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Abstract

In this paper, we design decentralized control strategies for the two-dimensional movement of autonomous vehicles on lane-free roads.
The behavior of the autonomous vehicles resembles that of self-driven particles that individually produce their driving force and steering,
while interacting with each other, giving rise to an emerging particle traffic flow. The bicycle kinematic model is used to model the
dynamics of the vehicles, and each vehicle determines its control input based only on its own state and on the relative displacement vector
from other (adjacent) vehicles and the boundary of the road. The resulting control system is nonlinear and evolves on a specific open
set. Therefore, the feedback design is challenging and is accomplished by means of a control Lyapunov function methodology. Potential
functions and Barbălat’s lemma are employed to prove the following properties, which are ensured by the proposed nonlinear controller:
(i) the vehicles do not collide with each other or with the boundary of the road; (ii) the speeds of all vehicles are always positive, i.e., no
vehicle moves backwards at any time; (iii) the speed of all vehicles remain below a given speed limit; (iv) all vehicle speeds converge to
a given longitudinal speed set-point; and (v) the accelerations, lateral speeds, and orientations of all vehicles tend to zero. The efficiency
of the proposed 2-D cruise controllers is illustrated by means of numerical examples.

Key words: Nonlinear Systems, Control Lyapunov function, 2-D Cruise Control, Lane-Free Roads, Autonomous Vehicles, Self-Driven
Particles.

1 Introduction
Vehicle automation has made tremendous advances in

the last decades, and the path to full automation of vehicles in
a foreseeable future seems more than likely. An initial stage
of vehicle automation is the standard cruise control system
which maintains the speed of the vehicle at a desired value
to assist the driver. These systems have meanwhile evolved
to Adaptive Cruise Control (ACC) systems, which automat-
ically adjust the speed to maintain certain distance from
a front vehicle or to maintain a desired speed. Recent ad-
vances of communication technologies have also been used
in vehicle automation to develop Cooperative ACC systems
(CACC) so that vehicles are wirelessly connected and can
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therefore communicate to maintain shorter inter-vehicle dis-
tances, thus increasing capacity of the roads. It has been
shown that communication between vehicles has the poten-
tial of increasing their safety, reduce congestion and traffic
accidents and improve traffic flow on highways ([5], [18],
[27]) Both ACC and CACC systems have been extensively
studied in the literature (see for instance [10], [13], [18],
[25], [29], [32]).

The vast majority of research effort is focused on study-
ing lane-based traffic models, where vehicles abide to a lane
discipline, which increases traffic safety, as it simplifies the
task of manual driving. Indeed, all control strategies for
ACC and CACC systems are developed based on informa-
tion from the vehicle directly in front or behind (see for
instance [10], [13], [18], [25], [29] and references therein).
Apart from the car-following task, another necessary driving
task is lane-changing, which is a more complex and riskier
maneuver, since the driver needs to look for an available gap
on the target lane and estimate the speeds of many adjacent
vehicles quasi-simultaneously. Modeling lane changes and
two-dimensional movement on lane-based roads is a com-
plicated problem, and various approaches have been con-
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sidered, see for instance [4], [24], [34]. Lane changing is
known to affect both capacity and safety [24], [34].

Recently, launched by [22], new principles and research
directions were proposed for autonomous vehicles operating
on lane-free roads ([3], [19], [22]) that may improve traffic
flow and increase capacity of highways. The vehicles move
on the two-dimensional surface of the road without obeying
to a lane discipline as in conventional traffic. Since connected
and automated vehicles use sensors and can communicate
their presence and state to other vehicles, they are suitable
and more efficient in a lane-free environment where they
can use their capabilities to their full extent. For the lane-
free concept, only a few models have been proposed that
can describe vehicle movement on lane-free roads, driven
by human drivers; see [1], [11], [20]. These approaches are
not suitable to describe autonomous vehicles since they are
based on linear systems theory and traditional longitudinal
car-following models, which, however, do not guarantee: (i)
collision avoidance with other vehicles or the boundary of
the road, (ii) positivity of speeds, and (iii) speeds within
road speed limits. In addition to the lane-free traffic, another
concept that can increase the flow of vehicles on a road is the
associated concept of ‘nudging’ (see [22]). Nudging implies
a virtual force that vehicles apply to the vehicles in front of
them, and it has been shown that nudging can increase the
flow in a ring-road and can have a strong stabilizing effect;
see [14] and references therein.

In this paper, we consider identical autonomous vehi-
cles described by the bicycle kinematic model. The bicycle
kinematic model is selected because it is able to capture the
non-holonomic constraints of the actual vehicle (see [23],
[25]). We design a family of novel nonlinear decentralized
controllers for the safe operation of the vehicles on lane-free
roads. The main features of the proposed approach are:

(i) The proposed nonlinear controllers are fully decen-
tralized, and each vehicle only has access to its own
state, the distance from the boundaries of the road and
the relative displacement vector from adjacent vehicles
and does not require any information or estimates of
relative speeds or relative orientation;

(ii) the vehicles do not collide with each other or with the
boundary of the road;

(iii) the speeds of all vehicles are always positive and re-
main below a given speed limit;

(iv) all vehicle speeds converge to a given longitudinal
speed set-point; and

(v) the accelerations, lateral speeds, rotation rates, and ori-
entations of all vehicles tend to zero.

(vi) all the above features are valid globally, i.e., for all
physically relevant initial conditions.

To our knowledge, a cruise controller for a two-
dimensional lane-free road that captures all these properties
simultaneously and globally, is not available in the litera-
ture. The behavior resulting from the proposed cruise con-
troller may be viewed as that of self-driven particles, which
interact with each other according to self-produced driving
force and steering. The behavior of self-driven particle sys-
tems has been extensively studied and has found diverse

applications in natural, biological, and artificial systems,
such as robots and vehicles, see for instance [8], [28].

To better exploit the lane-free two-dimensional road sur-
face, we adopt elliptic metrics which approximate efficiently
the physical dimensions of a vehicle and allow to explic-
itly determine the minimum safety distance between vehi-
cles to avoid collisions. By appropriately selecting the “el-
liptical” distances, we can regulate both the safety distance
and the number of vehicles that can be placed laterally on
the road. To avoid collisions between vehicles and with the
boundary of the road, we employ potential functions, which
have been extensively used to address numerous problems
in multi-agent systems such as collision avoidance, flock-
ing, dispersion, and formation, see [6], [7], [15], [17], [21],
[26], [33]. Potential functions have also been used in certain
lane-changing and lane-keeping problems in traffic control,
[9], [31]. Finally, we combine Lyapunov functions with bar-
rier functions (see [2], [13], [30]) to restrain the movement
of the vehicles and exploit Barbălat’s lemma [15] to glob-
ally address the objectives of speeds, acceleration, and ori-
entation convergence as stated above. The main theoretical
challenges stem from the fact that the nonlinear control sys-
tem studied in the paper evolves on a specific open set, and,
in addition, various objectives and constraints must be sat-
isfied simultaneously and globally, i.e., for any initial con-
ditions in the specific open set (positive speeds within road
speed limits that converge to a specific speed set-point; ve-
hicle movement within road boundaries; bounded orienta-
tion; and accelerations, lateral speeds, and orientations that
all converge to zero).

The structure of the paper is as follows. Section 2 is de-
voted to the presentation of the problem formulation and the
objectives of the paper. Section 3 contains the main results.
Section 4 presents numerical examples to demonstrate the
efficiency of the proposed decentralized cruise controllers.
All proofs of the main results are provided in Section 5. Fi-
nally, some concluding remarks are given in Section 6.

Notation. Throughout this paper, we adopt the following
notation. R+ := [0,+∞) denotes the set of non-negative real
numbers. By |x| we denote both the Euclidean norm of a
vector x ∈ Rn and the absolute value of a scalar x ∈ R. By
x′ we denote the transpose of a vector x ∈ Rn. By |x|∞ =
max{|xi|, i = 1, ..., n} we denote the infinity norm of a vector
x = (x1, x2, ..., xn)′ ∈ Rn. Let A ⊆ Rn be an open set. By
C0(A,Ω), we denote the class of continuous functions on
A ⊆ Rn, which take values in Ω ⊆ Rm. By Ck(A; Ω), where
k ≥ 1 is an integer, we denote the class of functions on A ⊆
Rn with continuous derivatives of order k, which take values
in Ω ⊆ Rm. When Ω = R the we write C0(A) or Ck(A). For
a function V ∈ C1(A ; R), the gradient of V at x ∈ A ⊆ Rn,
denoted by ∇V(x), is the row vector

[
∂V
∂x1

(x) · · · ∂V
∂xn

(x)
]
. By

∇2V(x) we denote the Hessian matrix at x ∈ A ⊆ Rn of
a function V ∈ C2(A ; R). Let C ⊂ Rn be a convex set.
A function f : C → R is convex if f (µx1 + (1 − µ)x2) ≤
µ f (x1) + (1 − µ) f (x2) for all x1, x2 ∈ C and µ ∈ [0, 1].
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2 Problem Description
Consider n identical vehicles moving on a lane-free road

of width 2a > 0, see Figure 1. The movement of the vehicles
is described by the following set of ODEs:

ẋi = vi cos(θi)

ẏi = vi sin(θi)

θ̇i = σ−1vi tan(δi)

v̇i = Fi

(1)

for i = 1, ..., n, where σ > 0 is the length of each vehicle
(a constant). Here, (xi, yi) is the reference point of the i-th
vehicle with i ∈ {1, ..., n} and is placed at the midpoint of
the rear axle, with xi ∈ R being the longitudinal position
and yi ∈ (−a, a) being the lateral position of the vehicle in
an inertial frame with Cartesian coordinates (X,Y); vi is the
speed of the i-th vehicle at the point (xi, yi), θi ∈

(
− π2 ,

π
2

)
is the angular orientation of the i-th vehicle with respect
to the X axis, δi is the steering angle of the front wheels
relative to the orientation θi of the i-th vehicle, and Fi is
the acceleration of the i-th vehicle. Model (1) is known as
the bicycle kinematic model (see Figure 1) and has been
widely used to represent vehicles due to its simplicity to
capture vehicle motion in normal driving conditions, see
([12], [16], [17], [23], [25], [24]). The setup in Figure 1
uses a Cartesian coordinate system (X-Y coordinate) for the
inertial frame of reference. To make the subsequent analysis
less cumbersome, we define

ui = σ−1vi tan(δi), i = 1, ..., n (2)

Then, model (1) can be written in the form

ẋi = vi cos(θi)

ẏi = vi sin(θi)

θ̇i = ui

v̇i = Fi

(3)

for i = 1, ..., n, where ui and Fi are the control inputs. Since
the speeds of all vehicles vi, i = 1, . . . , n, are required to be
positive, the input transformation (2) does not cause any loss
of generality. Moreover, δi can be obtained directly from (2)
as a function of ui and vi, i.e., δi = arctan

(
σ
vi

ui

)
, vi > 0.

