ 0

(61)

Remark: Inequality (61) is the discretized version of inequality (13) and shows that the discretized mechanical energy Wn is
decaying.

Proof. Using (23), (24), (25) and definition (36) we get the following equations for i = 1, ..., n – 1:

ẋi(t) = wi(t) + nK(n(xi–1(t) – xi(t))) – nK(n(xi(t) – xi+1(t)))
ẇi(t) = nΦ′(n(xi–1(t) – xi(t))) – nΦ′(n(xi(t) – xi+1(t)))

(62)

Using definition (33) and equations (62) we get:

Ẇn(t) = m
∑n–1

i=1 wi
(
Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

)
+m
∑n–1

i=2 Φ′ (n (xi–1(t) – xi(t))) (wi–1(t) – wi(t))
+mn

∑n–1
i=2 Φ′ (n (xi–1(t) – xi(t))) (K(n(xi–2(t) – xi–1(t))) – 2K(n(xi–1(t) – xi(t))) + K(n(xi(t) – xi+1(t))))

–mΦ′ (n (L – x1(t))) (w1(t) + nK(n(L – x1(t))) – nK(n(x1(t) – x2(t))))
+mΦ′ (nxn–1(t)) (wn–1(t) + nK(n(xn–2(t) – xn–1(t))) – nK(nxn–1(t)))
= –mn

∑n–1
i=1

(
Φ′ (n (xi–1(t) – xi(t))) – Φ′ (n (xi(t) – xi+1(t)))

)
(K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))

The fact that
n–1∑
i=1

(
Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

)
(K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t)))) ≥ 0

follows from definitions (27) (which implies that both K(x) and Φ′(x) are increasing functions).

The following fact is trivial and is proof is omitted.

Fact 4: Let the set {ui ∈ R : i = 1, ..., n} be given. Then the following inequality holds:

max
i=1,...,n

(ui) – min
i=1,...,n

(ui) ≤
n–1∑
i=1

∣∣ui+1 – ui
∣∣ (63)

Moreover, if max
i=1,...,n

(ui) ≥ 0 ≥ min
i=1,...,n

(ui), then the following inequality holds:
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max
i=1,...,n

(∣∣ui
∣∣) ≤ n–1∑

i=1

∣∣ui+1 – ui
∣∣ (64)

The following fact plays a crucial role in what follows.

Fact 5: The following inequality holds for all t ≥ 0:

n
n–1∑
i=1

(K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))2 ≤ 2
m

(√
Wn(t) +

√
En(t)

)2
(65)

Define the increasing function F : (0, +∞) → R by means of (38). If the following inequality holds√
Wn(t) +

√
En(t) < min

(
lim

ρ→+∞
(F(ρ)) , – lim

ρ→0+
(F(ρ))

)
(66)

then the following inequalities hold for all i = 1, ..., n:

0 < F–1
(

–
(√

Wn(t) +
√

En(t)
))

≤ m
n(xi–1(t) – xi(t))

≤ F–1
(√

Wn(t) +
√

En(t)
)

< +∞ (67)

Proof. Since
∑n

i=1 (xi–1(t) – xi(t))
(

m
n(xi–1(t)–xi(t))

– ρ∗
)

= 0 (a consequence of the fact that ρ∗ = m/L), we get

min
i=1,...,n

(
m

n (xi–1(t) – xi(t))

)
≤ ρ∗ ≤ max

i=1,...,n

(
m

n (xi–1(t) – xi(t))

)
(68)

Using (68) and the facts that F1, F2, k are increasing (recall (7), (39), (40)), we get:

min
i=1,...,n

(
Fj

(
m

n (xi–1(t) – xi(t))

))
≤ 0 ≤ max

i=1,...,n

(
Fj

(
m

n (xi–1(t) – xi(t))

))
, for j = 1, 2 (69)

min
i=1,...,n

(
k
(

m
n (xi–1(t) – xi(t))

))
≤ 0 ≤ max

i=1,...,n

(
k
(

m
n (xi–1(t) – xi(t))

))
(70)

Fact 4 in conjunction with (69) and (70) implies the following inequalities

max
i=1,...,n

(∣∣∣F1

(
m

n(xi–1(t)–xi(t))

)∣∣∣) ≤
∑n–1

i=1

∣∣∣F1

(
m

n(xi(t)–xi+1(t))

)
– F1

(
m

n(xi–1(t)–xi(t))

)∣∣∣
max

i=1,...,n

(∣∣∣F2

(
m

n(xi–1(t)–xi(t))

)∣∣∣) ≤
∑n–1

i=1

∣∣∣F2

(
m

n(xi(t)–xi+1(t))

)
– F2

(
m

n(xi–1(t)–xi(t))

)∣∣∣
max

i=1,...,n

(∣∣∣k ( m
n(xi–1(t)–xi(t))

)∣∣∣) ≤
∑n–1

i=1

∣∣∣k ( m
n(xi(t)–xi+1(t))

)
– k
(

m
n(xi–1(t)–xi(t))

)∣∣∣
(71)

Define the following functions for all u ∈ K ((0, +∞)):

F̃j(u) = Fj

(
m

K–1 (u)

)
, for j = 1, 2 (72)

Notice that definitions (72) imply that

Fj

(m
x

)
= F̃j (K (x)) , for j = 1, 2 and x > 0 (73)

Using (71), (73) and the fact that K(x) = – 1
m k
(m

x

)
for x > 0 (recall (27)), we get:

max
i=1,...,n

(∣∣∣F1

(
m

n(xi–1(t)–xi(t))

)∣∣∣) ≤
∑n–1

i=1

∣∣F̃1 (K (n(xi(t) – xi+1(t)))) – F̃1 (K (n(xi–1(t) – xi(t))))
∣∣

max
i=1,...,n

(∣∣∣F2

(
m

n(xi–1(t)–xi(t))

)∣∣∣) ≤
∑n–1

i=1

∣∣F̃2 (K (n(xi(t) – xi+1(t)))) – F̃2 (K (n(xi–1(t) – xi(t))))
∣∣

max
i=1,...,n

(∣∣∣k ( m
n(xi–1(t)–xi(t))

)∣∣∣) ≤ m
∑n–1

i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣ (74)

Definitions (39), (40), (72) and (27) imply that

F̃′
1(u) = –

√
mK–1 (u) Q

(
m

K–1 (u)

)
, for all u ∈ K ((0, +∞)) (75)
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F̃′
2(u) = –

√
mK–1 (u), for all u ∈ K ((0, +∞)) (76)

Equations (75) and (76) give us the following estimates for all i = 1, ..., n – 1:∣∣F̃1 (yi+1) – F̃1 (yi)
∣∣

≤
√

m
∣∣yi+1 – yi

∣∣max
{ ∣∣∣∣√K–1 (u) Q

(
m

K–1(u)

)∣∣∣∣ : min (yi+1, yi) ≤ u ≤ max (yi+1, yi)
}

(77)

∣∣F̃2 (yi+1) – F̃2 (yi)
∣∣

≤
√

m
∣∣yi+1 – yi

∣∣max
{ ∣∣∣√K–1 (u)

∣∣∣ : min (yi+1, yi) ≤ u ≤ max (yi+1, yi)
} (78)

with yi = K (n(xi–1(t) – xi(t))). Since K–1 is increasing (recall (27)) we get from (78):∣∣F̃2 (yi+1) – F̃2 (yi)
∣∣ ≤√nm max (xi(t) – xi+1(t), xi–1(t) – xi(t))

∣∣yi+1 – yi
∣∣ (79)

The function g(s) = sQ
(m

s

)
for s > 0 satisfies g′(s) = P(ρ∗) – P(m/s) (recall (8)). Since P is increasing, it follows that g is convex.

Consequently, we get from (77):∣∣F̃1 (yi+1) – F̃1 (yi)
∣∣

≤
√

m
∣∣yi+1 – yi

∣∣√max
{

g (s) : K–1 (min (yi+1, yi)) ≤ s ≤ K–1 (max (yi+1, yi))
}

=
√

m
∣∣yi+1 – yi

∣∣√max
(
g
(
K–1 (min (yi+1, yi))

)
, g
(
K–1 (max (yi+1, yi))

))
≤

√
m
∣∣yi+1 – yi

∣∣√g
(
K–1 (min (yi+1, yi))

)
+ g
(
K–1 (max (yi+1, yi))

)
=
√

nm
∣∣yi+1 – yi

∣∣√(xi(t) – xi+1(t)) Q
(

m
n(xi(t)–xi+1(t))

)
+ (xi–1(t) – xi(t)) Q

(
m

n(xi–1(t)–xi(t))

)
(80)

Using (74), (79) and (80), we get:

max
i=1,...,n

(∣∣∣F1

(
m

n(xi–1(t)–xi(t))

)∣∣∣)
≤

√
nm
∑n–1

i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣√(xi(t) – xi+1(t)) Q

(
m

n(xi(t)–xi+1(t))

)
+
√

nm
∑n–1

i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣√(xi–1(t) – xi(t)) Q

(
m

n(xi–1(t)–xi(t))

) (81)

max
i=1,...,n

(∣∣∣F2

(
m

n(xi–1(t)–xi(t))

)∣∣∣)
≤

√
nm
∑n–1

i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣√xi(t) – xi+1(t)

+
√

nm
∑n–1

i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣√xi–1(t) – xi(t)

(82)

Applying the Cauchy-Schwarz inequality, we obtain from (74), (81) and (82) and the fact that
∑n

i=1 (xi–1(t) – xi(t)) = L:

max
i=1,...,n

(∣∣∣∣k( m
n(xi–1(t) – xi(t))

)∣∣∣∣) ≤ m

(
n

n–1∑
i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣2)1/2

(83)

max
i=1,...,n

(∣∣∣F1

(
m

n(xi–1(t)–xi(t))

)∣∣∣)
≤ 2

√
m
(

n
∑n–1

i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣2)1/2 (∑n

i=1 (xi–1(t) – xi(t)) Q
(

m
n(xi–1(t)–xi(t))

))1/2 (84)

max
i=1,...,n

(∣∣∣∣F2

(
m

n(xi–1(t) – xi(t))

)∣∣∣∣) ≤ 2
√

Lm

(
n

n–1∑
i=1

∣∣K (n(xi(t) – xi+1(t))) – K (n(xi–1(t) – xi(t)))
∣∣2)1/2

(85)

Using (30), (32), (33) and the facts that ρ∗ = m/L,
∑n

i=1 (xi–1(t) – xi(t)) = L, we get:

n∑
i=1

(xi–1(t) – xi(t)) Q
(

m
n (xi–1(t) – xi(t))

)
=

m
n

n∑
i=1

Φ (n (xi–1(t) – xi(t))) ≤ min (En(t), Wn(t)) (86)

Using the inequality
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δ+1
δ (vi(t) – nK(n(xi–1(t) – xi(t))) + nK(n(xi(t) – xi+1(t))))2 + (δ + 1)v2

i (t)
≥ n2 (K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))2

that holds for all δ > 0, we obtain the inequality

2(δ+1)
δm

(
m
2n

∑n–1
i=1 (vi(t) – nK(n(xi–1(t) – xi(t))) + nK(n(xi(t) – xi+1(t))))2 + δm

2n

∑n
i=1 v2

i (t)
)

≥ n
∑n–1

i=1 (K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))2
(87)

Using definitions (32), (33), (36) and the fact that
∑n

i=1 Φ (n (xi–1(t) – xi(t))) ≥ 0 (a consequence of the facts that ρ∗ = m/L,∑n
i=1 (xi–1(t) – xi(t)) = L, Q(ρ) ≥ 0 for all ρ > 0 and (30) which implies that Φ (x) = x

m Q(m/x) + P (ρ∗)
(

1
ρ∗ – x

m

)
for all x > 0),

we get from (87):

2
m

(
(δ + 1)

δ
Wn(t) + (δ + 1)En(t)

)
≥ n

n–1∑
i=1

(K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))2 (88)

Selecting δ =
√

Wn(t)/En(t) when En(t) > 0 we get (65). Estimate (88) shows that inequality (65) also holds for the case where
En(t) = 0.
Combining (65), (83), (84), (85) and (86) we get the following estimates for all i = 1, ..., n:

–
√

2m
(√

Wn(t) +
√

En(t)
)
≤ k

(
m

n(xi–1(t)–xi(t))

)
≤

√
2m
(√

Wn(t) +
√

En(t)
)

–2
√

2L
(√

Wn(t) +
√

En(t)
)
≤ F2

(
m

n(xi–1(t)–xi(t))

)
≤ 2

√
2L
(√

Wn(t) +
√

En(t)
)

–2
√

2
(√

Wn(t) +
√

En(t)
)2 ≤ F1

(
m

n(xi–1(t)–xi(t))

)
≤ 2

√
2
(√

Wn(t) +
√

En(t)
)2

(89)

Combining (89), (38), (39), (40) and using (68), we obtain estimates (67).

We next show the following lemma.

Lemma 2. For every pair of constants a, b > 0 with 0 < a ≤ L ≤ b there exist constants σ,ω, r > 0 (independent of n ≥ 2) and
a function B ∈ K∞ (independent of n ≥ 2) for which the following property holds: If

a ≤ n(xi–1(t) – xi(t)) ≤ b, for all i = 1, ..., n (90)

then

Żn(t) ≤ –σZn(t) + ωZ2
n (t) + B (Wn(t) + En(t)) (91)

Żn(t) ≤ –
rn
6

n–1∑
i=1

(δi+1v(t) – δiv(t))2 + ωZ2
n (t) + B (Wn(t) + En(t)) (92)

where δiv(t) = vi–1(t)–vi(t)
xi–1(t)–xi(t)

for i = 1, ..., n.

