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Abstract— The paper introduces novel families of cruise
controllers for autonomous vehicles on lane-free ring-roads. The
design of the cruise controllers is based on the appropriate se-
lection of a Control Lyapunov Function expressed on measures
of the energy of the system with the kinetic energy expressed
in ways similar to Newtonian or relativistic mechanics. The
derived feedback laws (cruise controllers) are decentralized (per
vehicle), as each vehicle determines its control input based on:
(i) its own state; (ii) either only the distance from adjacent
vehicles (inviscid cruise controllers) or the state of adjacent
vehicles (viscous cruise controllers); and (iii) its distance from
the boundaries of the ring-road.

I. INTRODUCTION

Designing safe and efficient control strategies for au-
tonomous vehicles constitutes a challenging topic, addressed
for a variety of driving circumstances, including Adaptive
Cruise Control (ACC) and Cooperative ACC (CACC) sys-
tems where vehicles can communicate with each other, see
for instance [3], [4], [11], [14], [24] and references therein.

Ring-roads are of particular interest since they may give
rise to phantom traffic jams when the average density is
higher than the critical density, see [1], [20], [23]. The
ability of connected and automated vehicles on ring-roads
to dissipate traffic waves have been intensively studied and
reported in both microscopic and macroscopic traffic flow
models, see [2], [5], [6], [7], [8]. With the advancement of
vehicular technology and the emergence of highly automated
vehicles, new directions have been proposed, [13], where
vehicles are not bound to traffic lanes but can freely move
on the two-dimensional surface of the road and can influence
the movement of adjacent vehicles all around them through
sensors and communication, see [10], [12], [25].

While cruise controllers for autonomous vehicles on ring-
roads and roundabouts have a long history (see for instance
[4], [11], [14], [15], [17], [19], [22], [26]), they are based on
a single or double-lane road and are therefore not suitable
to capture the complexity of lane free ring-roads, such as
the famous Charles-de-Gaulle Place roundabout in Paris,
France; see [12] for a vehicle movement strategy on the latter
roundabout.
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In this paper, we extend the Control Lyapunov Function
(CLF) methodologies presented in [10] to derive families of
cruise controllers for autonomous vehicles that operate on
lane-free ring-roads. The CLFs are based on measures of
the total energy of the system and guarantee well-posedness
of the closed-loop system (Lemma 1 and Lemma 2). By
expressing the kinetic energy in ways similar to Newtonian
or relativistic mechanics, two respective families of cruise
controllers are obtained that satisfy the following properties
globally (Theorem 1 and Theorem 2): (i) there are no colli-
sions among vehicles or with the inner and outer boundaries
of the ring-road; (ii) the speeds of all vehicles never exceed a
given speed limit and always remain positive; (iii) the angular
speeds of all vehicles converge to a given angular speed
set-point; and the accelerations, the relative orientations (the
deviation of the heading angle from the tangent of the circle),
and rates of change of the relative orientations of all vehicles
tend to zero. The proposed families of cruise controllers
are decentralized (per vehicle), and each vehicle only has
access to its own state, the distance from the boundaries of
the ring-road and either the relative positions from adjacent
vehicles (inviscid cruise controllers) or the states (relative
speed, orientation, and position) of adjacent vehicles (viscous
cruise controllers). A detailed analysis of the differences
between the cruise controllers for the ring-road case and the
straight road case can be found in [21].

The structure of the paper is as follows. Section II is
devoted to the description of the employed vehicle model
for the ring-road. Section III presents the families of the
proposed cruise controllers and the statements of our main
results. Simulation examples are included in Section IV
that demonstrate the properties of the families of cruise
controllers. Due to space constraints, the proofs can be found
in [21].

Notation. Throughout this paper, we adopt the following
notation. R+ := [0,+∞) denotes the set of non-negative
real numbers. By |x| we denote both the Euclidean norm of
a vector x ∈ Rn and the absolute value of a scalar x ∈ R.
By x′ we denote the transpose of a vector x ∈ Rn. By
|x|∞ = max {|xi|, i = 1, . . . , n} we denote the infinity norm
of a vector x = (x1, x2, . . . , xn)′ ∈ Rn. Let A ⊆ Rn be an
open set. By C0(A,Ω), we denote the class of continuous
functions on A ⊆ Rn, which take values in Ω ⊆ Rm. By
Ck(A; Ω), where k ≥ 1 is an integer, we denote the class of
functions on A ⊆ Rn with continuous derivatives of order
k, which take values in Ω ⊆ Rm. When Ω = R, we write
C0(A) or Ck(A).