Henceforth, we use the simpler model (3) instead of (1).
We define the (elliptical) distance between two vehicles

i and j as follows

di, j :=
√

(xi − x j)2 + p(yi − y j)2, for i, j = 1, ..., n (4)

where p > 0 is a weighting factor. For p = 1 we obtain
the standard Euclidean distance, while for larger values of
p > 1, we have an “elliptical” metric which will allow to
approximate more accurately the dimensions of a vehicle.
More specifically, when vehicles are desired to maintain a

X

Y

Fig. 1. Lane-free road of width 2a > 0 (top). Each vehicle is
modeled by the bicycle kinematic model (bottom).

certain distance between them, elliptical metrics allow to
place more vehicles across the width of the road. The optimal
selection of the constant p ≥ 1 will be discussed in Section 3.

In what follows we use the notation

w = (x1, ..., xn, y1, ..., yn, θ1, ..., θn, v1, ...., vn)′ ∈ R4n (5)

for the stack vector of longitudinal and lateral positions,
orientations and speeds off all n vehicles. We assume that
all vehicles operate on a lane-free road with speed limit
vmax > 0. Moreover, for any given constant ϕ ∈

(
0, π2

)
, we

define the set

S := Rn × (−a, a)n × (−ϕ, ϕ)n × (0, vmax)n. (6)

The set S in (6) represents all possible states of the system
of all n vehicles described by (3) and has the following inter-
pretation. First, each vehicle should stay within the road, i.e.,
(xi, yi) ∈ R×(−a, a) for i = 1, ..., n. Moreover, with the given
constant ϕ ∈

(
0, π2

)
, the vehicles should not be able to turn

perpendicular to the road, as it should hold that θi ∈ (−ϕ, ϕ)
for i = 1, ..., n. The constant ϕ can be understood as a safety
constraint, which allows the restriction of the movement of
a vehicle; for instance, for vehicles moving at high speed,
ϕ should take values close to zero. Finally, the speeds of all
vehicles should always be positive, i.e., no vehicle moves
backwards at any time; and respect the road speed limits.
One very important property, that is not captured by the set
S , is that of collision avoidance between vehicles. This im-
plies that the distance between the reference points of any
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pair of vehicles should always be greater than L > 0, where
L > 0 is a safety distance that prevents collisions.

Due to the various constraints that were explained above,
we must consider system (3) on the open set Ω ⊂ R4n defined
by:

Ω :=
{

w ∈ S : di, j > L, i, j = 1, ..., n , j , i
}
. (7)

The set Ω in (7) describes the state-space of the n vehicles
operating on a lane-free road and acts as a basis for the
problem formulation and for expressing the main objectives
of the paper. It should be noticed that the control system
(3) evolving on Ω given by (6), (7), is a nonlinear control
system that evolves on a specific open set Ω ⊂ R4n which
does not coincide with the whole spare R4n.

Problem Statement: For a group of n vehicles modeled
by (3) and operating on a lane-free road of width 2a > 0,
design feedback laws for ui and Fi such that the following
objectives hold:

(i) the controllers are decentralized in the sense that they
rely on measurements of the full state of vehicle i and
the relative displacement vector (xi−x j, yi−y j) to vehi-
cles that are within its sensing radius given by the ellip-

soid S (xi, yi) =

{
(x, y) :

√
(x − xi)2 + p(y − yi)2 < λ

}
for some constant λ.

(ii) the vehicles do not collide with each other or with the
boundary of the road, i.e., di, j(t) > L for all t ≥ 0,
i, j = 1, ..., n, j , i, for a given constant L > 0, and
yi(t) ∈ (−a, a) for all t ≥ 0.

(iii) the speeds of all vehicles are always positive and re-
main below the given speed limit, i.e., vi(t) ∈ (0, vmax)
for t ≥ 0, and converge to a given longitudinal speed
set-point v∗ ∈ (0, vmax), i.e., lim

t→+∞
(vi(t)) = v∗, i =

1, ..., n.
(iv) the orientation of each vehicle is always bounded by

the given value ϕ ∈
(
0, π2

)
, i.e., θi(t) ∈ (−ϕ, ϕ) for t ≥ 0,

and converges to zero, i.e., lim
t→+∞

(θi(t)) = 0, i = 1, ..., n.
(v) the accelerations, angular speeds, and lateral speeds

of all vehicles tend to zero, i.e., lim
t→+∞

(Fi(t)) = 0,
lim

t→+∞
(ui(t)) = 0, and lim

t→+∞
(ẏi(t)) = 0, i = 1, ..., n.

It should be noted that, in mathematical terms, we require the
closed-loop system to be well-posed on the state space Ω ⊂
R4n defined by (7), i.e., for every initial condition w(0) ∈ Ω,
the closed-loop system (3), under the effect of all feedback
laws for ui and Fi for i = 1, ..., n, has a unique solution
w(t) ∈ Ω defined for all t ≥ 0. Moreover, we require that, for
every initial condition w(0) ∈ Ω, the solution w(t) ∈ Ω of
the closed-loop system (3), under the effect of all feedback
laws for ui and Fi for i = 1, ..., n, satisfies lim

t→+∞
(vi(t)) = v∗,

lim
t→+∞

(θi(t)) = 0, lim
t→+∞

(Fi(t)) = 0, lim
t→+∞

(ui(t)) = 0 for all
i = 1, ..., n. It should also be noticed that, since the lateral
speed of each vehicle ẏi is given by (3), it follows that the
lateral speeds of all vehicles tend to zero, i.e., lim

t→+∞
(ẏi(t)) = 0

for i = 1, ..., n.

3 Main Results
3.1 Statements of main results

In this section, we design a novel decentralized control
strategy in order to achieve the various objectives discussed
in Section 2. First and foremost, we want to design the
control inputs ui and Fi in such a way that vehicles operating
on a lane-free road do not collide with each other or with
the boundary of the road. A typical approach for collision
avoidance between vehicles is the use of repulsive potential
functions (see for instance [6], [7], [9], [17], [26], [31], [33]).
Repulsive potential functions are continuously differentiable
functions, which repel vehicles based on their distance, with
the force of repulsion being stronger as the distance between
two vehicles becomes smaller, while there is little or no
repulsion when the vehicles are distant. To that end, let V :
(L,+∞)→ R+ be a C2 function that satisfies:

lim
d→L+

(V(d)) = +∞ (8)

V(d) = 0, for all d ≥ λ (9)

where λ > L is a constant. Let also U : (−a, a) → R+ be a
C2 function that satisfies:

lim
y→(−a)+

(U(y)) = +∞, lim
y→a−

(U(y)) = +∞ (10)

U(0) =0. (11)

The potential function U(y) in (10), (11) is designed so as
to exert a repulsive force when the vehicles approach the
boundary of the road.

To design feedback control laws that address objectives
(i)-(iv) in the Problem Statement, we apply a control Lya-
punov function methodology, where the feedback laws are
selected appropriately to render the derivative of a Lyapunov
function negative semi-definite. An appropriate function for
this task is the following. Define, for all w ∈ Ω,

H(w) :=
1
2

n∑
i=1

(vi cos(θi) − v∗)2
+

1
2

n∑
i=1

v2
i sin2(θi)

+

n∑
i=1

U(yi) +
1
2

n∑
i=1

∑
j,i

V(di, j)

+ A
n∑

i=1

(
1

cos(θi) − cos(ϕ)
−

1
1 − cos(ϕ)

)
(12)

where A > 0 is a parameter of the controller and the Lya-
punov function, v∗ ∈ (0, vmax) is a given longitudinal speed
set-point, and ϕ ∈

(
0, π2

)
is any constant that satisfies the

inequality

cos (ϕ) ≥
v∗

vmax
. (13)

The function H in (12), is inspired by the total energy of
the system of n vehicles and will allow us to exploit cer-
tain properties of the state space Ω in (7). The first two
terms ( 1

2
∑n

i=1 (vi cos(θi) − v∗)2 + 1
2
∑n

i=1 v2
i sin2(θi)) represent
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the kinetic energy of the system of n vehicles relative to an
observer moving along the x−direction with speed equal to
v∗; and they penalize the deviation of the longitudinal and
lateral speeds from their desired values v∗ and zero, respec-
tively. The sum of the third and fourth term (

∑n
i=1 U(yi) +

1
2
∑n

i=1
∑

j,i V(di, j)), which are based on the potential func-
tions (10) and (11), is the potential energy of the system.
Finally, the last term of (12) (A

∑n
i=1

(
1

cos(θi)−cos(ϕ) −
1

1−cos(ϕ)

)
)

is a penalty term that blows up when θi → ±ϕ. Inequality
(13) is a technical assumption that restricts the movement of
the vehicle when the desired speed is close to the road speed
limit. Notice also that H is not only a Lyapunov function,
but possesses also certain characteristics of barrier functions,
(see for instance [2], [13], [30]). Indeed, H(w) grows un-
bounded on certain parts of the boundary of the state-space
Ω in (7), i.e., when yi → ±a or θi → ±ϕ or di, j → L for
some i, j = 1, ..., n with i , j (recall (3.1) and (10)). The
following result shows that H is a barrier function and pro-
vides a necessary condition that addresses objective (i) and
the first part of objective (iii) in the Problem Statement.