Proof. Equations (23), (24), (25), the fact that δiv(t) = vi–1(t)–vi(t)
xi–1(t)–xi(t)

for i = 1, ..., n and definition (34) give:

Żn(t) = – 1
2

∑n
i=1 (vi–1(t) – vi(t)) (δiv(t))2 + n

∑n–1
i=2 δiv(t)

(
Φ′(n(xi–2(t) – xi–1(t))) – Φ′(n(xi–1(t) – xi(t)))

)
+n
∑n–1

i=2 δiv(t)
(
–Φ′(n(xi–1(t) – xi(t))) + Φ′(n(xi(t) – xi+1(t)))

)
+n2∑n–1

i=2 δiv(t)
(
K′(n(xi–2(t) – xi–1(t))) (vi–2(t) – vi–1(t)) – K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t))

)
+n2∑n–1

i=2 δiv(t)
(
–K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t)) + K′(n(xi(t) – xi+1(t))) (vi(t) – vi+1(t))

)
–nδ1v(t)

(
Φ′(n(L – x1(t))) – Φ′(n(x1(t) – x2(t)))

)
+ nδnv(t)

(
Φ′(n(xn–2(t) – xn–1(t))) – Φ′(nxn–1(t))

)
+n2δ1v(t)

(
K′(n(L – x1(t)))v1(t) – K′(n(x1(t) – x2(t))) (v2(t) – v1(t))

)
+n2δnv(t)

(
K′(n(xn–2(t) – xn–1(t))) (vn–2(t) – vn–1(t)) – K′(nxn–1(t))vn–1(t)

)
(93)

Rearranging terms in (93) we obtain:
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Żn(t) = – 1
2

∑n
i=1 (vi–1(t) – vi(t)) (δiv(t))2

+n
∑n–1

i=1 (δi+1v(t) – δiv(t))
(
Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

)
+n2∑n–1

i=1 (δi+1v(t) – δiv(t)) K′(n(xi–1(t) – xi(t))) (vi–1(t) – vi(t))
–n2∑n–1

i=1 (δi+1v(t) – δiv(t)) K′(n(xi(t) – xi+1(t))) (vi(t) – vi+1(t))

(94)

Next define the function G : (0, +∞) → (0, +∞) by means of the formula:

G(x) = xK′(x), for all x > 0 (95)

Using definition (95), rearranging terms in (94) and using equations (23), (25), we get:

Żn(t) = – 1
2

∑n–1
i=1 vi(t) (δi+1v(t) – δiv(t)) (δi+1v(t) + δiv(t))

+n
∑n–1

i=1 (δi+1v(t) – δiv(t))
(
Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

)
–n
∑n–1

i=1 G(n(xi–1(t) – xi(t))) (δi+1v(t) – δiv(t))2

+n
∑n–1

i=1 (δi+1v(t) – δiv(t)) δi+1v(t) (G(n(xi–1(t) – xi(t))) – G(n(xi(t) – xi+1(t))))

(96)

Define

r = min
a≤x≤b

(G(x)) > 0 (97)

Using (96) and definition (97) we get:

Żn(t) ≤ –rn
∑n–1

i=1 (δi+1v(t) – δiv(t))2 + 1
2

∑n–1
i=1

∣∣vi(t)
∣∣ ∣∣δi+1v(t) – δiv(t)

∣∣ ∣∣δi+1v(t) + δiv(t)
∣∣

+n
∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣ ∣∣Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

∣∣
+n
∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣ ∣∣δi+1v(t)

∣∣ ∣∣G(n(xi–1(t) – xi(t))) – G(n(xi(t) – xi+1(t)))
∣∣ (98)

Using the inequalities ∣∣vi(t)
∣∣ ∣∣δi+1v(t) – δiv(t)

∣∣ ∣∣δi+1v(t) + δiv(t)
∣∣

≤ 2nr
3 (δi+1v(t) – δiv(t))2 + 3

8nr

∣∣vi(t)
∣∣2 ∣∣δi+1v(t) + δiv(t)

∣∣2∣∣δi+1v(t) – δiv(t)
∣∣ ∣∣Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))

∣∣
≤ r

6 (δi+1v(t) – δiv(t))2 + 3
2r

∣∣Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))
∣∣2∣∣δi+1v(t) – δiv(t)

∣∣ ∣∣δi+1v(t)
∣∣ ∣∣G(n(xi–1(t) – xi(t))) – G(n(xi(t) – xi+1(t)))

∣∣
≤ r

6 (δi+1v(t) – δiv(t))2 + 3
2r

∣∣δi+1v(t)
∣∣2 ∣∣G(n(xi–1(t) – xi(t))) – G(n(xi(t) – xi+1(t)))

∣∣2
we obtain from (98):

Żn(t) ≤ – nr
3

∑n–1
i=1 (δi+1v(t) – δiv(t))2 + 3

16nr

∑n–1
i=1

∣∣vi(t)
∣∣2 ∣∣δi+1v(t) + δiv(t)

∣∣2
+ 3n

2r

∑n–1
i=1

∣∣Φ′(n(xi–1(t) – xi(t))) – Φ′(n(xi(t) – xi+1(t)))
∣∣2

+ 3n
2r

∑n–1
i=1

∣∣δi+1v(t)
∣∣2 ∣∣G(n(xi–1(t) – xi(t))) – G(n(xi(t) – xi+1(t)))

∣∣2 (99)

Using the fact that K′ (x) > 0 for all x > 0, we conclude that there exists a constant M > 0 such that the following inequalities
hold for all x, y ∈ [a, b]: ∣∣Φ′(x) – Φ′(y)

∣∣ ≤ M
∣∣K(x) – K(y)

∣∣∣∣G (x) – G (y)
∣∣ ≤ M

∣∣K(x) – K(y)
∣∣ (100)

Combining (99), (100), (65) and (90) we obtain:

Żn(t) ≤ – nr
3

∑n–1
i=1 (δi+1v(t) – δiv(t))2

+ 3
16nr

∑n–1
i=1

∣∣vi(t)
∣∣2 ∣∣δi+1v(t) + δiv(t)

∣∣2 + 6M2

rm (Wn(t) + En(t))
+ 3M2n

2r

∑n–1
i=1

∣∣δi+1v(t)
∣∣2 ∣∣K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t)))

∣∣2 (101)

Using (23), (25), (64), definition (34), the fact that
∑n

i=1(xi–1(t) – xi(t)) = L and the Cauchy-Schwarz inequality, we get:

max
i=0,1,...,n

(∣∣vi(t)
∣∣) ≤ n∑

i=1

∣∣vi–1(t) – vi(t)
∣∣ ≤ (L

n∑
i=1

∣∣vi–1(t) – vi(t)
∣∣2

xi–1(t) – xi(t)

)1/2

=
√

2LZn(t) (102)
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Consequently, we obtain from (101), (102):

Żn(t) ≤ – nr
3

∑n–1
i=1 (δi+1v(t) – δiv(t))2

+ 3LZn(t)
8nr

∑n–1
i=1

∣∣δi+1v(t) + δiv(t)
∣∣2 + 6M2

rm (Wn(t) + En(t))
+ 3M2n

2r

∑n–1
i=1

∣∣δi+1v(t)
∣∣2 ∣∣K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t)))

∣∣2 (103)

Using the inequality
∣∣δi+1v(t) + δiv(t)

∣∣2 ≤ 2
∣∣δi+1v(t)

∣∣2 + 2
∣∣δiv(t)

∣∣2 which gives
∑n–1

i=1

∣∣δi+1v(t) + δiv(t)
∣∣2 ≤ 4

∑n
i=1

∣∣δiv(t)
∣∣2, we

get from (103) and (65):

Żn(t) ≤ – nr
3

∑n–1
i=1 (δi+1v(t) – δiv(t))2 + 3LZn(t)

2nr

∑n
i=1

∣∣δiv(t)
∣∣2

+ 6M2

rm (Wn(t) + En(t)) + 6M2

rm max
i=1,...,n–1

(∣∣δi+1v(t)
∣∣2) (Wn(t) + En(t))

(104)

Using definition (34) and (90) we get:

n min
i=1,...,n

(
(δiv(t))2

)
≤

n∑
i=1

∣∣δiv(t)
∣∣2 ≤ 2n

a
Zn(t) (105)

Consequently, we obtain from (104) and (105):

Żn(t) ≤ – nr
3

∑n–1
i=1 (δi+1v(t) – δiv(t))2 + 6M2

rm (Wn(t) + En(t))

+ 3L
ar Z2

n (t) + 6M2

rm max
i=1,...,n

(∣∣δiv(t)
∣∣2) (Wn(t) + En(t))

(106)

Using (63), the Cauchy-Schwarz inequality, the inequality 2xy ≤ 1
εn x2 + εny2 that holds for every ε > 0, x, y ∈ R, definition (34)

and (90), we get:

max
i=1,...,n

(
(δiv(t))2

)
– min

i=1,...,n

(
(δiv(t))2

)
≤
∑n–1

i=1

∣∣∣(δi+1v(t))2 – (δiv(t))2
∣∣∣

=
∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣ ∣∣δi+1v(t) + δiv(t)

∣∣ ≤ 2
(∑n

i=1

∣∣δiv(t)
∣∣2)1/2 (∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣2)1/2

≤ 1
εn

∑n
i=1

∣∣δiv(t)
∣∣2 + εn

∑n–1
i=1

∣∣δi+1v(t) – δiv(t)
∣∣2 ≤ 2

εa Zn(t) + εn
∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣2 (107)

Estimate (107) in conjunction with (105) gives for every ε > 0:

max
i=1,...,n

(
(δiv(t))2

)
≤ 2

a

(
1 +

1
ε

)
Zn(t) + εn

n–1∑
i=1

∣∣δi+1v(t) – δiv(t)
∣∣2 (108)

Combining (106) and (108) we get for every ε > 0:

Żn(t) ≤ –
(

r
3 – ε 6M2

rm (Wn(t) + En(t))
)

n
∑n–1

i=1 (δi+1v(t) – δiv(t))2

+ 3L
ar Z2

n (t) + 6M2

rm (Wn(t) + En(t)) +
(
1 + 1

ε

) 12M2

arm (Wn(t) + En(t)) Zn(t)
(109)

Selecting ε = r2m
36M2(Wn(t)+En(t)) when Wn(t) + En(t) > 0, we get from (109):

Żn(t) ≤ – rn
6

∑n–1
i=1 (δi+1v(t) – δiv(t))2 + 6M2

rm (Wn(t) + En(t))
+ 3L

ar Z2
n (t) +

(
36M2 (Wn(t) + En(t)) + r2m

) 12M2

ar3m2 (Wn(t) + En(t)) Zn(t)
(110)

Inequality (110) holds when Wn(t) + En(t) = 0 as well. Therefore, inequality (110) holds in any case. Using the inequality(
36M2 (Wn(t) + En(t)) + r2m

) 12M2

ar3m2 (Wn(t) + En(t)) Zn(t)

≤ Z2
n (t) +

(
36M2 (Wn(t) + En(t)) + r2m

)2
(

6M2

ar3m2

)2
(Wn(t) + En(t))2

it follows from (110) that the following estimate holds:

Żn(t) ≤ –
rn
6

n–1∑
i=1

(δi+1v(t) – δiv(t))2 +
(

1 +
3L
ar

)
Z2

n (t) + B (Wn(t) + En(t)) (111)

where B(s) := 6M2

rm s +
(
36M2s + r2m

)2
(

6M2

ar3m2

)2
s2, for all s > 0. Inequality (92) is a direct consequence of (111).
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The fact that
∑n

i=1 (xi–1(t) – xi(t)) δiv(t) = v0(t) – vn(t) = 0 implies that min
i=1,...,n

(δiv(t)) ≤ 0 ≤ max
i=1,...,n

(δiv(t)). Consequently, we

obtain from Fact 4, (64) and the Cauchy-Schwarz inequality:

max
i=1,...,n

(∣∣δiv(t)
∣∣) ≤ n–1∑

i=1

∣∣δi+1v(t) – δiv(t)
∣∣ ≤ (n

n–1∑
i=1

∣∣δi+1v(t) – δiv(t)
∣∣2)1/2

(112)

Definition (34), (112), the Cauchy-Schwarz inequality and the fact that
∑n

i=1(xi–1(t) – xi(t)) = L give the estimate

2Zn(t) ≤ max
i=1,...,n

(∣∣δiv(t)
∣∣)∑n

i=1

∣∣vi–1(t) – vi(t)
∣∣

≤
(

n
∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣2)1/2 (

L
∑n

i=1
|vi–1(t)–vi(t)|2
xi–1(t)–xi(t)

)1/2

=
(

n
∑n–1

i=1

∣∣δi+1v(t) – δiv(t)
∣∣2)1/2 √

2LZn(t)

which directly implies the estimate

2Zn(t) ≤ Ln
n–1∑
i=1

∣∣δi+1v(t) – δiv(t)
∣∣2 (113)

Consequently, we obtain from (111) and (113) the estimate:

Żn(t) ≤ –
r

3L
Zn(t) +

(
1 +

3L
ar

)
Z2

n (t) + B (Wn(t) + En(t)) (114)

Estimate (114) directly implies estimate (91).

We are now ready to provide the proof of Theorem 1.

Proof of Theorem 1. Estimates (42), (43), (44), (45) are consequences of (60), (61), (65), (66), (67), (37) and definitions (32),
(33), (36).
We next show estimates (46), (48). Notice that (60) and definitions (34), (95), (97) imply the following estimate

Ėn(t) = –m
n∑

i=1

G(n(xi–1(t) – xi(t)))
(vi–1(t) – vi(t))2

xi–1(t) – xi(t)
≤ –2mrZn(t)

from which we get for all t ≥ 0:

En(t) + 2mr
∫ t

0
Zn(s)ds ≤ En(0) (115)

Lemma 2 implies that there exist constants σ,ω, r > 0 (independent of n ≥ 2 and r > 0 defined by (97)) and a function
B ∈ K∞ (independent of n ≥ 2) such that the differential inequalities (91), (92) hold for all t ≥ 0. Using (91) and defining
y(t) = exp

(
σt – ω

∫ t
0 Zn(s)ds

)
Zn(t), we get for all t ≥ 0:

ẏ(t) ≤ exp
(
σt – ω

∫ t

0
Zn(s)ds

)
B (Wn(t) + En(t))

which directly implies the following estimate

Zn(t) ≤ exp
(

–σt + ω
∫ t

0 Zn(s)ds
)

Zn(0)

+
∫ t

0 B(Wn(τ ) + En(τ )) exp
(

–σ(t – τ ) + ω
∫ t
τ

Zn(s)ds
)

dτ

The above estimate combined with the fact that Wn(t) + En(t) ≤ Wn(0) + En(0) for all t ≥ 0 (a consequence of (60) and (61)) and
(115) gives:

Zn(t) ≤ exp
(

–σt + ω
∫ t

0 Zn(s)ds
)

Zn(0)

+B (Wn(0) + En(0))
∫ t

0 exp
(

–σ(t – τ ) + ω
∫ t

0 Zn(s)ds
)

dτ

≤ exp
(
ωEn(0)

2mr

)
Zn(0) + B (Wn(0) + En(0)) exp

(
ωEn(0)

2mr

) ∫ t
0 exp (–σ(t – τ )) dτ

≤ exp
(
ωEn(0)

2mr

) (
Zn(0) + 1

σB (Wn(0) + En(0))
)
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It is clear that the above estimate and (37) implies (46) with R2 = exp
(

ωĒ
2mr

) (
Z̄ + 1

σB
(
W̄ + Ē

))
. Moreover, estimates (102) and

(46) imply estimate (48) with R4 =
√

2LR2.
We next show estimate (49). Integrating (92) we get for all t ≥ 0:

Zn(t) + rn
6

∫ t
0

∑n–1
i=1

(
vi(s)–vi+1(s)
xi(s)–xi+1(s) – vi–1(s)–vi(s)

xi–1(s)–xi(s)

)2
ds

≤ Zn(0) + ω
∫ t

0 Z2
n (s)ds +

∫ t
0 B (Wn(s) + En(s)) ds

≤ R2 + ωR2
2t + B

(
W̄ + Ē

)
t

(116)

Estimate (116) combined with (42), (43), (46) gives estimate (49) with R5 = 6
r R2 and R6 = 6

r

(
ωR2

2 + B
(
W̄ + Ē

))
.

Finally, we show estimate (47). Equations (23), (24), (25) imply the following equation for all t ≥ 0 and i = 1, ..., n – 1:

d
d t (K (n(xi–1(t) – xi(t))) – K (n(xi(t) – xi+1(t))))
= 1

n v̇i(t) + Φ′ (n(xi(t) – xi+1(t))) – Φ′ (n(xi–1(t) – xi(t)))
(117)

Integrating (117) we get for all t ≥ 0 and i = 1, ..., n – 1:

n (K (n(xi–1(t) – xi(t))) – K (n(xi(t) – xi+1(t))))
= n (K (n(xi–1(0) – xi(0))) – K (n(xi(0) – xi+1(0)))) + vi(t) – vi(0)
+n
∫ t

0

(
Φ′ (n(xi(s) – xi+1(s))) – Φ′ (n(xi–1(s) – xi(s)))

)
ds

(118)

Using the fact that K′ (x) > 0 we conclude that there exists a constant M > 0 such that the following inequalities hold for all
x, y ∈ [a, b]: ∣∣Φ′(x) – Φ′(y)

∣∣ ≤ M
∣∣K(x) – K(y)

∣∣ (119)

Combining (118) and (37), (48), (119) we obtain for all t ≥ 0 and i = 1, ..., n – 1:

n
∣∣K (n(xi–1(t) – xi(t))) – K (n(xi(t) – xi+1(t)))

∣∣
≤ Ā + 2R4 + M

∫ t
0 n
∣∣K (n(xi(s) – xi+1(s))) – K (n(xi–1(s) – xi(s)))

∣∣ ds
(120)

Applying the Gronwall-Bellman Lemma in (120) we obtain for all t ≥ 0 and i = 1, ..., n – 1:

n
∣∣K (n(xi–1(t) – xi(t))) – K (n(xi(t) – xi+1(t)))

∣∣ ≤ (Ā + 2R4
)

exp(Mt)

The above estimate and definition (35) imply estimate (47) with κ = M and R3 = Ā + 2R4.