II. MODEL AND PROBLEM FORMULATION

The bicycle kinematic model ([16]) has been widely used
to describe the motion of vehicles on a straight road

ẋi = vi cos(θi)

ẏi = vi sin(θi)

θ̇i =
vi
σi

tan(δi)

v̇i = Fi

(1)

where (xi, yi), i = 1, . . . , n, represent the position of the
midpoint of the rear axle of vehicle i (reference point) in an
inertial frame with Cartesian coordinates (X,Y ), vi is the
speed of the vehicle at the point (xi, yi), θi is the heading
angle (orientation) with respect to the X axis, Fi is the
acceleration, δi is the steering angle of the front wheels
relative to the orientation θi of the vehicle, and σi denotes
the length of vehicle i.

To describe the motion of a vehicle on a ring-road of
inner radius Rin > 0 and outer radius Rout > Rin centered
at (0, 0), we let ri ∈ (Rin, Rout) be the distance of the
reference point of vehicle i from (0, 0), and ϕi be the angular
coordinate (the angle of the reference point of vehicle i
from the reference direction X). Then, by using the change
of coordinates xi = ri cos(ϕi), yi = ri sin(ϕi) we obtain
the bicycle model in polar coordinates, as appropriate for
movement on a ring-road:

ṙi = −vi sin(si)

ϕ̇i =
vi
ri

cos(si)

ṡi =
vi
σi

tan(δi)−
vi
ri

cos(si)

v̇i = Fi

(2)

for i = 1, . . . , n, where vi ∈ (0, vmax) is the speed of the
i-th vehicle at the point (ri, φi), vmax > 0 denotes the road
speed limit, si = θi −ϕi − π

2 is the relative orientation, i.e.,
the deviation of the heading angle from the tangent of the
circle with radius ri and center (0, 0).

Let ω∗ ∈
(

0, vmax

Rout

)
be given (the angular speed set point)

and define the set

S := (Rin, Rout)
n × Rn × (−Θ,Θ)

n × (0, vmax)n (3)

where Θ ∈
(
0, π2

)
is a given angle (maximum deviation of

heading angle from the tangent of the ring road) that satisfies

cos(Θ) >
Routω

∗

vmax
(4)

We define the distance between vehicles by

di,j :=

√
pi,j (ri − rj)2

+ 2rirj (1− cos(ϕi − ϕj)),
for i, j = 1, . . . , n

(5)

where pi,j > 0 are weight parameters that satisfy pi,j = pj,i
for all i, j = 1, . . . , n. Notice that when pi,j = 1 the distance
metric defined by (5) coincides with the usual Euclidean
distance metric (i.e., di,j is equal to the usual Euclidean

distance between the points (ri, φi) and (rj , φj) in polar
coordinates). Let

w = (r1, . . . , rn, ϕ1, . . . , ϕn, s1, . . . , sn, v1, . . . ., vn)′ ∈ R4n.
(6)

Let Li,j , i, j = 1, . . . , n, i 6= j, be positive constants that
represent the minimum distance between vehicles i and j,
with Li,j = Lj,i for i, j = 1, . . . , n, i 6= j. Then, due to the
various constraints presented above, the state space of the
model (2) is

Ω := {w ∈ S : di,j > Li,j , i, j = 1, . . . , n , j 6= i } (7)

Notice that the state-space Ω is not a linear subspace of R4n

but an open set.

Problem Statement: Design cruise controllers for vehicles
operating on lane-free ring-roads that satisfy the following
properties:

(P1) Well-posedness requirement: For each w(0) ∈ Ω,
there exists a unique solution w(t) ∈ Ω defined for all t ≥ 0.
According to (7), this requirement implies that there are no
collisions between vehicles (since di,j(t) > Li,j for t ≥ 0,
i, j = 1, . . . , n, j 6= i) or with the inner and outer boundaries
of the ring-road (since ri(t) ∈ (Rin, Rout) for t ≥ 0); the
speeds of all vehicles are always positive and remain below
the given speed limit (since vi(t) ∈ (0, vmax) for all t ≥ 0);
and the relative orientation of each vehicle is always bounded
by the given value Θ ∈

(
0, π2

)
(si(t) ∈ (−Θ,Θ) for t ≥ 0).

