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Abstract— Internal boundary control (IBC) for lane-free
automated vehicle traffic has been recently proposed. The total
road width and capacity are flexibly shared between the two
opposite traffic directions of a highway in real-time to sensibly
increase the cross-road infrastructure utilization. Centralized
solutions have already been proposed, which, however, may be
cumbersome for long highways with respect to the offline
controller design effort; the extent of real-time
communications; and the physical system architecture. To
mitigate these issues, increase system reliability and reduce
monitoring and maintenance effort, this paper proposes an
overlapping decentralized control scheme for IBC of lane-free
automated vehicle traffic by transforming the discrete-time
optimal control problem to a linear matrix inequalities (LMI)
problem. After selecting the overlapping structure and solving
the LMI problem, the correspondingly structured gain matrix
may be obtained, enabling a decentralized overlapping control
scheme. Simulation investigations demonstrate that the
proposed overlapping regulator is similarly efficient as the
centralized solutions.

. INTRODUCTION

Recurrent traffic congestion is a serious problem for most
big cities around the globe. Traffic control measures are
valuable [1], [2], but not always sufficient to tackle heavily
congested traffic conditions. Gradually emerging vehicle
automation and communication systems should be exploited
to develop innovative solutions that can be applied to smart
road infrastructures [3].

A novel traffic paradigm, called TrafficFluid, applicable
to high penetration rates of vehicles equipped with high
levels of vehicle automation and communication systems has
been proposed recently [4]. Lane-free traffic is one of the
features of the TrafficFluid concept, according to which
vehicles can move without being bound to fixed traffic lanes.
In this context, it becomes possible to employ internal
boundary control (IBC), a promising and innovative control
measure aiming to achieve an unprecedented exploitation of
the available road infrastructure [5]. IBC relies on the fact
that, in lane-free traffic, the traffic flow and capacity may
exhibit incremental changes in response to corresponding
incremental changes of the road width. Thus, on a highway or
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arterial with two opposite traffic directions, the total cross-
road capacity (for both directions) may be shared between the
two directions in real-time, according to the prevailing
demand per direction, by virtually moving the internal
boundary that separates the two traffic directions and
communicating this decision to CAVs (Connected
Automated Vehicles), so that they respect the changed road
boundary. This calls for an appropriate real-time control
strategy that changes to internal road boundary in space and
time, as illustrated in Fig. 1, in response to the current traffic
conditions, to maximize the traffic efficiency in both
directions.

The characteristics of the IBC problem are analyzed in
[5], [6], and solutions have been provided based on an
optimal open-loop control approach, in the form of a convex
Quadratic Programming (QP) problem [5], as well as via
feedback-based Linear-Quadratic Regulators (LQR), aiming
at balancing the relative densities in the two directions [6].
However, for very long highways, the unique (centralized)
LQR applying to the whole highway may have to be
designed with hundreds of state variables; also, its application
requires real-time information from the whole highway under
consideration, which may be problematic for very long
highways with respect to the required communications and
physical system architecture.

Various concepts for large-scale and geographically
extended systems were proposed in the last decades to
address control challenges that cannot be unraveled via
centralized control methods. Such systems typically comprise
various local control stations, each in charge of the operation
of a part of the overall system. The overall control system
objective is achieved or approximated via local control
system actions, i.e., via a decentralized control system. The
control engineer may define the configuration of subsystems,
and local controllers are constructed with the purpose of the
overall system stability and performance being satisfied [7]
under the motto “think global, act local”. The disjoint
decomposition of the global system is not reasonable if the
subsystems are strongly interconnected. To address this
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Figure 1. Space-time flexible internal road boundary.
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problem, an overlapping control scheme can be a remedy,
whereby the overlapping area creates a connection between
two neighboring subsystems, so as to enhance the
performance of the decentralized control [8].

Several overlapping control strategies have been
proposed in the literature. This paper introduces an
overlapping decentralized control scheme for IBC of lane-
free automated vehicle traffic using linear matrix inequalities
(LMI). The discrete-time LQR problem is first transformed
into a linear matrix inequalities (LMI) problem [9]. After
selecting the overlapping structure and solving the LMI
problem, the correspondingly structured gain matrix is
obtained, enabling a decentralized overlapping control
scheme. Simulation investigations, involving a realistic
highway stretch and demand scenario, demonstrate that the
proposed regulator is similarly efficient as the central LQR
and the open-loop QP solution.

Section 1l presents some background issues, while
Section 111 presents the design of the overlapping regulator.
Simulation investigations are presented in Section 1V, while
conclusions are given in Section V.

Il. BACKGROUND

Some background, necessary for understanding modelling
and controller design for IBC, is provided in this section for
completeness.