Next, we provide the proof of Theorem 2.

Proof of Theorem 2. Let (ρ0, v0) ∈ X be given and suppose that (52) holds. We set (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) =
Pn (ρ0, v0) ∈ Ωn, where xn(0) = 0 < xn–1(0) < ... < x1(0) < x0(0) = L is the unique set of points with

∫ xi–1(0)
xi(0) ρ0(x)dx = m

n ,
vi(0) = v0 (xi(0)) for i = 0, 1, ..., n. Using the Cauchy-Schwarz inequality, the fact that m

∥ρ0∥∞
≤ n (xi–1(0) – xi(0)) ≤ m

ρmin
for

i = 1, ..., n with ρmin = min
0≤x≤L

(ρ0(x)), the fact that Φ : (0, +∞) → R is a decreasing function and the fact that v0(0) = 0, we get:

m
2n

∑n
i=1 v2

i (0) + m
n

∑n
i=1 Φ (n (xi–1(0) – xi(0)))

≤ m
2n

∑n
i=1

(∫ xi(0)
0 v′0(s)ds

)2
+ m

n

∑n
i=1 Φ

(
m

∥ρ0∥∞

)
≤ m

2n

∑n
i=1 xi(0) ∥v′0∥

2
2 + mΦ

(
m

∥ρ0∥∞

)
≤ mL

2 ∥v′0∥
2
2 + mΦ

(
m

∥ρ0∥∞

) (121)

Since ρ0 is continuous, for every i = 1, ..., n there exists ξi ∈ [xi(0), xi–1(0)] with n (xi–1(0) – xi(0)) = m
ρ(ξi)

. Setting M̄ =

max
{

K′(s) : m
∥ρ0∥∞

≤ s ≤ m
ρmin

}
and using the fact that K′ (x) > 0 for all x > 0 and the fact that m

∥ρ0∥∞
≤ n (xi–1(0) – xi(0)) ≤

m
ρmin

for i = 1, ..., n with ρmin = min
0≤x≤L

(ρ0(x)), we get for all i = 1, ..., n – 1:

n
∣∣K (n(xi–1(0) – xi(0))) – K (n(xi(0) – xi+1(0)))

∣∣ = n
∣∣∣K ( m

ρ(ξi)

)
– K

(
m

ρ(ξi+1)

)∣∣∣
≤ mnM̄

∣∣∣ 1
ρ(ξi)

– 1
ρ(ξi+1)

∣∣∣ ≤ mnM̄
∥ρ′

0∥∞
ρ2

min

∣∣ξi – ξi+1
∣∣

≤ mnM̄
∥ρ′

0∥∞
ρ2

min
(xi–1(0) – xi+1(0)) ≤ 2m2M̄

∥ρ′
0∥∞
ρ3

min

(122)
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It follows from (122) that

max
i=1,...,n–1

(
n
∣∣K (n(xi–1(0) – xi(0))) – K (n(xi(0) – xi+1(0)))

∣∣) ≤ 2m2M̄
∥ρ′0∥∞
ρ3

min
(123)

Using the Cauchy-Schwarz inequality, we get:

1
2

n∑
i=1

(vi–1(0) – vi(0))2

xi–1(0) – xi(0)
=

1
2

n∑
i=1

(∫ xi–1(0)
xi(0) v′0(s)ds

)2

xi–1(0) – xi(0)
≤ 1

2

n∑
i=1

∫ xi–1(0)

xi(0)

∣∣v′0(s)
∣∣2 ds =

1
2
∥v′0∥

2
2 (124)

Furthermore, (122) and the fact that ∥v0∥∞ ≤
√

L ∥v′0∥2 gives for all i = 1, ..., n – 1:∣∣vi(0) – nK(n(xi–1(0) – xi(0))) + nK(n(xi(0) – xi+1(0)))
∣∣

≤
∣∣v0(xi(0))

∣∣ + n
∣∣K (n(xi–1(0) – xi(0))) – K (n(xi(0) – xi+1(0)))

∣∣
≤

√
L ∥v′0∥2 + 2m2M̄

∥ρ′
0∥∞
ρ3

min

(125)

Inequality (125) implies that

∣∣vi(0) – nK(n(xi–1(0) – xi(0))) + nK(n(xi(0) – xi+1(0)))
∣∣2 ≤ 2L ∥v′0∥

2
2 + 4m4M̄2 ∥ρ′0∥

2
∞

ρ6
min

for all i = 1, ..., n – 1. Consequently, using the fact that m
∥ρ0∥∞

≤ n (xi–1(0) – xi(0)) ≤ m
ρmin

for i = 1, ..., n with ρmin = min
0≤x≤L

(ρ0(x)),

the fact that Φ : (0, +∞) → R is a decreasing function, we get:

m
2n

∑n–1
i=1 (vi(0) – nK(n(xi–1(0) – xi(0))) + nK(n(xi(0) – xi+1(0))))2 + m

n

∑n
i=1 Φ (n (xi–1(0) – xi(0)))

≤ mL ∥v′0∥
2
2 + 2m5M̄2 ∥ρ′

0∥2

∞
ρ6

min
+ mΦ

(
m

∥ρ0∥∞

) (126)

We conclude from (121), (123), (124) and (126) that if we are given (ρ0, v0) ∈ X then, no matter what n ≥ 2 is, the
vector (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn satisfies inequalities (37) with Ē = mL

2 ∥v′0∥
2
2 + mΦ

(
m

∥ρ0∥∞

)
,

Ā = 2m2M̄
∥ρ′

0∥∞
ρ3

min
, Z̄ = 1

2 ∥v′0∥
2
2, W̄ = mL ∥v′0∥

2
2 + 2m5M̄2 ∥ρ′

0∥2

∞
ρ6

min
+ mΦ

(
m

∥ρ0∥∞

)
, ρmin = min

0≤x≤L
(ρ0(x)) and M̄ =

max
{

K′(s) : m
∥ρ0∥∞

≤ s ≤ m
ρmin

}
. Therefore, by virtue of (52) we get (41).

In order to prove Theorem 3 we first need to show some auxiliary technical results.

Lemma 3. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution of (23),
(24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and define v(n), ρ(n) : R+ × [0, L] → R by
means of (53)-(56). Then for every T > 0 it holds that

ρ(n) ∈ L∞ ((0, T); H1 ((0, L))
)

, v(n) ∈ L∞ ((0, T); H1
0 ((0, L))

)
Moreover, it holds that ρ(n)

x ∈ L∞ ((0, T) × (0, L)).

Proof. The functions v(n), ρ(n) : R+ × [0, L] → R are C1 on the set
⋃

t≥0 {(t, x) : x ∈ [0, L] , x ̸= xi(t) , i = 0, ..., n } (are C1

a.e. on R+ × [0, L]). Furthermore, for each t ≥ 0 the functions v(n)[t], ρ(n)[t] : [0, L] → R are of class W1,∞ ((0, L)) with
v(n)[t] ∈ H1

0 ((0, L)). Moreover, inequalities (45), (48) and definitions (53)-(56) guarantee the following estimates for all t ≥ 0:

m
b

≤ min
0≤x≤L

(
ρ(n)(t, x)

)
≤ max

0≤x≤L

(
ρ(n)(t, x)

)
=
∥∥ρ(n)[t]

∥∥
∞ ≤ m

a
(127)

∥∥v(n)[t]
∥∥
∞ ≤ R4 (128)

Using (44), (45), (47), (35), (53), (54) and the fact that K′(x) > 0 for all x > 0, we get for all t ≥ 0:

R1 ≥ n
∑n–1

i=1 (K(n(xi–1(t) – xi(t))) – K(n(xi(t) – xi+1(t))))2

≥ n
(

min
a≤s≤b

(
K′(s)

))2∑n–1
i=1

(
m

ρi(t)
– m

ρi+1(t)

)2
= nm2

(
min

a≤s≤b

(
K′(s)

))2∑n–1
i=1

(
ρi+1(t)–ρi(t)
ρi(t)ρi+1(t)

)2

≥ n
(

min
a≤s≤b

(
K′(s)

))2
a4

m2

∑n–1
i=1 (ρi+1(t) – ρi(t))2
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R3 exp (κt) ≥ max
i=1,...,n–1

(
n
∣∣K (n(xi–1(t) – xi(t))) – K (n(xi(t) – xi+1(t)))

∣∣)
≥
(

min
a≤s≤b

(
K′(s)

))
max

i=1,...,n–1

(
n
∣∣∣ m
ρi(t)

– m
ρi+1(t)

∣∣∣) = m
(

min
a≤s≤b

(
K′(s)

))
max

i=1,...,n–1

(
n
∣∣∣ρi+1(t)–ρi(t)
ρi(t)ρi+1(t)

∣∣∣)
≥
(

min
a≤s≤b

(
K′(s)

)) a2

m max
i=1,...,n–1

(
n
∣∣ρi+1(t) – ρi(t)

∣∣)
We conclude from the above inequalities and (54) that there exist constants R7, R8 > 0 (independent of n ≥ 2 but dependent on
ρ0, v0) such that the following estimates hold for all t ≥ 0:

n
n–1∑
i=0

(ρi+1(t) – ρi(t))2 ≤ R7 (129)

max
i=0,...,n–1

(
n
∣∣ρi+1(t) – ρi(t)

∣∣) ≤ R8 exp (κt) (130)

Using (34), (45) and definitions (55), it follows that for every t ≥ 0 we get:

∥∥v(n)
x [t]

∥∥2
2 =
∫ L

0

(
v(n)

x (t, x)
)2

dx =
n∑

i=1

∫ xi–1(t)

xi(t)

(
v(n)

x (t, x)
)2

dx =
n∑

i=1

(vi–1(t) – vi(t))2

xi–1(t) – xi(t)
= Zn(t) (131)∥∥ρ(n)

x [t]
∥∥2

2 =
∫ L

0

(
ρ(n)

x (t, x)
)2

dx =
∑n

i=1

∫ xi–1(t)
xi(t)

(
ρ(n)

x (t, x)
)2

dx

=
∑n

i=1
(ρi–1(t)–ρi(t))2

xi–1(t)–xi(t)
≤ n

a

∑n
i=1 (ρi–1(t) – ρi(t))2 (132)

∥∥ρ(n)
x [t]

∥∥
∞ = max

i=1,...,n

(∣∣ρi–1(t) – ρi(t)
∣∣

xi–1(t) – xi(t)

)
≤ n

a
max

i=1,...,n

(∣∣ρi–1(t) – ρi(t)
∣∣) (133)

We conclude from (46), (129)-(133) that there exists a constant R9 > 0 (independent of n ≥ 2 but dependent on ρ0, v0) such that
the following estimates hold for all t ≥ 0: ∥∥v(n)

x [t]
∥∥2

2 ≤ R9 (134)

∥∥ρ(n)
x [t]

∥∥2
2 ≤ R9 (135)

∥∥ρ(n)
x [t]

∥∥
∞ ≤ R9 exp (κt) (136)

Next consider a continuous linear functional F on H1 ((0, L)) which by virtue of Remark 21 on page 220 in [1] is given by

F(u) =
∫ L

0
f0(x)u(x)dx +

∫ L

0
f1(x)u′(x)dx, for all u ∈ H1 ((0, L))

for some f0, f1 ∈ L2 ((0, L)). Using definition (55) we get

F(ρ(n)[t]) =
n∑

i=1

ρi(t)
∫ xi–1(t)

xi(t)
f0(x)dx +

n∑
i=1

ρi–1(t) – ρi(t)
xi–1(t) – xi(t)

∫ xi–1(t)

xi(t)
(f0(x) (x – xi(t)) + f1(x)) dx

from which we can conclude that the mapping t → F(ρ(n)[t]) is continuous for every continuous linear functional F on H1 ((0, L)).
Hence the mapping t → ρ(n)[t] ∈ H1 ((0, L)) is weakly continuous and Corollary 1.4.8 on page 6 in [2] implies that the
mapping t → ρ(n)[t] ∈ H1 ((0, L)) is measurable. Therefore, we conclude from (127), (128), (134), (135) that for every T > 0
we have ρ(n) ∈ L∞ ((0, T); H1 ((0, L))

)
. Similarly, we can prove (using definitions (55) and (56)) that for every T > 0 we have

v(n) ∈ L∞ ((0, T); H1
0 ((0, L))

)
. Moreover, from (136) we conclude that for every T > 0 we have ρ(n)

x ∈ L∞ ((0, T) × (0, L)).

Lemma 4. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution of (23),
(24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and define v(n), ρ(n) : R+ × [0, L] → R by
means of (53)-(56). Then for every T > 0 and for every φ ∈ C1 ([0, T] × [0, L]) with φ(T , x) = 0 for all x ∈ [0, L] there exists a
constant R10 > 0 (independent of n ≥ 2 but dependent on ρ0, v0, T ,φ) such that the following estimate holds for all n ≥ 2:∣∣∣∣∫ L

0
φ(0, x)ρ0(x)dx +

∫ T

0

∫ L

0
ρ(n)(t, x)

(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dxdt

∣∣∣∣ ≤ R10

n
(137)
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Remark: Estimate (137) shows how accurately the approximate solution v(n), ρ(n) satisfies the continuity equation. Notice that
the accuracy provided by the particle scheme is of order 1/n.

Proof. Let T > 0 (arbitrary) be given and let φ ∈ C1 ([0, T] × [0, L]) with φ(T , x) = 0 for all x ∈ [0, L] (but otherwise arbitrary)
be given. We get ∫ L

0 φ(0, x)ρ0(x)dx +
∫ T

0

∫ L
0 ρ(n)(t, x)

(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dxdt

=
∑n

i=1

∫ xi–1(0)
xi(0) φ(0, x)ρ0(x)dx +

∫ T
0

(∑n
i=1

∫ xi–1(t)
xi(t)

ρ(n)(t, x)
(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dx
)

dt

=
∑n

i=1

∫ xi–1(0)
xi(0) φ(0, x)ρ0(x)dx +

∫ T
0

(∑n
i=1 ρi(t)

∫ xi–1(t)
xi(t)

φt(t, x)dx
)

dt

+
∫ T

0

(∑n
i=1 ρi(t)

∫ xi–1(t)
xi(t)

v(n)(t, x)φx(t, x)dx
)

dt + I

(138)

where

I =
∫ T

0

(
n∑

i=1

∫ xi–1(t)

xi(t)

(
ρ(n)(t, x) – ρi(t)

) (
φt(t, x) + v(n)(t, x)φx(t, x)

)
dx

)
dt (139)

Using (128) and definition (139) we get

∣∣I∣∣ ≤ (R4 + 1) B
∫ T

0

(
n∑

i=1

∫ xi–1(t)

xi(t)

∣∣ρ(n)(t, x) – ρi(t)
∣∣ dx

)
dt (140)

where

B := max
(t,x)∈[0,T]×[0,L]

(∣∣φ(t, x)
∣∣ +
∣∣φt(t, x)

∣∣ +
∣∣φx(t, x)

∣∣) (141)

Combining (140) with definition (55) we obtain:

∣∣I∣∣ ≤ B
2

(R4 + 1)
∫ T

0

(
n∑

i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

)
dt (142)

Using (129), (142) and the Cauchy-Schwarz inequality we get:∣∣I∣∣ ≤ B
2
√

n (R4 + 1)
∫ T

0

(
n
∑n

i=1

∣∣ρi–1(t) – ρi(t)
∣∣2)1/2 (∑n

i=1 (xi–1(t) – xi(t))2)1/2
dt

≤ B
√

R7
2
√

n (R4 + 1)
∫ T

0

(
max

i=1,...,n
(xi–1(t) – xi(t))

∑n
i=1 (xi–1(t) – xi(t))

)1/2

dt
(143)

Using (45), (143) and the fact that
∑n

i=1 (xi–1(t) – xi(t)) = L we obtain:

∣∣I∣∣ ≤ BT
√

bLR7

2n
(R4 + 1) (144)