Proposition 1 Let constants A > 0, vmax > 0, v∗ ∈ (0, vmax),
λ > L > 0, ϕ ∈

(
0, π2

)
that satisfies (13), and define the

function H : Ω → R+ by means of (12), where Ω is given
by (7). Then, there exist a non-decreasing function κ : R+ →

[0, a), a non-increasing function ρ : R+ → (L, λ] and a non-
decreasing function ω : R+ →

[
0, ϕ) such that the following

implication holds:

w ∈ Ω⇒|θi| ≤ ω (H(w)) , |yi| ≤ κ (H(w)) ,
di, j ≥ ρ (H(w)) , for i, j = 1, ..., n , j , i. (14)

The existence of a non-decreasing function κ : R+ → [0, a),
a non-increasing function ρ : R+ → (L, λ] and a non-
decreasing function ω : R+ →

[
0, ϕ), for which implication

(14) holds, is a consequence of (8), (9), (10), (11) and def-
inition (12). Implication (14) suggests that for any w ∈ Ω,
the orientations θi and the lateral positions yi of all vehicles
i = 1, ..., n, as well as the distances di, j, i, j = 1, ..., n , j , i,
are bounded by the energy of the system, see (12).

The feedback laws for each vehicle i = 1, ..., n can be
designed using (12), in terms of their own speed and orien-
tation and the derivatives of the potential functions V and U
that satisfy (8), (9) and (10), (11), respectively:

ui = −

(
v∗ +

A

vi (cos(θi) − cos(ϕ))2

)−1

×

µ1vi sin(θi) + U′(yi) + p
∑
j,i

V ′(di, j)
(yi − y j)

di, j
+ sin(θi)Fi


(15)

Fi = −
ki(w)

cos(θi)
(vi cos(θi) − v∗) −

1
cos(θi)

∑
j,i

V ′(di, j)
(xi − x j)

di, j

(16)

ki(w) = µ2 +
1
v∗

∑
j,i

V ′(di, j)
(xi − x j)

di, j

+
vmax cos(θi)

v∗ (vmax cos(θi) − v∗)
f

−∑
j,i

V ′(di, j)
(xi − x j)

di, j

 (17)

where µ1, µ2 > 0 are constants (controller gains) and f ∈
C1 (R) is any function that satisfies

max(x, 0) ≤ f (x) for all x ∈ R. (18)

The term ki(w) in the acceleration Fi(t), given by (16), is
a state-dependent controller gain which guarantees that the
speed of each vehicle will remain positive and less than the
speed limit (see the proof of Theorem 3 below). The second
term that appears in (16), is the summation of repelling
forces (V ′(d)) from vehicles that are in close proximity to
vehicle i. If V in (8), (9) is decreasing, then, the second term
of (16) is positive if vehicle j is behind vehicle i, i.e., (xi −

x j) > 0. Indeed, in this case, we have that−V ′(di, j)
(xi−x j)

di, j
> 0,

and this term represents the effect of nudging, since vehicles
that are close and behind vehicle i will exert a “pushing”
force towards it that will increase its acceleration. It should
be noticed that the control laws above are designed in such a
way that the nudging force will not jeopardize traffic safety
in terms of collisions, speeds exceeding desired bounds or
vehicles departing from the road.

Remark 1 (i) Since the derivative V ′ depends only on the
distance di, j, property (9) guarantees that the feedback laws
(15), (16), (17) are decentralized and depend only on infor-
mation about adjacent vehicles, namely from vehicles that
are located at a distance less than λ > 0 (i.e., vehicles with
center within the ellipsoid S (xi, yi) - see Problem Statement
(i)). Thus, the computation of the control inputs (15), (16),
(17) only requires the state of vehicle i, the relative displace-
ment vector (xi− x j, yi−y j) of neighboring vehicles, and the
distance of vehicle i from the boundary of the road. It is in
particular emphasized that the the feedback laws (15), (16),
(17), are independent of the total number of vehicles n and
the addition or removal of vehicles (e.g. due to on-ramps
or off-ramps) will not affect the overall system’s qualitative
and quantitative properties. Finally, it is interesting to note
that it is possible to consider different measurement radii λi
with λi > L for each vehicle i with only minor modifications
in the subsequent analysis.

(ii) It should be remarked that the selection of λ and L
is equally important. For the selection of the safety distance
L, see Section 3.2. Since λ determines the required real-time
information radius around a vehicle, greater values of λ will
increase the measurement requirements for the controllers.
If λ is selected large, communication between vehicles may
be required to obtain the relative displacement vector (xi −

x j, yi − y j) of occluded vehicles that are centered within the
ellipsoid S (xi, yi). Note that for p = 1 and λ ∈ (L, 2L),
the ellipsoid S (xi, yi) contains no occluded vehicles, hence,
only sensor-based measurements are required to obtain the
relative displacement vector (xi − x j, yi − y j) of vehicles that
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are in line-of-sight (and within S (xi, yi)) of vehicle i. In
both cases, additional information, such as relative speeds
(vi − v j) or relative orientations (θi − θ j) i, j = 1, ..., n, i , j
are not required. Finally, the selection of λ may affect the
inter-vehicle distance (see Figure 7 in Section 4) as well as
the acceleration and the convergence rate of speed.

(iii) Any function f ∈ C1 (R) that satisfies (18) can be
used in (17). For example, the function f (x) = ε

2 + 1
2ε x2 for

every ε > 0 satisfies (18), since max(x, 0) ≤ |x| ≤ ε
2 + 1

2ε x2 for
all x ∈ R. Another function that satisfies (18) is the function

f (x) =
1
2ε


0 i f x ≤ −ε

(x + ε)2 i f − ε < x < 0

ε2 + 2εx i f x ≥ 0

(19)

for every ε > 0. This generic design for the function f will
allow to regulate the longitudinal acceleration as desired.
For instance, in the first example above, f exhibits quadratic
growth while in (19) only linear growth for x ≥ 0.

(iv) It should be noted that we have assumed that the
vehicles operate on the two-dimensional surface of a straight
road defined by the set R × (−a, a). This assumption was
made without loss of generality, since it is possible to find
a suitable change of coordinates to transform a curved open
road of constant width into a straight road of constant width.

(v) The cruise controller (15), (16), (17) is based on
the potential functions U, V . However, it should be noted
that assumptions (8), (9), (10), (11) do not guarantee that
the corresponding forces are always repulsive (that would
always be the case if we assumed that V is non-increasing
and U is convex).

Let p ≥ 1, and consider two concentric ellipses with
semi-major axes L and λ, with L < λ, and semi-minor axes

L
√

p and λ
√

p , respectively. Let m ≥ 2 be the maximum number
of points that can be placed within the area bounded by
the two concentric ellipses, so that each point has distance
(in the metric given by (4)) at least L from every other
point. The following proposition presents certain properties
of the control laws (15), (16), (17) and their relation with
the speed limit vmax, the longitudinal speed set-point v∗, and
the maximum number of neighboring vehicles m.

Proposition 2 Let constants λ > L > 0, a > 0, p ≥ 1, and
let V : (L,+∞) → R+, U : (−a, a) → R+ be C2 functions
that satisfy (8), (9) and (10), (11), respectively, and define

b1(s) := max
{ ∣∣∣V ′(d)

∣∣∣ : s ≤ d ≤ λ
}

for s ∈ (L, λ] (20)

b2(s) := max
{ ∣∣∣U′(y)

∣∣∣ : |y| ≤ s
}

for s ∈ [0, a) . (21)

Define the set Ω by means of (7). Then, for any w ∈ Ω, there
exist a non-decreasing function κ : R+ → [0, a) and a non-
increasing function ρ : R+ → (L, λ] such that the functions
ui, Fi and ki in (15), (16), and (17), respectively, satisfy the

following inequalities

ki(w)v∗ ≥
∑
j,i

V ′(di, j)
(xi − x j)

di, j
≥ −ki(w) (vmax cos(θi) − v∗) ,

i = 1, ..., n; (22)
µ2 ≤ ki(w) ≤ R(H(w)), i = 1, ..., n; (23)

ki(w)vmax ≥ki(w) (vmax − vi) ≥ Fi ≥ −ki(w)vi ≥ −ki(w)vmax;
(24)

|ui| ≤
1
v∗

((µ1 + ki(w)) vmax + b2 (κ (H(w))))

+
m
v∗
√

pb1 (ρ (H(w))) (25)

where R : R+ → R+ is the increasing function defined by

R(s) := µ2 +
m
v∗

b1 (ρ (s))

+ vmax
(A + s cos(ϕ) (1 − cos(ϕ))) max { f (z) : |z| ≤ mb1 (ρ (s))}

Av∗ (vmax − v∗) + v∗ (vmax cos(ϕ) − v∗) (1 − cos(ϕ)) s
.

(26)

The proof of inequalities (22), (23), (24), and (25) fol-
lows by exploiting (12), (15), (16), (17), and the result of
Proposition 1. Inequality (23) suggests that the magnitude
of ki(w) depends on the “energy” of the system defined by
the Lyapunov-like function H and the maximum number of
neighboring vehicles m ≥ 2. Moreover, ki(w) plays an im-
portant role, since it provides certain bounds on the acceler-
ation Fi in (24) and the maximum “nudging” effect that each
vehicle i = 1, ..., n experiences from neighboring vehicles as
described in (22).