(P2) Asymptotic requirement: The relative orientation of
each vehicle satisfies lim

t→+∞
(si(t)) = 0 for i = 1, ..., n, and

the angular speed of all vehicles satisfy lim
t→+∞

(
vi(t)
ri(t)

)
=

ω∗, i = 1, . . . , n, for a given angular speed set-point
ω∗ ∈

(
0, vmax

Rout

)
. Moreover, the accelerations and the rate

of change of the relative orientation of all vehicles tend to
zero, i.e., lim

t→+∞
(Fi(t)) = 0, and lim

t→+∞
(ṡi(t)) = 0, for

i = 1, ..., n.

III. MAIN RESULTS

A. Preliminaries

Let Vi,j : (Li,j ,+∞) → R+, Ui : (Rin, Rout) →
R+, i, j = 1, . . . , n, j 6= i be C2 functions and κi,j :
(Li,j ,+∞) → R+, i, j = 1, . . . , n, j 6= i be C1 functions
that satisfy the following properties

lim
d→L+

i,j

(Vi,j(d)) = +∞, i, j = 1, . . . , n, j 6= i, (8)

Vi,j(d) = 0, for all d ≥ λ, i, j = 1, . . . , n, j 6= i, (9)

Vi,j(d) ≡ Vj,i(d), i, j = 1, . . . , n, j 6= i, (10)

lim
r→R+

in

(Ui(r)) = +∞, lim
r→R−

out

(Ui(r)) = +∞, i = 1, . . . , n,

(11)
κi,j(d) ≡ κj,i(d), i, j = 1, . . . , n, j 6= i, (12)

κi,j(d) = 0, for all d ≥ λ, i, j = 1, . . . , n, j 6= i, (13)

where λ is a positive constant that satisfies

λ > max {L i,j , i, j = 1, . . . , n, i 6= j} . (14)



The functions Vi,j and Ui are potential functions which
have been used to avoid collisions between vehicles and road
boundary violation (see [10], [24]). Condition (10) implies
that if a vehicle i exerts a force to vehicle j, then vehicle j
exerts the opposite force to vehicle i. In addition, properties
(9) and (13) will allow to design decentralized controllers,
which use real-time information (such as relative positions,
relative speeds, and relative orientations) only from vehicles
that are located at a distance less than λ > 0. Finally, the
functions κi,j satisfying (12), (13) will introduce a viscous-
like behavior of the vehicles.

In the following sections, we will use a Control Lyapunov
Function (CLF) methodology and the potential functions
Vi,j , Ui in (8)-(11), to derive families of cruise controllers
for autonomous vehicles on lane-free ring-roads. The con-
struction of the Lyapunov function is based on the measures
of the total energy of the system. If the kinetic energy
is expressed in a fashion similar to that of Newtonian
mechanics, we call the corresponding controller a Newtonian
Cruise Controller (NCC); while, when the kinetic energy is
expressed in terms similar to that of relativistic mechanics,
we call the corresponding controller a Pseudo-Relativistic
Cruise Controller (PRCC).

Finally, when κi,j(d) ≡ 0 for i, j = 1, . . . , n, j 6= i, we
call the controller “inviscid” since the corresponding macro-
scopic model does not contain a viscosity term; otherwise,
the corresponding controller is called “viscous”, (see [10]
for the corresponding macroscopic models).