A. Modelling for Internal Boundary Control

Lane-free traffic is not expected to give rise to structural
changes of existing macroscopic traffic flow models, and
notions like the conservation equation, the Fundamental
Diagram (FD), as well as moving traffic waves will continue
to characterize macroscopic traffic flow modelling. An
extended version of CTM (Cell Transmission Model), a first-
order dynamic traffic flow model with a triangular FD [10],
is considered in what follows.

We call the two opposite traffic directions, presented in
Fig. 1, directions a (from left to right) and b (from right to
left). The considered freeway stretch is subdivided into n
sections, with respective lengths L, i=12,...,n. The total
road width (both directions) w, which is assumed constant
over all sections for simplicity, can be flexibly shared
between the two directions of each section in real-time.
Specifically, each direction is assigned a corresponding road
width w? =¢ -w and W’ =(l-¢)-w, where 0<¢g <1 is
the sharing factor per section i=1,2,...,n, to be specified in
real-time as a control input by the internal boundary
controller. The total section capacity q.,, as well as the
critical density p, and the jam density p,. ., are shared
between the two traffic directions a and b. Based on the
derivation presented in [5], the sharing equations are given by

qiécap (gi) =& 'qcap’ qit?cap (gi) = (1_ gi) : qcap
pie,lcr (‘gi) =& Pers pil?cr (gi) = (1_gi)'pcr (1)
pia,lmax (Ei) =& " Prmax> pil?max (gi) = (1_gi) * Prax

where, for simplicity, the assumption was made that sharing
of traffic quantities in the two directions is symmetric,
something that is not exact for freeways where capacity per
meter-width in direction a is different than for direction b,
i.e., the total capacity q.,; of each section (both directions) is
not constant, but a function of the sharing factor &, .

To disallow the complete closure of either direction, the
assigned road width in either direction should never be less

than the widest vehicles driving on the road. This
requirement gives rise to stricter constraints
0<&min <6 <& m <1 2

where g ..-w and (1-g,)-w are the minimum

admissible widths for directions a and b, respectively.

Another restriction to be applied to the sharing factors
concerns the time-delay needed to evacuate traffic on the
direction that receives a restricted width, compared to the
previous control time-step. Clearly, the time-delay should
apply only to the traffic direction that is being widened,
compared to the previous control interval; while the direction
that is restricted should promptly apply the smaller width, so
that CAVs therein move out of the reduced-width zone.
Assume that the required time-delay is smaller than or equal
to the control time interval T ; then, the time-delay
requirement is automatically fulfilled if the sharing factors

that are actually applied to the two directions, i.e. & and
b

&, respectively, are calculated as follows
& (k;) =min{& (k,), & (k, —1} @
& (k) =min {1 (k,)1- & (k, ~D)}
where k, =0,1,... is the discrete control time index. It is

noted that the notation £7(k.) and &P (k.) indicates that the
sharing factors are applied for the duration of the control time
interval [k, -T,,(k, +1)-T.).

Traffic flows from section 1 to section n in direction a;
and from section n to section 1 in direction b (see Fig. 2).
We denote p?, i=12,...,n, the traffic density of section i,
direction a; and p°, i=12,...,n, the traffic density of
section i, direction b. Similarly, we denote g* and g,
i=12,...,n, the mainstream exit flows of section i for
directions a and b, respectively. Thus, q; is the feeding
upstream mainstream inflow for direction a; and qp,, is the
feeding upstream mainstream inflow for direction b. Every
section may have an on-ramp or an off-ramp at its upstream
boundary. The on-ramp flows (if any) at section i are
denoted r* for direction a, and r° for direction b. The off-
ramp flow (if any) of section i, direction a, is calculated
based on known exit rates 4% multiplied with the upstream-
section flow, i.e. B°q’,; and the off-ramp flow (if any) of
section i, direction b, is calculated based on known exit
rates S° multiplied with the upstream-section flow, i.e.
B°o°,. The conservation equation for the section i of
direction a reads:



pi(k+1) = o (K) +E((l—ﬂf)q?1(k) —qr k) + 1 (K) (4)

where T is the model time-step, typically set equal to 5-10 s
for section lengths of some 500 m, and k=0,1,... is the
corresponding discrete-time index of the model.