Using (55), (138), integration by parts and the fact that

d
d t

(∑n
i=1 ρi(t)

∫ xi–1(t)
xi(t)

φ(t, x)dx
)

=
∑n

i=1 ρ̇i(t)
∫ xi–1(t)

xi(t)
φ(t, x)dx

+
∑n

i=1 ρi(t)
∫ xi–1(t)

xi(t)
φt(t, x)dx +

∑n
i=1 ρi(t) (φ(t, xi–1(t))vi–1(t) – φ(t, xi(t))vi(t))

which is a consequence of (23), (24), (25), we get:∫ L
0 φ(0, x)ρ0(x)dx +

∫ T
0

∫ L
0 ρ(n)(t, x)

(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dxdt

=
∫ T

0

(∑n
i=1 ρi(t)

(
v(n)(t, xi–1(t))φ(t, xi–1(t)) – v(n)(t, xi(t))φ(t, xi(t))

))
dt

–
∫ T

0

(∑n
i=1 ρi(t)

∫ xi–1(t)
xi(t)

v(n)
x (t, x)φ(t, x)dx

)
dt + I +

∫ T
0

d
d t

(∑n
i=1 ρi(t)

∫ xi–1(t)
xi(t)

φ(t, x)dx
)

dt

+
∑n

i=1

∫ xi–1(0)
xi(0) φ(0, x)ρ0(x)dx –

∫ T
0

(∑n
i=1 ρ̇i(t)

∫ xi–1(t)
xi(t)

φ(t, x)dx
)

dt

–
∫ T

0

(∑n
i=1 ρi(t) (φ(t, xi–1(t))vi–1(t) – φ(t, xi(t))vi(t))

)
dt

(145)

Definition (55) in conjunction with (145) gives:
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∫ L
0 φ(0, x)ρ0(x)dx +

∫ T
0

∫ L
0 ρ(n)(t, x)

(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dxdt

= I +
∑n

i=1 ρi(T)
∫ xi–1(T)

xi(T) φ(T , x)dx + J

–
∫ T

0

(∑n
i=1

(
ρ̇i(t) + ρi(t) vi–1(t)–vi(t)

xi–1(t)–xi(t)

) ∫ xi–1(t)
xi(t)

φ(t, x)dx
)

dt
(146)

where

J =
n∑

i=1

∫ xi–1(0)

xi(0)
φ(0, x) (ρ0(x) – ρi(0)) dx (147)

Using (53) and the fact that
∫ xi–1(0)

xi(0) ρ0(x)dx = m
n for i = 1, ..., n, we conclude that ρi(0) = 1

xi–1(0)–xi(0)

∫ xi–1(0)
xi(0) ρ0(x)dx for

i = 1, ..., n. Since ρ0 is continuous, for each i = 1, ..., n there exists ξi ∈ [xi(0), xi–1(0)] such that ρi(0) = ρ0(ξi) and conse-
quently,

∣∣ρ0(x) – ρi(0)
∣∣ ≤ ∥ρ′0∥∞ (xi–1(0) – xi(0)) for all x ∈ [xi(0), xi–1(0)]. Therefore, using (147), (45), (141) and the fact that∑n

i=1 (xi–1(t) – xi(t)) = L we get:

∣∣J∣∣ ≤ B ∥ρ′0∥∞
n∑

i=1

(xi–1(0) – xi(0))2 ≤ bBL
n

∥ρ′0∥∞ (148)

The fact that φ(T , x) = 0 for all x ∈ [0, L] and equations (23), (24), (25) in conjunction with definition (53) (which imply that
ρ̇i(t) = –ρi(t) vi–1(t)–vi(t)

xi–1(t)–xi(t)
for i = 1, ..., n) allow us to obtain from (146):∣∣∣∫ L

0 φ(0, x)ρ0(x)dx +
∫ T

0

∫ L
0 ρ(n)(t, x)

(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dxdt

∣∣∣
=
∣∣I + J

∣∣ ≤ ∣∣I∣∣ +
∣∣J∣∣

The above inequality in conjunction with (144) and (148) imply estimate (137) with R10 = bBL ∥ρ′0∥∞ + BT
√

bLR7
2 (R4 + 1).

Lemma 5. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution of (23),
(24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and define v(n), ρ(n) : R+ × [0, L] → R
by means of (53)-(56). Then for every T > 0 and for every φ ∈ C2 ([0, T] × [0, L]) with φ(T , x) = 0 for all x ∈ [0, L] and
φ(t, 0) = φ(t, L) = φx(t, L) = 0 for all t ∈ [0, T] there exists a constant R11 > 0 (independent of n ≥ 2 but dependent on
ρ0, v0, T ,φ) such that the following estimate holds for all n ≥ 2:∣∣∣∣∫ L

0
φ(0, x)ρ0(x)v0(x)dx +

∫ T

0

∫ L

0

(
φt(t, x)ρ(n)(t, x)v(n)(t, x) + φx(t, x)q(t, x)

)
dxdt

∣∣∣∣ ≤ R11

n
(149)

where q(t, x) = ρ(n)(t, x)
(
v(n)(t, x)

)2
+ P(ρ(n)(t, x)) – µ(ρ(n)(t, x))v(n)

x (t, x).

Remark: Estimate (149) shows how accurately the approximate solution v(n), ρ(n) satisfies the momentum equation. Notice that
the accuracy provided by the particle scheme is of order 1/n.

Proof. Let T > 0 (arbitrary) be given and let φ ∈ C1 ([0, T] × [0, L]) with φ(T , x) = 0 for all x ∈ [0, L] and φ(t, 0) = φ(t, L) =
φx(t, L) = 0 for all t ∈ [0, T] (but otherwise arbitrary) be given. We get∫ L

0 φ(0, x)ρ0(x)v0(x)dx +
∫ T

0

∫ L
0

(
φt(t, x)ρ(n)(t, x)v(n)(t, x) + φx(t, x)q(t, x)

)
dxdt

=
∑n

i=1

∫ xi–1(0)
xi(0) φ(0, x)ρ0(x)v0(x)dx

+
∫ T

0

(∑n
i=1

∫ xi–1(t)
xi(t)

(φt(t, x)ρi(t)vi–1(t) + φx(t, x)q(t, x)) dx
)

dt

+
∫ T

0

(∑n
i=1

∫ xi–1(t)
xi(t)

φt(t, x)
(
ρ(n)(t, x)v(n)(t, x) – ρi(t)vi–1(t)

)
dx
)

dt

(150)

Using (23), (24), (25), (27) and definitions (53) we get for all i = 2, ..., n and t ≥ 0:

d
d t (ρi(t)vi–1(t)) = –ρi(t)vi–1(t) vi–1(t)–vi(t)

xi–1(t)–xi(t)
+ n

mρi(t) (P (ρi(t)) – P (ρi–1(t)))

+ n
mρi(t)

(
µ (ρi–1(t)) vi–2(t)–vi–1(t)

xi–2(t)–xi–1(t) – µ (ρi(t)) vi–1(t)–vi(t)
xi–1(t)–xi(t)

) (151)

Multiplying (151) by φ(t, x), integrating and using (55) we get for all i = 2, ..., n and t ≥ 0:
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∫ xi–1(t)
xi(t)

d
d t (ρi(t)vi–1(t))φ(t, x)dx = –

∫ xi–1(t)
xi(t)

ρi(t)vi–1(t)v(n)
x (t, x)φ(t, x)dx

+ n
m

∫ xi–1(t)
xi(t)

ρi(t) (P (ρi(t)) – P (ρi–1(t)))φ(t, x)dx

+ n
m

∫ xi–1(t)
xi(t)

ρi(t)
(
µ (ρi–1(t)) vi–2(t)–vi–1(t)

xi–2(t)–xi–1(t) – µ (ρi(t)) vi–1(t)–vi(t)
xi–1(t)–xi(t)

)
φ(t, x)dx

(152)

Using (23), (24), (25) we also obtain for all i = 2, ..., n and t ≥ 0

d
d t

∫ xi–1(t)
xi(t)

ρi(t)vi–1(t)φ(t, x)dx =
∫ xi–1(t)

xi(t)
d
d t (ρi(t)vi–1(t))φ(t, x)dx

+
∫ xi–1(t)

xi(t)
ρi(t)vi–1(t)φt(t, x)dx + ρi(t)vi–1(t) (φ(t, xi–1(t))vi–1(t) – φ(t, xi(t))vi(t))

which combined with (152) gives for all i = 2, ..., n and t ≥ 0:

d
d t

∫ xi–1(t)
xi(t)

ρi(t)vi–1(t)φ(t, x)dx =
∫ xi–1(t)

xi(t)
ρi(t)vi–1(t)φt(t, x)dx

+ρi(t)vi–1(t)
(
φ(t, xi–1(t))vi–1(t) – φ(t, xi(t))vi(t) –

∫ xi–1(t)
xi(t)

v(n)
x (t, x)φ(t, x)dx

)
– n

m

∫ xi–1(t)
xi(t)

ρi(t)P′ (ρ(n)(t, x)
)

(ρi–1(t) – ρi(t))φ(t, x)dx + n
m

∫ xi–1(t)
xi(t)

ρi(t)gi(t, x)φ(t, x)dx

+ n
m

∫ xi–1(t)
xi(t)

ρi(t)
(
µ (ρi–1(t)) vi–2(t)–vi–1(t)

xi–2(t)–xi–1(t) – µ (ρi(t)) vi–1(t)–vi(t)
xi–1(t)–xi(t)

)
φ(t, x)dx

(153)

where

gi(t, x) = P (ρi(t)) – P (ρi–1(t)) – P′ (ρ(n)(t, x)
)

(ρi(t) – ρi–1(t)) (154)

Using (53), (55) we obtain from (153) for all i = 2, ..., n and t ≥ 0:

d
d t

∫ xi–1(t)
xi(t)

ρi(t)vi–1(t)φ(t, x)dx =
∫ xi–1(t)

xi(t)
ρi(t)vi–1(t)

(
φt(t, x) + v(n)(t, x)φx(t, x)

)
dx

–
∫ xi–1(t)

xi(t)

(
P′ (ρ(n)(t, x)

)
– µ′ (ρ(n)(t, x)

) vi–1(t)–vi(t)
xi–1(t)–xi(t)

)
ρ(n)

x (t, x)φ(t, x)dx

+ µ(ρi–1(t))
xi–1(t)–xi(t)

(
vi–2(t)–vi–1(t)
xi–2(t)–xi–1(t) – vi–1(t)–vi(t)

xi–1(t)–xi(t)

) ∫ xi–1(t)
xi(t)

φ(t, x)dx

+ 1
xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

gi(t, x)φ(t, x)dx + vi–1(t)–vi(t)
(xi–1(t)–xi(t))2

∫ xi–1(t)
xi(t)

fi(t, x)φ(t, x)dx

(155)

where

fi(t, x) = µ (ρi–1(t)) – µ (ρi(t)) – µ′ (ρ(n)(t, x)
)

(ρi–1(t) – ρi(t)) (156)

Using (53), (55), integrating by parts and using the fact that q(t, x) = ρ(n)(t, x)
(
v(n)(t, x)

)2
+ P(ρ(n)(t, x)) – µ(ρ(n)(t, x))v(n)

x (t, x), we
obtain from (155) for all i = 2, ..., n and t ≥ 0:

d
d t

∫ xi–1(t)
xi(t)

ρi(t)vi–1(t)φ(t, x)dx =
∫ xi–1(t)

xi(t)
(ρi(t)vi–1(t)φt(t, x) + q(t, x)φx(t, x)) dx

–P (ρi–1(t))φ(t, xi–1(t)) + µ (ρi–1(t)) vi–2(t)–vi–1(t)
xi–2(t)–xi–1(t)φ(t, xi–1(t))

+P (ρi(t))φ(t, xi(t)) – µ (ρi(t)) vi–1(t)–vi(t)
xi–1(t)–xi(t)

φ(t, xi(t))

+
(

vi–2(t)–vi–1(t)
xi–2(t)–xi–1(t) – vi–1(t)–vi(t)

xi–1(t)–xi(t)

)
µ(ρi–1(t))

xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

(φ(t, x) – φ(t, xi–1(t))) dx

+ 1
xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

gi(t, x)φ(t, x)dx + vi–1(t)–vi(t)
(xi–1(t)–xi(t))2

∫ xi–1(t)
xi(t)

fi(t, x)φ(t, x)dx

+
∫ xi–1(t)

xi(t)

(
ρi(t)vi–1(t) – ρ(n)(t, x)v(n)(t, x)

)
v(n)(t, x)φx(t, x)dx

(157)

Summing up all equations (157) for i = 2, ..., n, using (23), (25) the facts that x0(t) ≡ L, xn(t) ≡ 0, φ(T , x) = 0 for all x ∈ [0, L],
φ(t, 0) = φ(t, L) = 0 for all t ∈ [0, T] and integrating we get:

–
∑n

i=1

∫ xi–1(0)
xi(0) ρi(0)vi–1(0)φ(0, x)dx =

∫ T
0

(∑n
i=1

∫ xi–1(t)
xi(t)

(ρi(t)vi–1(t)φt(t, x) + q(t, x)φx(t, x)) dx
)

dt

–
∫ T

0

(∫ L
x1(t) q(t, x)φx(t, x)dx

)
dt –

∫ T
0 P (ρ1(t))φ(t, x1(t))dt –

∫ T
0

µ(ρ1(t))v1(t)
L–x1(t) φ(t, x1(t))dt

+
∫ T

0

(∑n
i=2

(
vi–2(t)–vi–1(t)
xi–2(t)–xi–1(t) – vi–1(t)–vi(t)

xi–1(t)–xi(t)

)
µ(ρi–1(t))

xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

(φ(t, x) – φ(t, xi–1(t))) dx
)

dt

+
∫ T

0

(∑n
i=2

(
1

xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

gi(t, x)φ(t, x)dx + vi–1(t)–vi(t)
(xi–1(t)–xi(t))2

∫ xi–1(t)
xi(t)

fi(t, x)φ(t, x)dx
))

dt

+
∫ T

0

(∑n
i=2

∫ xi–1(t)
xi(t)

(
ρi(t)vi–1(t) – ρ(n)(t, x)v(n)(t, x)

)
v(n)(t, x)φx(t, x)dx

)
dt

The above equation combined with (150) gives the following equation:
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∫ L
0 φ(0, x)ρ0(x)v0(x)dx +

∫ T
0

∫ L
0

(
φt(t, x)ρ(n)(t, x)v(n)(t, x) + φx(t, x)q(t, x)

)
dxdt

= I1 – I2 + I3 – I4 + I5
(158)

where

I1 =
∫ T

0

(∑n
i=2

∫ xi–1(t)
xi(t)

(
ρ(n)(t, x)v(n)(t, x) – ρi(t)vi–1(t)

)
v(n)(t, x)φx(t, x)dx

)
dt

+
∫ T

0

(∑n
i=1

∫ xi–1(t)
xi(t)

φt(t, x)
(
ρ(n)(t, x)v(n)(t, x) – ρi(t)vi–1(t)

)
dx
)

dt
(159)

I2 =
∫ T

0

(∑n
i=2

1
xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

gi(t, x)φ(t, x)dx
)

dt

+
∫ T

0

(∑n
i=2

vi–1(t)–vi(t)
(xi–1(t)–xi(t))2

∫ xi–1(t)
xi(t)

fi(t, x)φ(t, x)dx
)

dt
(160)

I3 =
∫ T

0

(∫ L
x1(t) q(t, x)φx(t, x)dx

)
dt

+
∫ T

0 P (ρ1(t))φ(t, x1(t))dt +
∫ T

0
µ(ρ1(t))v1(t)

L–x1(t) φ(t, x1(t))dt
(161)

I4 =∫ T
0

(∑n
i=2

(
vi–2(t)–vi–1(t)
xi–2(t)–xi–1(t) – vi–1(t)–vi(t)

xi–1(t)–xi(t)