B. Newtonian Cruise Controller (NCC)

The CLF in this case is given by the formula

H(w) :=
1

2

n∑
i=1

(
vi
ri

cos(si)− ω∗
)2

+
b

2

n∑
i=1

v2
i sin2(si)

+

n∑
i=1

Ui(ri) +
1

2

n∑
i=1

∑
j 6=i

Vi,j(di,j)

+A

n∑
i=1

(
1

cos(si)− cos(Θ)
− 1

1− cos(Θ)

)
(15)

where A > 0, b > 1
R2

in
are parameters of the Lyapunov

function. The function H in (15) is based on the total
mechanical energy of the system of n vehicles. Specif-

ically, the first two terms ( 1
2

∑n
i=1

(
vi
ri

cos(si)− ω∗
)2

+
b
2

∑n
i=1 v

2
i sin2(si)) are related to the rotational kinetic en-

ergy of the system of n vehicles relative to an observer
moving along the ring-road with angular speed equal to ω∗(as
in classical mechanics). The sum of the third and fourth terms
(
∑n
i=1 Ui(ri) + 1

2

∑n
i=1

∑
j 6=i Vi,j(di,j)), is related to the

potential energy of the system. Finally, the last term of (15)
(A
∑n
i=1

(
1

cos(si)−cos(Θ) −
1

1−cos(Θ)

)
) is a penalty term that

blows up when si → ±Θ.
The following lemma shows that the CLF (15) has certain

properties of a size function (see [18]), however, it is not a
(global) size function.

Lemma 1: Let constants Rout > Rin > 0, A > 0, vmax >

0, ω∗ ∈
(

0, vmax

Rout

)
, Li,j > 0, i, j = 1, . . . , n, i 6= j, λ > 0

that satisfies (14); Θ ∈
(
0, π2

)
that satisfies (4); and define

the function H : Ω→ R+ by means of (15), where Ω is given
by (7). Then, there exist constants ξi ∈ (Rin, Rout), non-
decreasing functions ηi : R+ → [ξi, Rout), ω : R+ → [0,Θ),
i = 1, . . . , n, non-increasing functions ζi : R+ → (Rin, ξi],
i = 1, . . . , n, and, for each pair i, j = 1, . . . , n, i 6= j, there
exist non-increasing functions ρi,j : R+ → (Li,j , λ] with
ρi,j(s) ≡ ρj,i(s), such that the following implications hold:

w ∈ Ω⇒ ζi (H(w)) ≤ ri ≤ ηi (H(w)) , |si| ≤ ω (H(w)) ,

di,j ≥ ρi,j (H(w)) , for i, j = 1, . . . , n , j 6= i
(16)

Let gk : R → R (k = 1, 2) be given C1 non-decreasing
functions and f : R→ R+ be a C1 function that satisfies

f(x) ≥ max (0, x) , for all x ∈ R. (17)

Based on the CLF (15), the NCC for (2) is given by the
following equations for all w ∈ Ω:

Fi = −ki(w)

(
vi −

riω
∗

cos(si)

)
− riω

∗

cos(si)
(Φi(w)−Gi(w)) ,

(18)

δi = tan−1

(
σi
ri

cos(si)−
σi

via(ri, si, vi)
(µ2 sin(si)

+ (bFi sin(si) + Λi(w)) vi −Mi(w))) ,

for i = 1, . . . , n,

(19)

where
ki(w) = µ1 + Φi(w)−Gi(w)

+ f

(
− vmax cos(si)

vmax cos(si)− riω∗
(Φi(w)−Gi(w))

)
,

for i = 1, . . . , n
(20)

and µ1, µ2 > 0 are positive constants. Moreover, we have

a(r, s, v) :=

(
b− 1

r2

)
v2 cos(s)+ω∗

v

r
+

A

(cos(s)− cos(Θ))
2 ,

(21)
for (r, s, v) ∈ (Rin, Rout)× (−Θ,Θ)× (0, vmax)

Λi(w) :=

(
vi
ri

cos(si)− ω∗
)
vi
r2
i

cos(si)− U ′i(ri)

−
∑
j 6=i

(pi,j (ri − rj) + rj (1− cos(ϕi − ϕj)))
V ′i,j(di,j)

di,j

(22)

Φi(w) :=
ri
ω∗

∑
j 6=i

V ′i,j(di,j)
rj sin(ϕi − ϕj)

di,j
(23)

Gi(w) :=

1

ω∗

∑
j 6=i

κi,j(di,j)

(
g1

(
vj
rj

cos(sj)

)
− g1

(
vi
ri

cos(si)