We are now in a position to state the main result.
Theorem 3 Suppose that there exist constants a > 0, λ >
L > 0, p ≥ 1 and C2 functions V : (L,+∞) → R+,
U : (−a, a) → R+ that satisfy (8), (9), and (10), (11), re-
spectively. In addition, for given constants vmax > 0, v∗ ∈
(0, vmax), and ϕ ∈

(
0, π2

)
that satisfies (13), define the func-

tion H : Ω→ R+ by means of (12) where Ω is given by (7).
Then, for every w0 ∈ Ω, the closed-loop system (3), (15),
(16), (17) has a unique solution w(t) ∈ Ω with initial con-
dition w(0) = w0. The solution w(t) ∈ Ω is defined for all
t ≥ 0 and satisfies for i = 1, ..., n

lim
t→+∞

(vi(t)) = v∗, lim
t→+∞

(θi(t)) = 0 (27)

lim
t→+∞

(ui(t)) = 0, lim
t→+∞

(Fi(t)) = 0. (28)

Moreover, there exist a non-decreasing function κ : R+ →

[0, a) and a non-increasing function ρ : R+ → (L, λ] such
that

|Fi(t)| ≤ R(H(w0))vmax for all t ≥ 0, (29)

|ui(t)| ≤
1
v∗

((µ1 + R(H(w0))) vmax + b2 (κ (H(w0))))

+
m
√

p
v∗

b1 (ρ (H(w0))) for all t ≥ 0.
(30)
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where b1, b2,R are defined by (20), (21) and (26), respec-
tively.

Remark 2 (i) The results of Theorem 3 hold globally, i.e.,
for any initial condition w0 ∈ Ω.

(ii) It is important to notice that due to technical con-
straints, an inequality of the form |Fi(t)| ≤ K must be sat-
isfied for all t ≥ 0, where K > 0 is a constant that depends
on the technical characteristics of the vehicles and the road.
Inequality (29) allows us to determine the set of initial con-
ditions w0 ∈ Ω for which the inequality |Fi(t)| ≤ K holds: it
includes the set of all w0 ∈ Ω with R(H(w0))vmax ≤ K.

(iii) Although we cannot predict the “ultimate” ar-
rangement of the vehicles on the road (and we can-
not even show that a final configuration of the vehi-
cles on the road is attained; see remark below), the
limits (27), (28) and definitions (16) allow us to pre-
dict that lim

t→+∞
(
∑

j,i V ′(di, j(t))
(xi(t)−x j(t))

di, j(t)
= lim

t→+∞
(U′(yi(t)) +

p
∑

j,i V ′(di, j(t))
(yi(t)−y j(t))

di, j(t)
) = 0 for i = 1, ..., n. Con-

sequently, the “ultimate” arrangement of the vehicles
in the road (if such a thing exists) must satisfy the
equations

∑
j,i V ′(di, j)

(xi−x j)
di, j

= U′(yi)+p
∑

j,i V ′(di, j)
(yi−y j)

di, j
=

0 for i = 1, ..., n as well as the constraints |yi| < a, di, j > L
for i, j = 1, ..., n , j , i. Despite the fact that the con-
strained system of 2n equations has infinite solutions, not
every arrangement of vehicles satisfies the aforementioned
constrained system.

(iv) The proof of Theorem 3 relies on Barbălat’s lemma
[13] and does not use LaSalle’s invariance principle. The
reason that LaSalle’s invariance principle cannot be used for
the proof of Theorem 3 is the fact that the state components
xi(t), i = 1, ..., n, do not take values in a bounded set. More-
over, we cannot show that the relative positions of the vehi-
cles, i.e., the quantities xi(t) − x j(t) for i, j = 1, ..., n , j , i,
take values in a bounded set. Thus, we cannot show that
the limits lim

t→+∞
(yi(t)), lim

t→+∞

(
xi(t) − x j(t)

)
, lim

t→+∞

(
di, j(t)

)
for

i, j = 1, ..., n , j , i, exist. Consequently, we cannot ensure
that a final configuration of the vehicles on the road will
be attained. However, the proof of Theorem 3 shows that
lim

t→+∞
(ẏi(t)) = 0, lim

t→+∞

(
ẋi(t) − ẋ j(t)

)
= 0, lim

t→+∞

(
ḋi, j(t)

)
= 0

for i, j = 1, ..., n , j , i (a consequence of (3), (27) and in-
equality (65) in the proof of Theorem 3).

3.2 Optimal Selection of Safety Distance and Eccentricity
One of the main advantages of a lane-free traffic is the

improved exploitation of the width of the road. Since the
distance between vehicles is measured according to (4), the
number of vehicles N that can be placed side-by-side is
directly related to the safety distance L > 0 and the weight
p ≥ 1 in (4) according to the formula

N = 2a
√

pL−1 (31)

which is obtained by dividing the width of the road 2a > 0 by
L
√

p which is the semi-minor axis of the ellipse x2
i + py2

i = L2

placed around each vehicle i = 1, ..., n. We discuss next the

2Sin[ϕ]

p-1 1 + (p -1)Sin[ϕ]2
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0.4

0.5

0.6
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p
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p

p =
1

3 Tan2[ϕ]

Fig. 2. Optimal selection of eccentricity.

optimal selection of the safety distance L > 0 and of the
weight factor p ≥ 1 for a given bound ϕ ∈

(
0, π2

)
on the

orientation of the vehicles that satisfies (13). Recall also that
the selection of the sensing radius λ is equally important as
the selection of L, see Remark 1 (ii).

Selection of safety distance: Let p ≥ 1 and ϕ ∈
(
0, π2

)
.

Then, the maximum distance, at which two identical vehicles
of length σ > 0 may collide, is

L = σmax
(
2
√

p sin(ϕ),
√

1 + (p − 1) sin2(ϕ)
)
. (32)

Finding the maximum distance at which two vehi-
cles collide, given their length and maximum ori-
entation angle, is a geometric problem and its so-
lution is based on the intersection of the line seg-
ments I1 = { (η1σ cos(θ1), η1σ sin(θ1)) : η1 ∈ [0, 1] } and
I2 = { (x + η2σ cos(θ2), y + η2σ sin(θ2)) : η2 ∈ [0, 1] } with
|θi| ≤ ϕ < π

2 , i = 1, 2. Intuitively, each line segment rep-
resents a vehicle of length σ > 0 that is placed at the
positions (0, 0) and (x, y), respectively. Hence, given their
orientations |θi| ≤ ϕ < π

2 , i = 1, 2, a non-empty inter-
section of the segments I1 and I2, indicates a collision
between the two vehicles. Notice that I1 ∩ I2 , ∅, if there
exist η1, η2 ∈ [0, 1] with η1σ cos(θ1) = x + η2σ cos(θ2),
η1σ sin(θ1) = y + η2σ sin(θ2). Then, the distance, as defined
in (4), between the points (0, 0) and (x, y) is d =

√
x2 + py2 =

σ

√
(η1 cos(θ1) − η2 cos(θ2))2 + p (η1 sin(θ1) − η2 sin(θ2))2.

Condition (32) can be obtained by using the following
lemma to maximize the distance d.

Lemma 1 Let p ≥ 1 and ϕ ∈
(
0, π2

)
. Let also, θ1, θ2 ∈

[−ϕ, ϕ] and define

f (η1, η2) = (η1 cos(θ1) − η2 cos(θ2))2

+ p (η1 sin(θ1) − η2 sin(θ2))2 .
(33)

Then, for any η1, η2 ∈ [0, 1], it holds that

f (η1, η2) ≤ max
(
4p sin2(ϕ), 1 + (p − 1) sin2(ϕ)

)
. (34)

Formula (32) provides explicitly the safety distance L
between vehicles for given constant p ≥ 1 and the maximum
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orientation angle ϕ ∈
(
0, π2

)
. Since the safety distance defines

an ellipse x2
i + py2

i = L2 around every vehicle i = 1, ..., n, the

eccentricity e =
√

1 − 1
p for each ellipse can be determined

by appropriately selecting the constant p ≥ 1. In order to
maximize the number of vehicles that can be placed side-by-
side N in (31), it suffices to minimize the semi-minor axis L

√
p

of the ellipse. It follows using (32) that the optimal selection

of p is min
p≥1

(
L
√

p

)
= 2σ sin(ϕ), attained for p = 1

3 tan2(ϕ) when

ϕ ≤ π
6 and p = 1 when ϕ > π

6 . Notice that for given ϕ ≤ π
6 (or

ϕ > π
6 ), larger values of p > 1

3 tan2(ϕ) (or p > 1, respectively)
will not affect the minimum value of L

√
p , see Figure 2.