)
µ(ρi–1(t))

xi–1(t)–xi(t)

∫ xi–1(t)
xi(t)

(φ(t, x) – φ(t, xi–1(t))) dx
)

dt
(162)

I5 =
n∑

i=1

∫ xi–1(0)

xi(0)
φ(0, x) (ρ0(x)v0(x) – ρi(0)vi–1(0)) dx (163)

We next estimate each one of the terms Ii, i = 1, ..., 5. We start from the term I1. Using (128) and (159) we get:∣∣I1
∣∣ ≤ B (1 + R4)

∫ T
0

(∑n
i=1

∫ xi–1(t)
xi(t)

∣∣v(n)(t, x)
∣∣ ∣∣ρ(n)(t, x) – ρi(t, x)

∣∣ dx
)

dt

+B (1 + R4)
∫ T

0

(∑n
i=1

∫ xi–1(t)
xi(t)

ρi(t, x)
∣∣v(n)(t, x) – vi–1(t)

∣∣ dx
)

dt
(164)

where

B := max
(t,x)∈[0,T]×[0,L]

(∣∣φ(t, x)
∣∣ +
∣∣φt(t, x)

∣∣ +
∣∣φx(t, x)

∣∣ +
∣∣φxx(t, x)

∣∣) (165)

Using (45), (53), (128) and (164) we get:∣∣I1
∣∣ ≤ B (1 + R4) R4

∫ T
0

(∑n
i=1

∫ xi–1(t)
xi(t)

∣∣ρ(n)(t, x) – ρi(t, x)
∣∣ dx
)

dt

+B (1 + R4) m
a

∫ T
0

(∑n
i=1

∫ xi–1(t)
xi(t)

∣∣v(n)(t, x) – vi–1(t)
∣∣ dx
)

dt
(166)

Using (55), (166) and the Cauchy-Schwarz inequality we get:∣∣I1
∣∣ ≤ 1

2 B (1 + R4) R4
∫ T

0

(∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

)
dt

+B (1 + R4) m
2a

∫ T
0

(∑n
i=1

∣∣vi–1(t) – vi(t)
∣∣ (xi–1(t) – xi(t))

)
dt

≤ 1
2 B (1 + R4) R4

∫ T
0

(∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣2)1/2 (∑n

i=1 (xi–1(t) – xi(t))2)1/2
dt

+B (1 + R4) m
2a

∫ T
0

(∑n
i=1

|vi–1(t)–vi(t)|2
xi–1(t)–xi(t)

)1/2 (∑n
i=1 (xi–1(t) – xi(t))3)1/2

dt

(167)

Using (34), (46), (129) and (167) we get:

∣∣I1
∣∣ ≤ 1

2
√

n B (1 + R4) R4
√

R7
∫ T

0

(
max

i=1,...,n
(xi–1(t) – xi(t))

∑n
i=1 (xi–1(t) – xi(t))

)1/2

dt

+B (1 + R4) m
√

R2

a
√

2

∫ T
0

(
max

i=1,...,n
(xi–1(t) – xi(t))

)(∑n
i=1 (xi–1(t) – xi(t))

)1/2
dt

(168)

Using the fact that
∑n

i=1 (xi–1(t) – xi(t)) = L and (45), (168) we get:

∣∣I1
∣∣ ≤ BT

2n
(1 + R4)

√
bL
(

R4
√

R7 +
m
√

2R2

a
√

b

)
(169)

We continue with the term I2. Definitions (154), (156) in conjunction with (55), (127) imply that for every t ≥ 0, i = 2, ..., n and
x ∈ [xi(t), xi–1(t)] we get:
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∣∣gi(t, x)
∣∣ +
∣∣fi(t, x)

∣∣ ≤ Γ (ρi(t) – ρi–1(t))2 (170)

where Γ = max
{ ∣∣P′′(s)

∣∣ : m
b ≤ s ≤ m

a

}
+ max

{ ∣∣µ′′(s)
∣∣ : m

b ≤ s ≤ m
a

}
. It follows from (160), (165) and (170) that:∣∣I2

∣∣ ≤ ΓB
∫ T

0

(∑n
i=1 (ρi–1(t) – ρi(t))2) dt

+ΓB
∫ T

0

(∑n
i=1

(vi–1(t)–vi(t))(ρi–1(t)–ρi(t))2

xi–1(t)–xi(t)

)
dt

(171)

We conclude from (130), (133) and (171) that the following estimate holds:∣∣I2
∣∣ ≤ ΓB R2

8
a2 exp(2κT)

∫ T
0

(∑n
i=1 (xi–1(t) – xi(t))2) dt

+ΓB R2
8

a2 exp(2κT)
∫ T

0

(∑n
i=1 (vi–1(t) – vi(t)) (xi–1(t) – xi(t))

)
dt

(172)

Working as in the case of the term I1 we get from (172):

∣∣I2
∣∣ ≤ ΓB

bR2
8

na2

(
L +
√

2LR2

)
T exp(2κT) (173)

We next continue with the term I3. Since φ(t, L) = φx(t, L) = 0 for all t ∈ [0, T] and since x0(t) ≡ L, we get from (165):∣∣φ(t, x1(t))
∣∣ ≤ B

2
(L – x1(t))2 ,

∣∣φx(t, x)
∣∣ ≤ B (L – x1(t)) for all t ∈ [0, T] and x ∈ [x1(t), 0]

Consequently, we obtain from definition (161) and (45), (53):∣∣I3
∣∣ ≤ B

∫ T
0

(
(L – x1(t))

∫ L
x1(t)

∣∣q(t, x)
∣∣ dx
)

dt

+ B
2 max

{
P(s) : m

b ≤ s ≤ m
a

} ∫ T
0 (L – x1(t))2 dt

+ B
2 max

{
µ(s) : m

b ≤ s ≤ m
a

} ∫ T
0

∣∣v1(t)
∣∣ (L – x1(t)) dt

(174)

Since q(t, x) = ρ(n)(t, x)
(
v(n)(t, x)

)2
+ P(ρ(n)(t, x)) – µ(ρ(n)(t, x))v(n)

x (t, x), we get from (23), (55), (127), (128) for all t ∈ [0, T] and
x ∈ [x1(t), 0]: ∣∣q(t, x)

∣∣ ≤ m
a R2

4 + max
{

P(s) : m
b ≤ s ≤ m

a

}
+ max

{
µ(s) : m

b ≤ s ≤ m
a

} |v1(t)|
L–x1(t)

Combining the above estimate with (174) we get:∣∣I3
∣∣ ≤ B

(m
a R2

4 + 3
2 max

{
P(s) : m

b ≤ s ≤ m
a

}) ∫ T
0 (L – x1(t))2 dt

+ 3B
2 max

{
µ(s) : m

b ≤ s ≤ m
a

} ∫ T
0

∣∣v1(t)
∣∣ (L – x1(t)) dt

(175)

Using (45), (48), the facts that n ≥ 2, x0(t) ≡ L and (175) we get:

∣∣I3
∣∣ ≤ BbT

n

(
b
(

m
a

R2
4 +

3
2

max
{

P(s) :
m
b

≤ s ≤ m
a

})
+

3
2

max
{
µ(s) :

m
b

≤ s ≤ m
a

}
R4

)
(176)

We next continue with the term I4. Using (165), (45), (53) we get

µ (ρi–1(t))
xi–1(t) – xi(t)

∫ xi–1(t)

xi(t)

∣∣φ(t, x) – φ(t, xi–1(t))
∣∣ dx ≤ B

2
(xi–1(t) – xi(t)) max

{
µ(s) :

m
b

≤ s ≤ m
a

}
which combined with definition (162) gives:

∣∣I4
∣∣ ≤ BM

2

∫ T

0

(
n∑

i=2

∣∣∣∣vi–2(t) – vi–1(t)
xi–2(t) – xi–1(t)

–
vi–1(t) – vi(t)
xi–1(t) – xi(t)

∣∣∣∣ (xi–1(t) – xi(t))

)
dt (177)

where M = max
{
µ(s) : m

b ≤ s ≤ m
a

}
. Applying the Cauchy-Schwarz inequality in (177), using (45) and the fact that∑n

i=1 (xi–1(t) – xi(t)) = L as well as the inequality

1√
n

(
n∑

i=2

∣∣δi–1v(t) – δiv(t)
∣∣2)1/2

≤ 1
2n

+
1
2

n∑
i=2

∣∣δi–1v(t) – δiv(t)
∣∣2

where δiv(t) = vi–1(t)–vi(t)
xi–1(t)–xi(t)

for i = 1, ..., n , we get:
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∣∣I4
∣∣ ≤ BM

2

∫ T
0

(∑n
i=2

∣∣δi–1v(t) – δiv(t)
∣∣2)1/2 (∑n

i=2 (xi–1(t) – xi(t))2)1/2
dt

≤ BM
√

bL
2

∫ T
0

1√
n

(∑n
i=2

∣∣δi–1v(t) – δiv(t)
∣∣2)1/2

dt

≤ BM
√

bL
4

∫ T
0

(
1
n +
∑n

i=2

∣∣δi–1v(t) – δiv(t)
∣∣2) dt ≤ BM

√
bL

4

(
T
n +
∫ T

0

∑n
i=2

∣∣δi–1v(t) – δiv(t)
∣∣2 dt

)
Combining the above estimate with (49) we obtain:

∣∣I4
∣∣ ≤ BM

√
bL

4n
(R5 + (1 + R6) T) (178)

Finally, we estimate the term I5. Using (165) and definition (163) we get:∣∣I5
∣∣ ≤∑n

i=1

∫ xi–1(0)
xi(0)

∣∣φ(0, x)
∣∣ ∣∣ρ0(x)v0(x) – ρi(0)vi–1(0)

∣∣ dx

≤
∑n

i=1

∫ xi–1(0)
xi(0)

∣∣φ(0, x)
∣∣ ∣∣v0(x)

∣∣ ∣∣ρ0(x) – ρi(0)
∣∣ dx +

∑n
i=1 ρi(0)

∫ xi–1(0)
xi(0)

∣∣φ(0, x)
∣∣ ∣∣v0(x) – vi–1(0)

∣∣ dx

≤ B ∥v0∥∞
∑n

i=1

∫ xi–1(0)
xi(0)

∣∣ρ0(x) – ρi(0)
∣∣ dx + B

∑n
i=1 ρi(0)

∫ xi–1(0)
xi(0)

∣∣v0(x) – vi–1(0)
∣∣ dx

(179)

Using (53) and the fact that
∫ xi–1(0)

xi(0) ρ0(x)dx = m
n for i = 1, ..., n, we conclude that ρi(0) = 1

xi–1(0)–xi(0)

∫ xi–1(0)
xi(0) ρ0(x)dx for i =

1, ..., n. Since ρ0 is continuous, for each i = 1, ..., n there exists ξi ∈ [xi(0), xi–1(0)] such that ρi(0) = ρ0(ξi) and consequently,∣∣ρ0(x) – ρi(0)
∣∣ ≤ ∥ρ′0∥∞ (xi–1(0) – xi(0)) for all x ∈ [xi(0), xi–1(0)]. Therefore, we get from (179):∣∣I5

∣∣ ≤ B ∥v0∥∞ ∥ρ′0∥∞
∑n

i=1 (xi–1(0) – xi(0))2

+ mB
n

∑n
i=1

1
xi–1(0)–xi(0)

∫ xi–1(0)
xi(0)

∣∣v0(x) – vi–1(0)
∣∣ dx

(180)

Since vi(0) = v (xi(0)) for i = 0, 1, ..., n, we get using Cauchy-Schwarz inequality for all x ∈ [xi(0), xi–1(0)]:∣∣vi–1(0) – v0(x)
∣∣ =
∣∣v0(xi–1(0)) – v0(x)

∣∣ ≤ ∫ xi–1(0)
x

∣∣v′0(s)
∣∣ ds

≤ (xi–1(0) – xi(0))1/2
(∫ xi–1(0)

xi(0)

(
v′0(s)

)2
ds
)1/2

Thus, we get from (180) using the Cauchy-Schwarz inequality:∣∣I5
∣∣ ≤ B ∥v0∥∞ ∥ρ′0∥∞ max

i=1,...,n
(xi–1(0) – xi(0))

∑n
i=1 (xi–1(0) – xi(0))

+ mB
n

∑n
i=1 (xi–1(0) – xi(0))1/2

(∫ xi–1(0)
xi(0)

(
v′0(s)

)2
ds
)1/2

≤ B ∥v0∥∞ ∥ρ′0∥∞ max
i=1,...,n

(xi–1(0) – xi(0))
∑n

i=1 (xi–1(0) – xi(0))

+ mB
n

(∑n
i=1 (xi–1(0) – xi(0))

)1/2
(∑n

i=1

∫ xi–1(0)
xi(0)

(
v′0(s)

)2
ds
)1/2

(181)

Since
∑n

i=1 (xi–1(0) – xi(0)) = L we get from (181) and (45):∣∣I5
∣∣ ≤ B

n

(
b ∥v0∥∞ ∥ρ′0∥∞ L + m

√
L ∥v′0∥2

)
(182)

Estimate (149) is a direct consequence of (158), (169), (173), (176), (178) and (182).

Lemma 6. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution of (23),
(24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and define v(n), ρ(n) : R+ × [0, L] → R by
means of (53)-(56). Then there exists a constant R12 > 0 (independent of n ≥ 2 but dependent on ρ0, v0) such that the following
estimate holds for all n ≥ 2 and t ≥ 0: ∣∣∣∣∫ L

0
ρ(n)(t, x)dx – m

∣∣∣∣ ≤ R12

n
(183)

Proof. Definition (53) implies m =
∑n

i=1

∫ xi–1(t)
xi(t)

ρi(t)dx. Using (55), (129), (45), the fact that
∑n

i=1 (xi–1(t) – xi(t)) = L and the
Cauchy-Schwarz inequality we get:
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∣∣∣∫ L
0 ρ(n)(t, x)dx – m

∣∣∣ =
∑n

i=1

∫ xi–1(t)
xi(t)

∣∣ρ(n)(t, x) – ρi(t)
∣∣ dx

≤ 1
2

∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

≤ 1
2

(∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣2)1/2 (∑n

i=1 (xi–1(t) – xi(t))2)1/2

≤
√

R7
2
√

n

(
max

i=1,...,n
(xi–1(t) – xi(t))

∑n
i=1 (xi–1(t) – xi(t))

)1/2

≤
√

LbR7
2n

The above inequality implies (183).

Lemma 7. Suppose that Assumption (A) holds. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution of (23),
(24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and define v(n), ρ(n) : R+ × [0, L] → R by
means of (53)-(56). Then there exists a constant R13 > 0 (independent of n ≥ 2 but dependent on ρ0, v0) such that the following
estimate holds for all n ≥ 2 and t ≥ t0 ≥ 0:

E(ρ(n)[t], v(n)[t]) ≤ E(ρ(n)[t0], v(n)[t0]) +
R13

n
(184)

where the functional E(ρ, v) is defined by (9).