))
(24)

and

Mi(w) :=
∑
j 6=i

κi,j(di,j) (g2 (sin(sj))− g2 (sin(si))) ,

for w ∈ Ω, i = 1, . . . , n

(25)



It should be noticed that when the NCC is inviscid, i.e.,
when either the functions κi,j are zero or the functions gk are
constant, then, the only real-time measurement requirements
of each vehicle are its own state and the distances of its
adjacent vehicles (not their speeds, not their orientations). In
contrast, when the NCC is viscous, i.e., when the functions
κi,j are not zero and the functions gk are not constant,
then the real-time measurement requirements of each vehicle
are its own state and the states of its adjacent vehicles
(including their speeds and their orientations). The term
ki(w) in the acceleration Fi(t) given in (18) is a state-
dependent controller gain, which guarantees that the speed of
each vehicle will remain positive and less than the speed limit
vmax. Finally, notice that properties (9) and (13) guarantee
that the feedback laws (18) and (19), are decentralized.

C. Pseudo-Relativistic Cruise Controller (PRCC)

The CLF in this case is given by the formula

HR(w) :=
1

2

n∑
i=1

(
vi
ri

cos(si)− ω∗
)2

+ bv2
i sin2(si)

(vmax − vi)vi

+

n∑
i=1

Ui(ri) +
1

2

n∑
i=1

∑
j 6=i

Vi,j(di,j)

+A

n∑
i=1

(
1

cos(si)− cos(Θ)
− 1

1− cos(Θ)

)
(26)

where A > 0, b > 1
R2

in
are parameters of the Lyapunov

function. Notice that the kinetic energy term in HR (i.e.,

the term 1
2

∑n
i=1

(
vi
ri

cos(si)−ω∗
)2

+bv2i sin2(si)

(vmax−vi)vi ) is similar to
the kinetic energy of a system of n particles in relativistic
mechanics, with speed limits 0 and vmax in place of −c and
c, where c is the speed of light, which are the speed limits in
relativistic mechanics. In relativistic mechanics, the kinetic
energy increases to infinity when the speed of an object
approaches (in absolute value) the speed of light, which
indicates that no object with mass can reach the speed of
light. Analogously, in (26), the kinetic energy term grows
to infinity as the speed of a vehicle approaches zero or
the maximum speed vmax, thus restricting the speed of the
vehicles in (0, vmax).

The following lemma shows that the CLF (26) is a size
function (see [18]) for the state space Ω defined by (7).

Lemma 2: Let constants A > 0, vmax > 0, ω∗ ∈(
0, vmax

Rout

)
, Li,j > 0, i, j = 1, . . . , n, i 6= j, λ > 0 that

satisfies (14), Θ ∈
(
0, π2

)
that satisfies (5), and define the

function HR : Ω → R+ by means of (26), where Ω is
given by (7). Then, there exist constants v̄ ∈ (0, vmax),
ξi ∈ (Rin, Rout), i = 1, . . . , n , non-decreasing functions
ηi : R+ → [ξi, Rout), i = 1, . . . , n, ψ : R+ → [v̄, vmax),
ω : R+ → [0,Θ), non-increasing functions ζi : R+ →
(Rin, ξi],i = 1, . . . , n, χ : R+ → (0, v̄] , and, for each pair
i, j = 1, . . . , n, i 6= j, there exist non-increasing functions
ρi,j : R+ → (Li,j , λ] with ρi,j(s) ≡ ρj,i(s), such that the

following implications hold:

w ∈ Ω⇒
χ (HR(w)) ≤ vi ≤ ψ (HR(w)) , |si| ≤ ω (HR(w)) ,

ζi (HR(w)) ≤ ri ≤ ηi (HR(w)) , di,j ≥ ρi,j (HR(w))

for i, j = 1, . . . , n, j 6= i

(27)

Let gk : R → R (k = 1, 2) be given C1 non-decreasing
functions and let also fj : R→ R,j = 1, 2, be C1 functions
that satisfy:

fj(0) = 0 and x fj(x) > 0, for x 6= 0, j = 1, 2. (28)

The Pseudo-Relativistic Cruise Controller (PRCC) for (2)
that correspond to the CLF (26) is given by the following
equations for all w ∈ Ω:

Fi = − 1

q(ri, si, vi)