According to CTM, traffic flow is obtained as the
minimum of demand and supply functions, except for the last
section, where only the demand function is considered,
assuming that the downstream traffic conditions are
uncongested. Considering the impact of the respective
sharing factors on the FDs, we have

a _ H a QS (piil(k)’giﬂ(k)) _ya
qi (k) - mln{QD (pl (k)lgi (k))! (1_ﬂii1) ri+1(k)}l
i=12,....n-1
Gn (k) = Qo (25 (k). &, (K)) ()

The demand and supply functions are given by the following
respective equations

QD (p,g) = min {gqcap ’pr}

_ (6)
QS (,01 ‘9) =min {gqcap » Wy (gpmax - p)}
where v, is the free speed (which is assumed equal for all
sections for simplicity) and w, is the back-wave speed. The
equations for section i of direction b are analogous to those
of direction a, with few necessary index modifications, and
are therefore omitted here, see [5] for details.

In conventional traffic management, traffic densities
reflect explicitly the state of the traffic. However, in IBC, the
critical density for each direction and section is a function of
the sharing factor and is changing based on the applied
control action. The following relations define the relative
density (dimensionless) of section i and direction a or b

P2 (K) P K)
& (k-Dp, -5 k-D)p,

If the relative density of a section and direction is less than 1,
it reflects under-critical traffic conditions; if it is equal to 1, it
reflects capacity flow; and if it is greater than 1, it reflects
over-critical conditions.

pi (k)= Ay (k)= O

To obtain a state-space model form, the one-step retarded
control input is defined as a new state variable according to
vi(k+1) =¢(k), i=12,...,n. Linearization of the overall
system of dynamic equations around a nominal point was
presented in [6], leading to the linear state-space model

X(k +1) = Ax(k) + Bu(k) (8)

where  x(k) = [A5] (K), ABy (K), A, (K), ... ABE (K), AB; (K),
Ay, (K)]" is the state vector and u(k) = Ag(k) is the control
vector, whereby  Ag(k) =[Ag(K),...,Ag, (K)]'.  Also,
AQK) =()(K)=()", where the superscript N denotes the
nominal point, and it has been assumed that A(.)(k) =0 for
all disturbances (upstream mainstream inflow, as well as the

on-ramp flows of each direction). AeR*™ and

B e R*™" are the state and input matrices, respectively.

If the control time-step is a multiple of the model time-
step, i.e. T, = MT, where M is an integer, then the discrete
control time index is k, =|KT/T|. Thus, the linear state-
space equation may be changed as follows, in order to be
based on the control time-step T,

x(k, +1) = Ax(k,) + Bu(k,) 9)
where A=AM and B=(A"*+AM 24+ +1)B.

B. Centralized LQR design for Internal Boundary Control

When employing the LQR methodology [6], the control
goal is the minimization of the quadratic criterion

3 %i[ﬂ (k.)Qx(k,)+u" (k)Ru(k)]  (10)
k. =0

where Qe R*™® s a symmetric positive semidefinite
matrix and R € R™" is a symmetric positive definite matrix,
subject to the linear state-space equation (9). The nominal
value of relative densities on both directions is set equal to 1,
so that the controller is motivated to operate the system near
capacity. In particular, due to the quadratic penalty terms,
the controller tends to mitigate strong density departures
from the critical density at specific sections, i.e., mitigate
traffic congestion. In addition, if capacity flow is not feasible
(e.g. due to lack of demand), then minimizing a sum of
squares has the tendency to balance deviations from the
nominal values at different sections and directions,
something that is conform with the secondary operational
sub-objective of balancing the margin to capacity across
sections and directions. On the other hand, we set to 0.5 the
nominal value for the sharing factors, so as to have smooth
and moderate internal boundary changes. Thus,
minimization of the second term in (10) mitigates deviations
of the sharing factors from 0.5 and balances these deviations
in space and time, as unnecessarily strong internal boundary
changes over space and time should be avoided.

The optimal controller minimizing the criterion (10) subject
to the model (9) is given by a linear state-feedback control
law of the form u(k.)=Kx(k,), where KeR™" is a
constant gain matrix given by

K =(R+B'PB)'B'PA (11)
and P is a unique positive semidefinite solution of the
discrete-time algebraic Riccati equation.

I1l. OVERLAPPING CONTROL SCHEME USING LMI

Summarizing from above, each highway section has
three state variables and one control input, which is the
corresponding sharing factor. For very long highways,
designing the centralized LQR calls for the solution of an
accordingly large-scale Riccati equation. More importantly,
the centralized LQR requires real-time information for all
the states of the system, even very remote ones, to compute
each control input. This requirement may be problematic for



long highways due to the need to transfer data from the
whole highway in order to compute each sharing factor.
Also, the traffic situation may be quite different at different
parts of a long highway; then, balancing relative densities
and sharing factors over the whole highway may not be fully
relevant, as we are interested in addressing this sub-objective
primarily at local levels.