Proof. Since (60) holds (which implies that En(t) ≤ En(t0) for all n ≥ 2 and t ≥ t0 ≥ 0), it suffices to show that there exists a
constant R14 > 0 (independent of n ≥ 2 but dependent on ρ0, v0) such that the following estimate holds for all n ≥ 2 and t ≥ 0:∣∣E(ρ(n)[t], v(n)[t]) – En(t)

∣∣ ≤ R14

n
(185)

Using definitions (9), (11), (55) we get for all t ≥ 0:

E(ρ(n)[t], v(n)[t]) = 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

ρ(n)(t, x)
(
v(n)(t, x)

)2
dx +

∑n
i=1

∫ xi–1(t)
xi(t)

Q
(
ρ(n)(t, x)

)
dx

= 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

(
ρ(n)(t, x) – ρi(t)

) (
v(n)(t, x)

)2
dx +

∑n
i=1

∫ xi–1(t)
xi(t)

(
Q
(
ρ(n)(t, x)

)
– Q (ρi(t))

)
dx

+ 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

ρi(t)
(
v(n)(t, x) – vi(t)

)2
dx +

∑n
i=1

∫ xi–1(t)
xi(t)

ρi(t)vi(t)
(
v(n)(t, x) – vi(t)

)
dx

+ 1
2

∑n
i=1 ρi(t)v2

i (t) (xi–1(t) – xi(t)) +
∑n

i=1 Q (ρi(t)) (xi–1(t) – xi(t))

(186)

Using (30), (32), (53) and the facts that
∑n

i=1 (xi–1(t) – xi(t)) = L, ρ∗ = m/L, we also get for all t ≥ 0:

1
2

∑n
i=1 ρi(t)v2

i (t) (xi–1(t) – xi(t)) +
∑n

i=1 Q (ρi(t)) (xi–1(t) – xi(t))

= m
2n

∑n
i=1 v2

i (t) +
∑n

i=1 Q
(

m
n(xi–1(t)–xi(t))

)
(xi–1(t) – xi(t))

= m
2n

∑n
i=1 v2

i (t) + m
n

∑n
i=1 Φ (n(xi–1(t) – xi(t)))

–
∑n

i=1 P (ρ∗)
(

m
nρ∗(xi–1(t)–xi(t))

– 1
)

(xi–1(t) – xi(t))

= m
2n

∑n
i=1 v2

i (t) + m
n

∑n
i=1 Φ (n(xi–1(t) – xi(t)))

–P (ρ∗)
∑n

i=1
m

nρ∗ + P (ρ∗)
∑n

i=1 (xi–1(t) – xi(t))
= m

2n

∑n
i=1 v2

i (t) + m
n

∑n
i=1 Φ (n(xi–1(t) – xi(t))) = En(t)

(187)

Combining (186) and (187) we get for all t ≥ 0:∣∣E(ρ(n)[t], v(n)[t]) – En(t)
∣∣

≤ 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

∣∣ρ(n)(t, x) – ρi(t)
∣∣ (v(n)(t, x)

)2
dx +

∑n
i=1

∫ xi–1(t)
xi(t)

∣∣Q (ρ(n)(t, x)
)

– Q (ρi(t))
∣∣ dx

+ 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

ρi(t)
(
v(n)(t, x) – vi(t)

)2
dx +

∑n
i=1

∫ xi–1(t)
xi(t)

ρi(t)
∣∣vi(t)

∣∣ ∣∣v(n)(t, x) – vi(t)
∣∣ dx

(188)

Using (45), (48), (55), (127) and (128) we obtain from (188):∣∣E(ρ(n)[t], v(n)[t]) – En(t)
∣∣

≤ 1
2

(
R2

4
2 + max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

})∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

+ m
6a

∑n
i=1

∣∣vi–1(t) – vi(t)
∣∣2 (xi–1(t) – xi(t)) + mR4

2a

∑n
i=1

∣∣vi–1(t) – vi(t)
∣∣ (xi–1(t) – xi(t))

(189)

Using (34), (46), (45), (129) and the Cauchy-Schwarz inequality we obtain from (189):
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∣∣E(ρ(n)[t], v(n)[t]) – En(t)
∣∣

≤ 1
2

(
R2

4
2 + max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

})(∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣2)1/2 (∑n

i=1 (xi–1(t) – xi(t))2)1/2

+ m
6a

∑n
i=1

|vi–1(t)–vi(t)|2
xi–1(t)–xi(t)

(xi–1(t) – xi(t))2

+ mR4
2a

(∑n
i=1

|vi–1(t)–vi(t)|2
xi–1(t)–xi(t)

)1/2 (∑n
i=1 (xi–1(t) – xi(t))3)1/2

≤
√

bLR7
2n

(
R2

4
2 + max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

})
+ mb2R2

3an2 + mR4b
√

2LR2
2an

The above estimate implies (185) with R14 =
√

bLR7
2

(
R2

4
2 + max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

})
+ mb2R2

3a + mR4b
√

2LR2
2a .

Lemma 8. Suppose that Assumption (A) holds. Let a constant T > 0 be given. Let (ρ0, v0) ∈ X that satisfies (52) be given.
Consider the unique solution of (23), (24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn

and define v(n), ρ(n) : R+ × [0, L] → R by means of (53)-(56). Then there exists a constant R15 > 0 (independent of n ≥ 2 but
dependent on ρ0, v0, T) such that the following estimate holds for all n ≥ 2 and T ≥ t ≥ t0 ≥ 0:

W(ρ(n)[t], v(n)[t]) ≤ W(ρ(n)[t0], v(n)[t0]) +
R15

n
(190)

where the functional W(ρ, v) is defined by (10).

Proof. Since (61) holds (which implies that Wn(t) ≤ Wn(t0) for all n ≥ 2 and t ≥ t0 ≥ 0), it suffices to show that there exists a
constant R16 > 0 (independent of n ≥ 2 but dependent on δ, ρ0, v0, T) such that the following estimate holds for all n ≥ 2 and
t ∈ [0, T]: ∣∣W(ρ(n)[t], v(n)[t]) – Wn(t)

∣∣ ≤ R16

n
(191)

Using definitions (7), (10), (33), (36), (53) we get for all t ≥ 0:

W(ρ(n)[t], v(n)[t]) – Wn(t) =
∑n

i=1

∫ xi–1(t)
xi(t)

Q
(
ρ(n)(t, x)

)
dx

+ 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

ρ(n)(t, x)
(

v(n)(t, x) + µ(ρ(n)(t,x))
(ρ(n)(t,x))2 ρ

(n)
x (t, x)

)2

dx

– m
2n

∑n–1
i=1

(
vi(t) – nK

(
m

ρi(t)

)
+ nK

(
m

ρi+1(t)

))2
– m

n

∑n
i=1 Φ

(
m

ρi(t)

) (192)

Using (30), (55) and (192) we obtain for all t ≥ 0:

W(ρ(n)[t], v(n)[t]) – Wn(t) = I1 + I2 + I3 + I4 (193)

where

I1 =
∑n

i=1 Q (ρi(t)) (xi–1(t) – xi(t)) – m
n

∑n
i=1

1
ρi(t)

Q (ρi(t))

– m
n P (ρ∗)

∑n
i=1

(
1
ρ∗ – 1

ρi(t)

)
+
∑n

i=1

∫ xi–1(t)
xi(t)

(
Q
(
ρ(n)(t, x)

)
– Q (ρi(t))

)
dx

(194)

I2 = 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

(
ρ(n)(t, x) – ρi(t)

)(
v(n)(t, x) + µ(ρ(n)(t,x))

(ρ(n)(t,x))2 ρ
(n)
x (t, x)

)2

dx

+ 1
2

∑n
i=1

∫ xi–1(t)
xi(t)

ρi(t)
(
v(n)(t, x) – vi–1(t)

)2
dx

+
∑n

i=1

∫ xi–1(t)
xi(t)

ρi(t)
(
v(n)(t, x) – vi–1(t)

)(
vi–1(t) + µ(ρ(n)(t,x))

(ρ(n)(t,x))2 ρ
(n)
x (t, x)

)
dx

(195)

I3 = 1
2

∑n
i=1 ρi(t)

∫ xi–1(t)
xi(t)

(
ρ(n)

x (t, x)
)2
(

µ(ρ(n)(t,x))
(ρ(n)(t,x))2 – µ(ρi(t))

ρ2
i (t)

)2

dx

+
∑n

i=1 ρi(t)
∫ xi–1(t)

xi(t)
ρ(n)

x (t, x)
(

vi–1(t) + µ(ρi(t))
ρ2

i (t) ρ(n)
x (t, x)

)(
µ(ρ(n)(t,x))
(ρ(n)(t,x))2 – µ(ρi(t))

ρ2
i (t)

)
dx

(196)

I4 = 1
2

∑n
i=1 ρi(t)

(
vi–1(t) + µ(ρi(t))

ρ2
i (t)

ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

)2
(xi–1(t) – xi(t))

– m
2n

∑n
i=2

(
vi–1(t) + nK

(
m

ρi(t)

)
– nK

(
m

ρi–1(t)

))2 (197)
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Using (45), (53), (55), (127), (129), the facts that
∑n

i=1 (xi–1(t) – xi(t)) = L, ρ∗ = m/L and the Cauchy-Schwarz inequality, we get
from (194): ∣∣I1

∣∣ ≤∑n
i=1

∫ xi–1(t)
xi(t)

∣∣Q (ρ(n)(t, x)
)

– Q (ρi(t))
∣∣ dx

≤ 1
2 max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

}∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

≤ 1
2 max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

}(∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣2)1/2 (∑n

i=1 (xi–1(t) – xi(t))2)1/2

≤
√

bLR7
2n max

{∣∣Q′(s)
∣∣ : m

b ≤ s ≤ m
a

} (198)

Using (34), (45), (46), (48), (53), (55), (127), (128), (129), (136) the facts that
∑n

i=1 (xi–1(t) – xi(t)) = L, t ∈ [0, T] and the
Cauchy-Schwarz inequality, we get from (195):∣∣I2

∣∣ ≤ 1
2

(
R4 + max

{
µ(s)
s2 : m

b ≤ s ≤ m
a

}
R9 exp(κT)

)2∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

+ m
2a

∑n
i=1

∣∣vi–1(t) – vi(t)
∣∣2 (xi–1(t) – xi(t))

+ m
a

(
R4 + max

{
µ(s)
s2 : m

b ≤ s ≤ m
a

}
R9 exp(κT)

)∑n
i=1

∣∣vi–1(t) – vi(t)
∣∣ (xi–1(t) – xi(t))

≤
√

bLR7
2n

(
R4 + max

{
µ(s)
s2 : m

b ≤ s ≤ m
a

}
R9 exp(κT)

)2
+ mb2R2

an2

+ mb
√

2LR2
an

(
R4 + max

{
µ(s)
s2 : m

b ≤ s ≤ m
a

}
R9 exp(κT)

)
(199)

Using (45), (48), (53), (55), (127), (136) and the fact that t ∈ [0, T], we get from (196):∣∣I3
∣∣ ≤ m

2a R2
9 exp (2κT) K̄2

1
∑n

i=1

∣∣ρi–1(t) – ρi(t)
∣∣2 (xi–1(t) – xi(t))

+ m
a K̄1R9 exp (κT)

(
R4 + K̄2R9 exp (κT)

)∑n
i=1

∣∣ρi–1(t) – ρi(t)
∣∣ (xi–1(t) – xi(t))

(200)

where K̄1 = max
{∣∣∣µ′(s)

s2 – 2µ(s)
s3

∣∣∣ : m
b ≤ s ≤ m

a

}
, K̄2 = max

{
µ(s)
s2 : m

b ≤ s ≤ m
a

}
. Exploiting (45), (200) the Cauchy-Schwarz

inequality and the fact that
∑n

i=1 (xi–1(t) – xi(t)) = L, we get:

∣∣I3
∣∣ ≤ m

an

(
bR7

2
R9K̄1 +

√
bLR7

(
R4 + K̄2R9

))
K̄1R9 exp (2κT) (201)

Finally, we deal with the term I4. Equation (197) in conjunction with (53) gives:

I4 =
m
2n

n∑
i=2

∆i

(
µ(ρi(t))
ρ2

i (t)
ρi–1(t) – ρi(t)
xi–1(t) – xi(t)

– nK
(

m
ρi(t)

)
+ nK

(
m

ρi–1(t)

))
(202)

where ∆i = 2vi–1(t) + µ(ρi(t))
ρ2

i (t)
ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

+ nK
(

m
ρi(t)

)
– nK

(
m

ρi–1(t)

)
. Clearly, we have by using (27):

K
(

m
ρi(t)

)
– K

(
m

ρi–1(t)

)
=
∫ m

ρi (t)

m
ρi–1(t)

K′ (x) dx =
∫ m

ρi (t)

m
ρi–1(t)

1
mx

µ
(m

x

)
dx =

1
m

∫ ρi–1(t)

ρi(t)

µ (u)
u

du

The above equation implies the existence of λ ∈ [0, 1] such that

K
(

m
ρi(t)

)
– K

(
m

ρi–1(t)

)
=

1
m
µ (ρi(t) + λ (ρi–1(t) – ρi(t)))
ρi(t) + λ (ρi–1(t) – ρi(t))

(ρi–1(t) – ρi(t))

Consequently, we get by using (53):∣∣∣µ(ρi(t))
ρ2

i (t)
ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

– nK
(

m
ρi(t)

)
+ nK

(
m

ρi–1(t)

)∣∣∣
=
∣∣∣µ(ρi(t))

ρ2
i (t)

ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

– n
m

µ(ρi(t)+λ(ρi–1(t)–ρi(t)))
ρi(t)+λ(ρi–1(t)–ρi(t))

(ρi–1(t) – ρi(t))
∣∣∣

= 1
ρi(t)

∣∣∣µ(ρi(t))
ρi(t)

– µ(ρi(t)+λ(ρi–1(t)–ρi(t)))
ρi(t)+λ(ρi–1(t)–ρi(t))

∣∣∣ ∣∣∣ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

∣∣∣
Using (45), (53), (130) and the facts that λ ∈ [0, 1], t ∈ [0, T] we get:∣∣∣µ(ρi(t))

ρ2
i (t)

ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

– nK
(

m
ρi(t)

)
+ nK

(
m

ρi–1(t)

)∣∣∣
≤ b2R2

8
nm K̄3 exp (κT)

(203)
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where K̄3 = max
{∣∣∣µ′(s)

s – µ(s)
s2

∣∣∣ : m
b ≤ s ≤ m

a

}
. Similar arguments and the use of (48) give:

∣∣∆i
∣∣ ≤ 2R4 + K̄2R8b exp(κT) +

R8b2

m
exp(κT)K̄4 (204)

where K̄4 = max
{

µ(s)
s : m

b ≤ s ≤ m
a

}
. Combining (202), (203) and (204) we get:

∣∣I4
∣∣ ≤ b2R2

8

2n

(
2R4 + K̄2R8b exp(κT) +

R8b2

m
exp(κT)K̄4

)
K̄3 exp (κT) (205)

Estimate (190) is a direct consequence of (193), (198), (199), (201) and (205). The proof is complete.

Lemma 9. Suppose that Assumption (A) holds. Let a constant T > 0 be given. Let (ρ0, v0) ∈ X that satisfies (52) be given.
Consider the unique solution of (23), (24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and
define v(n), ρ(n) : R+ × [0, L] → R by means of (53)-(56). Then there exist constants R17, R18 > 0 (independent of n ≥ 2 but
dependent on ρ0, v0, T) such that the following estimates hold for all n ≥ 2 and t, t0 ∈ [0, T] with t ≥ t0:∥∥ρ̇(n)[t]

∥∥
2 ≤ R17 (206)

∣∣∣∣∫ t

t0

∫ L

0
φ(s, x)v̇(n)(s, x)dxds

∣∣∣∣ ≤ R18

(∫ t

t0
∥φx[s]∥2

2 ds
)1/2

, for all φ ∈ L2 ((0, T); H1
0 ((0, L))

)
(207)

Remark: Estimate (207) shows that v̇(n) ∈ L2
(
(0, T); H–1 ((0, L))

)
.