4 Illustrative Examples
In the simulation results below, we demonstrate the ap-

plication and effectiveness of the proposed nonlinear de-
centralized cruise controllers for autonomous vehicles driv-
ing on lane-free roads. Specifically, we consider a group of
n = 10 vehicles on a lane-free road of width 2a > 0, mod-
eled as in (2) with the feedback laws (15), (16), (17), and
f (x) given by means of (19). The vehicle-repulsive potential
function V and the boundary-repulsive potential function U
are specified as

V(d) =

 q (λ−d)3

d−L , L < d ≤ λ

0 , d > λ
, (35)

U(y) =


(

1
a2−y2 −

c
a2

)4
,−a < y < − a

√
c−1
√

c and a
√

c−1
√

c < y < a

0 − a
√

c−1
√

c ≤ y ≤ a
√

c−1
√

c

where c ≥ 1, q > 0 are design parameters. Notice that V and
U above, satisfy (8), (9) and (10), (11), respectively. By ap-
propriately selecting the constant q, we can adjust the repul-
sion force of the potential V and, consequently, the magni-
tude of the acceleration Fi, see (16). In particular, for small
values of q, the values of V (and consequently the accelera-
tion Fi) will be smaller away from L, but will increase more
sharply as d approaches to L. The constant c ≥ 1 affects
the final configuration of the vehicles relative to the bound-
ary of the road. More specifically, for c = 1 we have that
U(y) = 0 if y = 0, which will force the vehicles to form a
single platoon in the middle of the road. For c > 1, we have
that U(y) = 0 in a neighborhood around y = 0, and the vehi-
cles’ converged lateral positions in this case will be within
the strip − a

√
c−1
√

c ≤ y ≤ a
√

c−1
√

c . To verify numerically and
illustrate the results of Theorem 3, we assume that all vehi-
cles have length σ = 5m and operate on a road with speed
limit v max = 35m/s and width 2a = 14.4m, which corre-
sponds to a road with 4 conventional lanes of width 3.6m.
We set the longitudinal set-point v∗ = 30m/s and select
ϕ = 0.25 in order to satisfy condition (13). At time t = 30s
we change the longitudinal set-point to v∗ = 25m/s. Notice
that (13) is again satisfied. Using (25) and (32), we obtain
the optimal eccentricity and safety distance p = 5.11 and
L = 5.59m, respectively. This choice allows us to effectively
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Fig. 3. The longitudinal speed of each vehicle, where all speeds
converge to the speed set-point v∗ on the top; and the acceleration
Fi of each vehicle on the bottom.

use the full width of the road and increases the lateral occu-
pancy by 45%, since we get from (31) that N = 5.8. We set
ε = 0.2, µ1 = 0.5, µ2 = 0.1, q = 3 ∗ 10−3, λ = 25m, A = 1,
and c = 1.5. Assigning small values of the constants ε and
µ2 in (19) and (17), respectively, provide smaller values for
the acceleration Fi. Analogously, small values of the con-
stants µ1 and A in (15) lead to a smooth rotation rate, without
abrupt turns. Each vehicle is assigned an index i = 1, ..., 10
and a unique color which will be used in every figure that
appears hereafter.

Figure 3 displays the longitudinal speed ẋi and acceler-
ation Fi of each vehicle. The speeds of all vehicles are seen
to remain within the bounds (0, vmax) and to converge to the
longitudinal set-point v∗. In Figure 4, we focus only on vehi-
cle 7 (cyan) and vehicle 9 (purple). It can be seen that vehi-
cle 7 approaches vehicle 9 at much higher speed. Notice that
the speed and acceleration of vehicle 9 is increased, as the
distance from vehicle 7 decreases. This is exactly the effect
of nudging, i.e., vehicle 7 exerts a pushing force on vehicle
9, which, as a result, increases its acceleration and speed.
On the other hand, it can be seen in Figure 4, that vehicle 7
decelerates (is repulsed) to avoid collision with vehicle 9.

The lateral speeds ẏi and lateral accelerations ÿi of the
vehicles are shown in Figure 5; both converge to zero, in-
dicating that eventually the vehicles move parallel to the
road. Notice that changing the set-point v∗ mainly affects
the longitudinal speed and acceleration. The observed tem-
porarily changing values of some lateral accelerations and
speeds near times t = 8s and t = 18s occur because of in-
teractions when the vehicles approach the boundary of the
road or approach other vehicles. For example, the temporary
increase of the lateral acceleration of vehicle 7 and simulta-
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Fig. 4. The effect of nudging. Vehicle 9 accelerates, and vehicle
7 decelerates, as the (elliptical) distance between them decreases.
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Fig. 5. Evolution of the infinity norms for the lat-
eral speed |ẏ1(t), · · · , ẏ10(t))|∞ (blue) and lateral acceleration
|ÿ1(t), · · · , ÿ10(t))|∞ (yellow) of each vehicle.

neous temporary decrease of lateral acceleration of vehicle
9, observed around time t = 8s, are an aftereffect of vehicle
interaction, whereby vehicle 7 is nudged and accelerates to-
wards the right side of the road, while the nudging vehicle
9 is repulsed.

Figure 6 shows the rotation rates ui and the orientations
θi, all converging to zero as suggested by Theorem 3. Again,
the vehicles are seen to change their rotation rate and ori-
entation, which lead to the aforementioned changes in lat-

|(θ1(t),...,θ10(t)) ∞

|(u1(t),...,u10(t)) ∞
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Fig. 6. Evolution of the infinity norms for the orientation
|θ1(t), · · · , θ10(t))|∞ (blue) and rotation rate |u1(t), · · · , u10(t))|∞
(yellow) of each vehicle.

L =5.59m

0 100 200 300 400 500
0

5

10

15

20

25

30

Time (s)

M
in
im
um

D
is
ta
nc
e(
m
)

Fig. 7. Minimum inter-vehicle distance for λ = 25m (blue line);
and for λ = 40m (yellow line), which verify that there are no colli-
sions among vehicles. The green line is the minimum inter-vehicle
distance with the potential V defined by (36) and with λ = 25m.

eral speed and lateral acceleration, when they approach the
boundary of the road or other vehicles.

Finally, Figure 7 depicts the minimum inter-vehicle dis-
tance dmin(t) := min

{
di, j(t), i, j = 1, ..., n, i , j

}
(blue line),

showing that the vehicles do not collide with each other,
since di, j(t) > L, i, j = 1, ..., n, i , j, at any time. Moreover,
Figure 7 also shows the minimum inter-vehicle distance us-
ing the same initial conditions with λ = 40m (yellow line).

Figure 7 is representative for the controller behavior, as
it was found, in multiple simulations with different values of
λ, that the effect of increasing the value of λ is an increase of
the minimum inter-vehicle distance dmin over time, as well
as in the acceleration Fi and in the converged state.

It should be noted that the choice of the controller pa-
rameters, has a crucial impact on the resulting longitudinal
and lateral speed and acceleration of the vehicles.
• Smaller values of the constants ε and µ2 in (19) and

(17), respectively, lead to smaller values for the acceleration
Fi. For example, by increasing the value of the constant
µ2, the acceleration Fi is increased as shown in Figure 8
(top). This is due to (23), (24), and (26), which show how
µ2 affects the bounds of Fi. It can also be observed, that,
for higher values of µ2, the acceleration exhibits accordingly
faster convergence to zero, evidenced in Figure 8 (bottom),
which depicts the convergence of the Lyapunov-like function
H in (12) and indicates that the speed and orientation of
the vehicles converge fast to the longitudinal set-point v∗
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Fig. 9. Evolution of the infinity norms for the acceleration
|(u1(t), ..., u10(t))|∞ (top) and evolution of the Lyapunov function
H (bottom) for different values of the controller gain µ1.

and zero, respectively. This is due to inequality (56), which
shows that a higher value of µ2 gives a larger dissipation rate.
However, faster convergence may lead to strong acceleration
maneuvers and passenger discomfort, while smaller values
of µ2 provide more relaxed transient behaviour. Notice that
µ2 has only a minor impact on the rotation rate ui due to the
term sin(θi)Fi, (recall that θi → 0).
• Analogously to the case above, small values of the
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Fig. 10. Evolution of the Lyapunov function H in (12) for various
values of A.

constants µ1 in (15) lead to a slower convergence rate of the
rotation rate ui, which is also kept small in magnitude, as
shown in Figure 9 (top). On the other hand, larger values of
µ1 increase the magnitude of the rotation rate ui, as well as
its convergence rate to zero. Figure 8 (bottom) shows that µ1
has a weak influence on the convergence of the Lyapunov
function H. Finally, recalling (15) and (16), it can also be
seen that µ1 does not directly affect the acceleration Fi.
• The rotation rate ui, the orientation θi, and the Lya-

punov function H are also affected by the choice of the con-
stant A, see (12) and (15). It follows from (15), that by in-
creasing the value of A, the rotation rate ui will decrease.
However, we have observed the following phenomenon:
when the rotation rate attains smaller values, the vehicles
turn at a slower pace and increase their turning rate when
they approach another vehicle (di, j → L) or when they ap-
proach the boundary of the road (yi → ±a), due to the po-
tentials V and U in (15). In this case, if q is small, the values
of V increase more sharply as di, j → L, and consequently,
ui also increases abruptly. Hence, to mitigate this situation
that occurs for higher values of A, the constant q should also
be selected appropriately.
• The effects accompanying different values of the con-

stants q and ε are associated with the specific functions f
and V that were defined in (19) and (35), respectively. The
effects of different functions f , U, and V , and their associ-
ated parameters is a complicated subject and will be studied
in future work. However, certain indications for their gen-
eral choice were presented above. For instance, how sharply
the potential V increases, the zeros of the potential U, their
monotonicity, and how fast the growth rate of f is, are all
aspects of interest, while choosing values for the controller
parameters.

Finally, Figure 10 shows the evolution of the Lyapunov
function H in (12). It can be seen, that higher values of A in
the penalty term A

∑n
i=1

(
1

cos(θi)−cos(ϕ) −
1

1−cosϕ

)
, decrease the

convergence rate of H.
The selection of the potential function V has important

consequences on the overall vehicle behavior. For instance,

10



for the same simulation scenario as above, if we define

V(d) = q


(λ−d)3

(L−d)2 , d ∈ (L, r1) ∪ (r2, λ)
(λ−d)3

L−d +
(r2−d)4(d−r1)4

L−d , d ∈ (r1, r2)

0 , d ≥ λ

(36)

with L < r1 < r2 < λ, which satisfies (8) and (9), the mini-
mum inter-vehicle distance is affected by the local minimum
that (36) possesses, see Figure 7 (green line). The values
r1 = 13m, r2 = 18m, λ = 25m were used, while the values of
all other constants are the same with the above simulations.

