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Abstract—In this paper, we study the performance of a class
of cruise-controllers for automated vehicles on a macroscopic
scale. We first show that the solution of the corresponding
second-order macroscopic model can be approximated by
the solution of a nonlinear heat-type equation. To study the
behavior induced on the macroscopic model by the first-
order approximation, we derive a conservative finite-difference
scheme that respects the corresponding entropy conditions.
Finally, a traffic simulation scenario and a comparison with the
Lighthill-Witham-Richards (LWR) model are given, illustrating
the benefits of the use of cruise-controlled vehicles.

I. INTRODUCTION

Macroscopic traffic flow models have been widely used as
they are able to capture the collective behavior of vehicles in
a traffic stream and can express certain relationships between
traffic flow, density and mean speed. Macroscopic traffic flow
models can be in general distinguished between first-order
models, governed by the continuity equation, and second-
order models where the continuity equation is coupled with
the momentum equation (see [2], [9], [16], [21], [27]).

In [11], the design of cruise controllers for automated
vehicles lead to a second-order traffic flow model with
several fluid-like characteristics. Our main objective now,
is to evaluate the performace of the cruise controllers on
a macroscopic scale and compare it with that of human
driven vehicles. To that end, we require an efficient numerical
scheme to obtain an approximation of the solution of the
macroscopic model. It is shown first that the solutions of
the second-order macroscopic model can be approximated
by the solutions of a first-order equation. The corresponding
equation is a nonlinear heat-type equation, whose diffu-
sion/viscosity coefficient depends on both the density and
the spatial derivative of the density (see also [8], [14],
[15]), a feature that is rarely studied in the literature where
typically the diffusion coefficient exclusively depends on the
density, see for instance [19], [20], [22], [23] and references
therein. Furthermore, inspired by the mechanical energy of
the original second-order system, certain functionals are
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defined, providing entropy-like conditions that characterize
physically meaningful solutions, see [7], [24].

Several finite-difference methods have been proposed to
study a variety of nonlinear heat equations, see for instance
[3], [5], [6], [10], and references therein. In this paper, we
propose an explicit finite-difference scheme that, in addition
to being conservative (Proposition 1), it also respects the
corresponding entropy conditions (Proposition 2 and Propo-
sition 5). Moreover, a condition on the step size is provided
that is an nonlinear version of the Courant-Friedrichs-Levy
condition (Proposition 3). To demonstrate the properties of
the solutions of the nonlinear heat equation and evaluate
the performance of automated vehicles using the controllers
of [11], we present a realistic traffic simulation scenario
showing that the mean flow produced by automated vehicles
is much higher than that of the LWR (see [16], [21]).

The structure of the paper is as follows. Section II is
devoted to the presentation of a second-order traffic flow
model and the approximation of its solution by the solution
of a particular nonlinear heat equation. Section III presents
the proposed numerical scheme and its properties. Section
IV presents a numerical example. Finally, some concluding
remarks are given in Section V.

Due to space constraints, the proofs of all results can be
found in [25], which also contains certain links between the
numerical solution and the weak solution of the nonlinear
heat equation.

Notation. Throughout this paper, we adopt the following
notation. R} := [0,+00) denotes the set of non-negative
real numbers. Let A C R™ be an open set. By C°(A;Q),
we denote the class of continuous functions on A C R”,
which take values in 2 C R™. By C*(4;Q), where k > 1
is an integer, we denote the class of functions on A C R"
with continuous derivatives of order k, which take values in
Q) C R™. When Q = R the we write C°(A) or C*(A). Let
I C R be a given interval. For p € [1,00), LP(I) denotes the
set of equivalence classes of Lebesgue measurable functions
foT—Rwith £ = (f; |f(@)Pde)"/? < +oo. Lo(T)
denotes the set of equivalence classes of measurable func-
tions f : I — R for which || f||, = esssup,c; (|f(z)]) <
+oo. Let u : Ry xR — R, (t,2) — wu(t,z) be any
function differentiable with respect to its arguments. We use
the notation w;(t,z) = %(t,x) and u,(t,z) = %(t,x)
for the partial derivatives of u with respect to ¢ and z,
respectively. We use the notation u[t] to denote the profile
at certain ¢ > 0, (u[t])[z] := u(t, ), for all z € R.