For the above reasons, there is an interest in developing a
decentralized control scheme, which may reduce the LQR
design complexity; reduce the burden of real-time data
transferring; reduce the effort of control system monitoring
and maintenance and increase the system reliability in cases
of device failure. Due to strong dependencies between
consecutive sections in traffic flow, developing a fully
decentralized control scheme (with disjoint subsystems) may
reduce the control efficiency compared to the centralized
case, as was indeed confirmed in preliminary investigations.
Therefore, in this study, an overlapping control scheme is
adopted and tested for IBC. The approach relies on the
separation of the highway in a number of subsequent
subsystems (highway stretches) which are overlapping, i.e.,
adjacent subsystems have some sections in common; hence,
adjacent subsystems share some states and some control
inputs. This approach delivers overlapping decentralized
controllers, where, thanks to the overlapping structure,
subsystems remain partly aware about the inter-relations
with adjacent subsystems.

The quadratic criterion (10) can be rewritten as follows
J= % 3@k ) Q¥x(k,) + (R¥u(k,)) R¥u(k,)]  (12)
k=0

Let

1 V2 O3n><n
C= [EQj , D=[/1 _\~? (13)
ol

0 2

nx3n

and  Z(k,) =Cx(k,) +Du(k,). the above, the

objective function (12) becomes

Using

J=>7Z"(k,)Z(k,) (14)
k=0
If we assume the use of a linear feedback control law
u(k,) =Kx(k.) (15)

then we have Z(k.) = (C+DK)x(k,) and (14) becomes
3= [X (K )(C+DK) (C+DK)x(k)].  (16)
k=0
Using the trace operator Tr(.), (16) becomes
= kzw:Tr((C +DK)X(k X' (k. )(C + DK)T ) =
-0

(17)
Tr((C+DK)P(C+DK)")

o

where P = Zkzox(kc)xT (k.) is a symmetric positive definite
matrix satisfying the following Lyapunov equation [11] for
the linear state-space model (9) after using the feedback law
(15)

P—(A+BK)P(A+BK)" —x,x} =0 (18)
with x, =X(0). Then, if we define y €(0,1), the following
holds

P—(A+BK)P(A+BK)" —y*x,x! >0 (19)
Considering a matrix FeR™" given by F=KP, the
objective function becomes

J =Tr((C+DFP*)P(C+DFP™)" )=

(20)
Tr((CP+DF)P*(CP +DF)' )
and (19) becomes,
P—(AP+BF)PY(AP+BF)" —y’x,x] >0  (21)

Using the Schur complement lemma [12] for an auxiliary
variable W > (CP+DF)P*(CP+DF)" and for (21), we
can formulate the following optimization problem

min Tr(W)
W CP+DF
>0 (22)
* P
P AP+BF yx,
* P 0 (>0
* * 1
The discrete-time LQR problem has now been

transformed to a linear matrix inequalities (LMI) problem
that can be solved using infeasible path-following algorithms
for solving standard semidefinite programs [13] in order to
get the optimal matrices F and P. The difference compared
to the discrete-time LQR problem is that we can now specify
the structure of the resulting gain matrix K before solving
the LMI problem by specifying the structure of the matrices
F and P. This way, we can design an overlapping
decentralized control scheme for IBC of lane-free automated
vehicle traffic.

IVV. SIMULATION INVESTIGATION

A. Simulation set-up

The performance of the proposed overlapping control
scheme is investigated using the bi-directional highway
stretch depicted in Fig. 2. The considered highway stretch has
a length of 5 km and is subdivided into 10 sections of 0.5 km
each. The modelling time-step, T, is set to 10 s, and the
considered time horizon is 1 h. While a linearization of CTM
was used for controller design, the full nonlinear CTM is
used to represent the emulated ground truth in this section.
The model parameters used are v, =100km/h and
w, =12km/h; while the total cross-road capacity to be
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shared among the two directions is g, =12,000veh/h. The
exit rates for the four off-ramps are all set equal to 0.1.

The mainstream and on-ramp demand flows per direction
are presented in Fig. 3. It may be seen that the two directions
feature respective peaks in their mainstream demands that are
slightly overlapping. The on-ramp demands are constant and
are all equal to 1000 veh/h. The simulation results of the no-
control case are presented first, followed by the results
obtained when using the decentralized LMI-based control
scheme.

B. No-control case

When no internal boundary control is applied, the total
width of the highway stretch is equally shared to the two
directions, i.e., the sharing factor ¢, is constant and equal to
0.5 for all sections. Using the demand profiles presented in
Fig. 3 in the nonlinear CTM model with & = 0.5, we get the
simulation results for the no-control case. Figure 4 displays
the corresponding spatio-temporal evolution of the relative
density defined in (7). According to the definition, relative
density values lower than 1 refer to uncongested traffic;
while values higher than 1 refer to congested traffic; when
the relative density equals 1, and the downstream section is
uncongested, we have capacity flow at the corresponding
section.