Proof. Using definition (57) we get:∥∥ρ̇(n)[t]
∥∥2

2 =
∑n

i=1

∫ xi–1(t)
xi(t)

(
ρ̇(n)(t, x)

)2
dx

≤ 4
∑n

i=1

∫ xi–1(t)
xi(t)

(ρ̇i(t))2 dx + 4
∑n

i=1

∫ xi–1(t)
xi(t)

(
ρ̇i–1(t)–ρ̇i(t)
xi–1(t)–xi(t)

(x – xi(t))
)2

dx

+4
∑n

i=1

∫ xi–1(t)
xi(t)

(
ρi–1(t)–ρi(t)

(xi–1(t)–xi(t))2 (vi–1(t) – vi(t)) (x – xi(t))
)2

dx

+4
∑n

i=1

∫ xi–1(t)
xi(t)

(
ρi–1(t)–ρi(t)
xi–1(t)–xi(t)

vi(t)
)2

dx

= 4
∑n

i=1 ρ̇
2
i (t) (xi–1(t) – xi(t)) + 4

3

∑n
i=1 (ρ̇i–1(t) – ρ̇i(t))2 (xi–1(t) – xi(t))

+ 4
3

∑n
i=1

(ρi–1(t)–ρi(t))2

xi–1(t)–xi(t)
(vi–1(t) – vi(t))2 + 4

∑n
i=1

(ρi–1(t)–ρi(t))2

xi–1(t)–xi(t)
v2

i (t)

(208)

Using (48) we obtain from (208):∥∥ρ̇(n)[t]
∥∥2

2 ≤ 8
3

∑n
i=1 ρ̇

2
i–1(t) (xi–1(t) – xi(t)) + 20

3

∑n
i=1 ρ̇

2
i (t) (xi–1(t) – xi(t))

+ 20R2
4

3

∑n
i=1

(ρi–1(t)–ρi(t))2

xi–1(t)–xi(t)

(209)

Using (53), (54), we get from (209) and (45):

∥∥ρ̇(n)[t]
∥∥2

2 ≤ 12b
n

n∑
i=1

ρ̇2
i (t) +

20R2
4

3a
n

n∑
i=1

(ρi–1(t) – ρi(t))2 (210)

Using (23), (24), (25) and (53) we get from (210) and (45):

∥∥ρ̇(n)[t]
∥∥2

2 ≤ 12b
n

n∑
i=1

(vi–1(t) – vi(t))2

(xi–1(t) – xi(t))2 ρ
2
i (t) +

20R2
4

3a
R7 (211)

Using (211) in conjunction with (34), (45), (46) we obtain:

∥∥ρ̇(n)[t]
∥∥

2 ≤ R17 =

√
24m2b

a3 R2 +
20R2

4

3a
R7 (212)

Equations (24), (53) imply the following equations for i = 1, ..., n – 1:
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v̇i(t) = nΦ′
(

m
ρi(t)

)
– nΦ′

(
m

ρi+1(t)

)
+n
(

G
(

m
ρi(t)

)
– G

(
m

ρi+1(t)

))
vi–1(t)–vi(t)
xi–1(t)–xi(t)

–nG
(

m
ρi+1(t)

)(
vi(t)–vi+1(t)
xi(t)–xi+1(t) – vi–1(t)–vi(t)

xi–1(t)–xi(t)

) (213)

where G(x) = xK′(x), for x > 0. Equations (213) imply the following estimates for i = 1, ..., n – 1:∣∣v̇i(t)
∣∣ ≤ nK1

∣∣ρi(t) – ρi+1(t)
∣∣ + nK2

∣∣ρi(t) – ρi+1(t)
∣∣ |vi–1(t)–vi(t)|

xi–1(t)–xi(t)

+nK3

∣∣∣ vi(t)–vi+1(t)
xi(t)–xi+1(t) – vi–1(t)–vi(t)

xi–1(t)–xi(t)

∣∣∣ (214)

where K1 = max
{∣∣Φ′′ (m

s

) m
s2

∣∣ : m
a ≤ s ≤ m

b

}
, K2 = max

{∣∣G′ (m
s

) m
s2

∣∣ : m
a ≤ s ≤ m

b

}
, K3 = max

{∣∣G (m
s

)∣∣ : m
a ≤ s ≤ m

b

}
.

Let arbitrary φ ∈ L2
(
(0, T); H1

0 ((0, L))
)

be given. Definition (58) implies the following equations for all t, t0 ∈ [0, T] with t ≥ t0:∫ t
t0

∫ L
0 φ(s, x)v̇(n)(s, x)dxds =

∑n
i=1

∫ t
t0

∫ xi–1(s)
xi(s) φ(s, x)

(
v̇i(s) – vi–1(s)–vi(s)

xi–1(s)–xi(s) vi(s)
)

dxds

+
∑n

i=1

∫ t
t0

∫ xi–1(s)
xi(s) φ(s, x)

(
v̇i–1(s)–v̇i(s)
xi–1(s)–xi(s) – (vi–1(s)–vi(t))2

(xi–1(s)–xi(s))2

)
(x – xi(s)) dxds

(215)

Using (23), (25), (34), (45), the fact that ∥φ[s]∥∞ ≤
√

L ∥φx[s]∥2 for s ∈ [0, T] a.e. (a consequence of the fact that φ[s] ∈
H1

0 ((0, L)) for s ∈ [0, T] a.e.) we obtain from (215) for all t, t0 ∈ [0, T] with t ≥ t0:∣∣∣∫ t
t0

∫ L
0 φ(s, x)v̇(n)(s, x)dxds

∣∣∣ ≤∑n
i=1

∫ t
t0

∫ xi–1(s)
xi(s)

∣∣φ(s, x)
∣∣ (∣∣v̇i(s)

∣∣ +
∣∣∣ vi–1(s)–vi(s)

xi–1(s)–xi(s)

∣∣∣ ∣∣vi(s)
∣∣) dxds

+
∑n

i=1

∫ t
t0

∫ xi–1(s)
xi(s)

∣∣φ(s, x)
∣∣ ( |v̇i–1(s)|+|v̇i(s)|

xi–1(s)–xi(s) + (vi–1(s)–vi(s))2

(xi–1(s)–xi(s))2

)
(x – xi(s)) dxds

≤
∑n

i=1

∫ t
t0
∥φ[s]∥∞

∣∣v̇i(s)
∣∣ (xi–1(s) – xi(s)) ds +

∑n
i=1

∫ t
t0
∥φ[s]∥∞

∣∣vi–1(s) – vi(s)
∣∣ ∣∣vi(s)

∣∣ ds
+ 1

2

∑n
i=1

∫ t
t0
∥φ[s]∥∞

(∣∣v̇i–1(s)
∣∣ +
∣∣v̇i(s)

∣∣) (xi–1(s) – xi(s)) ds + 1
2

∑n
i=1

∫ t
t0

(vi–1(s) – vi(s))2 ∥φ[s]∥∞ dt

≤ 2b
√

L
n

∫ t
t0
∥φx[s]∥2

∑n–1
i=1

∣∣v̇i(s)
∣∣ ds + R4

√
L
∫ t

t0
∥φx[s]∥2

∑n
i=1

∣∣vi–1(s) – vi(s)
∣∣ ds

+ b
√

L
n

∫ t
t0
∥φx[s]∥2 Zn(s)ds

(216)

Estimate (216) combined with estimate (214) and the use of the Cauchy-Schwarz inequality gives for all t, t0 ∈ [0, T] with t ≥ t0:∣∣∣∫ t
t0

∫ L
0 φ(s, x)v̇(n)(s, x)dxds

∣∣∣ ≤ 2bK1
√

L
∫ t

t0
∥φx[s]∥2

∑n–1
i=1

∣∣ρi(s) – ρi+1(s)
∣∣ ds

+2bK2
√

L
∫ t

t0
∥φx[s]∥2

∑n–1
i=1

∣∣ρi(s) – ρi+1(s)
∣∣ |vi–1(s)–vi(s)|

xi–1(s)–xi(s) ds

+2bK3
√

L
∫ t

t0
∥φx[s]∥2

∑n–1
i=1

∣∣∣ vi(s)–vi+1(s)
xi(s)–xi+1(s) – vi–1(s)–vi(s)

xi–1(s)–xi(s)

∣∣∣ ds + b
√

L
n

∫ t
t0
∥φx[s]∥2 Zn(s)ds

+R4
√

L
∫ t

t0
∥φx[s]∥2

(∑n
i=1

|vi–1(s)–vi(s)|2
xi–1(s)–xi(s)

)1/2 (∑n
i=1 (xi–1(s) – xi(s))

)1/2
ds

(217)

Using (130), (45), (34), the Cauchy-Schwarz inequality, the facts that t, t0 ∈ [0, T],
∑n

i=1 (xi–1(s) – xi(s)) = L, we get from (217)
for all t, t0 ∈ [0, T] with t ≥ t0:∣∣∣∫ t

t0

∫ L
0 φ(s, x)v̇(n)(s, x)dxds

∣∣∣ ≤ 2bK1R8 exp (κT)
√

L
∫ t

t0
∥φx[s]∥2 ds

+2bK2R8 exp (κT)
√

L
a

∫ t
t0
∥φx[s]∥2

∑n–1
i=1

∣∣vi–1(s) – vi(s)
∣∣ ds

+2bK3
√

L
∫ t

t0
∥φx[s]∥2

(
n
∑n–1

i=1

∣∣∣ vi(s)–vi+1(s)
xi(s)–xi+1(s) – vi–1(s)–vi(s)

xi–1(s)–xi(s)

∣∣∣2)1/2

ds

+ b
√

L
n

∫ t
t0
∥φx[s]∥2 Zn(s)ds + R4L

∫ t
t0
∥φx[s]∥2

√
2Zn(s)ds

(218)

Using (46), (34), the Cauchy-Schwarz inequality, we get from (218) for all t, t0 ∈ [0, T] with t ≥ t0:∣∣∣∫ t
t0

∫ L
0 φ(s, x)v̇(n)(s, x)dxds

∣∣∣ ≤ (2bK1R8 exp (κT)
√

L + bR2
√

L
n + R4L

√
2R2

) ∫ t
t0
∥φx[s]∥2 ds

+2bK2R8 exp (κT)
√

L
a

∫ t
t0
∥φx[s]∥2

(∑n–1
i=1

|vi–1(s)–vi(s)|2
xi–1(s)–xi(s)

)1/2 (∑n–1
i=1 (xi–1(s) – xi(s))

)1/2
ds

+2bK3
√

L
(

n
∫ t

t0

∑n–1
i=1

∣∣∣ vi(s)–vi+1(s)
xi(s)–xi+1(s) – vi–1(s)–vi(s)

xi–1(s)–xi(s)

∣∣∣2 ds
)1/2 (∫ t

t0
∥φx[s]∥2

2 ds
)1/2

(219)

Finally, using (34), (46), (49), the fact that
∑n

i=1 (xi–1(s) – xi(s)) = L the Cauchy-Schwarz inequality, we get from (218) for all
t, t0 ∈ [0, T] with t ≥ t0:
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∣∣∣∫ t
t0

∫ L
0 φ(s, x)v̇(n)(s, x)dxds

∣∣∣ ≤ 2bK1R8 exp (κT)
√

L
√

t – t0
(∫ t

t0
∥φx[s]∥2

2 ds
)1/2

+
(

bR2
√

L
n + R4L

√
2R2 + 2bK2R8 exp (κT)

√
2R2

L
a

)√
t – t0

(∫ t
t0
∥φx[s]∥2

2 ds
)1/2

+2bK3
√

L (R5 + R6t)
(∫ t

t0
∥φx[s]∥2

2 ds
)1/2

(220)

Estimate (220) implies estimate (207) with

R18 = 2bK1R8 exp (κT)
√

TL + 2bK3
√

L (R5 + R6T)
+bR2

√
TL + R4L

√
2TR2 + 2bK2R8 exp (κT)

√
2TR2

L
a

The proof is complete.

Lemma 10. Suppose that Assumption (A) holds. Let a constant T > 0 be given. Let (ρ0, v0) ∈ X that satisfies (52) be given.
Consider the unique solution of (23), (24), (25) with initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and
define v(n), ρ(n) : R+ × [0, L] → R by means of (53)-(56). Then there exist constants R19, R20 > 0 (independent of n ≥ 2 but
dependent on ρ0, v0, T) such that the following estimates hold for all n ≥ 2 and t, t0 ∈ [0, T]:∥∥ρ(n)[t] – ρ(n)[t0]

∥∥
2 ≤ R19

∣∣t – t0
∣∣1/2

(221)

∥∥v(n)[t] – v(n)[t0]
∥∥

2 ≤ R20
∣∣t – t0

∣∣1/4
(222)

Proof. Theorem 3 on page 287 in [5] in conjunction with (206), (207) and the triangle inequality implies that the following
estimates hold for all t, t0 ∈ [0, T] with t ≥ t0:∥∥ρ(n)[t] – ρ(n)[t0]

∥∥2
2 ≤ 2

∫ t
t0

∥∥ρ̇(n)[s]
∥∥

2

∥∥ρ(n)[s] – ρ(n)[t0]
∥∥

2 ds
≤ 2R17

∫ t
t0

(∥∥ρ(n)[s]
∥∥

2 +
∥∥ρ(n)[t0]

∥∥
2

)
ds

(223)

∥∥v(n)[t] – v(n)[t0]
∥∥2

2 ≤ 2
∫ t

t0

∫ L
0 v̇(n)(s, x)

(
v(n)(s, x) – v(n)(t0, x)

)
dxds

≤ 2R18

(∫ t
t0

∥∥v(n)
x [s] – v(n)

x [t0]
∥∥2

2 ds
)1/2

≤ 2R18

(
2
∫ t

t0

∥∥v(n)
x [s]

∥∥2
2 ds + 2

∫ t
t0

∥∥v(n)
x [t0]

∥∥2
2 ds
)1/2 (224)

Using (223), (224) in conjunction with (127) and (134) we get for all t, t0 ∈ [0, T] with t ≥ t0:∥∥ρ(n)[t] – ρ(n)[t0]
∥∥2

2 ≤ 4
√

LR17
m
a

(t – t0) (225)

∥∥v(n)[t] – v(n)[t0]
∥∥2

2 ≤ 4R18
√

R9
∣∣t – t0

∣∣1/2
(226)

Estimates (221), (222) are direct consequences of estimates (225), (226).

For the proof of Theorem 3 we use the following extension of the Arzela-Ascoli theorem. Its proof is exactly the same with the
usual Arzela-Ascoli theorem for real-valued functions and exploits the properties of the spaces H1 ((0, L)) and L2 ((0, L)).

Fact 6: Let
{

fn : [0, T] → H1 ((0, L)) , n ≥ 1
}

be a given sequence of functions for which the following two properties hold:

i) Uniform Boundedness: there exists a constant M > 0 such that the estimate ∥fn[t]∥2 + ∥(fn[t])x∥2 ≤ M holds for all t ∈ [0, T]
and n ≥ 1.

ii) Uniform Equicontinuity: for every ε > 0 there exists δ > 0 such that the estimate ∥fn[t] – fn[t0]∥2 < ε holds for all n ≥ 1 ,
t, t0 ∈ [0, T] with

∣∣t – t0
∣∣ < δ.

Then there exists a subsequence of {fn : n ≥ 1} that converges in the topology of C0
(
[0, T]; L2 ((0, L))

)
to a function f ∈

C0
(
[0, T]; L2 ((0, L))

)
.