II. ANONLINEAR HEAT EQUATION
A. Motivation and Derivation of a Nonlinear Heat Equation

In the recent paper [11], the study of microscopic vehicle
movement control laws (cruise controllers) for autonomous
vehicles on lane-free roads brought forth the following
macroscopic model that holds for 7 > 0, £ € R:

pr+ (p0)e = 0 (1)
(V)0 + pq(v)v0 + P'(p)pe = (i(p)g (0V)Ve)e
— -
with constraints p(7,£) € [0, pmaz)s 0(7,8) € (0, Vmaz)
for 7 > 0, £ € R, where pyaz > 0, Upmae > 0, and
v* € (0,vmax) are constants. The states p(7,&), 9(7,&)
are the traffic density and mean speed, respectively, at time
7 > 0 and position £ € R on a highway, while the
constants ppaz > 0, Umaz > 0, and v* € (0, vnax) are the
maximum density, the maximum speed, and the speed set-
point, respectively. Moreover, f : R — R is a C" function
with f(0) = 0 and £f(€) > 0 forall £ #0, g € CYR)
is an increasing function with §’(9) > 0 for all ¥ € R and
G(0) is defined by

2

. 9 Umaa¥ — 200" + V" Upay
Q(U) = Umagz ~\2
2(Vmaz — D)

Model (1), (2) is a fluid-like model where the term P’ (P)pe
is a pressure term and expresses the tendency to accelerate
or to decelerate based on the (local) density; while the term
(a(p)g'(0)v¢)e, is a viscosity term, by analogy with the
theory of fluids, with fi(p) playing the role of dynamic
viscosity, see [12], [17]. The functions i : [0, pmax) — Ry,
P : [0, pmaz) — Ry are C'([0, prmaz)) and satisfy the
following properties

3)

,[)2

lim P(p) = +oo 4)

P—Pmax
ju(p) = 0, P(p) =0 for all 5 € [0,7], and

- 5
fi(p) >0, P(5) >0 forall 5 € (1,R) ©)

where the constant p € (0, ppay) is referred to as the
interaction density due to the fact that for all p € [0, ]
there is no interaction among the vehicles (see (5)). The term
f(0 —v*) is a relaxation term that describes the tendency
of vehicles to adjust their speed to the given speed set-point
v* € (0, Umax)-

Remarks: (i) Model (1), (2) has certain characteristics
from the kinematic theory of fluids. Traffic flow is isotropic,
as in fluid flow, since vehicles react to both downstream and
upstream vehicles.

(ii) There are infinite equilibrium points, namely the points
where 0(£) = v* and p(¢) < p for all £ € R.

(iii) The selection of /i(5), g(p) has several implications on
the characteristics for the traffic flow. The dynamic viscosity
ii(p) makes the “traffic fluid” act as a Newtonian fluid.
However, in contrast to actual fluids, the dynamic viscosity
also satisfies (5). For isentropic (or barotropic) flow of gases,

the dynamic viscosity and the pressure are always increasing
functions of the fluid density (see the discussion in [12]).

Model (1), (2) is to be studied under the following
conditions for all 7 > 0:

ggﬂﬂﬁﬂ (6)
ggrfoof)(ﬂ €) =v* (7)
+oo

| areie <+ ®)

Condition (6) expresses the fact that “far downstream and
far upstream” the highway is “empty”, i.e., there are no
vehicles. Condition (8) expresses the fact that the total mass
of the vehicles in the highway is finite. Let » € R be
a given constant length. Using the variable transformation
§ = rz +v'r, z € R and the dimensionless quantities