Figure 4 shows that congestion is created in sections 5
and 8 for direction a due to the increased mainstream
demand, in combination with the ramp inflows, at around
k =70. The congestion dissolves at around k =160, due to
the rapid decrease of the mainstream demand for this
direction. In direction b, we have also congestion being
triggered in sections 3 and 6 for similar reasons, at around
k =240. The congestion dissolves at around k =340. The
Total Time Spent by all vehicles in the highway stretch
(TTS) is equal to 314.6 veh-h.

C. Control case

In order to apply the feedback regulator (15), we need to
calculate off-line the static gain matrix K. For this, we need
first to solve the optimization problem (22) and obtain
matrices F and P. A nominal point of operation is selected
for the calculation of the matrices A and B used in the
linear model (9) and also required in (22). The nominal
values are q0| q11| = 5000 veh/h, r;‘|N (A |N ry " =

2], =1000 vefvh, | =P, =1 and &, = b5,
|_12 .,10. The control time- step, ., issetto 60 s, hence
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Figure 3. Demand flows per direction and on-ramp.

M =6. The weighing matrices used in the objective function
(12), and required for the definition of matrices C and D in
(13), are selected to be Q=1,,,, and R=10"°1__. These
values were specified in a trial-and-error procedure and were
found to work properly for other traffic scenarios as well.

The overlapping control structure is selected to be
conform with the one-dimensional interacting structure of
traffic flow. In both directions, each relative density state of
the linearized model depends on the state of the upstream
section. As a result, if, for the case of the considered
highway, we select to work with two subsystems, these
subsystems will have to share an overlapping area of two
sections. As can be seen in Fig. 2, we are considering two
subsystems with six segments each; thus segments 5 and 6
are taken into account as an overlapping area. The application
of such an overlapping control structure requires the
following structure for the gain matrix

K:AllxlB ___Q____
Koo = K12x23o (23)
0 K

4x18

In order to obtain the above, the following structure can
be considered for matrices F and P.

o ... ... 0
P, O 0
Fioxso0 - (24)
0
0 0 PR,
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Figure 4. Relative density for the two directions in the no-control case.
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Figure 5. Relative density for the two directions in the control case.

The feedback regulator (15) is used with y,(0) set equal
to the nominal values, i.e. equal to 0.5 for all sections
i=12,...,10. The regulator is operated in a closed-loop
mode, receiving in emulated real time all section density
values per direction from the CTM model equations; and
responding with the sharing factors computed according to
(15). The upper and lower bounds for the sharing factors,
used to avoid blocking of any of the two directions, are equal
for all sections i=12,...,10 and are given the values
& min =0.16 and ¢ . =0.84. This control loop is repeated
every T, =60s.

The resulting traffic conditions are under-critical
everywhere as shown in the spatio-temporal evolution of the
relative densities depicted in Fig. 5. The achieved TTS value
is 288.9 veh-h, indicating an improvement of 8.2% over the
no-control case. The TTS value obtained using the
overlapping decentralized control scheme is, in fact, equal to
the value that is achieved when applying the optimal control
resulting from the QP problem formulation or the LQR
formulation presented by the authors in [5] and [6],
respectively. Thus, despite the use of a decentralized control
scheme, where no demand predictions are necessary and the
need for communication is reduced, the proposed approach
achieves the highest possible efficiency for the investigated
scenario.

V. CONCLUSION

The concept of internal boundary control (IBC),
introduced in [5], has been revisited in this study by use of a
different control approach. The well-known CTM,
appropriately adjusted to introduce the effect of the sharing
factors, has been utilized for the development of an
overlapping decentralized regulator for the IBC problem. An
LMI approach has been utilized to this end. The total road
width and capacity are shared in each section in real-time
among the two directions of the road in response to the
prevailing traffic conditions. The regulator is easy to design
and implement (feedback-based) and robust to disturbances
(no need to predict the arriving demands). Simulation
investigations demonstrate that the overlapping decentralized
control scheme is as efficient as an open-loop optimal control
solution (with perfect model knowledge and demand
prediction) developed for the same problem in [5] using a
convex QP problem formulation or the LQR formulation
presented by the authors in [6].

Ongoing work considers microscopic simulation studies
with wvehicles moving in a lane-free mode, based on
appropriate CAV movement strategies developed in the
frame of the Trafficfluid project [4], [14],[15].
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