(
f1

(
vi
ri

cos(si)− ω∗
)

+ ω∗ (Φi(w)−Gi(w))

)
, for i = 1, . . . , n,

(29)

δi = tan−1

(
σi
ri

cos(si)−
σi

γ(ri, si, vi)vi
(f2(sin(si))

− (ζi(si, vi)Fi + Zi(w)) vi −Mi(w))
)
,

for i = 1, . . . , n
(30)

where Φi, Gi and Mi are given by (23), (24) and (25),
respectively, and

q(r, s, v) =
vmaxv cos(s)− 2rvω∗ + rω∗vmax

2r(vmax − v)2v2
(31)

γ(r, s, v) =
A

(cos(s)− cos(Θ))2
+

v cos(s)

vmax − v

(
b− 1

r2

)
+

ω∗

r(vmax − v)
(32)

ζ(s, v) =
bvmax sin(s)

2(vmax − v)2v
(33)

for (r, s, v) ∈ (Rin, Rout) × (−Θ,Θ) × (0, vmax), b > 1
R2

in

and

Zi(w) :=

(
vi
ri

cos(si)− ω∗
)

cos(si)

(vmax − vi)r2
i

− U ′i(ri)

−
∑
j 6=i

(pi,j (ri − rj) + rj (1− cos(ϕi − ϕj)))
V ′i,j(di,j)

di,j

(34)
for w ∈ Ω. Notice that the assumption b > 1

R2
in

guarantees
that γ(r, s, v) > 0 for all (r, s, v) ∈ (Rin, Rout)×(−Θ,Θ)×
(0, vmax).

The pseudo-relativistic feedback laws (29) and (30) are
derived by using the CLF (26) which is also a size func-
tion.Finally, notice that properties (9) and (13) guarantee
that the feedback laws (29) and (30), are decentralized (per
vehicle) and depend only on adjacent vehicles’ states, namely
vehicles that are located at a distance less than λ > 0.



D. Statements of Main Results

The following Theorems guarantee that the closed-loop
system (2) with (18), (19) and (2) with (29) and (30) satisfy
properties (P1) and (P2).

Theorem 1: For every w0 ∈ Ω the initial-value problem
(2) with (18), (19), (20) and w(0) = w0 has a unique solution
w(t), defined for all t ≥ 0, that satisfies w(t) ∈ Ω for all
t ≥ 0, as well as

lim
t→+∞

(si(t)) = 0, lim
t→+∞

(
vi(t)

ri(t)

)
= ω∗, for i = 1, . . . , n,

(35)
lim

t→+∞
(ṡi(t)) = 0, , lim

t→+∞
(Fi(t)) = 0 for i = 1, . . . , n,

(36)
Furthermore, there exists a non-decreasing function P1 :
R+ → R+ such that |Fi(t)|+ |δi(t)| ≤ P1 (H(w0)) for t ≥
0, i = 1, . . . , n

Theorem 2: For every w0 ∈ Ω the initial-value problem
(2) with (29), (30) and w(0) = w0 has a unique solution
w(t), defined for all t ≥ 0, that satisfies w(t) ∈ Ω for all
t ≥ 0, as well as (35) and (36). Furthermore, there exists a
non-decreasing function P2 : R+ → R+ such that |Fi(t)|+
|δi(t)| ≤ P2 (HR(w0)) for t ≥ 0, i = 1, . . . , n

IV. NUMERICAL SIMULATIONS

In the simulation results below, we apply the proposed
decentralized cruise controllers (NCC and PRCC) for both
the viscous and inviscid case. Specifically, we consider a
group of n = 10 vehicles on a lane-free ring-road with Rin =
20 and Rout = 60. The vehicle-repulsive potential functions
Vi,j and the boundary-repulsive potential function Ui for both
the NCC and PRCC are specified as

Vi,j =

{
q1

(λ−d)3

d−Li,j
, Li,j < d ≤ λ

0 , d > λ
(37)