T:U%t,b: ’Umn’,[.')l:*f’v*’R: pryiaz’w: ’U;:)*,p:g, we
obtain the following dimensionless model for ¢ > 0, z € R
Pt + (pw)m =0 (9)

pq(w)w; + pg(w)ww, + P'(p)ps = (1(p)g' (w)ws),
—pf(w)
(10)

with constraints p(¢, z) € [0, R), w(t,z) € (—1,b) fort > 0,
x € R, where R > 1, b > 0 are constants, g € C!(R) is
an increasing function with ¢’(w) > 0 for all w € (—1,b),
f:R— R with f(0) =01is a C! function with wf(w) > 0
for all w # 0, and

9 20+ (b—1w
a(w) = (1+?) 2(b—w)2(1 4+ w)

5 for all w € (—1,b)

1D
Moreover, the functions p: [0,R) — Ry, P:[0,R) — Ry
are C! ([0, R)) and satisfy the following properties:

lim P(p) =+ (12)
p— R~

wu(p) =0, P(p)=0 forall pe[0,1], and
u(p) >0, P(p) >0 for all p € (1, R).

Model (9), (10) is studied under the following conditions for
allt > 0:

(13)

Igrﬂrzloo p(t,x) =0 (14)
wgrinoow(t,x) =0 (15)
—+o0

/ p(t, x)dr < +o0 (16)

If the parameters of the cruise controller that is applied to
the vehicles are selected in such a way that

g(w) = w for all w € (—1,b) (17
P'(p) = kp~ ' u(p) (18)
[ _b+1 w(b+1)
Blw) = [ alois = T |
19)
+1In (b(erl)> , for all w € (—1,b)
b—w




f(w) = kp(w)

where k > 0 is a constant and the function p : [0, R) — Ry
satisfies

(20)

lim p(p) = +o0 20

p— R~

then using definitions (17), (18), (19), and (20), the resulting

PDE model (9), (10), becomes
pt + (pw)y =0 (22)

pB' (w)w + pB' (wyww, +kp~ p(p)pr = (1(p)ws)s
— kpB(w)

with ¢ >0, z € R.

(23)

Remark: Definitions (17), (20), (18), (21), in addition to
simplifying the original model (9), (10), have important
implications. Definition (17) is met in real fluid flows in non-
porous media, see [1], while condition (21) for the dynamic
viscosity makes the fluid behave like a solid when density
tends to the maximum density R.

Assume now that p(¢,x) > 0 for ¢ > 0, x € R and that
(14), (15), and (16) hold. Define

p(t,z) = p(t,2) B (w(t,z)) + p~ ' (t, 2)u(p(t, 2))ps (¢, @)
forallt>0and z € R
(24
where [B(w) is given in (19). Equations (22), (23) and
definition (24) imply the following equation for ¢ > 0,
reR:

ot + (wy), = —kep. (25)

Next, define

p(t z)

g(t,x) =
(t.) p(t, )
Thus, we get from (22), (23), (25), and (26) that

exp(kt), for all £ > 0 and =z € R. (26)

gt + wgz = 0. (27)

It follows from (27) that ||g[t]|| ., < |lg[0]|,, for all ¢ >
0, which, combined with (26), implies that the following
estimate holds:

‘ plt] ’

Inequality (28) and definition (24) imply that for all z € R:

p[t]
i (8 (w(t,2) + 52t 2)pplt, 2))pa(t, ) = 0.
(29)
Since B ((—1,b)) = R, we can define the inverse function
h:R — (—1,b) with h(0) =0 and A'(s) > 0 for all s € R.
Thus, we get from (29) for all z € R:

. -2
Jim (w(t, ) = h (=p72 (L 2)p(p(t, 2))pa(t, 7)) = 0.

(30)
Inequality (28) and equation (30) imply that the
manifold w(t,z) = h(—p 2(t,x)u(p(t,z))ps(t, x)) is
exponentially attracting.

< exp(—kt) Hi[[g]]H for all ¢ > 0. (28)

Consequently, the solutions of (9), (10) are approximated
by the solutions of the following PDE that holds for ¢ > 0,
reR

pe + (ph (=K(p)pz)), =0

where

w(p) = p~2p(p) for p € (0, R). 31

Notice that from definition (31) and (13), (21), it follows that
k(p) =0 for all p € (0,1] and k(p) > 0 for all p € (1, R).