5 Proofs of Main Results
For the proof of Proposition 1, the following technical lemma
is required.

Lemma 2 Let c > 0 be a given constant and let
β : [0, c) → R+ be a non-decreasing function with β(0) = 0
and lim

s→c−
(β(s)) = +∞. Then there exists a constant s∗ ∈ [0, c)

and a continuous, non-decreasing function β̄ : [0, c) → R+,
for which the following properties hold:
(1) lim

s→c−

(
β̄(s)

)
= +∞, β̄(s∗) = 0,

(2) β̄(s) ≤ β (s) for all s ≥ 0,
(3) β̄ is increasing on [s∗, c).

Proof of Lemma 2: We first extend the domain of β :
[0, c) → R+ by setting β(s) = 0 for s < 0. We define for
s ∈ [0, c):

β̄(s) := exp(s − c)

 c
∫ s

c 2s−c
s

β(u)du
(c−u)2 i f s ∈ (0, c)

0 i f s = 0
(37)

Notice that monotonicity of β and definition (37) guarantee
that β̄ : [0, c) → R+ is non-decreasing and satisfies the
following estimates:

exp(s − c)β
(
c

2s − c
s

)
≤ β̄(s) ≤ exp(s − c)β (s) for s > 0,

(38)

β̄(s) ≤ exp(s − c)
sβ (s)
c − s

for s ∈
[
0,

c
2

]
. (39)

Definition (37) and estimates (38), (39) guarantee that β̄ :
[0, c) → R+ is continuous with lim

s→c−

(
β̄(s)

)
= +∞. The

inequality β̄(s) ≤ β (s) for all s ≥ 0 is a direct conse-
quence of (38) and definition (37). Finally, define s∗ :=
sup

{
r ∈ [0, c) : β̄(r) = 0

}
. Since lim

s→c−

(
β̄(s)

)
= +∞, it fol-

lows that 0 ≤ s∗ < c. Definition (37) guarantees that β̄ :
[s∗, c)→ R+ is increasing. Moreover, continuity of β̄ implies
that β̄(s∗) = 0. The proof is complete. /

Proof of Proposition 1: Using (12), we get for all w ∈ Ω

and i, j = 1, ..., n with i , j:

A
(

1
cos(θi) − cos(ϕ)

−
1

1 − cos(ϕ)

)
≤ H(w), (40)

U(yi) ≤ H(w), (41)
V(di, j) ≤ H(w). (42)

Inequality (40) and equation (13) imply that |θi| ≤

arccos
(
cos(ϕ) +

A(1−cos(ϕ))
A+(1−cos(ϕ))H(w)

)
< ϕ and consequently, (14)

holds with ω(s) := arccos
(
cos(ϕ) +

A(1−cos(ϕ))
A+(1−cos(ϕ))s

)
. Define

b̃(s) := min {U(y) : y ∈ (−a,−s] ∪ [s, a) } for s ∈ [0, a)
(43)

Notice that (10), (11), and definition (43) imply that
b̃ : [0, a) → R+ is non-decreasing with b̃(0) = 0 and
lim
s→a−

(
b̃(s)

)
= +∞. We apply Lemma 2 with β = b̃, c = a

and we conclude that there exists a constant s∗ ∈ [0, a) and
a continuous, non-decreasing function β̄ : [0, a)→ R+, with
lim
s→a−

(
β̄(s)

)
= +∞, β̄(s∗) = 0, β̄(s) ≤ b̃ (s) for all s ≥ 0 and

β̄ being increasing on [s∗, a). Consider the inverse function
κ : R+ → [s∗, a) of β̄ restricted on [s∗, a). Notice that the
inverse function exists because β̄ is increasing on [s∗, a)
with lim

s→a−

(
β̄(s)

)
= +∞, β̄(s∗) = 0, it is continuous func-

tion because β̄ is continuous and is increasing because β̄
is increasing. It follows from (41) and definition (43) that
β̄ (|yi|) ≤ b̃ (|yi|) ≤ H(w). The previous inequality shows that
|yi| ≤ κ (H(w)) < a. Next, define

θ(s) := min {V(d) : L < d ≤ s } , for s > L. (44)

Notice that (8), (9) and definition (44) imply that
θ : (L,+∞) → R+ is non-increasing with θ(s) = 0 for
s ≥ λ and lim

s→L+
(θ(s)) = +∞. It follows that the func-

tion θ̃ : [0, 1/L) → R+, defined by θ̃(s) = θ(1/s) for
s > 0 and θ̃(0) = 0, is a non-decreasing function with

lim
s→(1/L)−

(
θ̃(s)

)
= +∞. Moreover, if holds that θ̃(s) = 0

for s ∈ [0, 1/λ]. We apply again Lemma 2 with β = θ̃,
c = 1/L and we conclude that there exists a constant
s∗∗ ∈ [0, 1/L) and a continuous, non-decreasing function
θ̄ : [0, 1/L) → R+, with lim

s→(1/L)−

(
θ̄(s)

)
= +∞, θ̄(s∗∗) = 0,

θ̄(s) ≤ θ̃ (s) for all s ≥ 0 and θ̄ being increasing on [s∗∗, 1/L).
Since θ̄(s) > 0 for all s > s∗∗, the constant s∗∗ must be
greater than or equal to 1/λ. Consider the inverse function
γ : R+ → [s∗∗, 1/L) of θ̄ restricted on [s∗∗, 1/L). Notice
that the inverse function exists because θ̄ is increasing on
[s∗∗, 1/L) with lim

s→(1/L)−

(
θ̄(s)

)
= +∞, θ̄(s∗∗) = 0, it is con-

tinuous function because θ̄ is continuous and is increasing
because θ̄ is increasing.

It follows from (42) and definition (44) that θ(di, j) ≤
V(di, j) ≤ H(w). Since θ̃(s) = θ(1/s) for s > 0, the previous
inequality implies the inequality θ̃(1/di, j) ≤ H(w). More-
over, since θ̄(s) ≤ θ̃ (s) for all s ≥ 0, the previous inequality
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gives the inequality θ̄(1/di, j) ≤ H(w). Consequently, we get
1/di, j ≤ γ (H(w)). Notice that since s∗∗ is greater than or
equal to 1/λ, it follows that 1/λ ≤ γ (H(w)) < 1/L. Hence,
we obtain di, j ≥

1
γ(H(w)) > L. The previous inequality shows

that (14) holds with ρ(s) := 1
γ(s) for s ≥ 0. This concludes

the proof. /

Proof of Proposition 2 Notice that by virtue of (14) for all
w ∈ Ω it holds that

di, j ≥ ρ (H(w)) , i, j = 1, ..., n , j , i. (45)

Definition (4) implies that∣∣∣∣∣∣ xi − x j

di, j

∣∣∣∣∣∣ ≤ 1 and

∣∣∣∣∣∣yi − y j

di, j

∣∣∣∣∣∣ ≤ 1
√

p
,

for all w ∈ Ω and i, j = 1, ..., n , j , i
(46)

Moreover, since (9) holds and since m ≥ 2 is the maximum
number of points that can be placed within the area bounded
by two concentric ellipses with semi-major axes L and λ,
with L < λ, and semi-minor axes L

√
p and λ

√
p , respectively,

so that each point has distance (in the metric given by (4))
at least L from every other point, it follows that the sums∑

j,i V ′(di, j)
(xi−x j)

di, j
,
∑

j,i V ′(di, j)
(yi−y j)

di, j
contain at most m non-

zero terms, namely the terms with di, j ≤ λ. Definition (20)
in conjunction with (45) and (46) implies the following es-
timate for all w ∈ Ω and i = 1, ..., n:

max


∣∣∣∣∣∣∣∣
∑
j,i

V ′(di, j)
(xi − x j)

di, j

∣∣∣∣∣∣∣∣ , √p

∣∣∣∣∣∣∣∣
∑
j,i

V ′(di, j)
(yi − y j)

di, j

∣∣∣∣∣∣∣∣


≤ max

∑
j,i

∣∣∣V ′(di, j)
∣∣∣ ∣∣∣∣∣∣ xi − x j

di, j

∣∣∣∣∣∣ , √p
∑
j,i

∣∣∣V ′(di, j)
∣∣∣ ∣∣∣∣∣∣yi − y j

di, j

∣∣∣∣∣∣


≤ max

∑
j,i

b1 (ρ(H(w)))

∣∣∣∣∣∣ xi − x j

di, j

∣∣∣∣∣∣
,
√

p
∑
j,i

b1 (ρ(H(w)))

∣∣∣∣∣∣yi − y j

di, j

∣∣∣∣∣∣


≤
∑
j,i

b1 (ρ(H(w))) ≤ mb1 (ρ(H(w)))

(47)
Definition (12) implies the following estimate holds for all
w ∈ Ω and i = 1, ..., n:

1
vmax cos (θi) − v∗

≤

A + (1 − cos(ϕ)) H(w)
A (vmax − v∗) + (vmax cos(ϕ) − v∗) (1 − cos(ϕ)) H(w)

.

(48)

Inequality (23) with R : [0,+∞) → R+ defined by (26) is a
direct consequence of (47), (48) and definition (17).

Notice that (22) is equivalent to the following inequality:

ki(w) ≥ max

 1
v∗

∑
j,i

V ′(di, j)
(xi − x j)

di, j
,

−
1

vmax cos(θi) − v∗
∑
j,i

V ′(di, j)
(xi − x j)

di, j


=

1
v∗

∑
j,i

V ′(di, j)
(xi − x j)

di, j

+
vmax cos(θi)

v∗ (vmax cos(θi) − v∗)
max

0,−∑
j,i

V ′(di, j)
(xi − x j)

di, j


(49)

Since (18) holds, we get for all w ∈ Ω and i = 1, ..., n:

max

0,−∑
j,i

V ′(di, j)
(xi − x j)

di, j

 ≤ f

−∑
j,i

V ′(di, j)
(xi − x j)

di, j

 .
(50)

Inequality (22) is a direct consequence of inequalities (49),
(50) and definition (17).