Ui(r) =

{
0 , |r −Rm| ≤ c

(r−Rm−c)3(r−Rm+c)3

(r−Rin)(Rout−r) , |r −Rm| > c
(38)

where 0 < c < Rout−Rin

2 , q1 > 0 are design pa-
rameters, Rm = Rin+Rout

2 , and Li,j = L, pi,j = p,
i, j = 1, . . . , n, j 6= i. Notice that Vi,j and Ui in (37)
and (38) satisfy properties (8), (9), (10) and (11), (12),
respectively. For small values of q1, the values of Vi,j (and
consequently the acceleration Fi) will be smaller away from
L, but will increase more sharply as d approaches L. By
adjusting the value of c, we can create an annulus A =
{r ∈ (Rin, Rout) : Rm − c ≤ r ≤ Rm + c} in the ring-road
that satisfies Ui(r) = 0, r ∈ A, which may affect the final
configuration of the vehicles relative to the boundaries Rin
and Rout. Notice that Vi,j and Ui above, satisfy (8), (9),
(10), and (11), respectively. Finally, for both the NCC and
PRCC we consider that the viscosity is given by

g1(x) = g2(x) = x

κi,j(d) =

{
q2(λ− d)2 L < d ≤ λ

0 d > λ
(39)

Fig. 1. Evolution and convergence of
∥∥∥ v1(t)

r1(t)
− ω∗, . . . , v10(t)

r10(t)
− ω∗

∥∥∥
∞

for the Inviscid and Viscous NCC.

Fig. 2. Evolution and convergence of ‖(F1(t), ..., F10(t))‖∞ for the
Inviscid and Viscous NCC.

Fig. 3. Evolution and convergence of
∥∥∥ v1(t)

r1(t)
− ω∗, . . . , v10(t)

r10(t)
− ω∗

∥∥∥
∞

for the Inviscid and Viscous PRCC.

where q2 ≥ 0 is a design parameter which can be selected
to increase or decrease the effects of viscosity. Notice that if
q2 ≡ 0, then we obtain the inviscid NCC and PRCC cruise
controllers. Moreover, we select for the NCC

f(x) =
1

2ε


0 x ≤ −ε

(x+ ε)
2 −ε < x < 0

ε2 + 2εx x ≥ 0
(40)

that satisfies (17), where ε > 0 is design parameter. Finally,
for the PRCC we select f1(x) = µ1x and f2(x) = µ2x,
x ∈ R, where µ1, µ2 > 0.

To verify numerically and illustrate the results of Theorem



Fig. 4. Evolution and convergence of ‖(F1(t), ..., F10(t))‖∞ for the
Inviscid and Viscous PRCC.

1, and Theorem 2, we assume that all vehicles have length
σ = 5 and we set the angular speed set-point ω∗ = 0.15,
the maximum speed vmax = 10 and select Θ = 0.17 in
order to satisfy condition (4) (recall that Rout = 60). Finally,
we set ε = 0.2, µ1 = 0.3, µ2 = 102, pi,j = 5.11, for all
i, j = 1, . . . , n, q1 = 3 ∗ 10−3, λ = 20, A = 0.5, b = 1 ,
c = 10, q2 = 0.1 (for the viscous case) and L = 6.

Figure 1 shows the convergence of vi(t)
ri(t)

to ω∗ for both the
inviscid and viscous NCC. It is seen that by adding viscosity
to the system, we have smoother convergence to ω∗. This is
also illustrated in Figure 2 which shows the evolution of the
acceleration ||F1(t), ..., F10(t)||∞.

For the PRCC we select q1 = 3·10−5 and q2 = 0.1 for the
viscous case. Fig. 3 shows the evolution and convergence of
vi(t)
ri(t)

to ω∗ for the Inviscid and Viscous PRCC. Fig. 4 shows
the evolution of ||F1(t), ..., F10(t)||∞ for the viscous and
inviscid PRCC.

V. CONCLUSIONS

The paper introduced two families of cruise controllers
for autonomous vehicles operating on lane-free ring-roads.
By expressing the Control Lyapunov Functions on measures
of the energy of the system with the kinetic energy expressed
in ways similar to Newtonian or relativistic mechanics, we
derived decentralized feedback laws (cruise controllers) that
guarantee collision avoidance between vehicles and with the
boundary of the ring-road; that the speeds of all vehicles are
always positive and remain below a given speed limit; and
that all angular speeds converge to a given speed set-point.
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