B. The Model and its Properties

Motivated by the analysis of the previous section, we study
hereafter the following model and its properties

pt + (ph (—k(p)pz)), =0,t >0,z € R (32)

where k € C' ([0, R);Ry) with k(p) = 0 for all p € [0,1]
and k(p) > 0 for all p € (1,R), and h € C! (R; (—1,b))
with b’ € L*>° (R) and satisfies h(0) = 0 and h'(s) > 0 for
all s € R. The PDE (32) is studied under the condition:

lim (p(t,z)) =0, forall¢>0

z—+o0

(33)

with state constraint p(¢,z) € [0, R) forall t > 0 and x € R,
and fjoooo p(t,z)dz < +oo for all ¢ > 0.

We notice that :

e There are infinite equilibrium points, namely the points
where p(x) <1 for all z € R.

e The nonlinear PDE (32) is not hyperbolic and is not
parabolic. When p(t,z) < 1, we get p:(t,2) = 0 (a zero-
speed hyperbolic PDE) with the propagation speed being
zero; and when p(t,xz) > 1, we get the following equation

pe + b (=k(p)pz) pa — ph' (=r(p)pa) K (p) P

= ph’ (=£(p)pz) K(p) Pz
e The PDE (32) (see also (34)) is a nonlinear heat equation
with the diffusion coefficient depending on both the density

p and the spatial derivative of the density p,.
Define the set

(34)

X = {p e L' (R) N L™ (R) : inf (p(z)) = 0,

. Tz€R (35)
sup (p()) < R, Jim_(p(a)) = 0}.

Using (32), it can be shown that for every classical solution
p € C' (R x R; [0, R)) N C?((0,+00) x R) of (32), (33)
with p[t] € X for all ¢ > 0, it holds that

m(t) =0 fort >0 (36)
where m(t) is the total mass
+oo
m(t) :/ p(t,x)dx. 37

Therefore, the total mass remains constant. The fact that mass
is conserved is of great importance, since it characterizes
physically admissible solutions.



For any classical solution p € C!'(R; x R;[0,R)) N
C2 ((0, +00) x R) of (32), (33) with p[t] € X for all ¢ > 0,
we can define the following functionals

+oo
Bt = [ ot (rlplt.o)pult0)de 69
“+o0
B = [ Quta)ds (39)

— 00

where

H(w) = /w h(s)ds for all w € (—1,b) (40)
0

Qp) := /1p (p—7)k(T)dr forall p€ [0,R). (41)

The above functionals are inspired by the mechanical en-
ergy of the original model (22), (23), with the functional E}
in (38) expressing the kinetic energy and the functional E»
in (39) expressing the potential energy. A direct consequence
of (32) and the functionals defined by (38) and (39) are
the following inequalities that hold for all classical solutions
p € CH(Ry x R;[0,R)) N C?((0,+00) x R) of (32), (33)
with p[t] € X for all ¢t > 0:

E\(t) =

+o00o
= [ Pt (ot ) (h (xplt, 2ot 0)2 do <0,
fort >0

(42)
Ey(t) =
“+o0

| pltsadntott )t 0)h (<r(p(t.2)pu(t ) do < 0
for t > 0.

(43)
Inequalities (42), (43) show us that both functionals (38),
(39) are decreasing along classical solutions of (32). In-
equality (43) gives an entropy-like condition that characterize
physically meaningful solutions, see [7], [24].
Let the initial condition

pl0] = po € X (44)

be given.