Using the left inequality (22), the facts that vi ∈ (0, vmax),
ki(w) > 0, for i = 1, ..., n, w ∈ Ω and definition (16), we get
for all w ∈ Ω and i = 1, ..., n:

Fi = −
ki(w)

cos(θi)
(vi cos(θi) − v∗) −

1
cos(θi)

∑
j,i

V ′(di, j)
(xi − x j)

di, j

≥ −
ki(w)

cos(θi)
(vi cos(θi) − v∗) −

1
cos(θi)

ki(w)v∗

= −ki(w)vi ≥ −ki(w)vmax.
(51)

Using the right inequality (22), the facts that vi ∈ (0, vmax)
for i = 1, ..., n, w ∈ Ω and definition (16), we get for all
w ∈ Ω and i = 1, ..., n:

Fi = −
ki(w)

cos(θi)
(vi cos(θi) − v∗) −

1
cos(θi)

∑
j,i

V ′(di, j)
(xi − x j)

di, j

≤ −
ki(w)

cos(θi)
(vi cos(θi) − v∗) +

1
cos(θi)

ki(w) (vmax cos(θi) − v∗)

= ki(w) (vmax − vi) ≤ ki(w)vmax.
(52)

Inequalities (24) are direct consequences of (51) and (52).
Definition (16) and the fact that vi ∈ (0, vmax) for i = 1, ..., n,
w ∈ Ω, implies the following estimate for all w ∈ Ω and
i = 1, ..., n:

|ui| ≤
1
v∗

µ1vmax +
∣∣∣U′(yi)

∣∣∣ + p

∣∣∣∣∣∣∣∣
∑
j,i

V ′(di, j)
(yi − y j)

di, j

∣∣∣∣∣∣∣∣ + |Fi|

 .
(53)

Definition (21) and estimate (14) implies that |U′(yi)| ≤
κ (H(w)) for all i = 1, ..., n, w ∈ Ω. Moreover, inequalities
(24) imply that |Fi| ≤ ki(w)vmax for all i = 1, ..., n, w ∈ Ω.
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The two previous inequalities in conjunction with (53) and
(47) imply that (25) holds. This concludes the proof. /

The proof of Theorem is performed by using Barbălat’s
lemma ([15]) and the its variant
Lemma 3 If a function g ∈ C2 (R+) satisfies lim

t→+∞
(g(t)) ∈ R

and sup
t≥0

(|g̈(t)|) < +∞, then, lim
t→+∞

(ġ(t)) = 0.

Proof of Theorem 3: Using (3), (4) and (12), we conclude
that the following equation holds for all w ∈ Ω:

∇H(w)ẇ =

n∑
i=1

(vi cos(θi) − v∗) (Fi cos(θi) − vi sin(θi)ui)

+

n∑
i=1

vi sin(θi) (Fi sin(θi) + vi cos(θi)ui) +

n∑
i=1

U′(yi)vi sin(θi)

+

n∑
i=1

vi cos(θi)
∑
j,i

V ′(di, j)
(xi − x j)

di, j
+ A

n∑
i=1

sin(θi)ui

(cos(θi) − cos(ϕ))2

+ p
n∑

i=1

vi sin(θi)
∑
j,i

V ′(di, j)
(yi − y j)

di, j
(54)

Using the fact that
∑n

i=1
∑

j,i V ′(di, j)
(xi−x j)

di, j
= 0, we get

from (54) for all w ∈ Ω:

∇H(w)ẇ =

n∑
i=1

(vi cos(θi) − v∗)

Fi cos(θi) +
∑
j,i

V ′(di, j)
(xi − x j)

di, j


+

n∑
i=1

vi sin(θi)
(
sin(θi)Fi +

(
v∗ +

A

vi (cos(θi) − cos(ϕ))2

)
ui

+U′(yi) + p
∑
j,i

V ′(di, j)
(yi − y j)

di, j

 . (55)

Finally, using (15), (16), (17) and the fact that ki(w) ≥ µ2
for all i = 1, ..., n, w ∈ Ω, we get for all w ∈ Ω:

∇H(w)ẇ = −

n∑
i=1

ki(w) (vi cos(θi) − v∗)2
− µ1

n∑
i=1

v2
i sin2(θi)

≤−µ2

n∑
i=1

(vi cos(θi) − v∗)2
− µ1

n∑
i=1

v2
i sin2(θi)

(56)
Let w0 ∈ Ω and consider the unique solution w(t) of

(3), (15), (16), (17) with initial condition w(0) = w0. Us-
ing the fact that the set Ω is open (recall definitions (6),
(7)), we conclude that there exists tmax ∈ (0,+∞] such that
the solution w(t) of (3), (16), (17) is defined on [0, tmax)
and satisfies w(t) ∈ Ω for all t ∈ [0, tmax). Furthermore, if
tmax < +∞ then there exists an increasing sequence of times
{ ti ∈ [0, tmax) : i = 1, 2, ...} with lim

i→+∞
(ti) = tmax and either

lim
i→+∞

(dist (w(ti), ∂Ω)) = 0 or lim
i→+∞

(|w(ti)|) = +∞.

Since w(t) ∈ Ω for all t ∈ [0, tmax), it follows from (6),
(7) that vi(t) ∈ (0, vmax), θi(t) ∈ (−ϕ, ϕ) for all t ∈ [0, tmax)

and i = 1, ..., n. Thus, (3) implies that 0 ≤ ẋi(t) ≤ vmax for all
t ∈ [0, tmax) and i = 1, ..., n. Moreover, inequality (56) gives
that

H(w(t)) ≤ H(w0), for all t ∈ [0, tmax) (57)
Consequently, we obtain from (14), (57) for all t ∈ [0, tmax)
and i, j = 1, ..., n, j , i:

|θi(t)| ≤ ω (H(w0)) < ϕ, |yi(t)| ≤ κ (H(w0)) < a,

xi(0) ≤ xi(t) ≤ xi(0) + vmaxt , di, j(t) ≥ ρ (H(w0)) > L
(58)

Moreover, (3), (24) imply the following differential inequal-
ities for all t ∈ [0, tmax) and i = 1, ..., n:

ki (w(t)) (vmax − vi(t)) ≥ v̇i(t) ≥ −ki (w(t)) vi(t). (59)

Inequalities (23) in conjunction with (57) implies that

ki (w(t)) ≤ M = R (H(w0)) , for all t ∈ [0, tmax) and i = 1, ..., n
(60)

Differential inequalities (59) in conjunction with inequal-
ities (60) imply that the following estimates hold for all
t ∈ [0, tmax) and i = 1, ..., n:

vi(0) exp (−M t) +
(
1 − exp (−M t)

)
vmax ≥ vi(t)

≥ vi(0) exp (−M t) . (61)

Suppose that tmax < +∞. Inequalities (57), (58), (61) and
definitions (6), (7) imply that for every increasing sequence
of times { ti ∈ [0, tmax) : i = 1, 2, ...} with lim

i→+∞
(ti) = tmax we

cannot have lim
i→+∞

(dist (w(ti), ∂Ω)) = 0 or lim
i→+∞

(|w(ti)|) =

+∞. Thus, we must have tmax = +∞.
Inequalities (29), (30) are direct consequences of in-

equalities (24), (25), (57) and (60). Using (3), (29), (30) we
conclude that there exists a constant M̃ > 0 such that

d
d t

µ2

n∑
i=1

(vi(t) cos(θi(t)) − v∗)2
+ µ1

n∑
i=1

v2
i (t) sin2(θi(t))

 ≤ M̃,

for all t ≥ 0.
(62)

Inequality (56) implies that

µ2

∫ +∞

0

n∑
i=1

(vi(t) cos(θi(t)) − v∗)2 dt

+ µ1

∫ +∞

0

n∑
i=1

v2
i (t) sin2(θi(t)) dt ≤ H(w0). (63)

It follows from (62), (63) and Barbălat’s lemma ([15]) that
(27) holds.

Finally, we use Lemma 3 with g(t) = vi(t) and g(t) = θi(t)
for i = 1, ..., n in order to prove (28). Since (27) holds, it
follows from Lemma 3 that it suffices to show that u̇i(t) and
Ḟi(t) are bounded. In what follows all derivatives have been
calculated with the use of (3), (4), (15), (16), (17). We start
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by proving that ḋi, j(t) is bounded for all i, j = 1, ..., n with
i , j. Indeed, we get:

ḋi, j(t) =
(xi(t) − x j(t))(vi(t) cos(θi(t)) − v j(t) cos(θ j(t)))

di, j(t)

+p
(yi(t) − y j(t))(vi(t) sin(θi(t)) − v j(t) sin(θ j(t)))

di, j(t)
(64)

Using the Cauchy-Schwarz inequality and definition (4), we
get from (64) for t ≥ 0:∣∣∣ḋi, j(t)

∣∣∣ ≤ (
(vi(t) cos(θi(t)) − v j(t) cos(θ j(t)))2

+ p(vi(t) sin(θi(t)) − v j(t) sin(θ j(t)))2
) 1

2

≤
√

1 + p
√

v2
i (t) + v2

j (t) − 2vi(t)v j(t) cos(θi(t) − θ j(t))
(65)

Using the fact that vi(t) ∈ (0, vmax) for i = 1, ..., n, we get for
t ≥ 0:

−2vi(t)v j(t) cos(θi(t) − θ j(t)) ≤ 2vi(t)v j(t) ≤ v2
i (t) + v2

j (t).
(66)

Combining (65), (66) and using the fact that vi(t) ∈ (0, vmax)
for i = 1, ..., n, we get for t ≥ 0:

∣∣∣ḋi, j(t)
∣∣∣ ≤√

2(1 + p)
√

v2
i (t) + v2

j (t)

≤
√

2(1 + p)
(
vi(t) + v j(t)

)
≤ 2

√
2(1 + p) vmax. (67)

We next prove that d
d t

(∑
j,i V ′(di, j(t))

(xi(t)−x j(t))
di, j(t)