Proof of Theorem 3. Let (ρ0, v0) ∈ X that satisfies (52) be given. Consider the unique solution of (23), (24), (25) with
initial condition (x1(0), ..., xn–1(0), v1(0), ..., vn–1(0)) = Pn (ρ0, v0) ∈ Ωn and define v(n), ρ(n) : R+ × [0, L] → R by means
of (53)-(56). It follows from (127), (128), (134) and (135) that for every T > 0 the sequence

{(
ρ(n), v(n)

)
: n ≥ 2

}
⊆

L∞ ((0, T); H1 ((0, L))
)
× L∞ ((0, T); H1

0 ((0, L))
)

is bounded. Moreover, by virtue of (136), (206), (207) the sequences
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ρ(n)

x : n ≥ 2
}

⊆ L∞ ((0, T) × (0, L)),
{
ρ̇(n) : n ≥ 2

}
⊆ L∞ ((0, T); L2 ((0, L))

)
,
{

v̇(n) : n ≥ 2
}

⊆ L2
(
(0, T); H–1 ((0, L))

)
are bounded. Consequently, there exist ρ ∈ L∞ ((0, T); H1 ((0, L))

)
, v ∈ L∞ ((0, T); H1

0 ((0, L))
)

and a subsequence of{(
ρ(n), v(n)

)
: n ≥ 2

}
⊆ L∞ ((0, T); H1 ((0, L))

)
× L∞ ((0, T); H1

0 ((0, L))
)

(still denoted by
{(

ρ(n), v(n)
)}

) for which the
following convergence properties hold:

v(n) → v in L∞ ((0, T); H1
0 ((0, L))

)
weak star

v̇(n) → vt in L2 ((0, T); H–1 ((0, L))
)

weakly

ρ(n) → ρ in L∞ ((0, T); H1 ((0, L))
)

weak star

ρ̇(n) → ρt in L∞ ((0, T); L2 ((0, L))
)

weak star

ρ(n)
x → ρx in L∞ ((0, T) × (0, L)) weak star

Lemma 10, Fact 6 and estimates (127), (134), (135) allow us to conclude that there exists a subsequence of{(
ρ(n), v(n)

)
: n ≥ 2

}
⊆ L∞ ((0, T); H1 ((0, L))

)
× L∞ ((0, T); H1

0 ((0, L))
)

for which

ρ(n) → ρ in C0 ([0, T]; L2 ((0, L))
)

strongly

v(n) → v in C0 ([0, T]; L2 ((0, L))
)

strongly

Moreover, by virtue of (221), (222) there exist constants R19, R20 > 0 such that the following estimates hold for all t, t0 ∈ [0, T]:

∥ρ[t] – ρ[t0]∥2 ≤ R19
∣∣t – t0

∣∣1/2
(227)

∥v[t] – v[t0]∥2 ≤ R20
∣∣t – t0

∣∣1/4
(228)

Estimates (227), (228) imply that ρ ∈ C0,1/2
(
[0, T]; L2 ((0, L))

)
and v ∈ C0,1/4

(
[0, T]; L2 ((0, L))

)
.

Define next the operator K̃ : L2 ((0, L)) → L∞ ((0, L)) by means of the following formula:

(K̃f )(x) =


m/a if f (x) > m/a

f (x) if m/b ≤ f (x) ≤ m/a
m/b if f (x) < m/b

, for all f ∈ L2 ((0, L)) (229)

where 0 < a ≤ b are the constants involved in (127). Since
∣∣(K̃f )(x) – (K̃g)(x)

∣∣ ≤ ∣∣f (x) – g(x)
∣∣, it follows that

∥∥K̃f – K̃g
∥∥

2 ≤
∥f – g∥2 for all f , g ∈ L2 ((0, L)). Moreover, by virtue of (127) it holds that K̃ρ(n)[t] = ρ(n)[t] and the triangle inequality gives:

sup
t∈[0,T]

(∥∥ρ[t] – K̃ρ[t]
∥∥

2

)
≤ sup

t∈[0,T]

(∥∥ρ(n)[t] – K̃ρ[t]
∥∥

2 +
∥∥ρ(n)[t] – ρ[t]

∥∥
2

)
≤ sup

t∈[0,T]

(∥∥ρ(n)[t] – K̃ρ[t]
∥∥

2

)
+ sup

t∈[0,T]

(∥∥ρ(n)[t] – ρ[t]
∥∥

2

)
= sup

t∈[0,T]

(∥∥K̃ρ(n)[t] – K̃ρ[t]
∥∥

2

)
+ sup

t∈[0,T]

(∥∥ρ(n)[t] – ρ[t]
∥∥

2

)
≤ 2 sup

t∈[0,T]

(∥∥ρ(n)[t] – ρ[t]
∥∥

2

)
Since ρ(n) → ρ in C0

(
[0, T]; L2 ((0, L))

)
strongly, it follows that K̃ρ[t] = ρ[t] for all t ∈ [0, T]. It follows that for all t ∈ [0, T] it

holds that

m
b

≤ ρ(t, x) ≤ m
a

, for x ∈ (0, L) a.e. (230)

Estimate (230) shows that for every t ∈ [0, T] the function ρ[t] is of class L∞ ((0, L)). A similar argument can be provided for v
by using (128). It then follows that for all t ∈ [0, T] it holds that∣∣v(t, x)

∣∣ ≤ R4, for x ∈ (0, L) a.e. (231)
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which also shows that for every t ∈ [0, T] the function v[t] is of class L∞ ((0, L)). Since ρ(n) → ρ and v(n) → v in
C0
(
[0, T]; L2 ((0, L))

)
strongly we have also have ρ(n) → ρ and v(n) → v in L2 ((0, T) × (0, L)) strongly. Then, Theorem 4.9

on page 94 in [1] implies that there exists a further subsequence of
{(

ρ(n), v(n)
)

: n ≥ 2
}

for which ρ(n)(t, x) → ρ(t, x) and
v(n)(t, x) → v(t, x) for (t, x) ∈ (0, T) × (0, L) a.e.. Consequently, we also obtain from (127) and (128) that

m
b

≤ ρ(t, x) ≤ m
a

, for (t, x) ∈ (0, T) × (0, L) a.e. (232)

∣∣v(t, x)
∣∣ ≤ R4, for (t, x) ∈ (0, T) × (0, L) a.e. (233)

Lemma 4 and Lemma 5 and the above convergence properties imply that (15), (16) hold. Moreover, inequalities (230), (231),
(232), (233) show that (19), (20) hold with ρmax = m

a , vmax = R4 and ρmin = m
b .

Lemma 6 and Lemma 7 and the above convergence properties allow us to conclude that (4) and (17) hold.
The only thing left to prove is estimate (18). Define for each fixed t ∈ [0, T) and h > 0 with t + h ≤ T the functional
F : L2 ((t, t + h) × (0, L)) → R:

F(u) =
1
2

∫ t+h

t

∫ L

0
ρ(s, x)

(
v(s, x) +

µ (ρ(s, x))
ρ2(s, x)

u(s, x)
)2

dxds +
∫ t+h

t

∫ L

0
Q (ρ(s, x)) dxds (234)

Definitions (7), (10), (11), (234) guarantee that

F(ρx) =
∫ t+h

t
W(ρ[s], v[s])ds (235)

Moreover, F is convex and strongly continuous. Consequently, Corollary 3.9 on page 61 in [1], (235) and the fact that ρ(n)
x → ρx

in L∞ ((0, T) × (0, L)) weak star (which implies that ρ(n)
x → ρx in L2 ((t, t + h) × (0, L)) weakly) gives that∫ t+h

t
W(ρ[s], v[s])ds ≤ lim inf

n→+∞

(
F
(
ρ(n)

x

))
(236)

Exploiting the above convergence properties and (136) we can show that

lim
n→+∞

(
F
(
ρ(n)

x

)
–
∫ t+h

t
W(ρ(n)[s], v(n)[s])ds

)
= 0 (237)

Combining (236), (237) and (190) with t0 = 0, we get:∫ t+h
t W(ρ[s], v[s])ds ≤ lim inf

n→+∞

(∫ t+h
t W(ρ(n)[s], v(n)[s])ds

)
≤ lim inf

n→+∞

(
hW(ρ(n)[0], v(n)[0]) + h R15

n

)
= h lim inf

n→+∞

(
W(ρ(n)[0], v(n)[0])

) (238)

Consequently, we obtain from (238) and (191):
1
h

∫ t+h

t
W(ρ[s], v[s])ds ≤ lim inf

n→+∞

(
Wn(0) +

R16

n

)
= lim inf

n→+∞
(Wn(0)) (239)

Estimate (18) is a direct consequence of (239), (126) and definitions (33), (36).

5 CONCLUSIONS

The present paper proposed a novel particle scheme that provides convergent approximations of a weak solution of the Navier-
Stokes equations for the 1-D flow of a viscous compressible fluid. Moreover, it is shown that all differential inequalities that
hold for the fluid model are preserved by the particle method: mass is conserved, mechanical energy is decaying and a modified
mechanical energy functional is also decaying. The proposed particle method can be used both as a numerical method and as a
method of proving existence of solutions for compressible fluid models. The method can be extended easily to the case where
external forces (e.g., gravity) are acting on the fluid and to the case where the tank containing the fluid is moving (see [15, 16, 17,
18]). On the other hand, the extension of the method to two and three spatial dimensions is demanding and will require new ideas.

The extension of the particle scheme to macroscopic models describing the flow of automated vehicles (see [14, 32]) can also
be studied. However, additional issues have to be resolved since the macroscopic models given in [14, 32] are similar but not
identical to the Navier-Stokes equations.



34 KARAFYLLIS I. and PAPAGEORGIOU M.

AUTHOR CONTRIBUTIONS
Both authors developed the results of the paper and wrote the paper. Both authors read and approved the manuscript.

ACKNOWLEDGMENTS
The authors would like to thank Dr. Dionysis Theodosis for his careful reading of the manuscript.

FINANCIAL DISCLOSURE
The research leading to these results has received funding from the European Research Council under the European Union’s
Horizon 2020 Research and Innovation programme/ ERC Grant Agreement n. [833915], project TrafficFluid.

The authors have no relevant financial or non-financial interests to disclose. The authors have no competing interests to
declare that are relevant to the content of this article. The authors certify that they have no affiliations with or involvement in any
organization or entity with any financial interest or non-financial interest in the subject matter or materials discussed in this
manuscript. The authors have no financial or proprietary interests in any material discussed in this article.

CONFLICT OF INTEREST
The authors declare that they have no conflict of interest. This work complies with all ethical standards of Studies in Applied
Mathematics.

REFERENCES

[1] Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, 2011.
[2] Cazenave, T. and A. Haraux, An Introduction to Semilinear Evolution Equations, Oxford Lecture Series in Mathematics and
its Applications, Oxford University Press, 1998.
[3] Chertock, A. and D. Levy, “Particle Methods for Dispersive Equations”, Journal of Computational Physics, 171, 2001,
708–730.
[4] Di Francesco, M. and M. D. Rosini, “Rigorous Derivation of Nonlinear Scalar Conservation Laws from Follow-the-Leader
Type Models via Many Particle Limit”, Archive for Rational Mechanics and Analysis, 217, 2015, 831–871.
[5] Evans, L. C., Partial Differential Equations, Graduate Studies in Mathematics, Volume 19, American Mathematical Society,
2010.
[6] Farjounm Y. and B. Seibold, “An Exactly Conservative Particle Method for one Dimensional Scalar Conservation Laws”,
Journal of Computational Physics, 228, 2009, 5298-5315.
[7] Feireisl, E., T. G. Karper and M. Pokorny, Mathematical Theory of Compressible Viscous Fluids. Analysis and Numerics,
Birkhäuser, 2016.
[8] Filho, C. A. D. F., Smoothed Particle Hydrodynamics. Fundamentals and Basic Applications in Continuum Mechanics,
Springer, 2019.
[9] Grüne, L., Asymptotic Behavior of Dynamical and Control Systems under Perturbation and Discretization, Springer-Verlag,
2002.
[10] Guo, Z. and C. Zhu, “Global Weak Solutions and Asymptotic Behavior to 1D Compressible Navier–Stokes Equations with
Density-Dependent Viscosity and Vacuum”, Journal of Differential Equations, 248, 2010, 2768–2799.
[11] Holden, H. and N. H. Risebro, “The Continuum Limit of Follow-the-Leader Models - A Short Proof”, Discrete and
Continuous Dynamical Systems, 38, 2018, 715-722.
[12] Holden, H. and N. H. Risebro, “Follow-the-Leader Models can be Viewed as a Numerical Approximation to the Lighthill-
Whitham-Richards Model for Traffic Flow”, Networks and Heterogeneous Media, 13, 2018, 409-421.
[13] Karafyllis, I. and L. Grüne, “Feedback Stabilization Methods for the Numerical Solution of Systems of Ordinary Differential
Equations”, Discrete and Continuous Dynamical Systems: Series B, 16, 2011, 283-317.
[14] Karafyllis, I., D. Theodosis and M. Papageorgiou, “Constructing Artificial Traffic Fluids by Designing Cruise Controllers”,
Systems & Control Letters, 167, 2022, 105317.
[15] Karafyllis, I. and M. Krstic, “Global Stabilization of Compressible Flow Between Two Moving Pistons”, SIAM Journal on
Control and Optimization, 60, 2022, 1117-1142.
[16] Karafyllis, I. and M. Krstic, “Spill-Free Transfer and Stabilization of Viscous Liquid”, IEEE Transactions on Automatic
Control, 67, 2022, 4585-4597.



A Particle Method for 1-D Compressible Fluid Flow 35

[17] Karafyllis, I., F. Vokos and M. Krstic, “Feedback Stabilization of Tank-Liquid System with Robustness to Wall Friction”,
ESAIM Control, Optimisation and Calculus of Variations, 28, 2022, 81.
[18] Karafyllis, I., F. Vokos and M. Krstic, “Output-Feedback Control of Viscous Liquid-Tank System and its Numerical
Approximation”, Automatica, 149, 2023, 110827.
[19] Kazhikhov, A. V. and V. V. Shelukhin, “Unique Global Solution with Respect to Time of Initial-Boundary Value Problems
for One-Dimensional Equations of a Viscous Gas”, Journal of Applied Mathematics and Mechanics, 41, 1977, 273-282.
[20] Kloeden, P. E., “Global Existence of Classical Solutions in the Dissipative Shallow Water Equations”, SIAM Journal on
Mathematical Analysis, 16, 1985, 301-315.
[21] Lions, P.-L., Mathematical Topics in Fluid Dynamics, Vol.2, Compressible Models, Oxford Science Publication, Oxford,
1998.
[22] Maity, D., T. Takahashi and M. Tucsnak, “Analysis of a System Modelling the Motion of a Piston in a Viscous Gas”, Journal
of Mathematical Fluid Mechanics, 19, 2017, 551–579.
[23] Nash, J., “Le Problème de Cauchy pour les Equations Différentielles d’un Fluide Général”, Bulletin de la Société
Mathématique de France, 90, 1962, 487-497.
[24] Nishida, T., “Equations of Motion of Compressible Viscous Fluids”, Studies in Mathematics and Its Applications, 18, 1986,
97–128.
[25] Plotnikov, P. and J. Sokolowski, Compressible Navier–Stokes Equations. Theory and Shape Optimization, Birkhäuser, 2012.
[26] Price, D. J., “Smoothed Particle Hydrodynamics and Magnetohydrodynamics”, Journal of Computational Physics, 231, 2012,
759-794.
[27] Shelukhin, V. V., “The Unique Solvability of the Problem of Motion of a Piston in a Viscous Gas”, Dinamika Sploshnoi
Sredy, 31, 1977, 132–150.
[28] Shelukhin V. V., “Stabilization of the Solution of a Model Problem on the Motion of a Piston in a Viscous Gas”, Dinamika
Sploshnoi Sredy, 173, 1978, 134–146.
[29] Smoller, J., Shock Waves and Reaction-Diffusion Equations, 2nd Edition, Springer-Verlag, New York, 1994.
[30] Stuart, A. M. and A. R. Humphries, Dynamical Systems and Numerical Analysis, Cambridge University Press, 1998.
[31] Sundbye, L., “Global Existence for the Dirichlet Problem for the Viscous Shallow Water Equations”, Journal of
Mathematical Analysis and Applications, 202, 1996, 236-258.
[32] Theodosis, D., I. Karafyllis, G. Titakis, I. Papamichail and M. Papageorgiou, “A Nonlinear Heat Equation Arising from
Automated-Vehicle Traffic Flow Models”, submitted to the Journal of Computational and Applied Mathematics (see also
arXiv:2210.04321 [math.NA]).
[33] Violeau, D., Fluid Mechanics and the SPH Method. Theory and Applications, Oxford University Press, 2012.


	A Particle Method for 1-D Compressible Fluid Flow
	Abstract
	Introduction
	Description of the Problem
	A Novel Particle Method
	Equations
	The choice of the initial condition
	Properties of the numerical scheme

	Proofs of Main Results
	Conclusions
	Author contributions
	Acknowledgments
	Financial disclosure
	Conflict of interest
	References