III. ANUMERICAL SCHEME AND ITS
PROPERTIES

Using finite-differences for (32) with time-step 6t > 0 and
spatial discretization dx > 0, we next study the following
explicit numerical scheme

ot
pi =pi+— (Gie1 —

where
G; = piw; = pih (_Qi) I EL (46)
gi = —B(wi) = Q(piﬁ-l)_Q(pi)JGZ (47)

ox

with p; € [0, R) fori € Z and M = sup (pi) < R be given

and 8 : (—1,b) — R being the inverse of h:R— (—1,b).
Here p; is the numerical value of density at the point z = iz
and at time ¢ > 0, while p,j' is the numerical value of density
at the point * = idx and at time ¢ + Jdt. The numerical
scheme (45)-(47) is a first-order accurate discretization and is
appropriately designed to respect the entropy-like condition
(43), for sufficiently small time-step ¢, and to satisfy certain
very important properties, such as conservation of mass, that
are discussed in detail below.

A direct consequence of the discretization (45)-(47) above,
is that the mass m(t) remains constant showing that the
numerical scheme is conservative, see [18]. Indeed, we have

Proposition 1: For every sequence p; € [0, R), i € Z with
Siez pi < 400, it holds that Y-, pit =300 pi-

Notice that Proposition 1 implies that lim; 1o, pl'.|r =
inf;ez p = 0 for every sequence p; € [0,R), i € Z
with ", p; < +oo. To complete the discretization of
model (32), the above scheme has to be supplemented with
a suitable time-step for certain properties to be preserved. In
the following propositions, we obtain an upper bound on the
time discretization step dt, for a given space discretization
dx, which guarantees that the functional £ defined by (39)
is non-increasing (in a discretized sense). In particular, it
is proved that, in addition to the numerical scheme being
conservative, it also respects the entropy condition (43).

Proposition 2: Define f(0t) = 6x>",., Q(p;) for all 5t >

0. Then {7 (0) = 63 3 ;cz piaih (—gi) < 0.
Proposition 3: Suppose that 1 >
M|[w]|

1 | =) a
b+2—5 ngl)ag?v[(n(p))) Then p; € [0,M]

for all i € Z, where M = sup (p;) < R.
i€z
For given dz, the bound on the time-step provided in

Proposition 3, establishes that p; is non-negative and remains
bounded by M = sup (p;) < R for all ¢ € Z. It should be

noted that the cond1t10n on the time-step is an analogous
nonlinear version of the well-known Courant-Friedrichs-
Lewy (CFL) condition, see [26]. Finally, under the same
bounds on time-step ¢, as in Proposition 3, it is shown next
that the functional E5 in (39) is non-increasing.

that 1 >
. Then

Propositlon 5: Suppose

G fm}°g%w@ﬁ

Ziez Q(pj) < Ziez Q(pi)

aM||n]
+0t | 1= ot—p5m= o ax, (K(P))) Diez Pidih (—a:)
=2 ZQ(pZ) I

4M ||’
it (1= 0t s (ul0)) S i ()
= ZieZ Q(pl)

(48)
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Fig. 1. Initial density po(&).

IV. NUMERICAL EXPERIMENTS

In this section, we consider a traffic scenario and compare
the density and flow of (32) with one of the most well-
known traffic flow models for human drivers, the so-called
LWR model ([16], [21])

pr+ (p0)e =0,7>0,£ €R (49)
with the speed v given by
1 ~ a
’17(7', f) = Umax €XP <_ (p(T’ 6) ) ) (50)
a Pe

where vpax > 0 is the maximum speed (free-flow speed),
pe 1s the critical density, and a > 0 is a parameter.

Our model (32), in the original variables 7 > 0, £ € R, is
given by equation (49) with the speed v defined by

o(t, &) = v (1 +h (—u (ﬁ(;’@) ﬁ,;z((ii))p» (51

(recall the transformation £ = rx + v*71, r € R and the

quantities 7 = -t w = -, p = % , with r = 1), where

h(s)=pB"'(s),s €R (52)

with S(w) defined by (19), and p(p) given by
0 ,0<p<1 53
p(p) = C(?;_lg 1<p<R (53)

where ¢ > 0 is parameter. Therefore, (49), (51), is a first-
order automated vehicle model (AV model).