)
is bounded

for all i = 1, ..., n. Since (9) and (58) hold, it follows that
V ′(di, j(t)),V ′′(di, j(t)) are bounded for all i, j = 1, ..., n with
i , j. Since ḋi, j(t) is bounded for all i, j = 1, ..., n with
i , j, it follows from (46), the fact that di, j(t) > L for all
i, j = 1, ..., n with i , j, the fact that vi(t) ∈ (0, vmax) for
i = 1, ..., n and the formula

d
d t

∑
j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)


=

∑
j,i

V ′′(di, j(t))ḋi, j(t)
(xi(t) − x j(t))

di, j(t)

−
∑
j,i

V ′(di, j(t))ḋi, j(t)
(xi(t) − x j(t))

d2
i, j(t)

+
∑
j,i

V ′(di, j(t))
(vi(t) cos(θi(t)) − v j(t) cos(θ j(t)))

di, j(t)

that d
d t

(∑
j,i V ′(di, j(t))

(xi(t)−x j(t))
di, j(t)

)
is bounded. Similarly, we

prove that d
d t

(∑
j,i V ′(di, j(t))

(yi(t)−y j(t))
di, j(t)

)
is bounded for all

i = 1, ..., n.
We next prove that d

d t (ki(w(t))) is bounded for all
i = 1, ..., n. Since (9), (58) and (46) hold, it follows that

∑
j,i V ′(di, j(t))

(xi(t)−x j(t))
di, j(t)

is bounded for all i = 1, ..., n.

Using (57), (48), the fact that
∑

j,i V ′(di, j(t))
(xi(t)−x j(t))

di, j(t)
,

d
d t

(∑
j,i V ′(di, j(t))

(xi(t)−x j(t))
di, j(t)

)
, ui(t) are bounded and the for-

mula

d
d t

ki(w(t)) =
1
v∗

1 − f ′
−∑

j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)




×
d
d t

∑
j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)


−

1
vmax cos(θi(t)) − v∗

f ′
−∑

j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)


×

d
d t

∑
j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)


+

vmax sin(θi(t))ui(t)
(vmax cos(θi(t)) − v∗)2 f

−∑
j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)



we conclude that d
d t (ki(w(t))) is bounded for all i = 1, ..., n.

Definitions (6), (7) imply that 1
cos(θi)

≤ 1
cos(ϕ) for i =

1, ..., n. Thus 1
cos(θi(t))

is bounded for all i = 1, ..., n. Us-
ing the fact that 1

cos(θi(t))
, d

d t (ki(w(t))), vi(t), ki(w(t)), ui(t),

Fi(t),
∑

j,i V ′(di, j(t))
(xi(t)−x j(t))

di, j(t)
, d

d t

(∑
j,i V ′(di, j(t))

(xi(t)−x j(t))
di, j(t)

)
are bounded and the formula

Ḟi(t) = −
1

cos(θi(t))
(vi(t) cos(θi(t)) − v∗)

d
d t

(ki(w(t)))

−
ki(w(t)) sin(θi(t))

cos2(θi(t))
ui(t) (vi(t) cos(θi(t)) − v∗)

−ki(w(t))Fi(t) +
ki(w(t))

cos(θi(t))
vi(t) sin(θi(t))ui(t)

−
sin(θi(t))

cos2(θi(t))
ui(t)

∑
j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)

−
1

cos(θi(t))
d
d t

∑
j,i

V ′(di, j(t))
(xi(t) − x j(t))

di, j(t)


we conclude that Ḟi(t) is bounded for all i = 1, ..., n.

Combining the fact that vi(t) ∈ (0, vmax) for i = 1, ..., n
with (27) gives the existence of a positive lower bound for
all speeds, i.e., 1

vi(t)
is bounded for all i = 1, ..., n. Since (58)

holds, it follows that U′(yi(t)),U′′(yi(t)) are bounded for all
i = 1, ..., n. Using the fact that 1

vi(t)
, 1

vmax cos(θi(t))−v∗ , vi(t), ui(t),

Fi(t), Ḟi(t), U′(yi(t)), U′′(yi(t)), d
d t

(∑
j,i V ′(di, j(t))

(yi(t)−y j(t))
di, j(t)

)

14



are bounded and the formula(
v∗ +

A

vi(t) (cos(θi(t)) − cos(ϕ))2

)
u̇i(t)

=
Fi(t) (cos(θi(t)) − cos(ϕ)) − 2vi(t)ui(t) sin(θi(t))

v2
i (t) (cos(θi(t)) − cos(ϕ))3 Aui(t)

−p
d
d t

∑
j,i

V ′(di, j(t))
(yi(t) − y j(t))

di, j(t)

 − U′′(yi(t))vi(t) sin(θi(t))

−
(
sin(θi(t))Ḟi(t) + ui(t) cos(θi(t))Fi(t)

)
−µ1 (Fi(t) sin(θi(t)) + ui(t)vi(t) cos(θi(t)))

we conclude that u̇i(t) is bounded for all i = 1, ..., n. This
completes the proof. /

Proof of Lemma 1. Assume that |θi| ≤ ϕ < π
2 for

i = 1, 2 with θ1 , θ2. Then, the function f (η1, η2) in (33)

is convex with Hessian ∇2 f = 2

 τ1 ζ

ζ τ2

 , where ζ :=

− cos(θ1) cos(θ2)−p sin(θ1) sin(θ2), τi := cos2(θi)+p sin2(θi),
i = 1, 2, which is a positive definite matrix since
det

(
∇2 f

)
= 4 sin2 (θ1 − θ2) > 0. Thus, by virtue of convex-

ity, for any η1, η2 ∈ [0, 1] we have

f (η1, η2) = f (η1 (1, η2) + (1 − η1) (0, η2))
≤η1 f (1, η2) + (1 − η1) f (0, η2)

f (1, η2) = f (η2 (1, 1) + (1 − η2) (1, 0))
≤η2 f (1, 1) + (1 − η2) f (1, 0)

f (0, η2) = f (η2 (0, 1) + (1 − η2) (0, 0))
≤η2 f (0, 1) + (1 − η2) f (0, 0)

f (η1, η2) ≤η1η2 f (1, 1) + η1(1 − η2) f (1, 0)
+ (1 − η1)η2 f (0, 1) + (1 − η1)(1 − η2) f (0, 0)

which imply that

f (η1, η2) ≤ max ( f (1, 1), f (0, 1), f (1, 0)) , for all η1, η2 ∈ [0, 1]
(68)

Notice also that if θ1 = θ2 = θ ∈ [−ϕ, ϕ] it holds that

f (η1, η2) ≤ cos2(θ) + p sin2(θ). (69)

Hence, from (68) and (69) we obtain the following estimate

f (η1, η2) ≤ max (G,M) (70)

where

G = max
{

(cos(θ1) − cos(θ2))2 + p (sin(θ1) − sin(θ2))2 :

|θi| ≤ ϕ , i = 1, 2 }

M = max
{

cos2(θ) + p sin2(θ) : |θ| ≤ ϕ
}

(71)

Next, define the function g(θ1, θ2) = (cos(θ1) − cos(θ2))2 +
p (sin(θ1) − sin(θ2))2 = g(θ2, θ1). Notice that

∂ g
∂ θ1

(θ1, θ2) =

− 2 (cos(θ1) − cos(θ2)) sin(θ1) + 2p (sin(θ1) − sin(θ2)) cos(θ1)
= 2(p − 1) cos(θ1) (sin(θ1) − sin(θ2)) + 2 sin(θ1 − θ2)

and consequently, ∂ g
∂ θ1

(θ1, θ2) > 0 if −ϕ ≤ θ2 < θ1 ≤ ϕ and
∂ g
∂ θ1

(θ1, θ2) < 0 if −ϕ ≤ θ1 < θ2 ≤ ϕ. Thus, we obtain:

g(θ1, θ2) ≤ max (g(ϕ, θ2), g(−ϕ, θ2)) for all (θ1, θ2) ∈ [−ϕ, ϕ]2.

Therefore, we have:

g(ϕ, θ2) =g(θ2, ϕ) ≤ max (g(ϕ, ϕ), g(−ϕ, ϕ))

=g(−ϕ, ϕ) = 4p sin2(ϕ)
g(−ϕ, θ2) =g(θ2,−ϕ) ≤ max (g(ϕ,−ϕ), g(−ϕ,−ϕ))

=g(−ϕ, ϕ) = 4p sin2(ϕ)

Consequently, we have from the previous inequalities and
(71) that G = 4p sin2(ϕ). Similarly, we can prove that M =
cos2(ϕ) + p sin2(ϕ) = 1 + (p − 1) sin2(ϕ). Finally, it follows
from the previous calculations and (70) that (34) holds for
η1, η2 ∈ [0, 1], |θi| ≤ ϕ <

π
2 for i = 1, 2. This completes the

proof./

6 Concluding Remarks
The present work proposed nonlinear decentralized con-

trol strategies for the two-dimensional movement of au-
tonomous vehicles described by the bicycle kinematic model
on lane-free roads. By leveraging appropriate tools, such as
potential functions, Lyapunov functions, and barrier func-
tions, we developed nonlinear decentralized controllers that
ensure that: the vehicles do not collide with each other or
with the boundary of the road; the speeds of all vehicles are
always positive and remain below a given speed limit; all
vehicle speeds converge to a given longitudinal speed set-
point; and, finally, the accelerations, lateral speeds, and ori-
entations of all vehicles tend to zero. All results hold glob-
ally, i.e., for any initial condition in a specific open set. Fu-
ture work will address the effects of sensor and communica-
tion delays as well as the effects of nudging and appropriate
notions of string-stability for vehicles operating on lane-free
roads. We will also study the effect of different potential
functions and the possible use of non-monotone potential
functions. Finally, we will study the case where the sizes
and other characteristics of the vehicles are not the same.
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