We consider a single-lane motorway with vy, = 110
(km/h), pmax = 180 (veh/km), p. = 33.3 (veh/km), and
a = 2.34 that are selected based on real data from a part of
the Amsterdam A10 motorway (without on-ramps and off-
ramps), see [4]. In this scenario, we assume that the initial
density on the road is characterized by a congestion belt in
the interval [1.5,2.75] (km) as shown in Fig. 1 with go(§) =
0 for £ < 0 and £ > 0. Note also that outside the congested
area, the density is below the critical density p..

For the parameters of the AV model (49), (51), we select
the speed set-point v* = 70 (km/h) (significantly smaller
than the speed limit), the viscosity constant ¢ = 40, interac-
tion density p = 31 and recall that the quantities R and b are
given by R = % >1land b= %, respectively. For
the LWR model, we consider the interval £ € [0,120] and
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Fig. 2. Density profiles for the LWR (top), and density profiles of AV
model (bottom).
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Fig. 3. Density profiles of the AV model with v* = 102 (km/h).

use Godunov’s method to obtain its solution. The density
profiles for both models over a simulation time of 1h are
shown in Fig. 2.

Fig. 2 shows that the density of both models dissipates
along the road. However, for the LWR model the dissipation
is much stronger and the density is spread over a large
road interval for increasing 7 > 0. More specifically, for
7 =1 (h), the density is non-zero over the interval [90, 106]
(km), which implies that the vehicles retain large inter-
vehicle distances while the maximum density is equal to

max (p[1]) = 11.8 (veh/km). On the other hand, for
€€[90,106]

the AV model, the density dissipates at a lower rate but the
vehicles remain in a 4km stretch of the road (§ € [70,74]
(km), since the desired speed is v* = 70 (km/h)), as was
the case in the initial density, and with maximum density

max (p[l]) = 34.94 (veh/km) (near the critical density
£€[70,74]

pe). Note also that the density for the AV model converges
towards an equilibrium where 9(£) = v* and p(§) < p < pe.



AV model AV model
(49), (51) with | (49), (51) with LWR
v* =70 (km/h) v* = 102 (km/h)
Mean 2232 (veh/h) 3201 (veh/h) 926 (veh/h)
Flow
TABLE I
MEAN FLOW

Moreover, we also consider the case where the speed set-
point is equal to the free-flow speed v* = vy = 102 (km/h).
The density profiles of the AV model with v* = 102 (km/h)
are shown in Fig. 3. Note that when vehicles are moving with
free-flow speed v* = 102 (km/h), the overall travel time is
higher with the AV model, since, for 7 = 1 (h), vehicles
are in the interval (102,106) (km), whereas with the LWR,
vehicles are in the interval (90, 106) (km), compare with Fig.
2 (top). The latter implies that the flow ¢ = pv of model AV
model is much higher than the flow of the LWR model, or
equivalently, vehicles equipped with the cruise controllers
proposed in [11] will retain smaller inter-vehicle distances
(higher density) than human-driven vehicle. To compare the
mean flow for each model, we define

Mean Flow = —/ /b(t Ez( ))d dt

where 7' > 0 denotes the maximum time and [a (T),b(r)]
denotes the interval where p(7, &) # 0 for € € [a(7), b(T)] at
each time instant 7 > 0. We consider the cases: (i) v* = 70
(km/h) - the speed set-point is much lower than the free-flow
speed; and (ii) v* = 102 (km/h) - the speed set-point is equal
to the free flow speed vy. The mean flow for both models
and T =1 (h) is shown in Table I. In both cases, the mean
flow for the AV model is much higher than the mean flow of
the LWR. In particular, when the vehicles are moving with
free-flow speed, the mean flow of the AV model is 346%
higher than the mean flow of the LWR model.

V. CONCLUSIONS

We have studied the performance of a class of cruise-
controllers for automated vehicles on a macroscopic scale.
We have shown that the solution of the corresponding
second-order macroscopic model can be approximated by
the solution of a nonlinear heat-type equation. A conserva-
tive finite-difference scheme was proposed that respects the
corresponding entropy conditions. Finally, to evaluate the
performance of cruise-controlled vehicles, a traffic simula-
tion scenario and a comparison with the Lighthill-Witham-
Richards (LWR) model were given.
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